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Preface 

Most industrialized nations of the world have accorded 
high priority to  development of nuclear reactors in an 
effort to stave off an energy crisis. One of the critical areas 
on  which the economic viability of this type of electricity 
production hinges is the performance of the ceramic fuel 
and the metallic structural components of the core, which 
are subject to conditions of high temperature and radiation 
fields. Research on  the behavior of materials under such 
conditions is relatively recent, and this book represents 
application of this research to  the practical problem of 
predicting the performance and longevity of reactor fuel 
elements. 

The book is designed to  function both as a text for 
first-year graduate courses in nuclear materials and as a 
reference for workers involved in the materials design and 
performance aspects of nuclear reactors for electric power 
production. It is based on lectures in graduate courses in 
the Department of Nuclear Engineering, University of 
California, Berkeley. University students in nuclear engi- 
neering come from a variety of undergraduate disciplines, 
but, by and large, their background in the fundamental 
physics and chemistry on  which much of the applied work 
treated in the book is based is sketchy. For this reason the 
first 8 chapters are devoted to reviews of selected aspects of 
statistical thermodynamics, crystallography, chemical 
thermodynamics, and physical metallurgy. The remaining 
13 chapters constitute the application of these principles to 
the problems encountered in nuclear fuel elements. Chap- 
ters 9 to 1 6  deal with the properties and irradiation 
behavior of oxide fuels. Chapters 17  to  20 treat similar 
problems in the cladding. Chapter 21 incorporates the 
analyses of materials behavior presented in the earlier 
chapters into calculations of the performance of the entire 
fuel element. 

The book is primarily concerned with the materials 
problems uncovered during the development of the liquid- 
metal fast breeder reactor (LMFBR). Because of the less 
stringent radiation and thermal conditions in which light- 
water-reactor (LWR) fuel operates compared to the envi- 
ronmant of an LMFBR fuel pin, the fast breeder reactor 
may be more severely materialslimited than is the water 
reactor. Except for aqueous corrosion, hydriding, and 
nonisotropic growth of zircaloy cladding, which are not 
treated in the book, the basic irradiation effects are 
common on both LWR and LMFBR fuel elements. Sim- 
ilarly, gas-cooled fast breeder reactors will inherit dl the 
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materials problem of the LMFBR save those arising from 
the use of liquid-sodium coolant. 

Advanced fuels, such as carbides and nitrides, for fast 
breeder reactors are not specifically discussed in the book. 
The phenomena responsible for the behavior of oxide fuels 
in a reactor environment are for the most part found in 
carbides and nitrides as well. The differences between oxide 
and advanced ceramic fuels are quantitative rather than 
qualitative, and some fuel performance analyses in the book 
are illustrated using (U,Pu)C instead of (U,Pu)02 .  

The approach is analytic rather than descriptive. The 
aim is to  make very clear the relation between a model of 
the performance of some feature of a fuel element and 
simple, basic physical principles with which the reader is 
familiar. This philosophy means that a number of stan- 
dard, classical formulas that constitute the starting point 
for many fuel-element performance analyses are derived 
rather than simply presented. The book is intended to  be as 
self-consistent and inclusive in this aspect as possible, and 
its length is in large part dictated by this approach. The 
ultimate purpose is to convey an understanding of the 
physical processes occurring in metals and ceramics which, 
when taken together, produce the complex irradiation 
behavior of a nuclear reactor fuel pin. No attempt has been 
made to provide a method for rational design of a fuel 
element. Such a recipe does not exist, and, even if it did, its 
technological lifetime would be very much shorter than 
bhat of the fundamental phenomena on  which it is based. 

As an aid to students, problems are provided at  the end 
of each chapter; solutions to  these problems have been 
published in a separate book, Solutions to Problems, 
available as TID-26711-P2 from the National Technical 
Information Service, U. S. Department of Commerce, 
Springfield, Virginia 22161. An attempt was made to  
maintain a consistent set of symbols throughout the book. 
This in itself provides a thread of continuity between the 
many theories of fuel and cladding behavior which have 
appeared in the technical literature over the past decade. 
Metric units are used throughout. 

I t  is impossible to be an  expert in a field as eclectic as 
nuclear materials. The disciplines of chemistry, nuclear and 
solid-state physics, metallurgy, ceramics, applied mechanics, 
and mathematical analysis are all involved in an accurate 
description of the fate of an irradiated fuel pin. I am 
consequently particularly grateful to colleagues who have 
reviewed sections of the book. 

... 
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Chatxer 1 

Statistical Thermodynamics 

1.1 DEFINITIONS AND TERMINOLOGY The properties of the macrostate are averages of the 

Many of the phenomena which exert a crucial influence 
on the performance of nuclear materials, such as fission-gas 
diffusion, bubble growth and migration, and radiation 
damage, require an understanding of the behavior of the 
atomic constituents of the solid. In addition to  these 
primarily kinetic phenomena, the equilibrium properties of 
a solid, as expressed by the thermodynamic quantities of 
internal energy, entropy, heat capacity, etc., may be 
regarded as averages of the properties of the individual 
particles of which the material is composed. 

Statistical thermodynamics provides the link between 
the energy states that quantum mechanics allocates to  
individual particles and the observable characteristics of a 
large assembly of these particles. The large collection of 
particles which we wish to  characterize thermodynamically 
is called the system. I t  generally contains a fixed number of 
particles (atoms, molecules, electrons, etc.) and may com- 
municate heat and work with its surroundings via a 
common boundary. 

There are two levels of precision by which the state or  
condition of the system can be  described. In a gross sense, 
the system can be defined by its composition (if more than 
one component is present) and by any two of the 
traditional thermodynamic variables, such as internal en- 
ergy and volume or  temperature and pressure. The state of 
the system defined by this small number of properties is 
called a macrostate. We can construct systems in a 
particular macrostate, o r  by measurement we can know 
when a system is in a particular macrostate. 

A tremendously more detailed description of the 
system is contained in the specification of the quantum 
state of each of the constituent particles. The condition of 
a system described in such precision is called a microstate. 
A system cannot be prepared in a particular microstate, nor 
is it possible to determine by measurement whether a 
system is in a particular microstate. However, the concept 
of the  microstate is extremely useful because it provides the 
connection between the quantum-mechanical description of 
the individual entities that comprise the system and the 
gross features that characterize the macrostate. 

A very large number of microstates satisfy the few 
constraints imposed by the specification of the macrostate. 

properties of the microstates. To picture the averaging 
process, imagine that a large number of the N-particle 
systems are constructed, each one with the same restraints 
that characterize the  macrostate. If the system were 
macroscopically defined by its temperature and volume, for 
example, we would prepare many containers of the same 
size, put N particles in each, and immerse them all in a 
constant temperature bath. This collection of systems, each 
as closely identical t o  the others as we can make them, is 
called an ensemble. Although all members of the ensemble 
are in the same macrostate, they are not all in the same 
microstate a t  any instant. They can be in any microstate 
consistent with the few macroscopic properties specified 
for the system. In fact, each member of the ensemble is 
continually changing microstates among those which are 
permitted by the macroscopic restraints. 

The ensemble may be labeled by the type of restraints 
placed upon the systems of which it is comprised. Three 
ensembles are commonly considered in statistical thermo- 
dynamics: 

1. If the internal energy, U, the volume, V, and the 
number of  particles, N, are specified, the system is isolated 
from the surroundings. The ensemble composed of such 
systems is called the microcanonical ensemble. 

2. If the temperature, T, the volume, V, and the 
number of particles, N, are specified, the system can 
exchange heat with the reservoir that constitutes its 
surroundings but cannot exchange work or  particles. This 
ensemble is termed the canonical ensemble. 

3. If the temperature, T ,  the volume, V, and the 
chemical potential, p,  are specified, the system can ex- 
change heat and particles with the reservoir. This ensemble 
is called the grand canonical ensemble. 

The microcanonical ensemble is the traditional starting 
point for developing the framework of statistical thermo- 
dynamics. Of the three ensembles, it permits the connec- 
tion between the dynamic properties of the constituent 
particles and the thermodynamic properties of the macro- 
scopic system to be made most easily. However, practical 
computations of thermodynamic properties with this en- 
semble are difficult. 

The canonical ensemble differs from the microcanonical 
ensemble in that the temperature is specified instead of the 
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internal energy of the system. Fixing the temperature is 
equivalent to fixing the average internal energy of the 
system. Since fluctuations of thermodynamic properties 
about their mean values are very small in macroscopic 
systems, there is no  difference between the thermodynamic 
properties developed from the microcanonical and canoni- 
cal ensembles. However, because of the ease of computa- 
tion, the canonical ensemble is generally preferred for 
obtaining thermodynamic properties from models of the 
microscopic behavior of individual particles. 

Just as the temperature represents an average internal 
energy in the canonical ensemble, so the chemical poten- 
tial represents an average number of particles in the grand 
canonical ensemble. This ensemble offers some computa- 
tional advantages for certain systems (in particular for the 
ideal quantum gases); however, it is not as commonly used 
as is the canonical ensemble. 

Although the theoretical framework of statistical ther- 
modynamics is formulated in terms of the restraints 
(U, V, N), (T, V, N) or  (T, V, p), corresponding to the  three 
ensembles described above, most experimental information 
on  real systems is obtained under conditions of fixed 
temperature and pressure, p. An isothermal-isobaric en- 
semble with restraints summarized by (T, p, N)  can be 
constructed and treated theoretically, but it is more 
convenient to determine thermodynamic parameters from 
the canonical ensemble and then correct for the fact that a 
process occurs at  constant pressure rather than at  constant 
volume. 

1.2 PROBABILITY DISTRIBUTION IN 
THE CANONICAL ENSEMBLE 

A macroscopic parameter is the  sum of the values of the 
parameter for a given microstate weighted with the proba- 
bility that a member of the ensemble is in that particular 
microstate. This ensemble average requires that the distribu- 
tion of microstates in the ensemble be known. In the 
canonical ensemble the only property of the microstate 
which is needed is its energy. 

In weakly interacting systems the quantum state of the 
entire system is determined by the quantum state of the 
constituent particles, and the energy of a microstate is the 
sum of the energies of the individual particles. Each particle 
may contribute energy in a number of ways: translational 
(kinetic) energy of the center of mass of the particle and 
internal forms of energy, such as that stored in vibration, 
rotation, and the electronic configuration of the particle. 
According to  quantum mechanics, each of these forms of 
energy is quantized. If the quantum numbers for each mode 
are specified, the  energy of a particle is determined. If the 
quantum numbers for all particles are specified, the energy 
of the microstate is fixed. If theve are b quantum numbers 
associated with each of the N particles, a total of bN 
quantum numbers needs to be specified to determine the 
microstate of the system. Each combination of the bN 
quantum numbers labels one microstate. The energy of the 
ith microstate is denoted by Ei. Since N is of the order of 
l o z 4  for macroscopic systems, the number of parameters 
needed to  specify a microstate is very much greater than 
the number required to  determine a macrostate. Because 

the quantum numbers are integers or  half-integers, the 
energies of microstates differ by discrete amounts.* 

Because of the very large number of particles in a 
macroscopic system and because the energy of an individual 
particle is very much smaller than the internal energy of the 
system, the change of one quantum number of a single 
particle alters the system energy by a very small fraction of 
the total energy: Therefore, the microstates of a large 
collection of particles may be considered to be distributed 
in energy according to a continuous function w, called the 
density of states, which represents the number of micro- 
states of the system per unit energy interval. 

The manner in which the density of states varies with 
the energy and the number of particles of the system 
illustrates some of the unique properties of statistical 
functions for systems with very large numbers of particles. 
Consider N particles with a total energy U. The average 
particle energy is 5 = U/N. Assume that the energy levels in 
each particle are spaced by a constant AE (this is true only 
for the simple harmonic oscillator, but the argument given 
here is equally valid for variable level spacing). There are 
T/AE quantum states between the ground state and the 
average particle energy. Although individual particles may 
have any energy between zero and values much greater than 
T ,  significant population of states with energies much 
different from the average energy would not be expected. 
The states in which a single particle is likely to  be found are 
those within an energy interval of -5 around F (the 
argument is not affected if the interval is approximated by 
C/2 or 25). If each particle can be in any one of the ??/A€ 
states available to it,  the number of states in which the 
N-particle system might be found is Since this 
number of states is spread over an energy interval of 
approximately 5, the density of states is 

AE AE 
- -- 1 ( T ) ~ - '  - 

€ 

Neglecting unity compared to  N ,  the density of states 
increases as either 5 or N increases. Moreover, because of 
the large value of N for macroscopic systems, the increase is 
extremely rapid. Since the total energy U is FN, the density 
of states is also a rapidly increasing function of U, whether 
the increase in U is due to  increasing Z or N. 

To determine the probability distribution for the 
canonical ensemble, we first consider the probability 
distribution in the microcanonical ensemble. This latter 
system is subject to the restraints of constant internal 
energy, volume, and number of particles. The specification 
of the internal energy of an isolated system, however, must 
be qualified. A system of precisely specified internal energy 
cannot be prepared, nor, according to the uncertainty 
principle, can the energy of a system be known exactly. 
Therefore, the systems of a microcanonical ensemble must 
be regarded as possessing an internal energy in the range U 

*In strongly interacting systems, such a s  liquids, the 
microstate of N particles cannot be characterized by the 
quantum numbers of the individual particles. Nevertheless, 
the concept of microstates with discrete energies is appli- 
cable to  such systems as well as t o  weakly interacting 
systems. 
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t o  U + 6 U. The energy spread 6 U is very small compared to 
U but very large compared to  the energy;spacing between 
adjacent microstates. Since the microstates have discrete 
energies, the number of them with energies E, between U 
and U + 6 U  can be counted. If there are w(U) microstates 
in a unit energy interval about an internal energy U,  the 
isolated system with an energy spread 6 IJ contains o ( U )  6 U 
states. It is the basic postulate of statistical thermody- 
namics that these states are a priori equally probable; 
sampling of a microcanonical ensemble will with equal 
likelihood produce a microstate of any one of the possible 
energies in the range 6 U about U. 

Consider an isolated system of energy between U and 
6U. As shown in Fig. l . l ( a ) ,  the isolated system is divided 
into two parts by a boundary through which heat can pass. 
Although the energies at the two subsystems, E and E,, 
may vary, their sum is a constant. Since the two subsystems 
comprise an isolated system, 

U = E + E ,  (1.1) 

Let the density of states in the two subsystems be w(E) and 
w(E,), respectively. 

We now ask for the number of states of the composite 
system under the additional restraint that the energy of one 
of the subsystems lies between E and E + dE (without this 
restraint, this subsystem could have any energy between 
zero and U). The number of microstates in this subsystem is 
w(E) dE. Since the rest of the energy is in the remaining 
part of the isolated system, the number of microstates in 
the other subsystem is o,(U-E) dE,. The restriction that 
one of the subsystems have an energy in the range dE about 
E does not alter the fact that together the two subsystems 
still constitute an isolated system to which the postulate of 
equal a priori probability applies. Hence, all possible 
combinations of the microstates in the two subsystems are 
equally probable, or the total number of microstates of the 
composite system subject to the additional restriction on 
the energy range of one subsystem is simply the product of 
the numbers of microstates in each subsystem: 

Without the restraint on the energy range of one of the 
subsystems, the total number of states of the composite 
system is the integral of Eq. 1.2 over E from zero to  U. The 
probability that the combined system will be found in a 
microstate for which one of the subsystems has an energy 
between E and E + dE is proportional to the product of 
Eq. 1.2, with the normalizing constant being the inverse of 
the integral of Eq. 1.2. Since the density of states rises 
sharply with energy, o (E)  is a rapidly increasing function 
of E, and o,(U-E) decreases equally rapidly with E. 
Consequently, the product of these two functions exhibits 
a very distinct peak at  some particular value of E. The 
existence of the sharp maximum in the number of 
microstates of the composite system as the energy of one of 
its subsystems is varied means that there is an overwhelming 
probability that the system will be found in this condition 
if the ensemble is sampled. The most probable distribution, 
which describes the condition of thermodynamic equilib- 
rium, occurs at  a value of E for which the product 

w(E) o,(U-E) is a maximum. Since differentiation of the 
logarithm of this:product yields the same maximum as the 
derivative of the product itself, the most probable distribu- 
tion occurs when 

where U-  E has been written as E,. The two sides of 
Eq. 1 .3  refer to  a property of each subsystem. This 
common property defines the temperature to within a 
multiplicative constant, which is the Boltzmann constant: 

Equation 1.3 requires that at equilibrium the temperatures 
of two systems that can freely communicate heat with each 
other be equal. 

 HEAT^ 
PERMEABLE 
BOUNDARY 

1 / , , , 1 , , , / , , , , , , / / , , , / , , / , / / , ~  

Fig. 1.1 Two subsystems of an isolated system commu- 
nicating via a heat-permeable divider. (a )  Two subsystems in 
an isolated system. ( b )  Isolated system divided into a small 
subsystem and a large reservoir. 

In the situation just discussed, the relative sizes of the 
two subsystems was not specified, and the energy of one of 
the subsystems was permitted to  range over an interval dE. 
Although small, the interval dE was presumed to  encompass 
a large number of microstates. Suppose now that the 
following, more severe, restraints are imposed: (1) One of 
the two subsystems is very small compared to the other. 
The large subsystem is denoted as the reservoir for the small 
subsystem. (2) Rather than considering states of  the 
combined isolated system for which the small subsystem 
has an energy between E and E + d E ,  we ask for the 
probability of finding the combined system in a state such 
that the small subsystem is in one of its allowable 
microstates. This situation is depicted in Fig. l . l (b) .  If the 
state of the small subsystem has been precisely fixed at a 
value E = Ei (where Ei is the energy of one of its discrete 
microstates), the number of states of the combined system 
is given by Eq. 1.2, the first bracketed term being replaced 
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by unity and E in the second bracketed term being replaced 
by Ei. This change merely reflects the fact that just one 
state of the small system is combined with any of the 
accessible states of the reservoir. The probability of finding 
the small subsystem in a microstate of energy Ei is 

Since the discrete energies of the individual microstates 
of the small subsystem are involved here, the normalization 
condition is represented by a sum rather than an integral in 
Eq. 1.5. Because the subsystem is small compared to  the 
reservoir, Ei is also much smaller than U. Therefore the 
summation in the denominator of Eq. 1.5 can cover all 
possible microstates of the small subsystem. The restriction 
that Ei be less than U is unnecessary since, even if the 
particles of the small system possess uncommonly large 
energies, there are still too  few particles in the small system 
compared to  the population of the reservoir t o  cause Ei to 
be comparable to  U. 

The fact that Ei is under all circumstances much smaller 
than U permits all properties of the reservoir except its 
temperature to  be eliminated from Eq. 1.5. To this end, the 
logarithm of w, is expanded in a Taylor series about U: 

Since the reservoir contains essentially all the energy of the 
combined system, U - E,, and the coefficient of Ei in 
Eq. 1.6 is, by Eq. 1.4, equal to l / k T .  Neglecting higher 
order terms in the expansion, Eq. 1.6 is equivalent to 

w,(u-E~) = w,(U)e-Ei/kT (1.7) 

Substituting this result into the probability distribution 
of Eq. 1 .5  yields 

,-E;/kT 

The small subsystem to which Eq. 1.8 applies is in 
thermal contact with the large reservoir, which controls the 
temperature of the  small subsystem. The volume and 
number of particles of the small subsystem are fixed by the 
nature of the boundary with the reservoir. The small 
subsystem is identical in all respects t o  a system in which T, 
V, and N have been fixed. Consequently, Eq. 1.8 is indeed 
the probability distribution of the canonical ensemble. 

Equation 1.8 is an extraordinarily useful relation. It 
forms the essential link between the microscopic behavior 
of the constituent particles of a system, embodied in the 
microstate energies Ei, and the macroscopic thermody- 
namic properties of the system, which are averages over all 
microstates with Pi as the weighting factor. 

The first term in this sequence is the energy of the entire 
system when all the particles are in the state with the 
smallest allowable quantum numbers. This state is com- 
monly called the ground state of the system, and Eo is the 
ground-state energy. The ground state is approached as the 
absolute temperature approaches zero. Since all the quan- 
tum numbers of all the particles are specified as their lowest 
values, there is only one possible microstate for the 
system.* Consequently, the probability distribution reduces 
to 

P" = 1 

Pi = 0 ( b o )  
(1.9) 

and the system energy U is equal to the ground-state energy 
Eo. 

Since the energy of a body has no absolute-zero value, 
the reference state from which Ei and U are computed must 
be specified. The system energy is, by definition, zero in 
the reference state. Choice of the reference state is 
arbitrary. It is often convenient t o  consider the ground 
state t o  be the reference state, so that Eo = 0. Other choices 
of the reference state are possible and in many cases 
desirable. For example, the energy of the atoms of a 
crystalline solid may be referenced to the state in which the 
solid has been dispersed and all its atoms are at  rest 
infinitely separated from one another. 

1.3.2 Internal Energy 
The average energy of a microstate in an ensemble is 

identified with the internal energy of the macroscopic 
system : 

U = EiPi (1.10) 
i 

Equation 1.10 is valid for any ensemble. I t  may be applied 
to the canonical distribution by using Pi of Eq. 1.8, which 
is rewritten as 

e - E j / k T  
Pi = 7 (1.11) 

z = C e-EilkT (1.12) 

where 

l 

and is called the partition function. The value of 2 is the 
sum of Boltzmann factors for all possible microstates of an 
N-particle system at a specified temperature and volume. 

Substituting Eq. 1.11 into Eq. 1.10, we find the inter- 
nal energy to be 

(1.13) 

1.3 THERMODYNAMIC PROPERTIES AND 
THE PARTITION FUNCTION 

1.3.1 Ground State and Reference State 
Since the microstate energies Ei are discrete, they can 

be arranged in order of increasing magnitude, E o ,  E l .  . . Ei. 

*There are some situations in which the ground state is 
not unique. This occurs when the particles have two 
energetically equivalent spin states (corresponding, for 
example, t o  spin quantum numbers of _+ 1A ). Changing one 
of the spin quantum numbers of one or more particles in 
the system leads to  microstates that are distinct but of the 
same energy. In this case, many microstates have energies 
equal t o  E,, , and the ground state is said to  be degenerate. 
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The sum on the right-hand side of Eq. 1.13 can be 
evaluated as follows. The temperature derivative of the 

Replacing Z in Eq. 1.15 by Eq. 1.18 yields 

a In Z' ( aT )v (1.20) U - E o = k T  - JI partition function is 

(g)v =&E E,e 
(1.14) and the use of Eq. 1.18 in the entropy expression Eq. 1.17 

1 yields 
As with any other macroscopic thermodynamic property, 
the partition function depends on  two other thermody- 
namic parameters. For the canonical distribution, t o  which 
Eq. 1.12 applies, these parameters are temperature and 
volume. As the  left-hand side of Eq. 1.14 indicates, the 
volume is held constant in the derivative. In the case of a 
multicomponent system, the composition would also re- 
main constant. 

Using Eq. 1.14 in Eq. 1.13, we get 

1.3.3 The Entropy 
While the relation between the probability distribution 

Pi and the internal energy expressed by Eq. 1.10 is 
intuitively obvious, the ensemble average that defines the 
entropy is not. The entropy of the system is defined by the 
ensemble average of In Pi: 

S = k In Z' + k T ( g )  V (1.21) 

The internal energy in Eq. 1.20 is clearly relative t o  the 
ground-state energy Eo.  However, the entropy in Eq. 1.21 
is identical to Eq. 1.17; hence, the numerical value of S is 
independent of the selection of a reference energy. 

The ensemble average of In Pi has been identified with 
the entropy because it possesses all the features of this 
thermodynamic property: Since Pi is between zero and 
unity, Eq. 1.16 shows that the entropy is always zero or  
positive. At the absolute zero of temperature, when all 
particles of the system are in their ground states, the 
probability distribution is given b y  Eq. 1.9, and the entropy 
is zero. This characteristic of the entropy, which is called 
the third law of thermodynamics, has been verified experi- 
mentally. As a final justification for calling the quantity in 
Eq. 1.16 the entropy of a macroscopic system, we note that 
the fundamental thermodynamic relation 

S = -k& Pi In Pi (1.16) dU = T  dS - p dV (1.22) 
1 

In common with Eq. 1.10, Eq. 1.16 is valid for any type of 
ensemble.* Substituting the canonical distribution, 
Eq. 1.11, into Eq. 1.16 yields 

implies that 

= 
(1.23) 

s ; - - k [ C ( ~ ) ( _ ~ ) - C ~ ~ ) ~ ~ z ]  
Direct substitution shows that the statistical thermody- 
namic expressions for U and S, Eqs. 1.15 and 1.17, satisfy 

i i the above relation, which is a consequence of classical 
thermodynamics. 

One additional characteristic of the entropy, defined by 

distribution, is that it is an extensive property. That is, for a 

The sum in the first term on the right is given by Eq. 1.14; 

Therefore, the entropy is 
the sum in  the second term On the right is z' Eq, 1.16 in general or by Eq. 1.17 for the 

S = k I n Z + k T  - (" ;; ">, 
(1.17) 

In contrast to the internal energy, the entropy is indepen- 
dent of the choice of reference energy. This can be shown 
by factoring the ground-state energy E,, out of the partition 
function, so that Eq. 1.12 becomes 

z = e-Eo /kT Z' (1.18) 

where Z' is the  partition function above the ground state: 

(1.19) 
i 

simple (one component) system, S is the product of the  
number of particles in the system and a function that 
depends upon intensive properties only. This feature will 
become evident later when the entropy of various simple 
systems is calculated. 

1.3.4 Relation of the Partition Function to 
Other Thermodynamic Parameters 

Having related U and S t o  ensemble averages over the 
canonical distribution, we can express all other thermody- 
namic quantities in terms of the partition function Z by 
standard thermodynamic formulas. 

The Helmholz free energy, F, is defined by 

F = U - T S  (1.24) 

Using Eqs. 1.15 and 1.17 yields *In the microcanonical ensemble, Eq. 1.16 yields 
S = k In s2, where n = w ( U )  6 U is the number of micro- 
states of an isolated system in the energy range 6 U around 
U. This formulation, of course, gives the same entropy as 
the method using the  canonical distribution, which is 
presented here. 

F = - k T I n Z  (1.25) 

Applying Eq. 1.22 to  the differential of Eq. 1.24 gives 
3 

d F  = d U  - T dS - S d T  =-p dV-  S d T  (1.26) 
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from which it follows that 

p=-(%), 

or  the pressure is 

a In Z 
T 

(1.27) 

(1.28) 

The Gibbs free energy, G,  is 

G = H - TS = U + pV- TS = F + pV (1.29) 

where H is the enthalpy. Using Eq. 1.25 for F and Eq. 1.28 
for p gives 

(1.30) a In Z 
G = -kT In Z + V k T ( F )  T 

Finally, the enthalpy is 

H = U + pV = k T [ T ( F ) v  + “(%)A (1.31) 

It is important t o  keep in mind the  arbitrary reference 
energy in the formulas. The reference energy is common to  
the microstate energies Ei and t o  the energy functions U, H, 
F, and G. None of these quantities has an absolute zero 
level. The entropy, on the other hand, is zero when all 
atoms are in a unique ground state. 

The connection between the microscopic behavior of a 
system and its bulk thermodynamic properties is formally 
complete. We need still to compute the partition function 
before macroscopic properties, such as internal energy, 
entropy, and free energy, can be calculated from the 
preceding relations. 

1.4 IDEAL GASES 

We mean by the term “ideal gas” a system constituted 
of particles that move freely within the confines of the 
volume that contains them. A number o f  seemingly quite 
different physical systems fit this broad definition. The 
practical applications of ideal-gas thermodynamics are 
important, and the partition function for this form of 
energy is easy to  evaluate. 

The particles of an  ideal gas may collide with each other 
and thereby exchange energy, as in a molecular gas. They 
may undergo collisions with other inhabitants of the 
volume they occupy, as neutrons scatter from the nuclei of 
the solid medium that contains them or as electrons scatter 
from defects in the  crystal structure of their parent solid. 
Except for the momentary direct encounters typical of a 
molecular gas or  the indirect communication via collisions 
with other species in the medium, the particles of an ideal 
gas d o  not interact with each other. 

The ideal-gas system may consist of particles moving in 
less than three spatial dimensions. Mobile atoms adsorbed 
on  the surface of a solid can often be very well described by 
the thermodynamics of a two dimensional ideal gas. At 
certain points on its migration path, an atom diffusing in a 
solid may possess characteristics of a one-dimensional ideal 
gas (see Sec. 7.5). 

The ideal gas is a weakly interacting system of particles 
whose distinguishing feature is the kinetic energy carried by 
the particles as a result of their free translation. The 
quantum state of each particle is independent of  the 
quantum states of the other particles, and the total energy 
of the  system is the sum of the energies of the individual 
particles. 

Such a gas may be composed of elementary particles, 
such as electrons and neutrons, whose only relevant 
features are mass and intrinsic spin. Or, the gas may be 
composed of molecules, which possess internal forms of 
energy in vibration, in rotation, and in the configuration of 
the atomic electrons. All systems described by the  term 
ideal gas, however, exhibit the common characteristic of 
energy stored in the motion of the constituent particles. 

The macroscopic consequences of the translational 
motion of the particles of an ideal gas are based upon the 
premise that the particles are indistinguishable, o r  that 
exchange of any two does not produce a new microstate of 
the system. We may therefore group the particles according 
to quantum states. Particles in the same quantum state have 
the same energy. If the number of particles with an energy 
of f k  is denoted by nk, the set of occupation numbers 
( n o , n l , .  . . n k , .  . .) provides a convenient means of iden- 
tifying a microstate. The occupation numbers must satisfy 
restraints reflecting the constancy of the total number of 
particles and the microstate energy, 

and 

(1.32) 

(1.33) 

In computing the partition function according t o  
Eq. 1.12, our  aim is t o  replace the rather nonspecific sum 
over the i microstates by a sum over all allowable sets of 
occupation numbers. In so doing, however, we must keep 
two limitations in mind: (1) The exclusion principle of 
quantum mechanics may restrict the number of particles in 
an energy state; as an example, for particles with half- 
integer spins, nk may be either zero o r  unity, but not larger. 
(2) According to  quantum mechanics, and supported by 
intuition, particles of the same species in an ideal gas are 
indistinguishable; they cannot be assigned to any particular 
location in the volume that contains them. They possess no 
features that would permit distinction of one particle from 
another. 

This last restriction is easily satisfied; it means that a set 
of occupation numbers uniquely defines a microstate. 
Therefore, the partition function may be written as a sum 
over all permissible sets of occupation numbers, and 
Eq. 1.12 may be written as 

Z =  1 exp [ - ( ~ o E o  + n 1 ~ 1  
(n , ,n , ,  . . . n k . .  . .) 

+ .  . . f l l k E k + .  . . ) /kT] (1.34) c This sum cannot be simplified directly, primarily because of 
the restriction imposed by Eq. 1.32. To proceed further, we 
must employ a calculational method that removes the 
restriction on the total number of particles in the system. 
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Since this is exactly what the grand canonical ensemble 
provides, the partition function for, this type of ensemble 
will be derived and then used t o  evaluate Z b f  Eq. 1.34. 

The derivation of the partition function for any 
ensemble proceeds by way of the probability distribution 
(the partition function is just the normalizing factor for the 
probability distribution). In Sec. 1.2, we derived the prob- 
ability distribution for the canonical ensemble by con- 
sidering an isolated system that was divided into two 
subsystems by a boundary through which heat could pass. 
For the grand canonical ensemble, we begin at exactly the 
same point, except that in addition the boundary is 
permitted t o  pass particles as well as heat freely. In the 
development of the canonical distribution, we asked for the 
number of microstates of the composite system when the 
energy of one subsystem was between E and E + dE. To 
obtain the grand canonical distribution, we ask for the 
number of microstates of the  composite system when the 
energy of one subsystem is between E and E + dE and when 
the number of particles of the subsystem is between N and 
N + dN (only one component is presumed present). The 
answer t o  this question is obtained by a straightforward 
extension of the arguments that  led to  Eq. 1.2. 

If there are N particles in one subsystem and N, in the 
other, the total number of particles in the system, M, is 

M = N + N ,  (1.35) 

In the previous discussion, the density of states was written 
as a function of system energy, o (E) .  However, it is 
obvious that this quantity must also depend upon the 
number of particles as well, even though for simplicity of 
notation N was not explicitly listed as a variable. In the 
present situation, we acknowledge this dependence and 
designate the density of states of the two subsystems under 
consideration by w(E,N) and w,(E,,N,). 

Pursuing the  argument following Eq. 1.1, with the 
inclusion of N as a second variable, we find the number of 
microstates of the combined system subject t o  the simul- 
taneous restraints on the ranges of E and N in one of the 
subsystems is, by analogy to Eq. 1.2, 

[w(E,N) dE  dN][w,(U-E,M-N) dE, dN,] (1.36) 

As before, maximizing the product of w and w, with 
respect to energy yields Eq. 1.3, o r  the  condition of 
temperature equilibrium of the two systems. If, in addition, 
the product is maximized with respect t o  the number of 
particles, then 

(1.37) 
aN a Nr 

Again, a common property is, a t  equilibrium, equal in the 
two subsystems. This new property, which is a potential for 
driving mass just as the temperature is a potential for 
driving heat, is called the  chemical potential .  It is defined 
by 

a In w(E,N) - - a In ur(E,,Nr) 

(1.38) 

As in the development of the canonical distribution, we 
now impose the additional restrictions that one of the 
subsystems be very much smaller than the first, which 
implies that E Q U and N Q M, and that one of the 
subsystems be in a precisely defined microstate with an  
energy E, and exactly N particles. These additional re- 
straints are equivalent t o  replacing the number of micro- 
states represented by the  first bracketed term in Eq. 1.36 
by unity since a particular microstate is specified. The 
probability of finding the system in this condition is 

(1.39) O, ( U-Ei ,M-N) 
PiW) = 

C C w,(U-Ei,M--N) 
N=O.  i 

where the upper limit on  the  outer sum has been 
approximated by infinity instead of M, since it is very 
unlikely that the small system ever accumulates anything 
approaching the number of particles in the combined 
system. Expanding w, in a double Taylor series about U 
and M yields 

In[w,(U-Ei,M-N)] = In [u,(U,M)] 

-(%) Ei -(*)N + . . . (1.40) 

According to Eqs. 1.4 and 1.38, the  coefficients of Ei and 
N are related to  the temperature and chemical potential, 
respectively. Combining Eqs. 1.39 and 1.40, we find the 
probability distribution in the grand canonical ensemble t o  
be 

where Pi(N) is the probability of finding a system in which 
the temperature, volume, and chemical potential are spec- 
ified in a microstate of energy Ei and in which there are N 
particles. The denominator in Eq. 1.41 is the grand canoni- 
cal partition function: 

7 - = 2 $ exp [ - (Ei k T  -pN)] (1.42) 

N=O 

There are two methods of simplifying the double sum 
in this formula. Both must be developed before the goal of 
determining Z can be realized. 

1.4.1 First Method of Simplifying Eq. 1.42 

In performing the  inner sum of Eq. 1.42, we must 
regard the 'value of N as a constant corresponding to the 
current value in the outer sum. Consequently, the term 
& N  /kT may be removed from the inner sum, and Z written 
as 

Now, the  inner sum is none other than the canonical 
partition function for a specified number of particles (see 
Eq. 1.12); hence 
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- 
= 1 Z(N) ePN/kT (1.43) 

N=O 

where 2 has been explicitly written as a function of N. 

quantity 
If each term in the  sum of Eq. 1.43 is divided by E ,  the 

(1.44) Z(N) 
P(N) = - 

is just the probability that the system contains N particles, 
independent of the microstate energy. The average number 
of particles is given by 

m - 
N =  NP(N) (1.45) 

The variation of P(N) with N depends upon the 
partition function Z(N), which is the object of the  
calculation. It will be assumed that P(N) is so very sharply 
peaked about the average m that P(N) = 1 for N = N, and 
P(N) = 0 for N # m. This is equivalent t o  approximating 
the sum in Eq. 1.43 by its principal value, which occurs a t  
the average number of particles in the system. With this 
assumption we can approximate Eq. 1.43 by 

N=O 

3 Z(R) epNIkT (1.46) 

The correctness of this procedure can be assessed by 
assuming Eq. 1.46 t o  be valid, calculating Z(N) (as we shall 
do), then returning to  Eq. 1.44 to demonstrate that P(N) is 
in fact sharply peaked about m. 
1.4.2 Second Method of Simplifying Eq. 1.42 

Recall that the first step in treating the canonical 
partition function was t o  write Ei as C nkfk and to  sum 
over all sets of occupation numbers ( n o , .  . . nk, . . .). Here, 
the same operation is applied t o  the inner sum of Eq. 1.42 
in conjunction with the replacement of ,uN by C pnk. The 
argument of the exponential in Eq. 1.42 is 

and the grand partition function may be written as 

. . .  
N=O (no,. . . n k .  ..) 

- (Ek-,u)nk - . . .] (1.47) 
kT 

The presence of the outer sum over all N is equivalent t o  
removing the restriction on the sum of the occupation 
numbers, which was the  principal impediment t o  the 
calculation of Z by Eq. 1.34. Each occupation number may 
range over all values permitted to it, irrespective of the 
values of the other occupation numbers. Thus, Eq. 1.47 is 
identical to 

z = ( C  e x p [ - q ] }  x . .  
n=O 

X { , z  exp[--I}. . . (1.48) 

The grand partition function is thereby reduced to the 
product of sums, each of which is easily evaluated. The 
sums in Eq. 1.48 are over the number of particles in each 
single particle energy state. However, the Pauli exclusion 
principle may place limits on the allowable occupation 
numbers. 

For particles with half-integer spin quantum numbers 
(such as neutrons and electrons), no more than one particle 
in the entire system of N particles may be in a particular 
quantum state. The upper limit on  the sums in Eq. 1.48 is 
unity, and each sum is of the form 

c 

1 

C e an = 1 + e-a (1.49) 
n=O 

and the grand partition function is 

E =  [l +t?xp(-F)] (1.50) 

k 

This form of the grand partition function characterizes 
particles obeying Fermi-Dirac statistics.* 

1.4.3 Properties of Systems Obeying 
Fermi-Dirac Statistics 

Determination of the canonical partition function is 
now straightforward; we equate the logarithms of Eqs. 1.46 
and 1.50: 

In Z = -@ kT + c l n [ l  + e x p ( - F ) ]  (1.51) 
k 

where the average number of particles in the grand 
canonical ensemble (m of Eq. 1.45) has been identified with 
the fixed number of particles N in the canonical ensemble. 

Equation 1.51 contains one parameter that remains ,to 
be specified, the chemical potential. This parameter is 
related to  the number of particles in the system. The 
appropriate relation is obtained by equating the partial 
derivatives of In Z with respect t o  p obtained from 
Eqs. 1.46 and 1.50. Since the quantity Z(N) does not 
depend explicitly upon p, Eq. 1.46 provides the relation 

N 
k T  N 

*For particles characterized by integer spin quantum 
numbers (such as 4He),  there is no limit t o  the number of 
particles in each quantum state. In this case, the upper limit 
on  the sums in Eq. 1.48 is infinity, and each sum may be 
evaluated from the arithmetical formula 

Provided that a > 0 or Ek > p ,  the grand partition function 
is 

Systems of particles t o  which this formula applies are said 
to  obey Bose-Einstein statistics. 
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while from Eq. 1.50 1.4.4 The Ideal Gas in the 
-I Low-Density Limit 

The partition function expression of Eq. 1.51 may be 
simplified if the number of states over which the particles 
are distributed is very large compared to  the number of 
particles. This situation generally occurs when the physical 
density of the particles in the system is low (as in an ideal 
atomic o r  molecular gas). T o  obtain the low-density limit, 
we first expand Eq. 1.53 using the entire exponential term 

k 

Equating these two derivatives yields 
-1 

(1.52) 

1 as the argument: k 

Equation 1.52 may be interpreted in two ways. In the  
grand canonical ensemble, it shows how the specification of 
the chemical potential determines the average number of 
particles in the system. Alternately, in the canonical 
ensemble, it is a specification of p for a given value of N. 

. 
By “low density” we mean that the average occupation 
numbers are very small, o r  iik e 1. Since iik is a function of 

When viewed in the latter sense, Eq. 1.52 provides an 
auxiliary relation by which the chemical potential can be 

the 
equivalent to requiring that exp [-(€k -p)/kT1 be 

term in Eq. Only, this limit is 

removed from Eq. 1.51. Taken together, Eqs. 1.51 and 1.52 

temperature, the number of particles, and a sum over 

for any system. Nevertheless, all the essential thermody- 

If this is so, 

be written as 

higher Order terms in the brackets Of 

determine the partition function as a function of the Eq. 1.56 can be to unity,* and ‘k can 

(1.57) energy states f k .  It is not possible to  evaluate Z analytically - nk = exp(-F) Ek -p 

namics of an assembly of indistinguishable particles are 
contained in Eqs. 1.51 and 1.52. All the formulas relating z 
t o  U,S,p,F, and G are valid. Since Z is so extremely 

Using this approximation, we f ind the normalization 
condition, Eq. 1.52, becomes 

cumbersome, we must be satisfied with two less-general 
although very important approaches t o  practical calcula- 
tions. 

If the particle density of the system is sufficiently low, 
Z is considerably simplified, and all thermodynamic prop- 
erties can be calculated. This approach is considered in the 
next section. When this approximate form of Z is not 
applicable, we may still compute the internal energy and 
any property that can be derived solely from the internal 
energy without directly confronting Eq. 1.51. 

Consider the latter approach. The quantity summed in 
Eq. 1.52 is the average number of particles in each energy 
state: 

(1.53) 

The internal energy of the N-particle system may be 
expressed by 

I 

The sum in Eq. 1.54 can be evaluated exactly under certain 
conditions; we shall consider these conditions in treating 
the conduction electrons in a metal. 

As an example of a thermodynamic quantity that is 
derivable from the internal energy alone, the pressure at 
0°K is given by 

(1.55j 

but pressures a t  T > 0°K require us t o  use Eq. 1.27 or 1.28, 
which involves the partition function directly. 

N = ,pIkT e-Ek/kT = zeplkT (1.58) 

where the summation in the middle expression is the 
single-particle partition function, 

k 

(1.59) 

z being the sum over all possible quantum numbers of a 
single particle. It is analogous to the Z of Eq. 1.12, which is 
for N particles. 

Combining Eqs. 1.57 and 1.58, we get 

(1.60) 

This formula gives the fraction of the total number of 
particles occupying single particle energy state k in a 
low-density ideal gas. It is known as the Maxwell- 
Boltzmann distribution function. 

We now apply the low-density approximation to 
Eq. 1.51. Since the exponential term is small compared to  
unity, the logarithm may be approximated by the formula 
In (1  + x) = x; thus 

*In the process of discarding the higher order terms in 
Eq. 1.56, we also lose the distinction between Fermi-Dirac 
and &-Einstein statistics. The latter statistic gives a formula 
identical to Q. 1.56 except that the minus sign following the 1 is 
replaced by a plus sign. 
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For the second equality in this expression, the last term in 
the first equality has been replaced by N according t o  
Eq. 1.58. Again using Eq. 1.58, we find p /kT  is 

Combining the preceding two equations yields 

In Z = N In z - (N In N - N) 

The term in the parentheses is, by Stirling's formula, simply 
In N!; thus the above equation is 

Z = zN/N! (1.61) 

1.4.5 Factoring the Partition Function 

The quantity Ek in Eq. 1.59 refers t o  the total energy of 
the particle when it is in its kth quantum state. If the 
particles are structureless entities, all the energy is due to  
translational motion. However, if the particles are atoms or  
molecules, Ek may contain contributions from internal 
forms of energy as well. In the latter case, the translational 
and internal energy components are clearly independent; so 
the total particle energy may be written as 

Ek = (Etr)j -k (€int)l (1.62) 

If there are b quantum numbers associated with the 
quantum state of a single particle, three are reserved for 
translation and (b-3) apply t o  internal quantum states. The 
subscript k in Eq. 1.62 denotes one of the quantum states 
determined by all b quantum numbers. The subscript j 
designates one of the quantum states characterized by the 
three translational quantum numbers, irrespective of the 
internal energy of the particle. Similarly, the subscript I 
refers t o  one of the internal quantum states without regard 
t o  the particle kinetic energy. 

Because of its exponential character, the partition- 
function sum of Eq. 1.59 can be transformed from a single 
sum over the set of states labeled by k to  the product of 
two smaller sums over the states represented by the indices 
j and I :  

1 z = C e x p [  - (Etrlj kT + (einth 

j,l 

= ~ e x p - [ ~ ] ~ e x p - [ ~ ]  (1.63) 
j 1 

Each of the sums in Eq. 1.63 is itself a single-particle 
partition function but for a smaller number of modes of 
energy than the original sum of Eq. 1.59: 

(1.64) 

Thus, the partition function can be factored into compo- 
nents representing translation and internal forms of energy: 

Z = ZtrZint (1.66) 

and the N-particle partition function for the low-density 
gas, Eq. 1.61, becomes 

(1.67) 

1.4.6 Electronic Partition Function 
In an entirely analogous fashion, the internal partition 

function of Eq. 1.65 can be further subdivided into 
components due to vibration, rotation, and electronic 
excitation. Since we will not be dealing with polyatomic 
molecules, vibration and rotation are not considered. For a 
monatomic gas, the only possible form of internal energy is 
due to  excitation of the orbital electrons (we d o  not 
consider situations in which nuclear excitation occurs). 
According to Eq. 1.65, Boltzmann factors of the form 
exp  [-(e,,),/kT] must be summed over all possible 
quantum states of the orbital electrons. However, it is more 
convenient t o  sum over energy states than over quantum 
states. In the absence of a magnetic field, the quantum 
states of atomic electrons are degenerate since there are 
many quantum states of the same energy. If we sum 
Boltzmann factors over energy states 1' instead of quantum 
states 1, each term must be multiplied by the multiplicity of 
the energy state: 

- ("' . . .} (1.68) + g,' exp  

where the ground-state electronic energy has been factored 
out. Since ( E , , ) ~  is arbitrary, it is usually set equal to zero. 
The excitation energies (e1, - can be accurately 
measured spectroscopically. They are usually large enough 
to  render electronic excitation significant only at very high 
temperatures. However, even a t  low temperatures, where 
z,, + go,  the effect of multiplicity persists. The ground- 
state multiplicity affects the entropy but not the internal 
energy. For example, go = 2 in gaseous cesium because of 
the two possible spin orientations of the single outer s 
electron of this atom. 

1.4.7 Translational Partition Function 
Calculation of the single-particle partition function for 

translation from Eq. 1.64 begins with the quantum- 
mechanical formula for the discrete values that are allowed 
for this particular form of energy. For the translational 
motion of a particle within a cube of side L, the particle 
energy is 

where the translational quantum numbers t l  , t 2 ,  and t 3  can 
assume any positive-integer values (including zero). The 
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mass of each particle is m. For simplicity, the energy of a 
particle at rest has been set equal t o  zero. 

The translational energy levels given by Eq. 1.69 are 
very closely spaced, which implies that the argument of the 
exponential terms in Eq. 1.64 changes very little as t l  , t 2 ,  
o r  t 3  change by one. Therefore, the sum in Eg. 1.64 can be 
approximated to  a high degree of accuracy 6y  an integral. 
For subsequent applications, the integral will be converted 
to one over energy E rather than over quantum numbers t ,  , 
t 2 ,  and t3 ;  so the integral form of Eq. 1.64 is written as 

ztr = . fome-c /kTg( t )  de  (1.70) 

where %(E) is the density of states for the particles of the 
ideal gas contained in the cube. It represents the number of 
translational quantum states per unit energy interval about 
energy E. In order t o  evaluate the density of states for the 
energy-level formula of Eq. 1.69, we must regard E as the 
square of the magnitude of a vector X which has compo- 
nents 

h 
'I 

X I  =- t l  

x2 =- t2 

x3 =- t 3  

J s m L  

& L  

J s m L  

h 

h 
(1.71) 

Figure 1.2 shows a Cartesian coordinate system with 
XI  , X2,  and X3 as principal axes. Since only positive values 
of the quantum numbers t l  , t 2 ,  and t3  are permitted, only 
one octant of the coordinate system is considered. Speci- 
fication of the three translational quantum numbers fixes a 
point in Fig. 1.2. Because these quantum numbers can 
assume only integer values, there is a countable number of 
quantum states per unit volume in the coordinate system of 
Fig. 1.2. The small cube in the drawing is formed by 
changing each of the quantum numbers by one. According 
t o  Eq. 1.71, a unit change of one of the quantum numbers 
corresponds to a length h / f i  L in Fig. 1.2. Thus  the 

x3 

IJ' Fig. 1.2 Octant of spherical shell used to determine the 
number of translational quantum states in a uni t  energy 
interval. 

volume of the small cube shown in the figure is 
h3 /(8mfhL3, or, since the cube contains the equivalent of 
one quantum state, the number of quantum states per unit 
volume is (8m)%L3/h3.* The 'is segment of the spherical 
shell of thickness dX in Fig. 1.2 occupies a volume of 
(4nX2 /8)dX and therefore contains (4nX2 /8)dX( 8ni)%L3 /h3 
translational quantum states. Since E = X2, the'product 
X2 dX is equal to (&/2)d~, and so the number of 
quantum states in the energy interval E t o  E + de is 

(1.72) 

where the volume of the container V has been used in place 
of L3. Equations 1.69 and 1.72 are valid for freely moving 
particles in a gas of any density, provided the particles do 
not interact with each other. 

Substituting Eq. 1.72 into 1.70 and performing the 
integration yields the translational partition function: 

Z t r  = v ( 7 )  2nmkT 
(1.73) 

The translational partition function thus depends upon 
both the volume V and the temperature T. The volume 
dependence arises from the presence of the container 
dimension L in Eq. 1.69. Analogous quantum-mechanical 
formulas describing allowable internal energy levels (vibra- 
tion, rotation, and electronic excitation) d o  not depend 
upon the size of the vessel containing the particles; hence 
the partition functions for these forms of energy are 
independent of volume. 

1.4.8 Justification of the Low-Density 
Approximation 

At this point, we are in a position t o  state quantita- 
tively what is meant b y  a low-density gas. The entire 
development that led to  Eq. 1.61 was based on the premise 
that the occupation numbers were much less than unity. By 
Eq. 1.57, 

iik = ,Cr ik T e-ck /kT 

and, by Eq. 1.58, 

where both the chemical potential, p ,  and the partition 
function have been referred to the ground-state energy eo. 
Since e-'kIkT is of the order of unity (the average energy of 
a molecule in an ideal gas, for example, is 3kT/2), the 
requirement that iik be small compared to unity is 
equivalent t o  the stipulation that N/z,, be small, o r  

2nmkT 
V (1.74) 

*There is one quantum state a t  each of the eight 
corners of the small cube in Fig. 1.2, each of which is 
shared with eight other identical adjacent cubes. Therefore, 
each quantum state contributes 'I, of itself t o  the cube 
shown in the drawing, or the cube contains one whole 
quantum state. 
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where N/V is the density of the gas and the quantity 

(1.75) 
h 

is called the thermal wavelength of an ideal gas particle.* 
Equation 1.74 is equivalent t o  the condition that the 

thermal wavelength be much smaller than the average 
distance between particles in the gas, or 

h e  ( V / N ) %  (1.76) 

As a typical case for which Eq. 1.76 is satisfied, 
consider hydrogen gas at  1000°K and 1 atm pressure. At 
this temperature, the thermal wavelength of H2 is 0.48. 
Using the ideal gas law, we find the mean intermolecular 
distance in the gas is 2408. Equation 1.76 is thus amply 
fulfilled. 

The conduction electrons in a metal can be approxi- 
mately described as an ideal gas. In this case, however, the 
density of the gas is of the same order of magnitude as the 
density of metal atoms in the solid. Because of the high 
density and small electron mass, the low-density limit of 
the partition function is not applicable. The electrons in 
sodium metal at  300"K, for example, have a thermal 
wavelength of 4 0 8  but a mean separation of only 3.58. 

1.4.9 The Maxwell Distribution 
The distribution of kinetic energy in a low-density 

collection of noninteracting particles is the basis of calcu- 
lating many useful properties of ordinary dilute gases. This 
distribution function may be obtained by applying Eq. 1.60 
to  translational energy and converting from quantum states 
to energy intervals by using the density of states derived 
previously. Thus, the number of particles of a dilute gas 
with energies in the range E t o  E + de is given by 

dn  e-eikT @(E) d e  _ -  
N Z t  r 

Using Eqs. 1.72 and 1.73 in this equation yields 

(1.77) 

which is the Maxwell distribution in the energy variable. 
For purely translational motion, E = mv2/2, where v is the 
particle speed, and Eq. 1.77 is equivalent t o  

which is the Maxwell distribution of molecular speeds. 

1.5 NOMENCLATURE 

b = total number of quantum numbers 
9 = density of states for particles 
E = energy of a microstate 

*The thermal wavelength is a factor 2 /n  different from 
the deBroglie wavelength (h/mv) if the velocity is taken as 
the mean speed of the Maxwell-Boltzmann distribution. 

F = Helmholz free energy 
g = multiplicity of energy state 

G = Gibbs free energy 
h = Planck's constant 
H = enthalpy 
k = Boltzmann constant 
L = length of a side of a cube in which a particle is 

confined 
m = mass of a particle 
M = total number of particles in a system 
n = occupation number of an energy level 
N = number of particles in a system or a subsystem 
N = average number of particles in a system 
p = pressure 
P = probability of a microstate in an ensemble 
S = entropy 
t = translational quantum number 

T = temperature 
U = internal energy 
v = particle speed 
V = volume 
z = single-particle partition function 
Z = partition function 

Z' = partition function above the ground state 

Greek letters 

- 

1.1 = chemical potential 
w = density of states for system 

= particle energy 
E = average particle energy 
Z = grand canonical partition function 
h = thermal wavelength of an ideal gas particle 

- 

Subscripts 

i = microstate of a system 
j = quantum state characterized by translational quantum 

k = quantum state of a particle 
1 = quantum state characterized by internal quantum 

r = subsystem of an isolated system 

numbers 

numbers 

el = electronic excitation-energy component 
int = internal-energy component 
t r  = translational-energy component 

1.6 ADDITIONAL READING 

1. L. M. Grossman, Thermodynamics and Statistical Ther- 
modynamics, Chap. 6 and Chap. 7, Secs. 1 and 2, 
McGraw-Hill Book Company, New York, 1969. 

2. F. Reif, Fundamentals of Statistical and Thermal Phys- 
ics, Chap. 2 ,  Secs. 1-5; Chap. 3, Secs. 1-3; Chap. 6, 
Secs. 1,2,5,6, and 9; and Chap. 9, Secs. 1-11, McGraw- 
Hill Book Company, New York, 1965. 

1.7 PROBLEMS 

1.1 The average energy of an ideal gas of Fermi-Dirac /-- 

particles is given by the following expression: 

Ef = i l i  T ~ ( E ) ~ ( E )  de 
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where 

Show how the above formula for EF can also be derived 
directly from the total partition function of an ideal gas of 
particles obeying Fermi-Dirac statistics in which the  
summation is also approximated by an integral. 

1.2 Consider a monatomic substance of atomic weight M. 
The solid form melts at  Tf with a heat of fusion AH, 
(J/mole). The liquid boils a t  atmospheric pressure at  a 
temperature Tb with a heat of vaporization AH,. The 
specific heats of the solid and liquid phases are C,, and C,, 
J/mole-"K, respectively, and can be assumed known func- 
tions of temperature. 

Derive expressions for the entropy of an ideal gas of 
this substance a t  a temperature T > Tb and 1 a tm pressure 
from: (a) the thermodynamic data given above and (b) 
statistical mechanics, assuming a dilute ideal gas. 

1.3 In principle, neutrons are spin 'h particles and so must 
obey Fermi-Dirac statistics. [They are, however, commonly 
treated by Maxwell-Boltzmann statistics.] Derive an  ex- 
pression for the energy spectrum of neutrons of total 
density ntot neutrons/cm3 in thermal equilibrium with a 
nonabsorbing infinite medium at T'K. Start with the 
two-term approximation t o  Eq. 1.56. 

(a) What is the average neutron energy? What is the 
deviation of the average energy from the Maxwell- 
Boltzmann value (3kT/2) for a density of lo1'  neu- 
trons/cm3 and T = 1"K? 

(b) Would you expect the same approximation to  be  
valid for the electron gas consisting of the conduction 
electrons in copper a t  room temperature? 

1.4 Express the partition function for a system consisting 
of two Fermi-Dirac particles which can be distributed 
among three discrete energy states. Be sure to  allow for 
distinct spin orientation. 

1.5 The coefficient of thermal expansion is defined by 

CY = -( 1 -) av 
V aT , 

and the coefficient of compressibility by 

(a) Develop expressions for the coefficient of thermal 
expansion, (Y, and the coefficient of compressibility, P ,  in 
terms of the partition function, Z. 

(b) For mercury a t  O'C, (Y = 18 X lo-' ("C)-' and 
p = 5.4 X lo-' (N/m2)-' . If mercury were heated from 
0°C to  1°C in a constant-volume system, what pressure 
would be developed? 

(c) Show that the  difference in heat capacities at  
constant pressure and constant volume is 

CY2 

P c, - c, =- VT 

What is the fractional difference between C, and C, for 
mercury at  0°C and for an  ideal monatomic gas? 

1 f': ( 4  h v e  that - p/*-,,v9J, JI . \c- .. [.-. - . 

(Y 
(&)T = T (g)v - p =p T - P 

and 

1.6 Consider an ideal monatomic gas in its ground 
electronic state (nondegenerate). Starting from the parti- 
tion function, determine: 

(a) The equation of state of the gas (i.e., the ideal gas 
law). 

(b) The entropy of the  gas. 
(c) The heat capacity at constant pressure of the gas. 
(d) Suppose the gas is heated to  temperatures high 

enough to  populate the first excited electronic state (also 
nondegenerate). This state is at  an energy AE above the 
ground state, and Ae/kT 9 1. How are the results of (a) 
through (c) above affected? 

1.7 Demonstrate the equality of the right-hand sides of 
Eqs. 1.47 and 1.48 for the restricted case in which there are 
only two states (k  = 0 and k = 1). 



Chapter 2 

Thermal Properties of Solids 

The statistical interpretation of thermodynamic quan- 
tities outlined in Chap, 1 can be applied t o  the atoms in a 
perfect crystalline solid. In particular, we will consider the 
variation of internal energy (or the specific heat) with 
temperature and the equation of state of the material 
according to  the model of a solid first introduced by 
Debye. 

2.1 VIBRATIONAL ENERGY IN A SOLID 
The equilibrium positions of the atoms of a solid are 

determined by the regular geometrical pattern of the crystal 
structure of the solid. If the atoms of a solid are assembled 
on their equilibrium positions from a collection of free 
atoms (which are noninteracting and a t  rest), a considerable 
amount of energy is released. The change in energy 
resulting from the construction of a solid from free atoms 
(or ions) is termed the cohesive energy of the solid. 

In addition to  the cohesive energy, the crystal also 
stores energy by the vibration of the atoms about their 
equilibrium positions. The effect of temperature and 
pressure upon the cohesive energy and the vibrational 
energy is responsible for the thermal properties and the 
equation of state of the solid. 

Since the cohesive energy of a crystal is usually quite 
large, it is apparent that the atoms in the solid phase 
interact strongly with one another. Yet the statistical 
analysis of the thermodynamic properties is feasible only 
for systems whose member particles exhibit a negligible 
mutual influence. This contradiction is resolved by demon- 
strating that the strong interactions between the atoms of a 
solid may be treated as if the solid consisted of independent 
modes of vibration. Such a transformation depends only 
upon the rather lenient restriction that the amplitudes of 
the vibrations of each of the atoms be small enough for 
Hooke's law to apply. 

The total energy of a crystal a t  any instant consists of 
the cohesive energy, Ecoh,  and the kinetic and potential 
energies of the vibration of each atom: 

The kinetic- and potential-energy contributions depend 
upon the instantaneous positions of each of the atoms of the 
crystal. However, the energy of the particular configuration 

FREE ATOMS 
AT REST 

\ 

- 

ENERGY 
OF AN ATOM 

I 
I 
I 
\ 
\ 
\ 
\ 

/+PARABOLIC 
I APPROXIMATION 

I 
POTENTIAL 

DISPLACEMENT, 

Fig. 2.1 Potential energy of an atom in a crystal. 

is denoted by Eto t  rather than the usual microstate energy 
E, since the first part of the analysis uses classical 
mechanics rather than quantum mechanics. 

Each atom of a solid is surrounded by a cage consisting 
of 6 to 12 nearest-neighbor atoms which effectively 
constitute a barrier to free migration of the atom about the 
crystal. The potential energy of an  atom is lowest when it is 
a t  the center of this cage, which is its equilibrium position. 
Movement in any direction causes a sharp increase in 
potential energy because of the presence of the nearest 
neighbors. Thus, each atom may be regarded as residing in a 
potential well created by the interaction of the atom with 
all other atoms of the crystal. The variation of the potential 
energy of an atom moving in a particular direction relative 
to  the crystal axes is shown in Fig. 2.1. The minimum in 

14 
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the potential curve differs from the reference state of free 
atoms by Ec,h/N, which implies that the sketch has been 
drawn for the case in which all other atoms are in their 
equilibrium lattice positions. However, the other atoms are 
also in constant small-amplitude motion, and the potential 
curve changes according to the particular location of all 
other atoms a t  a given instant. 

Since each atom possesses three degrees of vibrational 
freedom, the entire crystal of N atoms may be considered 
as a system with 3N degrees of freedom, all in vibration. 

& 

The kinetic-energy term in Eq. 2.1 is 

3N 

E, = mi: 
i= 1 

where m is the mass of the atoms in the monatomic crystal. 
The displacement of an atom along one of the three 
coordinate directions is denoted by t i .  The term t i  in 
Eq. 2.2 is the velocity of the vibrational motion for a 
particular mode. 

The potential-energy term in Eq. 2.1 is a function of 
the displacements of all atoms of the crystal, E p ( l l , .  . ., 
Ei,  . . . [ 3 N ) .  Since small-amplitude oscillations are assumed, 
EP may be expanded in a Taylor series: 

i = l  j = l  

Inasmuch as the force on each atom is zero in the 
equilibrium position, the first term on the right of Eq. 2.3 
is zero. The second-order derivatives in the double sum are 
constants, but not zero. They represent the Hooke's law 
constants that characterize the vibrations: 

If higher order terms in Eq. 2.3 are neglected, the total 
energy of the system for a particular set of displacements 
and velocities can be written as: 

i= 1 i=l j=1 

Neglecting the higher order terms in Eq. 2.5 is equivalent t o  
representing the potential curve of Fig. 2.1 by a parabola, 
as shown by the dashed line in the sketch. 

Because of the i-j cross product terms in the double 
sum, the total energy cannot be represented as the sum of i 
independent terms. The strong interactions between atoms 
of a solid are contained in the cross product terms. Despite 
the cross product terms in Eq. 2.5, the system energy is still 
quadratic in the displacements, and the atoms undergo 
simple harmonic motion. The vibration frequencies can be 
related to the force constants k3 by writing an equation of 
motion for each of the 3N modes of vibration: a 

Solutions of the type tiae-2niut (where i denotes 6 1 )  
yield the vibration frequencies as roots of the determinant 
/kij - 4nZ muz 6ij 1 0, where 6ij  is the Kronecker delta. 
Knowledge of the vibrational frequencies is not equivalent 
to knowledge of all the force constants. There are fewer 
frequencies .than force constants, and a complete dynamical 
description 'of" the crystal, in equilibrium as well as 
nonequilibrium situations, requires all the kij.  However, the 
3N vibrational 'frequencies are sufficient for determining 
the thermodynamic properties of the solid, which are due 
t o  oscillations about the equilibrium positions. 

2.2 NORMAL-MODE ANALYSIS 

Despite the small-amplitude approximation, we must 
still devise a scheme to eliminate the cross product terms 
from the total energy expression before the thermodynamic 
properties of the crystal can be computed from simple 
models. Fortunately, the appropriate transformation can be 
accomplished simply by redefining the spatial coordinate 
system in which the atoms vibrate. A new coordinate 
system, in which displacements are denoted by qi, is 
constructed as a linear combination of the actual displace- 
ments: 

3N 

q. = c q +  1 1  (2.7) 
j=1 

If the coefficients Gi  are chosen according t o  the pre- 
scription: 

E Cjicj, = 6il 
j 

then Eq. 2.7 may be inverted t o  give ti as 

3N 
t i  I: Cjiqj (2.9) 

j=  1 

If Eq. 2.9 is substituted into Eq. 2.5, the cross product 
terms disappear, and the total energy becomes 

3N 
qot = Ecoh +E [pi$ 1 +y(4n2m: )q i ]  1 (2.10) 

i= 1 

The coordinate system qi, which converts the vibrational 
energy of 3N coupled modes to  a single sum of terms each 
depending on  a single coordinate, is called the normal 
coordinate system of the assembly. The interatomic forces 
responsible for the thermodynamic behavior of the crystal, 
which were contained in the kij in Eq. 2.5, reappear as the 
vibrational frequencies vi in Eq. 2.10. 

2.3 PARTITION FUNCTION FOR VIBRATION 

We have demonstrated that the strongly interacting 
system of particles which characterizes a solid can be 
transformed into a system of weakly interacting modes of 
vibration for which the total energy is just the sum of the 
energies of the individual oscillators: 

3N 

i = l  
E t o t  = Ecoh + €i (2.11) 

r 
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Here ei is the energy in the ith mode of oscillation relative 
to the reference energy at  the minimum of the potential 
curve in Fig. 2.1. The validity of this simplification depends 
only upon the assumption that atom displacements are 
sufficiently small that the potential energy is quadratic in 
the displacement coordinates. 

The energy of vibration of the ith mode is given by the 
bracketed term in Eq. 2.10 according to classical me- 
chanics. According t o  quantum mechanics, however, the 
energy of each mode can assume only the discrete values 
given by the formula 

(2.12) 

where ji is the vibrational quantum number of mode i and 
can take on any positive integer value (including zero). The 
spacing between the vibrational energy levels is constant, as 
indicated in Fig. 2.1. 

In calculating the partition function, and therefore all 
the thermodynamic quantities of the solid, we use the 
quantum mechanical energy. The classical analogy has been 
used only to illustrate the normal-mode analysis, although 
we could have done this also by quantum mechanical 
formulation. We need henceforth only the information 
contained in Eqs. 2.11 and 2.12. 

The ground state is taken to be the crystal a t  0°K and a 
specific volume v: 

V 
v=i (2.13) 

The necessity of specifying both these parameters in 
defining a ground state in the present situation can be 
explained as follows. Both the cohesive energy and the 
vibration frequencies depend on  the specific volume, or 
equivalently, on the separation of the atoms in the lattice. 
Consequently, a completely defined state must fix both T 
and v. Since v depends on the temperature and pressure, a 
particular value of v a t  0°K corresponds to  a definite 
pressure. Hence, either v or p may be prescribed. 

The reference state has been chosen as the free atoms of 
the disassembled solid. Relative to  this state, the ground- 
state energy consists of the cohesive energy and the residual 
vibrational energy when all atoms of the solid are in the 
lowest quantum state. From Eq. 2.12, with j i  = 0 for all i, 
the energy of each mode of oscillation is hui/2. This 
quantity of vibrational energy, which remains with each 
mode a t  the asbolute zero of temperature, is called the 
zero-point energy. Referred to free atoms a t  rest, the 
ground-state energy is: 

3N 

(2.14) 
1 

EO(v) = Ecoh(V) hvi(v) 
i= 1 

The energy of a microstate of the system depends upon 
the quantum numbers j i  of all 3N modes of vibration: 

3N 

i = l  
E(j, . . . j i  . . . j3,) = Eo(v) + E jihui (2.15) 

Although vibration frequencies appearing in Eq. 2.15 are 
functions of v, designation of this dependence has been 
omitted to  keep the notation simple. 

In evaluating the partition function for the crystal from 
Eq. 1.12, we replace the sum over microstates by a sum 
over all quantum numbers: 

z = e-Eo ( v ) / k T  E 
,/- 

exp[-(j, hu, + . . . 
(j, . . . j i . .  . j 3 N )  

+ jihvi + . . . + j3, h v 3 ~ ) / k T ]  (2.16) 

The partition function depends on both temperature and 
specific volume (or pressure). The specific volume de- 
pendence enters in both Eo and the vi. 

Except for the presence of the ground-state energy 
term, Eq. 2.16 strongly resembles the partition-function 
sum for the ideal gas, Eq. 1.34. However, Eq. 2.16 is a sum 
over quantum numbers, not occupation numbers as in 
Eq. 1.34. Since each of the quantum numbers j i  can have 
any value from zero to  infinity, there is no restriction 
analogous to  the requirement that the occupation numbers 
sum to  N. Consequently the calculational difficulties 
encountered in evaluating Z for the ideal gas are not a 
factor in Eq. 2.16, which may be written as 

Each sum in Eq. 2.17 is a single-particle (or mode in 
this case) partition function for vibration. The sums are 
evaluated by the formula 

The partition function for a crystal of N identical atoms 
is 

i = l  

In the subsequent discussion, it will be more convenient to 
deal with the angular frequency, mi, in place of the usual 
frequency vi. We therefore replace hui with hi, where 
h= h/2n and wi, = 2nvi, and a t  the same time, take the 
logarithm of Eq. 2.19: 

h Z = - W -  f In (1 - e-hai/kT) (2.20) 

No conceivable experiment can provide the frequencies 
of all 3N modes of a macroscopic crystal. Because of the 
large number of particles, there are many modes in a small 
frequency span, and the sum in Eq. 2.20 may be very 
satisfactorily approximated by an integral: 

kT 
i = l  

h,=-E,(V)- I* p ( w )  In (1 - e-hw/kT)  d w  (2.21) 
kT 

where g ( w )  is the frequency spectrum of the vibrational 
modes of the solid. I t  represents the number of modes with 
angular frequencies between w and w + dw. Since there are 
3N modes in total, 9 ( w )  must satisfy the normalization 
con& tion 

/om g ( w )  dw = 3N (2.22) 
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The thermodynamic properties of the solid can be 
obtained by the relations of Sec. 1.3 once Z is known. 
Computation of Z rests solely upon determination of the 
frequency spectrumY(w). 

. .  2.4 THE EINSTEIN MODEL 

Einstein’s analysis of the frequency spectrum was 
prompted by the fact that classical thermodynamics fails 
rather spectacularly to  account for the variation of the 
specific heat of solids as T + 0°K. According to classical 
thermodynamics, each of the 3N modes of vibration should 
contribute kT t o  the internal energy. Or, the specific heat 
per gram atom should be 3Nk = 3R (where N is Avogadro’s 
number and R is the gas constant) a t  all temperatures. 
Experimentally, however, the specific heat approaches zero 
as T + 0°K. 

Einstein’s approximation to  the frequency spectrum 
was the simplest imaginable, namely, that all modes have 
the same frequency wE : 

where 6 represents the Dirac delta function. 
With the frequency spectrum represented by Eq. 2.23, 

the partition function can be computed from Eq. 2.21, and 
the internal energy, from Eq. 1.15. This procedure yields 
the specific heat a t  constant volume by the relation 

T h i s  f o r m u l a  h a s  o n e  adjustable parameter, 
@E = hwE/kr which is called the Einstein temperature. The 
Einstein formula exhibits the proper limiting behavior, 
approaching the classical limit of 3R as T becomes large and 
going to zero as T +  0°K. Agreement a t  intermediate 
temperatures is optimized by selection of the parameter 
OE. For most solids, accord between the experimental 
specific heats and the Einstein prediction is fair. 

The success of the Einstein theory is not due so much 
to  the accuracy of the assumed frequency spectrum, 
Eq. 2.23, but rather t o  the fact that it accepts the 
quantization of the vibrational energy of the crystal-the 
development culminating in Eq. 2.21 began with Eq. 2.12. 
This feature of the theory is absolutely essential if the 
behavior of the heat capacity a t  low temperature is to be 
explained. 

2.5 THE DEBYE MODEL 

The deficiency in the Einstein model lies in the 
assumption that all modes of vibration have the same 
frequency. If the atoms of the crystal are regarded as 
oscillating independently in a potential well created by the 
surrounding atoms, this assumption is reasonable. However, 
the vibrational energy of a solid is due to atomic motions of 
an entirely different nature. Instead of the unrelated 
jiggling of individual atoms, large groups of atoms move in 
unison. These correlated motions of the atoms of a solid are 

called collective modes of vibration. The vibrational energy 
stored in collective modes is largely responsible for the 
thermodynamic behavior of solids. 

The correlated atomic motion takes the form of entire 
planes of atoms performing oscillatory motion, which is a 
three dimensional analog of a vibrating string. As shown in 
Fig. 2.2, displacements of successive planes from their 
equilibrium positions have, a t  any instant, the shape of a 
wave. The waves are of the type that are responsible for the 
transmission of sound in a continuum and are called elastic 
wuues. They may be standing or travelling waves. For each 
direction of wave propagation, there are three modes of 
vibration, or polarization: if the atomic planes are displaced 
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Fig. 2.2 Elastic waves in solids. 

back and forth in the direction of propagation, the mode is 
termed longitudinal. If the planes oscillate in a direction 
perpendicular to the propagation direction, the mode is 
transverse. There are two transverse modes and one 
longitudinal mode for each wave vector k.  

Since the elastic waves ultimately result from the 
vibration of the atoms of the solid, the energy carried by 
the waves must be, quantized according t o  Eq. 2.12. 
Although this relation was developed with individual 
atomic oscillations in mind, it is no t  restricted t o  the 
vibrations of a single particle. I t  merely states that, 
whatever the entity which is regarded as vibrating, energy 
can only be stored in integral multiples of hvi. 

The elastic waves have all the formal properties usually 
associated with wave motion. They may be characterized 
by a wave vector k, whose direction is in the direction of 
propagation and whose magnitude is 
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(2.25) 
2rl 
h 

k = -  

where h is the wavelength. Wavelengths less than two 
interplanar spacings have no meaning since they suggest 
periodic motion between atomic planes where no particles 
exist. If a, is the spacing between atomic planes, waves of 
length h < 2a, can always be represented by a wave of 
length h > 2a, (see Fig. 2.3 for an example). An elastic 
wave for which hmin = 2a, corresponds to  a standing wave 
with nodes a t  the positions of each atomic plane, and no  
motion whatsoever occurs. This wave has a wave vector 
magnitude of k,,, = T/a,. 

h = 4a ,3  

Fig. 2.3 A wavelength less than 2a, is equivalent to one 
greater than 2a,. 

In addition to the wavelength, elastic waves have an 
angular frequency, w.  The relation between w and the 
magnitude of the wave vector k characterizes the material 
and is known as the dispersion relation. The speed a t  which 
a particular wave travels is the phase uelocity or 
propagation speed 

w 
c = k  

(2.26) 

Equation 2.26 is a linear dispersion relation if c is 
independent of w.  If the dispersion relation is nonlinear, 
the propagation speed is a function of frequency. 

For  long wavelengths, the displacements of adjacent 
atomic planes are very nearly equal t o  each other, and the 
material behaves as a continuum-the fact that i t  is 
constituted of discrete atoms is not important. Long waves 
all travel a t  a constant speed, that of the speed of sound in 
the material. For short wavelengths, however, the atomic 
nature of the solid becomes significant, and the dispersion 
relation becomes nonlinear. The approximation due to  
Debye consists of ignoring this gradual transition from 
continuum to atomic behavior and assuming that waves of 
all frequencies propagate with the speed of sound. This is 
equivalent t o  assuming a linear dispersion relation w = ck. 

The wave equation for a given state of polarization (i.e,, 
longitudinal or transverse) in a three-dimensional isotropic 
medium is 

(2.27) 

where u is the displacement of the atomic plane from its 
equilibrium position and c is the propagation speed. We 
seek solution to  Eq. 2.27 in the form of standing waves 
since the displacements vanish a t  the boundaries of the 

crystal. Standing waves in a crystal of dimensions L,, L,, 
and L, are of the form /-- 

cr3111 
u a sin(k,x) sin(k,y) sin(k,z)e-iwt (2.28) 

where k,, k,, and k, are the components of the wave 
vector k in the three coordinate directions. Satisfying the 
condition that the boundaries of the crystal remain sta- 
tionary requires that 

71 k, = -mx 
L X  

71 k, =-  my 
LY 

n 
k,  = -m, 

L, 
(2.29) 

where m,, m y ,  and m, are positive integers. 
Because of the restriction on the allowable wave vectors 

implied by Eq. 2.29, there are a finite number of waves 
contained within any interval of the wave vector. Since the 
dispersion relation of the material provides a one-to-one 
correspondence between the magnitude of the wave vector 
and the angular frequency, the number of waves in a unit 
frequency range is calculable. This last quantity is just the 
frequency spectrum required for determination of the 
thermodynamic properties of the material. Note that the 
condition that provides a countable number of elastic waves 
in a given frequency range is not at  all quantum mechanical 
in nature-it arises simply from the requirement that an 
integral number of standing waves be contained in the 
crystal. 

To count the number of waves within a small range of 
the wave vector, consider the elementary volume d3 k = dk, 
dk,dk,. According to Eq. 2.29, this volume element 
contains 

( $ d k , ) ( ~ d k , ) I ( ~ d k , )  = 71 4 d3k 

standing elastic waves. If we write d3k  in spherical 
coordinates as 4nk2 dk and divide by 8 to account for the 
requirement that only positive values of the wave vector 
components are physically acceptable, the number of waves 
in the magnitude range dk is 

V 
- k 2  dk 
2n2 

Replacing k in the above expression with the angular 
frequency by using the linear dispersion relation w = ck of 
the Debye model, the number of waves in the frequency 
range from w to w + d w  is 

V u 2  

2n c @(w)  d w  = 7 7  d w  (2.30) 

c Equation 2.30 can be generalized to  include all three states 
of polarization associated with each wave vector by adding 
the contributions to  Y ( w )  from the longitudinal and two 
transverse modes: 
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(2.31) 

where c1 and ct represent the propagation speeds of the 
longitudinal and transverse modes, respectively. The speed 
of sound in a polycrystalline material is 

3 1 2  _ = _  

c3 c: ‘3 (2.32) 

We have seen that there is a minimum wavelength 
determined by the lattice spacing in the solid. Although the 
Debye model has so far been based solely on consideration 
of the solid as a continuous medium, the condition 
A m i n  = 2a, must be recognized. In the Debye model this 
condition is approximately satisfied by setting an upper 
limit to the frequency to which Eq. 2.31 is applicable. The 
maximum frequency oD replaces ~0 in the upper limit of 
the normalization condition of Eq. 2.22, which then yields 

% 
(2.33) 

where the specific volume of the  solid (Eq. 2.23) has been 
used for V/N. 

The maximum frequency, w D ,  is called the Debye 
frequency. It is in the range of 1 0 l 3  t o  10 l4  sec-’ and is 
often used to characterize the vibrational frequency of 
atoms of a solid. To determine how well the Debye 
frequency satisfies the condition A m i n  = 2a,, we write 

where v is the volume occupied by an atom of the solid and 
is approximately equal t o  the cube of the interplanar 
spacing, a:. The coefficient of v’ is 1.6 compared to  the 
required value of 2. Therefore, the Debye model gives a 
minimum wavelength reasonably close to  that required by 
the atomistic nature of the solid. 

In terms of wD, the Debye frequency spectrum is 

(2.34) 9Nw2 /w$ for  0 2  w 5 W D  

for w > W D  
9 ( w )  = 

The actual frequency spectrum of the lattice vibrations 
in a solid may be obtained experimentally by X-ray or  
neutron scattering. These radiations interact with the solid 
by exchanging discrete quantities of energy, in multiples of 
hi, with the solid. The frequency spectrum of the solid 
may be deduced from the spectrum of the scattered 
radiation. Figure 2.4 compares the Debye frequency 
spectrum with the experimental spectrum for aluminum. As 
expected, the Debye spectrum is in good agreement with 
experiment a t  low frequencies, where the vibrations closely 
resemble those of the continuous medium upon which the 
Debye model is based. The deviations a t  higher frequencies 
arise from the fact that the dispersion relation for a real 
solid is not linear, as assumed in the Debye model, and that 
the maximum frequency depends upon direction in the 
crystal, even for isotropic solids. These two effects are 
responsible for the very rich structure of the experimental 
spectrum in Fig. 2.4. 
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The vibrational-frequency spectrum of aluminum. 
The solid curve is deduced from X-ray scattering measure- 
ments a t  300’K. [After C. B. Walker, Phys. Reu., 103: 547 
(1956).] The dashed curve represents the Debye approxima- 
tion with O D  = 382‘K deduced from the specific heat. 
(From F. Reif, Fundamentals of Statistical and Thermal 
Physics, McGraw-Hill Book Company, New York, 1965.) 

Despite the disagreement evident in Fig. 2.4, the Debye 
spectrum, in conjunction with Eq. 2.21, provides a reason- 
ably good set of thermodynamic properties. At low 
temperatures, low-frequency elastic waves predominate, 
and the Debye spectrum faithfully follows the real 
spectrum. Thermodynamic properties a t  low temperatures 
should be reasonably well explained by the Debye model. 
At high temperatures, all lattice theories of solid thermo- 
dynamic properties (including the Debye model) approach 
the limits of classical thermodynamics. Even though the 
frequency spectrum may be in substantial error near the 
maximum frequency, the thermodynamic properties 
become increasingly insensitive t o  9 ( ~ )  as the temperature 
is increased. 

Insertion of Eq. 2.34 into Eq. 2.21 yields the partition 
function of the crystal as a function of temperature and 
specific volume: 

l n Z = - -  Eo (VI 
k T  

- 9N($)’S,””” In(1 - e-X)x2 d x  (2.35) 

where OD is the Debye temperature 

(2.36) 

Since wD of Eq. 2.33 is a function of solid specific volume, 
the Debye temperature is dependent on pressure (or 
specific volume) but not on temperature. 

The integral in Eq. 2.35 is a function of its upper limit 
and must be calculated numerically. 

2.6 SPECIFIC HEAT ACCORDING TO 
THE DEBYE MODEL 

The specific heat a t  constant volume is obtained by 
successive differentiation of Eq. 2.35 with respect to 
temperature at  constant volume. The internal energy is 
given by Eq. 1.15: 
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U(T,V) = kT2 (F)" 

where Nk has been written as R a n d  U and V are for a gram 
atom of material. The specific heat is obtained from 

The bracketed term in Eq. 2.38 is the Debye function, 
which is plotted in Fig. 2.5. At high temperatures, 
T/OD + M, the Debye function approaches unity and the 
specific heat approaches the classical value of 3R (the law 
of Dulong and Petit). At low temperatures the Debye 
function approaches 

3 ; 714 (2) 
which leads to the experimentally observed T3 heat 
capacity behavior as T + O'K. The Debye temperature OD 
is determined from the specific heat variation in this limit. 

1.0 

E 
c 0.5 
0' 

0 
0 0.5 1 .o 

Fig. 2.5 The Debye heat capacity function. 

A Debye temperature of 382'K has been determined for 
aluminum from specific heat measurements a t  low tempera- 
tures. 

2.7 DEBYE EQUATION OF STATE 

Equation 2.37 shows how the internal energy varies 
with temperature a t  a fixed specific volume. The quantities 
Eo and OD are presumed to be known functions of specific 
volume only. However, most processes o r  experiments 
occur not  a t  constant volume, bu t  at  a constant pressure in 
the neighborhood of 1 atm. The specific volume of a solid 
is very little affected by moderate changes in pressure or 
t e m p e r a t u r e s o l i d s  are very nearly incompressible. So it 
does not matter a great deal whether Eq. 2.37 is applied to 
temperature changes that occur strictly a t  constant volume 
or a t  a constant pressure in the vicinity of 1 atm (i.e., from 

high vacuum to tens of atmospheres)-the major effect on 
U is due to the temperature change. However, if pressures 
of hundreds or thousands of atmospheres are involved, the 
effect of the compressibility of the solid becomes sig- 
nificant. In such situations, the variations of Eo and OD 
exert a nonnegligible effect on the internal energy and 
must be accounted for. 

The Debye model provides a relation between the 
partition function and the Debye temperature 0,. The 
pressure is given by Eq. 1.28 in terms of the partition 
function. Using Eq. 2.35 for Z, we obtain 

According to Eq. 2.37, the bracketed term in Eq. 2.39 I S  

just U - E o ,  and Eq. 2.39 can be expressed as 

Equation 2.40 is an equation of state of the form p(U,v). 
Because of the .presence of the dimensionless parameter 
( v / o D ) ( d e D / d v ,  this equation of state is peculiar t o  the 
Debye model of solids. The derivative of the Debye 
temperature with specific volume is not an easily obtainable 
quantity, and the Debye equation of state is rarely used to 
describe the behavior of solids a t  high pressures. However, 
when the dimensionless parameter (v/@,)(d@, /dV) is 
replaced by an arbitrary function of specific volume, 
Eq. 2.40 is called the Griineisen equation of state. Equa- 
tions of state for materials a t  high pressures and high 
temperatures will be considered in detail in Chap. 9. 

2.8 PHONONS 

Because of the strong similarity between the wave 
properties of vibrations in a solid and electromagnetic 
radiation, it is natural to expect that the particle-like 
behavior of light waves would find an analogy in the  case of 
elastic waves. The photon is quantized electromagnetic 
radiation. The quantized elastic wave in a crystal is made up 
of phonons. Phonons are referred to as quasi-particles t o  
avoid confusion with the real particles of the solid, namely, 
the constituent atoms. 

The quantitative nature of the phonon can be seen by 
examining Eq. 2.15: 

3N 

E(j, . . . ji . . . j 3 ~ )  = jihvi (2.41) 

from which the reference energy Eo(v) has been omitted 
because it is not needed in the present discussion. Accord- 
ing to  this equation, the energy content of a solid may be 
regarded as the sum of the energies of a number of particles 
which are distributed among 3N possible energy states. The 
particles are phonons, and ji represents the number of 
phonons in state i. The quantity hvi is the energy of a 
phonon in state i. 

i= 1 
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Equation 2.41 is identical to the expression for the 
total energy of an ideal quantum gas, Eq. 1.33. Thus the 
phonons in a solid possess the following properties: 

1. They can be in any one of 3N energy states. 
2. There is no  limit t o  their total number. 
3. There is no limit to the number of phonons which 

can occupy a particular energy state; ji  may be any integer 
from zero t o  infinity. 

4. They are indistinguishable; a microstate is specified 
by the numbers j, . . . j i . .  . j3, in each energystate, 
irrespective of which phonons are in each state. 

5. They cannot be assigned to a particular location in 
space. 

6. They are weakly interacting in the sense that the 
quantum state of each phonon is not affected by the 
quantum states of the other phonons, and the total energy 
of the solid is the sum of the individual energies of the 
phonons present. 

Properties 4 through 6 define an ideal quantum gas, 
which, because of property 3, obeys Bose-Einstein sta- 
tistics (see footnote, p. 8 of Chap. 1). The fact that the 
total number of phonons is not limited means that the 
chemical potential of the phonon gas is zero. The phonons 
in a solid possess all the attributes of the photon gas that 
comprises the black-body radiation in equilibrium inside an 
enclosure. 

Properties 1, 2, and 3 differentiate the phonon gas from 
the ideal gas of conduction electrons in a metal. In the 
latter, the number of particles is fixed, bu t  the energy states 
accessible to  each particle are unlimited. In the former, just 
the reverse is true; the number of particles is unlimited but 
the number of states is fixed. In addition, conduction 
electrons in a metal obey Fermi-Dirac statistics, whereas 
phonons obey Bose-Einstein statistics. 

Inasmuch as the phonons form an  ideal quantum gas, 
the partition function can be obtained from Eq. 1.34: 

Z =  exp [- (j, hv, + . . . + jihvi 

+ . . . + j,, h ~ . ~ ~ ) / k T ]  (2.42) 

which, if the reference energy is neglected, is identical to 
Eq. 2.16. Thus, the partition function of the phonon gas 
and hence all its thermodynamic properties are identical to 
those obtained by regarding the  energy of the solid as 
elastic waves. 

The total number of phonons in a crystal a t  tempera- 
ture T can be calculated as follows. The probability of a 
particular microstate characterized by the set of occupation 
numbers j ,  . . . ji . . . j,, is given by 

P(j, . . . j i  . . . j 3 N )  = {exp [- (j, hv, + . . . + jihvi 

The average number of phonons in a particular state i may 
be obtained by treating P as a distribution function: 

- 
ji = ji P(j, . . . ji . . . j 3 N )  (2.44) 

The sum that results from substituting Eq. 2.43 into 2.44 
can be obtained by differentiating Z of Eq. 2.42 with 
respect t o  hvi. Thus: 

- kT dZ ji  = -- ___ z a(hvi) (2.45) 

Evaluation of Z given by Eq. 2.42 according to the method 
described in connection with Eq. 2.16 yields the expression 
for Z given by Eq. 2.19. Differentiation of Eq. 2.19 with 
respect to hvi and insertion into Eq. 2.45 yields 

ji= (ehui/kT - 11-1 (2.46) 

which is the Planck distribution function, or the dis- 
tribution function for Bose-Einstein particles with zero 
chemical potential. I t  may be compared with the Fermi- 
Dirac distribution function given by Eq. 1.53, in which the  
chemical potential is not zero. 

The total number of phonons is given by 

(2.47) 

Approximating the sum by an integral with the use of 
the frequency spectrum 9 ( w )  and substitution of Eq. 2.46 
for Ti yields 

(2.48) 

Using the Debye frequency spectrum of Eq. 2.34 reduces 
Eq. 2.48 to 

(2.49) 

At low temperatures, (OD/T) + 00 and ex - 1 in the 
integrand can be approximated by ex .  The phonon density 
then becomes 

np = 18N (&y (2.50) 

At high temperatures, OD/T becomes small, and ex - 1 can 
be approximated by x. Equation 2.49 then reduces to 

nP = 9N (&) (2.51) 

Regarding the thermal energy of a solid as an ideal gas 
of quasi-particles called phonons leads to exactly the same 
thermodynamic results as the more straightforward analysis 
via elastic waves presented in the earlier part of this 
chapter. However, the  phonon description permits a simple 
explanation for nonequilibrium properties of solids, such as 
lattice thermal conductivity. Inasmuch as phonons possess 
the characteristics of an ideal gas, they may be described by 
the elementary kinetic theory of gases, just as gas mole- 
cules. They can be considered to possess properties such as 
a mean speed, a cross section for collisions with each other 
or  with other objects in the solid, and a mean free path. 
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2.9 NOMENCLATURE 

a, = spacing between atomic planes 
c = propagation speed of a wave 

C, = specific heat a t  constant volume 
Cji = coefficients in normal-mode analysis 
9 = frequency spectrum of vibrational modes in a solid 
E = energy of a crystal 
h = Planck’s constant 
h = h/2n  
j = vibrational quantum numbers; occupation number of 

phonons 
k = Hooke’s law constant; Boltzmann constant; wave- 

vector magnitude 
L = length of a crystal 
m = mass of an atom 
n = number of phonons 
N = number of atoms in a crystal (Avogadro’s number) 
p = pressure 
P = probability of a microstate 
q = displacement in normal-mode analysis 
R = gas constant 
T = absolute temperature 
u = displacement of an atomic plane from its equilib- 

U = internal energy 
Y = specific volume (volume per atom) 

V = total volume of N atoms 
Z = partition function 

rium position 

Greek letters 

E = energy of a mode of oscillation 
h = wavelength 
v = vibration frequency 
8 = displacement of an atom along a coordinate direction 
0 = characteristic temperature 
w = angular frequency 

Subscripts 

A = particle A 
B = particle B 

Coh = cohesive 
D = Debye 
E = Einstein 

i = microstate; degree of freedom 
j = degree of freedom 

1 = longitudinal 
K = kinetic 

max = maximum 
min = minimum 

0 = ground state; zero point 
p = phonons 
P = potential 
t = transverse 

x = x direction 
y = y direction 
z = z direction 

to t  = total 

2.10 ADDITIONAL READING 

1. L. M. Grossman, Thermodynamics and Statistical Ther- 
modynamics, Chap. 10, S e a .  1-3, McGraw-Hill Book 
Company, New York, 1969. 

2. C. Kittel, Introduction to Solid State Physics, 3rd ed., 
Chaps. 5 and 6, John Wiley & Sons, Inc., New York, 
1967. 

3. F. Reif, Fundamentals of Statistical and Thermal 
Physics, Chap. 10, S e a .  1-2, McGraw-Hill Book Com- 
pany, New York, 1965. 

2.11 PROBLEMS 

2.1 The vibration of the atoms in a solid often cannot be 
approximated by simple harmonic motion. The effect of 
the anharmonicity is taken into account by using in place 
of Eq. 2.12 the energy-level formula 

where x, is the anharmonicity factor, which is zero for 
simple harmonic motion. 

Derive the vibrational partition function for this energy- 
level formula. Since x, is small, any exponential function 
that has x, in the argument can be approximated by a 
two-term Taylor series expansion. Sketch the energy-level 
formula. Show that the partition-function sum must be cut 
o f f a t j < m .  

2.2 Consider a simple cubic lattice. An elastic wave 
propagating along one of the principal axes of the crystal 
causes entire planes of atoms t o  move in phase. Since each 
plane moves in unison, the restoring forces on the planes 
due to the displacement of nearby planes can be reduced to  
those acting on a single atom in the plane. If only 
nearest-neighbor interactions are considered, the force on 
an atom in plane j is caused by the differences between its 
displacement and the displacements of the atoms in front 
of and behind it. The restoring forces are assumed to  be 
directly proportional to the differences in the dis- 
placements. The force constant is K and the mass of each 
atom is m. 

\ ,ATOM lC+PLAN ES 

(a) What is the equation of motion for atom (or plane) 
j? 

(b) Assuming solutions in the form of standing waves 
(with x =ja) ,  what is the dispersion relation for the 
one-dimensional situation of a propagation vector in the 
direction of one of the principal axes? 

(c) If the displacements are small enough to  permit 
finite differences to be approximated by derivatives, what is 
the equation of motion? 

c 
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(d) By comparing the result of part (a) with (c), deduce 
the finite difference form of the equation of motion for a 
propagation vector that has components in all three 
directions. What is the dispersion relation for the three- 
dimensional case? 

(e) What does the three-dimensional dispersion relatioil 
reduce to  for long wavelengths (small propagation'vectors)? 
What is the velocity of sound in this medium? 

2.3 The following simplified model of the structure of 
graphite (See Fig. 4.5) is assumed for calculating the 
specific heat b y  the Einstein model with two 
characteristic vibration frequencies. The restoring forces 
parallel t o  the basal plane are large, and, for the natural 
frequencies of oscillations in the two directions within this 
plane, hw,, S 300k. On the other hand, the restoring 
forces perpendicular t o  the basal planes are weak, and 

(a) What is the molar specific heat of graphite at  300°K 

(b) Sketch the curve of C, as a function of temperature. 

f O L  < 300k. 

in this model? 

2.4 Although the Einstein approximation to the lattice 
vibration-frequency spectrum provides an adequate match 
to  the specific-heat data and the Debye spectrum provides a 
still better fit, the best fit is obtained by using a mixture of 
the Einstein and Debye spectra: 

9 ( w )  = 0 (for w > WG) 

where wG is a cutoff frequency that is less. than wD. The 
Einstein frequency wE is also smaller than wG.  The 
parameter q gives the relative contributions of the Debye 
and Einstein portions. 

(a) What additional condition relates the four param- 
eters WG, WD, wE, and q? What is the relation between 
them? 

(b) Derive an expression for the specific heat of the 
solid with this vibrational-frequency spectrum in terms of 
the Einstein function*: 

xz ex 
(e" - 1)2 E(x) = 

. . .. - .. .. . . . 

.. 
\ 

,: 
</  
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and the Debye function*: - -  

Express the result in terms of the temperatures OE, OD, and 
OG, where Oi = hwi/k. 

2.5 Consider a system consisting of two atoms of mass m 
vibrating along a line joining their centers. Assume the force 
constants of this lattice, k ,  ,, k , ,  = k,, , and k,,, are 
known. 

(a) What are the vibration frequencies of the system:' 
(b) What are the coefficients CIj in the normal-mode 

(c) For this system, show that the total energy in terms 
analysis of this system? 

of the normal-mode coordinates is given by Eq. 2.10. 

2.6 According to the Debye model, what is the zero-point 
energy of a crystalline solid in terms of the Debye 
temperature? 

2.7 Starting with equations already presented in Chaps. 1 
and 2, develop an equation for the entropy of a perfect 
crystal in which the vibrational modes of the atoms are 
described by the Einstein model. Assume that the vibra- 
tional frequency, v, is such that hv < kT. 

2.8 The Gmneisen parameter is identified in Debye's 
theory by 

d In OD d@D - - 
y = - G  3 d l n  V 

where OD is a function of specific volume v and sound 
velocity C according to  the Debye model. From elasticity 
theory, the velocity of sound in an isotropic solid is related 
to the density p and the compressibility p by 

where v is Poisson's ratio. Neglecting the variation of v with 
specific volume, show that the Gruneisen constant can be 
expressed by: 

2 1 ( a 2 p / a v 2 ) T  
= - 5- T V  (ap/av)T 

\ 

*The Einstein and Debye functions are such that when 
the Einstein model alone is applied, C, = 3RE(@/T), and 
when the Debye model alone is applied, C, = 3RH(OD/T). 



Chapter 3 
Crvstal Structures 

J 

The periodic three-dimensional array of atoms in a 
crystalline solid constitutes the crystal lattice of the 
substance. For monatomic solids there are 14  distinct 
crystal structures, o r  Bravais lattices. Each of these is 
defined by a unit cell, a block of atoms which displays the 
crystallographic features of the lattice type and which, by 
translation alone (no rotation), can reproduce the entire 
crystal. The parallelepiped representing the unit cell is 
described by thejcrystal-axis vectors a, b, and c ,  which 
define its edges. 

symmetry of a particular crystal type is obscured by the 
shape of the primitive cell. The crystal structure may be 
better displayed by a unit cell containing more than one 
atom; such unit cells are called conventional unit cells. This 
situation is illustrated by the face-centered cubic (fcc) 
lattice shown in Fig. 3.2. 

Figure 3.2 (a) shows the conventional unit cell, a simple 
cubic lattice with atoms placed on each of the six cube 
faces. As in the sc structure, the eight corner atoms 
contribute one full atom to  the unit cell. Since the six 

3.1 THE CUBIC CRYSTAL SYSTEM 

The most easily visualized of the 14  fundamental 
lattices is the simple cubic structure (abbreviated sc) shown 
in Fig. 3.1. The crystal axes of the unit cell of this lattice 
are orthogonal and of equal length. 

Fig. 3.1 Simple cubic unit cell. 

The simple cubic structure shown in Fig. 3.1 is an 
example of a primitive unit cell, since it effectively consists 
of only one atom. Although eight atoms are shown in the 
figure, each is shared equally by seven other unit cells 
adjacent t o  the one shown. Thus, only y8 of each atom in 
Fig. 3.1 belongs to  the unit cell shown, or, in total, the unit 
cell consists of one atom. 

Although the primitive unit cell is the most basic 
representation of each of the 14 fundamental lattice types, 
it may not be the most convenient. In many cases, the basic 

(b )  

Fig. 3 .2  Face-centered cubic unit cells. (a )  Conventional. 
( b )  Primitive. 

24 
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face-centered atoms are shared between two adjoining unit 
cells, they contribute three atoms to  each unit cell. The fcc 
conventional unit cell contains four atoms and hence is not 
primitive. The fcc structure is distinct from the sc structure 
but is related to the latter by the symmetries of the unit 
cube. Both these lattice types belong to the cubic system. 
The primitive unit cell characterizing the fcc structure is 
shown in Fig. 3.2(b). The three edges of the unit cell are 
equal, but the cell is rhombohedral rather than cubic in 
shape. Both the conventional and primitive unit cells of 
Fig. 3.2 are valid representations of the fcc structure, but 
the primitive version is rarely used in practical applications. 

The third member of the cubic system is the body- 
centered cubic (bcc) lattice. This structure is obtained by 
inserting a single atom in the center of the sc unit cell. The 
conventional unit cell of the bcc structure is shown in 
Fig. 3.3. The bcc primitive unit cell is rhombohedral in 
shape and similar in general appearance to  the fcc primitive 
unit cell of Fig. 3.2(b). 

; 
I 

C I-\ 
- 1 - - - - - - - -  

0 ATOM ON CORNER OR FACE-CENTERED POSITION 

INTERIOR ATOM Fig. 3.3 Body-centered cubic conventional unit cell. 
Fig. 3.4 The diamond structure. 

In the conventional unit cells of the cubic system, the 
magnitudes of the crystal axes are all equal and are denoted 
by the common symbol a,, which is called the lattice 
constant. The distance between nearest neighbors bears a 
different relation to  the lattice constant for the three cubic 
structures. It is a,, a,/d/z, and f l a , / 2  for the sc, fcc, and 
bcc structures, respectively. The magnitude of the lattice 
constant and the lattice type (sc, fcc, or bcc) determine the 
structure of monatomic crystals exhibiting cubic symmetry. 

3.2 THE DIAMOND STRUCTURE 

Not all monatomic lattices with cubic symmetry can be 
described by the structures just discussed. The diamond 
structure, which characterizes the crystal of the diamond 
form of carbon and the elements germanium and silicon, is 
an illustration of a cubic lattice that cannot be reduced to a 
primitive unit cell with only one atom. As shown in 
Fig. 3.4, the conventional unit cell of the diamond struc- 
ture consists of atoms on the corners and face-centered 
positions of the unit cube in the fcc configuration. In 
addition, there are four atoms in the interior of the unit 
cube. The diamond structure may be visualized as stacking 
the small cubes shown in the top of Fig. 3.4 in only half of 
the eight available places in the larger conventional unit 

cell. Note that the small cubes containing a central atom are 
not unit cells, since translation of these units about the 
crystal does not reproduce the structure. The diamond 
structure may be regarded as fcc with two atoms associated 
with each lattice point. If the pair of atoms consisting of a 
corner or face-centered atom and one of the interior atoms 
located y4 of a lattice constant away in each direction are 
regarded as a single entity, the crystal structure is fcc. In 
this case, the points in space where the atoms reside are not 
identical with the points that define the crystal structure. 
The latter is called the space lattice. The number of atoms 
associated with each space-lattice point is called the basis of 
the structure. If the basis is unity, each point of the space 
lattice actually contains an atom. Such is not the case for 
the diamond structure, which is properly designated as an 
fcc space lattice with a basis of two. The primitive unit cell 
of the diamond structure is represented by Fig. 3.2(b) with 
an additional atom inside the rhombohedral structure. The 
primitive unit cell also consists of two atoms and hence has 
a basis of two. 

3.3 THE HEXAGONAL SYSTEM 

Many metals exhibit crystal structures of the type 
shown in Fig. 3.5. Figure 3.5(a) shows a right-hexagonal 
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( b )  

Fig. 3.5 The hexagonal lattice. ( a )  Common hexagonal 
structure, basis of two. ( b )  Space lattice showing primitive 
unit cell. 

prism with atoms at  the six corners and at  the center of the 
top and bottom faces. In addition, there are atoms at  
positions on the midplane inside the structure. The primi- 
tive unit cell of the hexagonal structure shown in 
Fig. 3.5(b) is one-third of the hexagonal prism. It contains 
eight space lattice points on its corners, each of which is 
shared among eight primitive unit cells. With atoms 
positioned as shown in Fig. 3.5(a), the basis is two. 
Translation of one of the corner atoms and the interior 
atom of the primitive cell by integral multiples of the 
crystal axes a, b, and c of the hexagonal space lattice maps 
the complete structure. The a and b axes are separated by 
an angle of 120"; both are perpendicular t o  the c axis. The 
lengths of the a and b axes are equal, but neither is equal t o  
the length of the c axis. 

3.4 OTHER FUNDAMENTAL LATTICE 
SYSTEMS 

The hexagonal and three cubic lattices described pre- 
viously possess higher degrees of symmetry than the 
remaining 10 lattice systerrs. The symmetries characteristic 
of each lattice system can be classified as rotational, mirror 
reflection, or  inversion. Alternatively, the relations between 
the fundamental lattices may be described by operations on 
the crystal axes which convert a lattice of low symmetry to  
one of higher symmetry. The hierarchy of symmetries 
shown in Fig. 3.6 can be constructed, to illustrate this 
process. The least symmetric of the 1 4  lattice systems is the 

triclinic structure, in which the unit cell is a parallelepiped 
with none of the crystal axes of the same length nor any  of 
the angles between the crystal axes equal. By placing 
additional restrictions on the lengths and angles of the 
crystal axes, the triclinic lattice acquires symmetries that 
lead to systems higher up in the hierarchy. This progression 
is especially clear for the systems on the left-hand side of 
Fig. 3.6, which ultimately leads to the cubic system. 

Each of the crystal systems illustrated in Fig. 3.6 
possesses a primitive lattice, in which the parallelepiped 
conforms to the restrictions placed on the crystal axes and 
which contains atoms only on its corners. When used in this 
sense, the term primitive is slightly different from the 
notion of a primitive unit cell. All the 14  members of the 
group of fundamental lattices that comprise the seven 
crystal systems shown in Fig. 3.6 can be reduced to a 
primitive unit cell. However, only one member of each 
system has a primitive unit cell that also obeys the 
symmetry conditions defining the crystal system. The other 
members of the system, in order to exhibit the same 
symmetry, must be depicted as conventional, nonprimitive 
unit cells. Thus in the cubic system the sc lattice is the 
primitive member, and the fcc and bcc lattices are 
nonprimitive. 

The trigonal and hexagonal lattice types can be viewed 
as arising directly from the general triclinic lattice by the 
restrictions on the crystal axes listed in Fig. 3.6. Alter- 
natively, the trigonal system can be considered as a 
nonprimitive member of the hexagonal system formed by 
placing two atoms on the long diagonal of the hexagonal 
primitive cell. 

All monatomic crystals can be described by 1 of the 1 4  
fundamental types, although, as in the diamond structure 
and the hexagonal structure of Fig 3.5, there may be more 
than one atom associated with each point of the space 
lattice. The complex crystal structures of substances com- 
posed of more than one element can be broken down into 
intermingling sublattices for each atomic constituent. Each 
of the sublattices is 1 of the 14  fundamental structures 
shown in Fig. 3.6. Although no element exhibits a stable 
phase with the sc structure, this structure is frequently 
found as a sublattice in diatomic crystals. 

3.5 MILLER INDICES 

Each point in the lattice can be reached by a translation 
vector composed of the sum of multiples of the crystal axis 
vectors: 

T = naa f nbb  + n,c (3.1) 

A particular location in the structure (relative to a 
preselected origin) can be described by the set of integers 

In addition to being described as a collection of points, 
a crystal can also be represented as a stack of parallel 
planes. Designation of a plane is somewhat more complex 
than the specification of a point, which is accomplished by 
fixing the coefficients of the translation vector of Eq. 3.1. 
The planes in a crystal differ not only in their orientation in 
space but also in the arrangement and density of atoms 

(na,nb,nc). 

C 
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Fig. 3.6 Hierarchy of crystal symmetries. 

they contain. Many practical problems require specification 
of a certain plane in the crystal. A number of techniques 
can be used for designating a crystal plane'. For example, 
since three points determine a plane and each point can be 
represented by the coefficients of the crystal axis vectors, 
as in Eq. 3.1, a plane can be designated by the set 
(na,nb,"c)l, (na,nb,nc)2, and (na,nbrncI3.  Such a method 
requires nine numbers and is quite cumbersome. A more 
convenient technique is to specify a plane by listing its 
intersections with the crystal axes. 

First, a lattice point that is close to, but not contained 
in, the plane in question is chosen. The crystal axes a, b, 
and c are drawn from this point until they each intersect 
the plane. The intersection of the a-axis and the plane is 
denoted by faa, where a is the length of the crystal axis a 
and fa is the number of units of a separating the origin and 
the intersection. Similarly, f,, and f, are the intersections of 
the plane and the b- and c-axes in units of the crystal axes 
in the other two directions. The plane is specified by the 
numbers f,,fb ,fc. As a further simplification, the reciprocals 
of the f's are used instead, and the plane designation 
becomes l / f a ,  1/fb,  l / f c .  Finally, the reciprocals are 
converted to the smallest set of integers which preserves the 
relative magnitudes of the l / f  values. The resultant three 
numbers, say h, j, and k, are known as the Miller'indices of 
the plane (and all planes parallel to it). The indices are 

a 

Fig. 3.7 The (110) plane in the cubic unit  cell. 

enclosed in parentheses and the plane designation becomes 

As an illustration, consider the diagonal plane in the 
cubic system shown in Fig. 3.7.  The intercepts with the 
crystal axes are 1, 1, and 00. The reciprocals are 1,- 1, and 0; 
so the plane is the (110) plane. 

In  crystal systems whose unit cells exhibit a high degree 
of symmetry, several planes may differ in orientation in 
space but not in any other way; that is, they may all have 
the same arrangement of atoms. Such is the case with the 
faces of the conventional unit cells of the cubic system 

(hjk). 
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cooii 1 
Fig. 3.8 The {I 00) planes of the cubic unit cell. 

shown in Fig. 3.8. With the origin chosen a t  the center of 
the unit cell, the top, back, and right-hand faces are 
portions of planes with Miller indices of (OOl), (OlO), and 
( loo ) ,  respectively. The remaining three face planes have 
negative intersections with the crystal axes. According to  
the procedure for determining Miller indices, the front 
plane in the diagram would be (0-10). By convention, the 
minus sign is placed-on top of the number; thus the front 
face is designated (010). 

The (010) and (010) planes are parallel t o  each other 
and so are identical in all respects. Notation such as (0x0) is 
used only when comparison of parallel planes in the unit 
cell is desired. Most analyses need t o  distinguish crys- 
tallographic planes only if  they differ by more than merely 
spatial orientation; that is, if  the planes have different atom 
configurations. Aside from orientation, the six face planes 
of the cubic unit cell are equivalent, and one may not care 
which of the particular face planes is labeled. In this case, 
braces rather than parentheses are used, and all six face 
planes may be referred to  as the (100) planes. 

The specification of a direction in a crystal is more 
straightforward than the description of a plane. A line is 
formed by two points, which may be chosen as the origin 
(O,O,O) and another point with translation-vector coef- 
ficients (na,nb,nc). The direction is specified by the latter 
set of numbers reduced to the smallest integer values and 
surrounded by brackets. Thus the direction along the b-axis 
in Fig. 3.8 is [ O l O ] .  In the cubic system, directions denoted 
by [hkl] are perpendicular to planes with the same Miller 
indices, (hkl). The notation (hk l )  is used to  designate a set 
of equivalent directions in the same sense that {hkl} 
denotes a number of equivalent planes. 

The Miller indexing system is slightly modified when 
applied t o  the hexagonal crystal system. In addition to  the 
three crystal axes that define the edges of the primitive cell 
in Fig. 3.5, a fourth axis, in the plane of a and b but 120" 
away from these axes, is included (this axis is shown as the 
dotted arrow in Fig. 3.5). The method of indexing is the 
same as previously described, but now four Miller indices 
(hkil) designate a plane. For example, the side of the 
hexagonal prism parallel to the a- and c-axes bears the 
symbol (0110). The extra Miller index arises from the 
redundant axis. Because of the geometry of the three 

equivalent planar axes, the sum of h, k, and i in the 
hexagonal indexing method is always zero. The plane in 
which these three axes lie, the (0001) plane, is called the 
basal plane of the hexagonal crystal system. 

3.6 CLOSE-PACKED STRUCTURES 

Nearly all metals exhibit fcc, bcc, o r  hexagonal crystal 
structures (the nuclear fuels uranium and plutonium, 
however, do not; see problem 3.1). 

The fcc lattice is an example of a close-packed 
structure; this geometric arrangement of hard spheres 
produces a solid with less void, or empty space, than any 
other configuration. The close-packed feature of the fcc 
structure is not apparent from the unit cell of Fig. 3.2(a). 
However, if the fcc lattice is viewed as a stack of the (111) 
planes, close packing can be more easily visualized. 
Figure 3.9(a) shows the unit cell of the fcc lattice with 
sections of the (111) planes indicated by numbered atoms. 
The atoms marked with the symbol @ (atoms 1, 2, 3, 4, and 
7) lie in a (111) plane. If we move in the [111] direction 
(along a body diagonal), the next (111) plane is the one in 
Fig. 3.9(a) containing the atoms denoted by 0 (atoms 8, 9,  
and 10). The next (111) plane along the body diagonal in 
Fig. 3.9(a) contains only the atom shown at  8 (atom 11). 

The arrangement of these three (111) planes is most 
easily visualized if the lattice is viewed along the [111] 
direction, as in Fig. 3.9(b). Here the three (111) planes 
described above are shown with atoms from adjacent unit 
cells added for completeness. The bottom (111) plane in 
Fig. 3.9(b) (atoms 1-7) has been augmented with two 
additional atoms (numbers 5 and 6) from the next unit cell. 
The structure of this layer, which consists of a central atom 
surrounded by six others in a hexagonal configuration, 
constitutes a close-packed plane. A close-packed three- 
dimensional lattice consists of successive layers of close- 
packed planes. Atoms 8, 9,  and 10 of the next (111) plane 
in the figure nestle in the crevices in the layer underneath. 
The atoms of the third layer [of which number 11 is the 
only representative in Fig. 3.9(a)] also fit in the triangular 
crevices formed by the atoms of the second layer. If a 
fourth layer were added to  Fig. 4.9(b), it would have the 
same arrangement as the first. The stacking sequence of the 
close-packed (111) planes of the fcc lattice is of the type 
123123123..  . . 

If we continue to regard close-packed lattices as layers 
of close-packed planes, we find that there is another 
distinct way of constructing such a three-dimensional 
structure. If, instead of placing the third layer as shown in 
Fig. 3.9(b), we place it so that the atoms in the 
third layer lie directly above the atoms in the first layer, the 
lattice so formed would have the stacking sequence 
121212.. . . The crystal structure created by this arrange- 
ment of close-packed planes is a particular case of the 
hexagonal lattice [shown in Fig. 3.5(a)] in which the ratio 
of the c and a lattice vector magnitudes is &@. The 
close-packed (or basal) planes that constitute the hexagonal 
structure are evident in Fig. 3.5(a). These planes are 
identical t o  the (111) planes of the fcc structure, and the 
two lattice types differ only in the stacking sequence of 
close-packed planes. The hexagonal structure, which is also 
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FIRST LAYER 

A THIRD LAYER 0 
Fig. 3.9 The face-centered cubic structure showing close- 
packed planes. (a )  Unit cell with (111) planes shown. 
(b)  View along [ill] (body diagonal) direction. 

close packed by virtue of a c/a ratio of Jv3 is, reasonably 
enough, termed hexagonal close packed, or hcp. 

Each atom of the hcp or  fcc lattice is surrounded by 1 2  
nearest neighbors. The distance between centers of nearest- 
neighbor atoms is the interatomic distance, or twice the 
atomic radius. No other plane in the fcc or  hcp lattice 
structures contains as dense a packing of atoms as do  the 
close-packed planes. In other structures the atom density 
varies from one plane to  another as well, but no  plane is 
close packed. In the more open lattices, some atoms may be 
“touching” each other (Le., separated by twice the atomic 
radius), but only in the close-packed fcc and hcp structures 
are there 12  nearest neighbors to  a particular atom. 
Consequently, i f  a close-packed structure is transformed to  
any other lattice, the density of the solid decreases 
(assuming the interatomic distance remains the same). 

3.7 CRYSTAL STRUCTURE OF IONIC SOLIDS 

Cataloging the structures of inorganic solids has occu- 
pied crystallographers for many decades. Each of the ionic 
species in the lattice forms one of the simple lattice types 
described previously. The structure of the ionic solid may 
be regarded as the intermingling of two simple lattice types. 
The lattice structure is restricted by the stoichiometry of 
the chemical compound (i.e., the n and m in the formula 
M,X,) and by the fact that the nearest neighbors to  a 
particular ion will be ions of the opposite charge in order t o  
maximize the Coulomb energy of the structure. Even with 
these restraints, there is a sizeable number of ionic lattice 

structures, and we restrict attention t o  the few most 
common examples. 

Ionic structures are named after a prototype substance; 
thus the NaCl structure includes not only sodium chloride 
but also such solids as LiH, KCI, MnO, and the potentially 
important nuclear fuel UC. The unit cell of the NaCl 
structure is shown in Fig. 3.10. Nearest neighbors to each 
ion are six ions of the opposite charge. The NaCl structure 
is seen t o  be the interlacing of two equal-sized fcc 
sublattices of the cations and anions. As in the one- 
component fcc lattice, the NaCl unit cell contains four ion 
pairs. 

Fig, 3.10 The NaCl structure. 

The CsCl structure, shown in Fig. 3.11, can be broken 
down into two equal-sized sc sublattices of cations and 
anions. Each ion is surrounded by eight nearest neighbors 
of opposite charge. There is one ion pair per unit cell. 

Fig. 3.11 The CsCl structure 

Both the NaCl and CsCl structures are formed by 
compounds in which the cations and anions have the same 
magnitude of charge. I t  is as difficult t o  theoretically 
determine which structure is the more stable in any 
particular case as it is t o  decide whether a given metal will 
crystallize in a fcc, bcc, or hcp crystal. In both instances, 
however, the criterion is the maximization of the cohesive 
energy. 
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( b )  

Fig. 3.12 The fluorite structure. (a)  The sc structure of the 
anion sublattice. (b)  The fcc structure of the cation 
sublattice. 

The fluorite structure (named after the compound 
CaC12) is important because it is the stable phase of 
uranium dioxide for all temperatures up  to  the melting 
point. Crystalline U 0 2  consists of U4+ and 0’- ions. The 
oxygen ions are arrayed on a simple cubic lattice, and the 

ions form a fcc sublattice. The fluorite structure, 
shown in Fig. 3.12, contains four U 0 2  molecules. Note the 
unoccupied interstitial positions in the body centers of the 
small cubes that do  not contain uranium ions. Uranium 
carbide, which exhibits the NaCl structure, has no such 
holes in its structure. Uranium carbide has a higher 
concentration of uranium atoms and from this point of 
view is preferable t o  UOz as a nuclear fuel. 

u4+ ’ 

3.8 NOMENCLATURE 

a, = lattice constant in cubic system 
a = crystal axis vector 
b = crystal axis vector 
c = crystal axis vector 
f = multiple of crystal axis vector in designating a plane by 

h = Miller index 
i = Miller index 
j = Miller index 
k = Miller index 

intersection with crystal axes 

1 = Miller index 
n = multiple of crystal axis vector in locating a point t o  

T = translational vector 

Greek letters 

designate a translational vector 

CY = angle between crystal axes 
p = angle between crystal axes 
y = angle between crystal axes 

a = direction of crystal axis vector a 
b = direction of crystal axis vector b 
c = direction of crystal axis vector c 

Su bscrip ts 

3.9 PROBLEMS 

3.1 The crystal structure of a-uranium is shown in the 
sketch. 

(a) What is the complete description of this crystal 
structure? 

(b) One criterion for the suitability of a nuclear fuel is 
the uranium atom density. Calculate this parameter and the 
theoretical total density for the three nuclear fuels UOz,  
UC, and a-U. The lattice constants of UO, and UC are 
5.470 8 apd 4.961 8, respectively. 

UNIT 
CELL 

CRYSTAL AXIS VECTORS 

DIRECTION LENGTH, A 
a I1001 2.852 
b l O l O 1  5.865 
c I0011 4.945 

3.2 What is the close-packed plane of the body-centered 
cubic lattice? Sketch the configuration of hard-sphere 
atoms of atomic radius d /2  in this plane. If the lattice 
constant is a,, what is the minimum interatomic distance? 
What fraction of the total space is occupied by hard-sphere 
atoms? Is the packing as close as in the (111) plane of an 
fcc lattice? 
3.3 At 910°C iron transforms from bcc to fcc. Each 
structure consists of hard-sphere atoms that touch the 
nearest neighbors. Assuming that the diameter of each 
hard-sphere atom remains constant, what is the percentage 
change in volume accompanying the transformation? 



Chapter 4 
Cohesive Energy of Solids 

4.1 INTRODUCTION 

When compared t o  free atoms (or ions) at  rest, the 
assembly of particles in a regular crystalline array consti- 
tutes a state of much lower energy. This difference in 
energy is called the cohesive energy of the solid if it is 
evaluated at  0°K and the zero-point vibrations of the 
particles are excluded. The cohesive energy compares two 
states of a collection of atoms or ions which differ only in 
the distance of separation of the particles; the cohesive 
energy consists of the energy of interaction between 
particles as they are brought together from infinite separa- 
tion. 

The variation of the energy of the system as the 
particles are assembled is shown schematically in Fig. 4.1. 
As this process is begun, the energy at first decreases since 
the particles initially attract each other. As the particles are 
brought still closer together, the energy reaches a minimum 
and then increases sharply at  smaller separations. 

The magnitude of the minimum in the energy curve of 
Fig. 4.1 is the cohesive energy. This quantity can be 
measured indirectly from other thermodynamic properties 
of the substance. Similarly, the position of the minimum in 
the curve represents the separation distance in the stable 
solid, which can be determined by density or X-ray 
measurements. The curvature of the energy profile at  the 
minimum (which is proportional to the second derivative of 
the potential energy with respect to separation distance) is 
related to  the compressibility of the solid. 

The cohesive energy is a direct reflection of the nature 
and strength of the forces that bind atoms o r  ions together 
in a solid. The magnitude of the cohesive energy is directly 
responsible for many properties of a solid, such as the 
melting point and vapor pressure. The state of the particles 
in the solid determines whether the substance is a 
conductor or  insulator of electricity and heat. If we know 
(or assume) the state of the particles in the solid (e.g., 
ionized o r  not) and are able to describe the forces 
responsible for the binding (e.g., Coulomb forces), the 
curve of Fig. 4.1 can be computed. However, in no instance 
d o  we have a complete quantitative description of the 
binding forces. Theory can provide the form of the 
interatomic potential, and the three experimental param- 
eters related to  the energy curve at  its minimum can be 
used t o  compute adjustable parameters in the theory. The 

validity of the model of the solid upon which the 
calculation is based can be verified by using the theory to 
predict other experimentally accessible properties of the 
solid, such as elastic constants other than the com- 
pressibility. 

DISTANCE 
BETWEEN 

Fig. 4.1 Energy of a collection of particles. 

4.2 COHESION IN METALS 

Most metals tend to  crystallize in the high symmetry 
fcc, bcc, or hcp structures because these configurations 
maximize the cohesive energy. The forces that bond metal 
atoms in a solid are spherically symmetric; so there is no 
preferred orientation of the nearest-neighbor atoms about a 
central atom which might favor a particular lattice type. All 
atoms in a pure metal are of the same size; thus the steric 
restrictions that are important in determining the crystal 
structure of ionic solids are not present. 

Which of the common lattice types a particular metal 
exhibits is impossible to  predict from simple considerations, 
although one can say that the structure that maximizes the 
cohesive energy is thermodynamically favored. The 
cohesive energy of a metal is very large, and the energy 
difference between the fcc, bcc, and hcp structures is 
usually quite small by comparison. Hence it is far easier to 
estimate the cohesive energy than it is to determine 
theoretically which structure will be formed at  a particular 
temperature. Many metals transform from one lattice type 
to  another a t  characteristic temperatures, the transforma- 
tion being accompanied by small energy chinges. 

In the next section, we explore a simple model that  
qualitatively accounts for the cohesion of metals, o r  why a 

31 I 
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condensed phase is thermodynamically more stable than a 
collection of gaseous neutral atoms or  ions and electrons. 

4.2.1 Free-Electron Model of Metallic Cohesion 
The cohesive energy of a solid is the negative of the 

energy released when the crystalline material is assembled 
from a collection of gaseous, noninteracting particles at  
0°K. The separated particles from which the solid is 
constructed may be chosen as either neutral atoms or metal 
ions and electrons, depending upon which most closely 
resembles the species present in the solid. Thus for ionic 
solids consisting of cations (M') and anions (X-), the 
same ions would be  chosen as the free particles. In covalent 
solids or  molecular crystals, the neutral atoms or  molecules 
would be selected as the free particles. There is a vast 
amount of evidence to  indicate that metals consist of ion 
cores imbedded in a nearly uniforw cloud of mobile 
electrons; so the free-particle state for computing the 
cohesive energy of metals is taken as the ionized metal 
atoms and gaseous electrons. The extent of ionization of 
the metal atoms in the solid phase is not always known. For 
simple metals, such as the alkali metals and alkaline earths, 
ionization in the solid usually corresponds to  loss of the 
valence electrons. Thus, sodium always forms ionic com- 
pounds as Na', and this is the form of the ion in sodium 
metal. The single valence electron lost by the sodium atom 
joins the electron gas moving freely throughout the solid. 
The remaining atomic electrons in the singly charged ion do  
not contribute to  binding. The Na' ion is considered to be 
an immobile point positive charge called an ion core. The 
ion cores of the transition metals (e.g., iron, nickel, 
tungsten, and tantalum) are not inert; these elements 
contain unfilled d shells that contribute to cohesion of the 
metal by forming bonds of the covalent type. 

The cohesive energy is related to other properties of the 
metal by a thermodynamic cycle known as the Born-Haber 
cycle, which is illustrated in Fig. 4.2 for a monovalent 
metal. 

The first step of the cycle is sublimation at  O"K, which 
requires an energy given by the energy of sublimation at  
this temperature, AEsub(O0K). This quantity is not directly 
measurable but is related to  the heat (or more precisely, the 
enthalpy) of sublimation measured at  some convenient 
temperature by 

where AHsub(ToK) is the enthalpy of sublimation at  
temperature T ,  and C,, and Cp, are the heat capacities at  
constant pressure of the gas and solid phases, respectively. 
These properties are known for most metals. 

The second step of the cycle is ionization of the neutral 
free metal atom to yield the ion-electron pair. This step 
requires energy equivalent to the first ionization potential 
of the metal. 

The final step of the cycle reforms the crystal from the 
gaseous ions and electrons. The energy released in this step 
is the negative of the cohesive energy. The energetics of the 
various steps are related by Eq. 4.2. 

SEPARATED IONS NEUTRALGAS 
AND ELECTRONS 

Ecoh A E , , ~ I O ' K )  

CRYSTAL AT 0°K 

A E , , ~ I O ' K )  

CRYSTAL AT 0°K 

Fig. 4.2 Born-Haber cycle for a monovalent metal. 
( N  = number of atoms in the crystal.) 

Since the quantities on the right-hand side of Eq. 4.2 
can be measured, the left-hand side constitutes an experi- 
mental value of the cohesive energy. Inasmuch as both 
AEsub(OoK) and I are positive, Ecoh must be negative and 
larger in magnitude than either the energy of sublimation or 
the ionization energy. 

A theoretical value of the cohesive energy can be 
computed if  a model of the metal crystal is assumed. The 
agreement between the experimental value of Eq. 4.2 and 
the computed value provides a test of the validity of the 
model and of the accuracy of the calculational method used 
to obtain quantitative results from the physical picture of 
the metal. 

The simplest model for calculating the cohesive energy 
of a metal is the free electron or  jellium model, which 
pictures the metal as a regular array of ion cores in a 
medium of uniform electron density. The total energy of 
such a system consists of the Coulomb energy due to the 
electrostatic interaction of the electrons and the ions and 
the kinetic energy of the gas of noninteracting electrons 
contained within the confines of the metal (even at  O'K, 
the electron gas possesses kinetic energy). The sum of these 
contributions is the cohesive energy: 

where U, is the Coulomb energy and UF is the kinetic 
energy of the electrons. 

4.2.2 Coulomb Energy 
The many-body electrostatic problem can be reduced to  

consideration of the energy of interaction of a single ion 
and a single electron by dividing the solid into N identical 
polyhedra which fill the entire space occupied by the 
crystal. Each polyhedron contains one ion and one elec- 
tron. For computational ease the polyhedron is approxi- 
mated by a sphere of the same volume. Since each sphere 
contains one atom, its radius is related to  the electron (or 
atom) density of the solid by 

N 1  
V 4nr:/3 

where N is the number of electrons (or atoms) and V is the 

_ = -  

crystal volume. Since the model assumes a uniform electron 
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density throughout the crystal, the negative charge density 
throughout the sphere is also uniform and given by 
e/(4m2/3). There is no interaction between the N spheres 
that constitute the entire crystal since each is electrically 
neutral. 

Consider the portion of the sphere up to a radius r < r,. 
The electrostatic energy between a unit point negative 
charge placed on the surface of the sphere of radius r and 
the charges within this sphere is (see problem 4.1): 

(4.5) 

particles in each energy state: 

1 - 
(4.9) n. = ' exp[(ej -p) /kT] + 1 

where j denotes a particular electron state (specified by thc 
three translational quantum numbers and the spin quantum 
number) and p is the chemical potential of the electron gas. 
The latter is determined from the condition that the sum of 
the must be equal to the total number of conduction 
electrons in the solid (Eq. 1.52): 

(4.10) 

Therefore,, the interaction energy between the sphere and a 
spherica1,'shell of thickness d r a t  r is 

At the absolute zero in temperature (which is where the 
Born-Haber cycle is applied), Eq. 4.9 assumes the simple 
form 

F( = 1 
= 0 

[for ej <p(O"K)] 

[for ej > p(O°K) I 
(4.11) dU, = -4nr' (L)dr 4nr: / 3 $1 -(dy] (4.6) 

Integrating from 0 to r, gives the Coulomb contribution to 
the cohesive energy: For this distribution, Eq. 4.10 becomes 

(4.12) 

where j *  is the state at which the electron energy is just 
equal t o  p(0"K). The right-hand side of Eq. 4.12 is easily 
evaluated by replacing the sum over states by the equivalent 

(4.7) 

integral over the density of  states. (A similar procedure was 
employed in Chap. 2, where the partition function sum of 
Eq. 2.20 was approximated by the integral over the 
frequency spectrum, leading to  Eq. 2.21.) Therefore, 
Eq. 4.12 can be written as 

The minus sign in Eq. 4.7 indicates that the electronic 
charge uniformly distributed about the point positive 
charge is a lower energy configuration than the separated 
point charges. This term is primarily responsible for the 
stability of the solid metal. 

4.2.3 Electron Kinetic Energy 

The kinetic energy of the unbound electrons is in- 
creased by confining them to the volume of the solid metal. 
In the separated state the electron density is zero and so is 
the kinetic energy. In the metallic state the electron density 
is given by Eq. 4.4 provided that each atom contributes one 
electron to  the population of unattached electrons. The 
electrons are considered to move freely within the confines 
of the volume V, uninhibited by the periodic point charges 
of the ion cores. The electrons thereby constitute an ideal 
gas of particles obeying Fermi-Dirac statistics. 

Because two  spin states are associated with each 
translational energy state, the total number of quantum 
states accessible to  an electron in a unit energy range about 
an energy E is twice the  ideal gas density of states given by 
Eq. 1.72, o r  

The function g ( ~ )  is the density of states for the free 
electrons that constitute the ideal gas within the block of 

spectrum of Eq. 2.30. 
Equation 4.8 only gives the number of allowable states 

as a function of electron energy. To determine how these 
states are filled, we use Eq. 1.53 for the average number of 

metal. I t  is quite anallagous r3 to the phonon frequency 

(4.13) 

The upper limit in the integral is the chemical potential of 
the electron gas at O"K, which is called the Fermi energy. 
Inserting Eq. 4.8 into Eq. 4.13 and performing the integra- 
tion permits the Fermi energy to be determined as 

p(O°K) = EF = ( g ) ( 3 n 2  $) H (4.14) 

The quantity UF in Eq. 4.3 is the average energy of an 
electron in the metal. For the O°K distribution of Eq. 4.11, 
it can be obtained from 

i* 

Using Eq. 4.8 for the density of states and expressing the 
result of the integration in terms of the Fermi energy of 
Eq. 4.14, we get 

(4.16) 

Even at  O°K, the average kinetic energy of an electron 
in the metal is quite large. For monovalent metals, the 
electron density N / V  is between 10' and l o2  electrons/ 
em3, and the Fermi energy is of the order of 5 eV. The 
average electron energy in a metal at 0°K is thus about 
3 eV, which is more than a factor of 100 greater than the 
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average energy of a particle in a Maxwell-Boltzmann ideal 
gas at  300°K. 

The persistence of large kinetic energies in an electron 
gas at  O°K is due to the very high density of electrons in the 
metal and to  the fact that they must obey Fermi-Dirac 
statistics. By the Pauli exclusion principle, it is impossible 
for all the electrons to  possess zero kinetic energy, even at  
0°K. Instead, they fill up  the available energy states 
according to Eq. 4.11. 

4.2.4 The Cohesive Energy 
Adding the Coulombic energy of Eq. 4.7 and the 

electron kinetic energy of Eq. 4.16 gives the total energy of 
a metal as a function of the sphere radius r, (or equiva- 
lently, as a function of the separation of the ion cores): 

U ( r , ) = -  (”*) - 1 + [ ”$)” E]. (4.17) 
I O  r, 10 4 m r’, 

The r,-dependence of Eq. 4.17 is of the same form as 
that shown in Fig. 4.1. The negative Coulomb term behaves 
as an attractive force, which dominates the repulsive Fermi 
contribution at  large separations. As the system is further 
compressed, the energy required to maintain the kinetic 
energy of the electron gas becomes more important. The 
minimum energy occurs when dU/dr, = 0, or when ro is 

(4.18) 

If Eq. 4.18 is inserted into Eq. 4.4, the free-electron 
model predicts an electron (or atom) density in a mono- 
valent metal of 

N 
- = 1.1 x IO’ 
V 

electrons (or atoms)/cm3 

This value may be compared with atom densities based 
upon lattice constants determined from X-ray analysis. For 
cubic metals, the density is 

N atoms/unit cell - 2  
v cm3/unit cell - a: 
- =  (4.20) 

where y is 2 for the bcc structure and 4 for fcc lattices and 
a, is the lattice constant. Experimental values are: 

Copper (a, = 3.61A, y = 4) ,  N/V = 8.5 X atoms/cm3 

Sodium (a, = 4.28& y = 2), N/V = 2.5 X lo2’  atoms/cm3 

Agreement between the experimental densities for 
copper and sodium and the free-electron model predictions 
is rather good for copper but poor for sodium. 

The cohesive energy of the metal is obtained by 
evaluating the total energy at  r, = roeq: 

Ecoh = U(roeq) = -- 40 27( - 9n )” $=-5eV (4.21) 

Experimental values of Ecoh from Eq. 4.2 are: 

Copper ( A E ~ ~ , , ( O ~ K )  = 3.4 eV, I = 7.7 eV) 

Ecoh = -11.1 eV 

Sodium (AEsub(OOK) = 1.1 eV, I = 5.1 eV) 

Ecoh = -6.2 eV 

Agreement between the experimental and theoretical values 
is poor for copper and fair for sodium. 

The free-electron model with a uniform electron dis- 
tribution is a highly simplified picture of the metal, but it 
expresses in an uncomplicated manner the basic features of 
metallic binding. Quantitative agreement of theoretical and 
experimental lattice constants and cohesive energies can be 
obtained by more sophisticated treatment of the interac- 
tion of the ion cores and the electron gas. For example, the 
electron distribution in the unit spheres is not uniform but  
tends to be greater in the vicinity of the central ion. This 
nonuniform distribution increases the stabilizing Coulomb 
energy (i.e., the coefficient of the l/r,  term in Eq. 4.17 is 
larger), thereby decreasing the calculated sphere radius roeq 
and increasing the magnitude of Ecoh.  

Additional improvement of the theory is obtained by 
accounting for correlation of electron spins and positions. 
Neighboring electrons tend to  have their spins oriented 
antiparallel rather than parallel. Such correlation provides a 
negative Contribution to  the cohesive energy, leading to  
closer agreement with experiment. The binding property of 
opposite electron-spin alignment, which is a correction 
factor (albeit significant) in metallic cohesion, is the 
dominant feature of the chemical bonds formed in covalent 
cry st als. 

4.3 BONDING OF IONIC SOLIDS 

Ionic solids are composed of two or more different 
chemical species that exist in the solid form as ions of 
different charge. In a two-component ionic solid, the 
metallic element unequivocally gives up its valence elec- 
trons to  the nonmetallic element, which acquires a negative 
charge equal t o  its ordinary chemical valence. The 
positively charged metal ions are called cations and the 
negatively charged nonmetal ions are called anions. In 
simple ionic substances, the remaining atomic electrons of 
the cation and the anion form closed shells as in rare-gas 
atoms. 

Ionic crystals would be expected to form most easily 
from metals of low ionization potential. That is, the energy 
required for the reaction 

M + M ’ + e -  (4.22) 

(which is the ionization energy, I) should be small. 

reaction of the nonmetal 
The energy required for the electron attachment 

n 

X + e--+ X- (4.23) 

is called the electron affinity, A. Adding reactions 4.22 and 
4.23 yields 

M + X = M’ + X-  (4.24) 
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for which energy equal to I + A is required. Reac- 
tion 4.24 does not proceed in the gas phase for any 
combination of M and X (i.e., I + A is not negative). 
However, electron transfer proceeds readily in the solid 
because of the additional stabilizing effect of the electro- 
static attraction of the oppositely charged ions when they 
are close together. 

The cohesive energy of an ionic solid is defined as the 
energy required to  construct the ionic crystal from the 
gaseous ions. The cohesive energy is related to other 
thermodynamic properties of the molecule and its com- 
ponent atoms by a Born-Haber cycle of the type shown in 
Fig. 4.3 for a compound of the type MX. The relationship 
is 

Ecoh = - [ I +  A +  D+AEsub(OOK)]  (4.25) 

Because of the substantially larger positive contribution of 
the dissociation energy, D, compared with the generally 
negative electron affinity, the magnitude of the cohesive 
energy of most ionic solids is greater than the cohesive 
energy of the metal that constitutes the cation. 

Ecoh 

AE, ,~ (o"K)  I 
L[ (MX),,,(s) 1 

Fig. 4.3 Born-Haber cycle for an ionic solid MX. 

4.3.1 Repulsive Potentials 
The positive part of the interaction energy in ionic 

solids is of an entirely different type than that in metals. 
Contrary to  the free-electron picture of metals, ions in 
ionic solids are not considered as point charges. Rather, 
they repel each other at separation distances where the 
closed electron shells begin to overlap. This mode of 
repulsion performs the function of providing a positive 
contribution to the cohesive energy, just as the electron 
kinetic energy did in the case of metals. The overlap 
repulsive forces would also be important in metal cohesion 
if the ion cores approached each other as closely as d o  the 
anions and cations in an ionic solid. Because they d o  not 
and because the repulsion due to ion-ion interaction is 
very short range, this contribution is negligible compared to  
the kinetic energy of the free electrons in metals. However, 
in ionic solids, there is n o  cloud of free electrons, and the 
constitutent ions are drawn together bv electrostatic forces 

until the closed electron shells begin to overlap and the 
energy increases. 

The additional energy required to  force the electrons of 
two ions together arises from the Pauli exclusion principle. 
Overlapping implies that  electrons are occupying the same 
spatial positions. If the outer electronic shells of both ions 
possess inert-gas configurations, the only way that these 
electrons can coexist in the same region is for some to be 
promoted to higher quantum states and hence to larger 
energies. 

The electron density decreases rapidly beyond the 
average radius of the outer closed shell of a free ion. 
Accordingly, the increase in potential energy due to the 
overiapping of electrons of two adjacent ions is a very 
rapidly changing function of their separation. 

There is no single analytical description of the repulsive 
potential which is valid for all separation distances. For 
small separations, the nuclei of the two atoms repel each 
other t o  the full extent of their nuclear charges, and the 
interaction is described by the familiar Coulomb potential 

(4.26) 

where Z1 and Z2 are the nuclear charges of the two ions. 
At somewhat greater separations, the atomic electrons 
partially neutralize or  screen the nuclear charge, and the 
potential energy given by Eq. 4.26 is correspondingly 
reduced. The resulting screened Coulomb potential is 

(4.27) 

where a is the screening constant. 
For the repulsive potentials of Eq. 4.26 or 4.27 to be 

utilized, the average interaction energy must be quite large 
in order that the ions approach closely enough to attain the 
small separations at  which these equations are valid. High 
interaction energies are obtainable by ion bombardment or  
in the early stages of  radiation damage of solids by nuclear 
particles. 

However, in the near-thermal energy environment, 
which determines the normal thermodynamic properties of 
solids, neither of these two potential functions is appli- 
cable. Unfortunately, there is no theoretical description of 
the repulsive potential between a pair of ions or atoms in 
the low-energy range. The potential functions that are 
commonly used are empirical and have in common only the 
feature of decreasing very rapidly with increasing distance 
and of containing unspecified constants (usually two) 
which must be obtained from experiment. The two most 
popular are the Born-Mayer potential, 

and the  point center of repulsion (or inverse-power) 
potential, 

@ = b/rn (4.29) 

In these potentials, A, p ,  b,  and n are empirical constants. 
The Born-Mayer potential is most frequently applied 

to ionic solids and metals (when the separation distance is 
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small); the inverse-power law is most commonly used to 
describe the repulsive interaction of neutral atoms. 

4.3.2 Crystal Energy 
The stability (even the very existence) of ionic solids is 

due to the Coulomb attraction between the interlaced 
arrays of immobile cations and anions. The primary 
attractive force between ions of opposite charge in an ionic 
crystal is due to  the Coulomb potential 

(4.30) 

where q1  and q 2  are the magnitudes of the charges on the 
two ions. 

In treating the interaction energy in an ionic solid 
composed of a large number of ions, we make the following 
two assumptions: (1) The total energy of interaction 
between any two ions in the crystal may be represented by 
the sum of the repulsive contribution and the Coulomb 
interaction. Using the Born-Mayer potential, the total 
potential is 

(4.31) 

The resulting potential-distance relation for a pair of 
oppositely charged ions is similar in shape to the curve 
shown in Fig. 4.1 for a large collection of ions. However, in 
order t o  deduce the crystal potential energy-separation 
relation that Fig. 4.1 actually represents from the potential 
energy between a pair of ions, we need also to  assume that: 
(2) The interaction energy between a particular ion and all 
other ions in the crystal is the sum of the interaction 
energies of the particular ion and the surrounding ions. This 
assumption of pairwise additivity implies that the energy of 
interaction between a pair of ions is unaffected if one or 
both of the partners are simultaneously interacting with 
other ions. This assumption, which appears quite valid for 
ionic solids, serves to reduce the many-body problem to a 
summation of two-body interactions. 

Determination of the cohesive energy from the pair 
potential will be illustrated using a crystal of the NaCl 
structure (Fig. 3.10) and the pair-potential function of 
Eq. 4.31. A particular ion (of either type) is chosen, and its 
interaction with all other ions in the crystal is summed. 
Since the repulsive potential appears only upon physical 
contact of adjacent ions, the central ion interacts according 
to Eq. 4.28 only with its nearest neighbors (six for the NaCl 
structure),* The Coulomb potential, however, decreases 
only as l / r ,  and the interaction with many equidistant 
shells of ions (of both signs) surrounding the central ion 
must be taken into account. If the distance between nearest 
neighbors of opposite charge is denoted by ro,  the total 
interaction energy of the chosen central ion and all other 

*Because of the large size of the anions compared to 
the cations, the anion-anion (second nearest neighbor) 
repulsive interaction may be comparable to the nearest- 
neighbor anion-cation repulsion energy. This effect is 
considered in problem 4.7. 

ions in the lattice is: 

U(r,) = 6 A e - r ~ i p  - 

e2 e2 

f i r ,  f i r ,  
- 1 2  - + 8 - - . . .) (4.32) 

n 

The first term on the right of Eq. 4.32 represents the 
repulsive interaction with the 6 nearest neighbors. The 
series in parentheses gives the Coulomb energy between the 
central ion and the 6 nearest neighbors, the 1 2  next nearest 
neighbors (of opposite charge from the nearest neighbors 
and a factor of f i f u r t h e r  removed from the central ion), 
and the 8 third nearest neighbors. Upon factoring e2 /ro 
from the term in parentheses in Eq. 4.32, we see that the 
remaining series of alternating sign obviously does not 
converge rapidly. 

The series can be made to  converge by reconstructing it 
so that the individual terms are nearly neutral rather than 
due to all positive or  all negative charges. To accomplish 
this, we partition the charge o n  each ion between adjoining 
unit cells in the same manner as was used to count the 
number of atoms in a unit cell (Sec. 4.2). If the calculation 
is begun from the central ion in Fig. 3.10, the nearest 
neighbors of opposite charge are located in the face- 
centered positions of the unit cell. Because face-centered 
positions are shared with one adjacent unit cell, each of the 
six nearest neighbors is assigned one-half a charge in the 
first term of the lattice sum. The next nearest neighbors are 
the ions o n  the edges of the unit cell of Fig. 3.10, each of 
which is shared with four other adjacent unit cells. 
Similarly, the third nearest neighbors lie on  the corner 
positions of the unit cell of Fig. 3.10 and hence count only 
y8 each. In the revised method of summing, the first term in 
the series consists of the interaction between the central ion 
and the partial charges assigned to  the atoms on the 
face-centered, edge-centered, and corner positions of the 
unit cell. Or, the first term in the series becomes 

(a x 6) -+(i x 12) + -$& X 8) = 1.46 

instead of 6, as in Eq. 4.32. 
The second term in the sum consists of the charges in 

the region between the cube just considered and the next 
cube of ions surrounding the central ion (the first cube is 
2r, on a side and the second cube is 4r, on  a side). The 
fractional charges from the first cube which were not 
counted in the first term of the series are included in the 
second term, as are the appropriate fractional charges from 
ions on surface of the second cube. 

Performing the lattice sum in this fashion (which simply 
amounts t o  breaking up the terms in the original sum of 
Eq. 4.32 and rearranging the segments into the terms of the 
new series) generates a series that converges quite rapidly. 
The sum of this series is called the Madelung constant, M. 
Its numerical value depends upon which characteristic 
length in the lattice (e.g., the nearest-neighbor distance or  
the lattice constant, which differ by a factor of 2 in the 
NaCl structure) was used in preparing the sum such as the 
one in Eq. 4.32. For the NaCl structure, the Madelung 
constant based upon nearest-neighbor separation is 1.748. 
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The sum of the interaction energies of one ion and all Since the solid is at  equilibrium at ro = roeq: 
other ions in the lattice is thus 

e2 U(ro) = -M - + 6Ae- '0 /~  
r" 

~ e '  g e x p  (- ?)= 0 (4.35) 
(4.33) 

The function U(ro) also represents the interaction 
energy per ion pair in the solid MX, as can be shown by the 
following argument. Suppose the entire crystal consists of 
N ion pairs (N cations M and N anions X). Let UM denote 
the interaction energy of one cation with all other ions in 
the crystal and UX be the interaction energy of a single 
anion and all other ions. If the central ions for which the 
lattice sums U, and Ux were computed are allowed to 
range over all ions of the lattice, the quantity NU, + NUx 
is just twice the desired crystal energy. The factor of 2 
arises because each interaction is counted twice in the 
process o f  ranging the central ion over the entire lattice. 
Therefore, the total energy of N ion pairs is 

(4.33a) 
1 NU 3 (NUM + NUX) 

For the NaCl lattice (with only nearest-neighbor cation- 
anion repulsions considered), UM = Ux,  anr' both are equal 
t o  the right-hand side of Eq. 4.33. Thus, the total energy of 
the crystal containing N ion pairs is NU, or the energy per 
ion pair (or per molecule MX) is U. 

The lattice summation procedure must properly reflect 
the anion-to-cation ratio of the solid. In ionic solids of the 
type MX', for example, the analog of Eq. 4.33a is 

(4.3313) 
1 
2 NU = -  (2NUx + NU,) 

where N is the number of molecules of MX2 in the crystal 
and U is the crystal energy per molecule. The quantity in 
parentheses in Eq. 4.33b represents the sum of lattice sums 
starting from each of the 2N anions and N cations of the 
crystal, and the factor of  ( l / 2 )  removes the redundant 
interactions. 

4.3.3 Determination of Constants in the 
Repulsive Potential and the Cohesive 
Energy 

Equation 4.33 is the ionic crystal analog of Eq. 4.17, 
which applies t o  metals. Contrary to  Eq. 4.17 for free- 
electron metals, Eq. 4.33 cannot be directly used to predict 
the cohesive energy and lattice constant of ionic solids. I t  
contains the two empirical constants characterizing the 
repulsive potential which must be determined from the 
same type of crystal data the model is designed to  predict. 
Fortunately, there are more types of measurements than 
there are constants t o  be determined; so comparison of 
theory and experiment is possible. 

If the equilibrium nearest-neighbor spacing is denoted 
by roeq, Eq. 4.33 and its first and second derivatives 
evaluated at  roeq are related to  measured properties of the 
solid. The cohesive energy is 

u(roeq) = Ecoh = -- Me2 + 6A exp (-y) (4.34) 
roeq 

Finally, problem 5 of Chap. 1 shows that the second 
derivative of the crystal energy with respect to volume is 
related to the compressibility at  0°K by 

(4.36) 

where Po is the compressibility at  0°K and V is the volume 
per molecule, which may be expressed in terms of the 
nearesbneighbor distance by 

volume/unit cell 
molecules/unit cell V =  

-- - (2r013 
4 

volume 
= 21-2 ___ 

molecule (4.37) 

Changing variables in Eq. 4.36 from V to  ro yields 

The second term in the brackets is zero according to 
Eq. 4.35. Therefore, for the NaCl structure, 

Equations 4.34,4.35, and 4.38 provide three equations, 
any two of which may be used to  determine the con- 
stants A and p .  The unused equation provides an inde- 
pendent comparison of the theoretical model with experi- 
ment. Since the first and second derivatives are most 
sensitive to  the constants A and p ,  these two parameters are 
determined from Eqs. 4.35 and 4.38, yielding 

and 

Me2 p 
A =- e x p ( 2 )  

6ro e q 

(4.39) 

(4.40) 

Using experimental values of roeq and P o ,  the steepness 
parameter p is found to be close t o  0 . 3 8  for all alkali halide 
crystals. Since p is approximately an order of magnitude 
smaller than roeq, the expectation that the repulsive 
potential is very short range is confirmed. When the values 
of A and p are substituted into Eq. 4.34, cohesive energies 
that agree to  within 1% of the experimental values deduced 
from the Born-Haber cycle (Eq. 4.25) are obtained. The 
accord between observed and calculated cohesive energies 
justifies the assumption of  completely ionic binding for this 
class of  solids and implies that n o  significant components of 
the interionic forces have been neglected. 
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4.3.4 Comparison of Metals with Ionic Solids 
An ionic substance is generally more refractory than the 

metal of which it is composed. Typical measures of the 
refractory nature of a solid are its melting point and vapor 
pressure. The latter depends upon temperature according to  
the Clausius-Clapyron equation: 

P"(T) = constant X exp ( -- 'E:.) (4.41) 

where R is the gas constant and the heat of sublimation 
may be approximated by the energy of sublimation (by 
neglecting the last term in Eq. 4.1). Although the cohesive 
energy is an important parameter in the theoretical descrip- 
tion of a solid, observable thermodynamic properties, such 
as the vapor pressure, depend upon AE,,,(O"K) and not 
upon Ecoh. The reason for this is that the vapor phase in 
equilibrium with the solid at  all bu t  very high temperatures 
is the neutral gas, M(g) or  MX(g), and not separated ions or 
electrons. 

Sodium metal has a sublimation energy of 1.1 eV, and 
NaCl has a sublimation energy of 2.2 eV. This pattern is 
followed by most ionic solids and their parent metals. 
Assuming that the constants in Eq. 4.41 are approximately 
the same for the ionic solid and the corresponding metal, 
the vapor pressure of the ionic solid is considerably lower 
than the vapor pressure of the metal at  the same tempera- 
ture. The factor of 2 difference in sublimation energy 
between sodium and sodium chloride is a reflection of the 
stronger binding of the particles in an ionic lattice 
compared to a metallic structure. The solid state that 
results when a neutral atom transfers valence electrons 
directly to  another atom, as in the ionic solid, produces a 
more stable state than if  the valence electrons are simply 
contributed to the communal electron gas, as in a metal. In 
addition to  the vapor pressure, the tighter binding in an 
ionic solid is manifest by a higher melting point and smaller 
ion-ion separation than in the corresponding metal. 

4.4 COVALENT CRYSTALS 

Solids in which cohesion is due to the sharing of 
electrons between neighboring atoms are called covalent 
crystals. Elements preferring this type of bonding often 
form crystals of the diamond structure (Fig. 3.4). The 
diamond form of carbon and the semiconductors ger- 
manium and silicon crystallize in this configuration. The 
diamond structure is quite open; hard spheres arranged in 
this fashion occupy only 34% of the available space 
compared to  74% occupancy in the close-packed fcc and 
hcp structures. Each atom has only four nearest neighbors 
arranged in a regular tetrahedron about the central atom. 

The reason for adoption of this crystal form is the type 
of bonding between atoms. Each atom of carbon, ger- 
manium, or silicon can form only four bonds, and these 
only with nearest neighbors. As isolated atoms, the four 
outer electrons of these elements occupy s2 and pz orbitals. 
In forming a solid (or a compound with other elements), 
the four outer electrons are "hybridized" so that all have 
the same energy and bonding effectiveness. The four 
hybridized valence electrons are localized in lobes at  angles 

of 109" from each other. This directional characteristic is 
manifest by the tetrahedral bonding configurations in the 
crystalline phase (see upper portion of Fig. 3.4). 

To complete an outer orbital of electrons which would 
provide the stability of a closed-shell configuration, these 
elements share electrons with other elements (to form 
compounds) or  with the same species (to form the 
elemental crystals). If hydrogen is the element with which 
the four hybridized electrons are shared, the compounds 
that result are methane (CH,), germane (GeH4), or silane 
(SiH4). In these compounds, each of the hydrogen atoms 
provides an electron that is shared with one of the valence 
electrons of the carbon, germanium, or  silicon atoms in the 
form of a single covalent bond. 

I NEUTRALGAS I 

I CRYSTAL I 
Fig. 4.4 Born-Haber cycle for an elemental covalent 
crystal. 

The covalent bond between carbon atoms is ex- 
tremely strong and accounts for the refractory nature 
of the diamond form of this element. The two elec- 
trons in each bond (one contributed by each partner) 
are localized in the region between the bonding atoms. The 
spins of the electrons in the bond are antiparallel, which 
results in great stability. A similar stabilizing effect of 
electron-spin orientation is illustrated by the correlation 
energy in metals. 

The Born-Haber cycle for elemental covalent crystals is 
shown in Fig. 4.4. The cohesive energy is 

The potential energy-distance relation between a pair of 
covalently bonded atoms may be described by the Morse 
potential function: 

- 2 exp [-CY (r - r eq ) ]}  (4.43) 

This potential is entirely empirical and contains three 
parameters: req is the equilibrium nearest-neighbor distance 
(in a crystal) or the equilibrium atom separation (as in 
gaseous H 2 ,  in which the two hydrogen atoms are attached 
by a single covalent bond). The constant a is a steepness 
parameter that reflects the rapidity of the potential increase 
away from the equilibrium separation, and D is the 
dissociation energy of the atom pair, o r  the bond energy. 
At the equilibrium separation, @(req) = -D. Since each 
atom in the diamond structure makes four bonds with 
nearest neighbors, the energy of interaction of a particular 
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atom with the crystal is -4D. The total interaction energy 
of N atoms with the crystal is -(N/2)(4D), where the 
factor of (1/2) is introduced to  elimipate redundant 
counting of bonds in performing the lattice sum. The 
cohesive energy is 

(4.44) 

The energy of sublimation of diamond is 7.2 eV (170 
kcal/mole); so the strength of the carbon-carbon bond in 
diamond is 3.6 eV. 

Although the concept of a localized bond between 
adjacent atoms in an elemental crystal is, strictly speaking, 
valid only for covalently bonded substances such as 
diamond, the simple-bond concept is often applied to  
metals as a very crude approximation. The bond energy in 
any elemental crystal can be obtained from the formula 

1 AE,,, (0°K) = 2 P D  (4.45) 

where 
the crystal shown in Table 4.1 for various structures. 

is the number of nearest neighbors to an atom in 

Table 4.1 Nearest Neighbors 
in Various Structures 

Lattice type P 

Diamond 4 
sc 6 
bcc 8 
fcc o r  hcp 1 2  

Not all substances can be categorized as one of the 
clearly defined bonding types, such as metals, ionic solids, 
o r  covalent crystals. Although uranium dioxide (UOz)  is 
ionic, the properties of uranium carbide (UC) suggest 
partial metallic character. The compound CdS is partly 
ionic and partly covalent. 

The important nuclear material graphite is a unique 
example of mixed bonding in a solid. Ordinary graphite is 
composed of many crystallites with the lattice structure 
shown in Fig. 4.5. Graphite is a layered structure, the layers 
consisting of a hexagonal network of carbon atoms. These 
layers are called basal planes, as are the analogous planes in 
the hexagonal lattice (Fig. 3.5). The carbon atoms in the 
basal plane are covalently bonded, but, because each carbon 
atom has only three nearest neighbors, the bonds are not of 
the simple shared-electron-pair type as in diamond. The 
bonding in the basal plane of graphite is shown in Fig. 4.6. 

Because each carbon atom has four electrons to share in 
bonding, a total of four bonds must be made with the three 
nearest-neighbor carbon atoms in the basal plane. This is 
accomplished by making one out of every three bonds a 
double bond, Le., a covalent bond consisting of two 
electrons contributed from each partner (the bond contains 
four electrons in total). Although this mixture of single and 
double bonds formally satisfies the bonding requirements 
of the carbon atom, the situation is not static as depicted in 
Fig. 4.6. Actually, the double bond moves about the 
hexagonal ring and is not localized at  any particular 

position. I t  is more appropriate to describe the bonds in the 
basal plane of graphite as all equivalent and of 2/3  
single-bond character and 1/3 double-bond character. Be- 
cause of this partial double-bond character, the carbon- 
carbon distance in the basal plane (1.42 8) is smaller than 
in diamond (1.54 - I  a). 

C 

t 

Fig. 4.5 The graphite structure. 
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Fig. 4.6 Bonding in the basal plane of graphite. 

The basal planes of graphite are held together by a very 
weak nonchemical type of bond not discussed previously. 
Since the valence electrons of carbon are all satisfied by the 
covalent bonds described above and since no electrostatic 
forces are present t o  provide binding of the type important 
in ionic solids o r  metals, a new type of attraction must be 
operative. The forces that are responsible for the weak 
binding of the basal planes of graphite are the same as those 
which permit rare gases to  condense as liquids or solids. 
Attraction between chemically inactive neutral atoms is due 
to van der Waals, or dispersion, forces. This force arises 
from fluctuations in the charge distribution of the atoms 
which create a momentary dipole moment. The electric 
field set up by the dipole of one atom creates charge 
separation in nearby atoms. This random dance of dipole 
moments among adjacent atoms can be described by a pair 
potential of the form 
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C 4 = - 7  (4.46) 

The constant C in Eq. 4.46 can be estimated theoretically. 
I t  depends upon the polarizability of the atoms involved, 
since this property is a measure of the ease with which a 
dipole moment can be induced in a neutral atom by an 
electric field. As in the repulsive potential between ions or 
atoms, the van der Waals potential energy is pairwise 
additive. 

Because of the dramatic difference in the nature and 
strength of the binding parallel to and perpendicular to the 
basal plane, graphite crystals exhibit marked anisotropy. 
The separation between basal planes is 3.35 A, but the 
carbon-carbon distance in the basal plane is 1.42 8. Such 
properties as thermal and electrical conductivity are as 
much as a factor of 1000 smaller in the c direction than in 
the a direction of the structure of Fig. 4.5. Thermal 
expansion is low in the a direction and high in the c 
direction. This anisotropy can be troublesome in a 
structural component, and most nuclear graphites are 
rendered isotropic by fabrication processes that produce a 
random orientation of graphite crystallites in the product. 

4.5 NOMENCLATURE 

a, = lattice constant 
a = screening constant in Coulomb potential 

A = electron affinity; empirical constant in Born-Mayer 

b = empirical constant in Born-Mayer potential 
C = specific heat; constant in van der Waal's potential 
D = dissociation energy 
9 = density of states 
e = electronic charge 
E = energy of a collection of particles or a crystal 

h = Planck's constant divided by 277 

I = ionization energy 
k = Boltzmann constant 
m = mass of a particle 
M = cation; monovalent metal; Madelung constant 
n = empirical constant in Born-Mayer potential 
fi = average number of electrons in an energy state 

N = number of atoms or  electrons in a crystal 
P" = vapor pressure 
q = magnitude of charge on an ion 
r = separation of nucleii; radius of a sphere surrounding 

an ion 
r, = radius of equivalent sphere of the same volume as 

polyhedron surrounding the metallic ion in a metallic 
solid; distance between nearest neighbors of opposite 
charge in an ionic solid 

potential 

AE = energy required in a chemical process 

AH = change in enthalpy in a chemical process 

R = gas constant 
T = temperature 
U = average energy of electrons in a metal; energy of a 

V = crystal volume 
X = anion 
Z = nuclear charge 

crystal; interaction energy between ions 

Greek letters 

a: = constant in the Morse potential function 
0 = number of nearest neighbors to an atom in a solid 

y = number of atoms per unit cell1 
4 = repulsive potential; Coulomb potential 

= particle energy 
p = chemical potential 
p = empirical constant in Born-Mayer potential 

Po = compressibility at  0°K 

Subscripts 

C = Coulomb 
coh = cohesive 

eq = equilibrium 
F = kinetic (due to electrons); Fermi 
g = gas 
j = electron energy state 

M = cation 
N = N-particle solid 
ps = of the solid phase, at  constant pressure 
pv = of the gaseous phase, a t  constant pressure 
S = solid 

X = anion 
sub = sublimation 

4.6 ADDITIONAL READING 

1. C. Kittel, Introduction to  Solid State Physics, 3rd. ed., 
Chaps. 1, 3, and 7 ,  John Wiley & Sons, New York, 1967. 

2. M. Sachs, Solid State Theory, Chaps. 3, 6, and 10, 
McGraw-Hill Book Company, New York, 1963. 

3. L. Pauling, The Nature of the Chemical Bond,  3rd ed., 
Cornell University Press, Ithaca, N. Y., 1960. 

4.7 PROBLEMS 

4.1 The kernel for the Coulomb-energy calculation of 
Sec. 4.4 is the electrostatic energy between a unit point 
negative charge on  the surface of a sphere of radius r and 
the charges within the sphere. The sphere contains a 
uniform negative charge density of e/(47iri/3) and a unit 
positive charge at  the center. Show that the kernel is given 
by -+-(3] r 

4.2 The free-electron theory of metals includes a 
Coulomb-energy term that is due to  an electronic charge 
uniformly distributed in a sphere of radius r, with a point 
positive charge at  the center. A more realistic model allows 
a higher charge density toward the center of the sphere 
than at  the outer edge. Suppose the negative-charge 
distribution in the sphere is given by 

(a) Compute the Coulomb energy, U,, for this dis- 
tribution. 
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(b) How are the final values of Ecoh and rOeq affected 
by the nonuniform charge distribution? 

4.3 A metal contains N conduction electrons in a volume 
v. 

(a) Calculate the compressibility of the electron gas at  
0" K, neglecting all electrostatic interactions. 

(b)lSet up  the equations from which the pressure of the 
electron gas at  T > 0°K could be computed. Replace any 
sums over quantum states by density-of-state integrals, 
where C @ ( E )  is given by Eq. 4.8. Do not attempt to  evaluate 
the integrals. 

( c )  The Coulomb energy due to  the interaction of the 
electron gas and the ion cores was not considered in (a) and 
(b). Add this effect (as in the free-electron model) t o  
compute the numerical value of the compressibility at  0°K 
for a metal with a simple cubic structure. Compare with the 
result of (a) and explain the difference. 

4.4 The energy of sublimation of the solid MX(s) is 
AE!ubqMx(O"K), and the dissociation energy of MX(g) is 
D. What additional thermochemical quantity is needed to  fix 
the energy of formation of MX(s) from M(s) and X(g)at 
O"K? What is the quantitative relation between all these 
thermochemical quantities? 

4.5 Using the method described in Sec. 4.3, evaluate the 
Madelung constant for the CsCl structure (Fig. 3.11). 
Consider the contributions to  the Coulomb energy arising 
from interactions between a central cesium ion and its 
primary unit cell (i.e., the eight nearest-neighbor chlorine 
ions that form a cube of side a, around the cesium ion) and 
between the central cesium ion and the ions in the 
secondary shell. The latter is the cube of side 3a, 
surrounding the primary unit cell. Remember to count 
appropriate fractiotial charges. 

4.6 The U 0 2  lattice is bound together by the Coulomb 
forces between the constituent U4+ and 02- ions. The 
Coulomb energy of the lattice is given by 

Z2 Me2 
Ec =a, 

where the left-hand side represents the Coulomb energy per 
U 0 2  molecular unit, Z is the anion charge, a,, is the lattice 
parameter (twice the oxygen-oxygen separation), e is the 
electronic charge, and M is the Madelung constant for the 
fluorite structure (equal to 11.6365). Attractive potentials 
due to  dispersion forces are neglected. The repulsive forces 
are due to the separate interactions of oxygen ions with 
each other, uranium ions with each other, and uranium- 
oxygen interactions. The repulsive pair potentials between 
ions are given by expressions of the Born-Mayer type: 

@ r e p  = b.. e - r / P i J  
11 

where i and j represent either 02- or U4+ and r is the 
interionic separation. The parameters bij and pij are given 
by 

bij = 627.32 (ninj)% gigj, kcal/mole 

where ni is the total number of electrons in the ion of type 
i, go = 1.06, and gu = 1.62. 

(a) Considering the 02--02-, U4+-U4+, and U4+-02- 
repulsive interactions separately and assuming nearest- 
neighbor interactions only, derive an expression for the 
cohesive energy a t  U 0 2  in terms of the lattice parameter 
a,. 

(b) Derive an expression for the compressibility at 0°K 
in terms of the second derivative of the cohesive energy for 
this crystal type. 

(c) Indicate how the cohesive energy, lattice parameter, 
and compressibility of U 0 2  could be computed from the 
results of (a) and (b). 

(This problem is considered by D. R. Olander in J.  Chem. 
Phys., 43: 779 (1965).) 

4.7 Since the anions of an ionic crystal are larger in size 
than the cations, the anion-anion repulsions (which are 
second nearest-neighbor interactions) may be comparable 
to the cation-anion (nearest neighbor) repulsive interac- 
tions which are commonly considered. 

(a) Derive the expression for the lattice energy of the 
NaCl structure for the case in which anion-anion repul- 
sions are included. Let @kX(r )  and @Rx(r) represent the 
repulsive potentials between anions and between anion and 
cations, respectively. The Madelung constant is M and the 
anion-cation separation is r,. 

(b) So that additional undetermined parameters will not 
be introduced into the problem, the repulsive potentials are 
approximated by 

Anion-anion: 

Cation-anion: 

@kx(r )  = b exp [(2Rx - r)/p] 

@hx(r )  = b exp [(R, + R, - r)/p] 

where b and p are empirical constants and Rx and RM are 
the ionic radii of the anion and cation, respectively. For 
sodium chloride, they are RN,+ = 0.988 and R,,-= l.8la. 
The sum of the ionic radii is the cation-anion separation 
distance in the equilibrium lattice (i.e., roeq). 

Estimate the error incurred by neglecting anion-anion 
repulsion in computing the cohesive energy of NaC1. 
Without this contribution, the following parameters were 
computed: 

A = 1.05 X 10' kJ/mole 
p = 0.3218 

Ecoh = 750 kJ/mole 

where A is the coefficient of e-riP in the MX repulsive 
potential. 

4.8 The atoms in a solid with a simple cubic structure 
interact only with nearest neighbors according to  the 
potential function of Ey. 4.43. This potential is shown in 
the accompanying sketch. 
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(a) Approximate this potential by a parabolic function 
of the distance from the equilibrium separation. Identify 
the force constant in terms of parameters of the actual 
potential function. 

(b) What is the cohesive energy of the lattice? 
(c) What is the coefficient of compressibility at O°K!  
(d) In the parabolic approximation, what is the Debye 

frequency of this material? (Each atom is mass m:) What is 
its Gruneisen constant? 

I k s  
0 I I 

4.9 The pair potential between carbon atoms in adjacent 
basal planes of graphite is due to an attractive force of the 

van der Waals type and a repulsive Born-Mayer potential 
term 

where C, A, and p are known constants. 
What is the interlayer separation distance between 

the basal planes ..of graphite for this potential? Make the 
following assumptions: 1. Consider only the interaction of 
two isolated basal planes. 2. Consider a single atom in one 
basal plane interacting with another plane of continuous 
average atom density n, in atoms/cm2. 

4.10 Consider a line of 2N monovalent ions of alternating 
charge. Calculate the cohesive energy in terms of the 
empirical Born-Mayer constants A and p .  Assume that p is 
small compared with the equilibrium spacing. 

4.11 Suppose N conduction electrons are confined to a 
line of length L. 

(a) What is the chemical potential at  O"K? 
(b) Assuming that the chemical potential at  tem- 

perature T is known, what is the average energy of one of 
these electrons at temperature T? 

Assume that sums over discrete states can be replaced 
by appropriate integrals. Equations already appearing in the 
text can be used as a starting point. 



Chapter 5 

Chemical Equilibrium 

5.1 MULTICOMPONENT SYSTEMS 

The thermodynamic considerations of Chaps. 1 through 
3 involved systems consisting of a single component and a 
single phase. However, many practical problems require 
thermodynamic analysis of mixtures. The mixture may 
consist of two phases of a single species, of several species 
coexisting in a single phase, o r  of combinations of these 
two cases. 

For chemical equilibrium to  exist among the compo- 
nents of a mixture, it must be possible for some of the 
components t o  be converted t o  other components. For 
example, at  sufficiently high temperatures H 2 0  can de- 
compose into H2 and 0 2 ,  and, conversely, H2 and O2 can 
combine to  produce HZO. Under these conditions, the 
concentrations of the species H 2 0 ,  H2 ,  and O2 in the 
mixture are not independent but are related by an 
equilibrium condition. The capability of interconversion is 
symbolized by the reaction 

2H20  + 2Hz + 0 2  

At low temperatures, on the other hand, H2, 0 2 ,  and 
HzO may not be capable of such interconversiom, and the 
concentrations of the three species are not related t o  each 
other. In this case, the system behaves merely as a mixture 
of three noninteracting species. 

When reaction between the species of a mixture can 
occur, a situation of chemical equilibrium is possible. The 
concept of chemical equilibrium can be extended beyond 
instances of obvious chemical reactions that involve the 
exchange of atoms between different molecules. For 
example, some of the atoms in a solid crystal may move 
from their normal lattice sites t o  positions in the crystal 
known as interstitial sites, leaving behind vacant sites in the 
crystal lattice. Conversely, the atoms of interstitial sites 
may combine with vacant lattice sites to reform the 
ordinary lattice structure. By analogy t o  true chemical 
processes, the interchange of atom positions between 
normal lattice sites and interstitial sites may be regarded as 
a “chemical reaction” described by 

Atom (on normal lattice site) atom (on interstitial site) 
+ vacant lattice site 

The extent to which the process represented by this 
reaction proceeds may also be described by a condition of 
chemical equilibrium. Thus, the concept of chemical 
equilibrium can be applied to  any mixture in which the 
components are capable of interconversion. 

Identification of the components of a mixture is not 
always obvious. If the components are distinct molecular 
species, such as H2 ,  02, and H2 0, labeling of the species is 
no problem. The defecting reaction in the solid presents a 
more subtle question of how and when to  consider the 
imperfect crystal as a mixture. When the ordinary thermo- 
dynamic properties of real crystals are being considered, 
such defects as vacancies and interstitial atoms need not be 
singled out as separate species. We may speak of the heat 
capacity of metallic uranium at a particular temperature 
and pressure without specifying the degree t o  which the 
uranium crystal is defected. In this case, uranium metal is 
considered as a one-component system, the single compo- 
nent being uranium. Neglecting defects in describing the 
thermodynamic properties of uranium, however, implicitly 
assumes that all samples of metallic uranium under the 
same conditions contain the same proportion of defects. 

Other properties of a solid, such as the mobility of its 
atoms, may depend much more strongly on the presence of 
defects than do  macroscopic thermodynamic properties. In 
such cases, we may wish t o  calculate the concentration of 
various types of defects in the real crystal. When this degree 
of detail is desired, defects and atoms on normal lattice 
sites may be considered as separate species, even though 
one of the defect components may be nothing but empty 
space and even though only one chemical element is 
present. 

5.2 THE CHEMICAL POTENTIAL 

If a system contains more than one component, its 
thermodynamic state is no longer fixed by just two 
properties. In a single-component system, the internal 
energy, U, is determined by specifying the entropy, S, and 
the volume, V, which implies the following relation 
between differentials of these variables: 

43 
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If the system contains more than one component and i f  
the relative proportion of the components changes as U, S, 
and V are incremented, then U depends upon the amount 
of each component present in addition to S and V. The 
amount of each component in the mixture, Ni, may be 
expressed in units of mass, moles, o r  molecules, but not as a 
concentration. Since U is uniquely determined by S, V, and 
all the Ni according to  a function U(S,V,Ni), the differen- 
tial of U can be formally written as 

The coefficients of dS  and dV have the same meaning as 
they d o  in Eq. 5.1, namely T and -p, respectively. The 
other three fundamental thermodynamic relations are 
similarly modified in multicomponent systems: 

dH = T dS + V d p  + 
(%)S,p,Nj dNi 

(5.3) 
i 

By virtue of the definitions of H, F, and G (Le., 
H = U + pV, F = U - TS, G = H - TS), the partial deriva- 
tives in the last terms in Eqs. 5.2 through 5.5 are all equal. 
All four represent equivalent definitions of the chemical 
potential,* 

pi = ( E ) s 3 V , N j  

= (E) 
aNi ~ . p . ~ j  

(5.6) 

5.3 CRITERIA OF CHEMICAL EQUILIBRIUM 

If the components of a mixture can be converted from 
one to another (as in a true chemical reaction or  in a 
process producing defects in a crystal), the quantities Ni 
will in due time attain equilibrium values. In the state of 
chemical equilibrium, there is no  spontaneous tendency for 
the composition of the mixture to  change, just as there is 
no tendency for the transfer of heat between regions of the 
same temperature. 

*The chemical potential was previously introduced in 
Sec. 1.4 in connection with the statistical treatment of ideal 
gases. 

A quantitative description of the condition of chemical 
equilibrium can be obtained from the second law of 
thermodynamics. In an isolated system (Le., one of fixed U 
and V), the most probable, o r  equilibrium, state is the one 
in which the entropy is a maximum. If the system consists 
of a mixture of species capable of transforming to one 
another, the entropy attains a maximum at a particular 
composition. The primary goal of chemical thermody- 
namics is t o  determine this equilibrium composition and 
how it depends upon pressure and temperature. 

Consider a reacting mixture constrained as an isolated 
system. When equilibrium is reached, we may write dS  = 0, 
meaning that the system is at  the maximum of the  
entropy-composition curve. Inasmuch as the system is 
isolated, dU = dV = 0 for any changes in composition. 
Incorporating these restrictions upon the differentials in 
Eq. 5.2 results in 

pi dNi = 0 (5.7) 
i 

Equation 5.7 is the starting point for thermodynamic 
calculations of equilibrium in ordinary chemical systems. It 
may not,  however, be the most convenient basis for 
analyzing defect equilibria in crystals, partly because of the 
difficulty of clearly delineating species and reactions in 
such situations. An alternative statement of chemical 
equilibrium applicable t o  crystal thermodynamics can be 
obtained. Experimental measurements of equilibrium in 
chemical or  crystal systems specify the temperature and 
pressure rather than the entropy and volume. The equi- 
librium statement can be conveniently cast in terms of the 
Gibbs free energy, for which T and p are the natural 
variables. For a system at equilibrium, Eq. 5.7 is valid no 
matter what restraints are placed on the system. Conse- 
quently, Eq. 5.5 shows that for composition changes about 
the equilibrium composition under conditions of constant 
temperature and pressure, the Gibbs free-energy variation 
must be zero. or 

Either Eq. 5.7 or Eq. 5.8 can be used as the basis for 
equilibrium determinations. The choice depends upon 
whether it is easier t o  describe the chemical potential of 
individual species in the mixture or the total free energy of 
the system. This is not a fundamental difference since pi 
and G are related by the last equality of Eq. 5.6. 

When Eq. 5.7 is used, several important relations can be 
obtained by using the fact that the differentials dNi are not 
all independent. Consider first the equilibrium established 
between two phases of a single-component system, i.e., the 
equilibrium 

A(phase I) + A(phase 11) 

The equilibrium condition, Eq. 5.7, becomes 

(5.9) 
/- 

where p i  and py are the chemical potentials of substance 
A in phases I and 11, respectively. Since the system contains 
a constant total mass of A, loss of A from one phase implies 
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an equivalent gain of A in the other phase, o r  5.4 STATISTICAL MECHANICAL TREAT- 
dNf, = -dNz. With this restriction Eq. 5.9 becomes 

\ MENT OF CHEMICAL EQUILIBRIUM 

(5.10) 

As a second example, consider the following simple 
chemical reaction occurring between the components of a 
single-phase ideal gas mixture: 

a A + b B * c C  

where A, B, and C denote the molecular species and a,  b, 
and c are the integral coefficients representing the numbers 
of molecules of each species consumed or produced as the 
reaction proceeds. The equilibrium condition of Eq. 5.7 is 

/.LA dNA + PB dNB + /IC dN, = O (5.11) 

Because of the relation between the amounts of A and B 

The behavior of a system can often be approximated on  
a microscopic level. Suppose that by one of the models 
discussed in Chaps. 1 and 2 (e.g., ideal gases or simple 
harmonic oscillators) the partition function of the mixture 
can be calculated directly as a function of T, V, and the 
number of molecules of each species present. The total 
Gibbs free energy of the system could then be computed 
directly with Eq. 1.30 (where all Ni would be held constant 
in the derivative term). Alternatively, the chemical poten- 
tial can be obtained via the intermediary of the Helmholtz 
free energy, which is related t o  the partition function by 
Eq. 1.25 and to  the chemical potential by the third equality 
of Eq. 5.6. Combining these two relations yields 

(5.15) 

consumed and C produced stipulated by the coefficients a,  Whether Eq. 5.8, 5.13, o r  5.14 is selected as the 
b, and c, the values of dN in Eq. 5.11 are related by criterion for equilibrium, the partition function of the 

mixture must be known. The methods of computing this 
quantity starting from the  partition functions of the 
components are different for ideal gases and solids. 

b 
dNB = dNA 

C 
d N c  =-- a d”4 

which, when used in Eq. 5.11, yields 

(5.12) 

Results analogous t o  Eqs. 5.10 and 5.12 can be ob- 
tained for a system that simultaneously contains more than 
one phase and more than one component. In the general 
case, the condition of chemical equilibrium requires that 
the chemical potentials of all components be the same in all 
phases, o r  

p i  = p p .  . . (5.13) 

In addition, for those components which are linked by 
a chemical reaction (which may occur in either phase): 

C Y i &  = 0 (5.14) 

where v, denotes the integer coefficients in the reaction as 
written, taken as positive for reactants and negative for 
products. It is immaterial whether pi in Eq. 5.14 represents 
phase I o r  phase I1 since the chemical potential of each 
species is the same in all coexistent phases. 

The ultimate objective of an equilibrium calculation is 
t o  determine the equilibrium composition of a mixture. For 
single-phase systems, the starting point is the equilibrium 
criterion expressed either by Eq. 5.8 or  b y  Eq. 5.14. If a 
definite reaction between the components of the mixture 
can be written, the calculation can be accomplished with 
Eq. 5.14. In many situations involving defects in solids, 
however, no such clear-cut reaction exists, and Eq. 5.8 is 
the more useful equilibrium condition. If the equilibrium is 
one of distribution of a species between two phases, 
Eq. 5.13 is the appropriate equilibrium statement. 

3 

5.4.1 Reactions in an Ideal Gas 
Consider an ideal-gas mixture consisting of species A, B, 

and C which participate in the reaction 

aA + bB =+ cC 

We wish to  find the composition of A, B, and C in the 
mixture at  equilibrium. 

In Chap. 1 ,  the partition function of an ideal gas in the 
pure state was shown to  be 

(5.16) 

where Ni represents the number of molecules of species i 
contained in a volume V and zi is the single-particle 
partition function of species i, which may be factored into 
components for translational and internal energy: 

The translational partition function is 

(5.18) 

The partition function Zi represents the total number of 
states (each weighted with a Boltzmann factor) accessible 
t o  species i in volume V. In an  ideal-gas mixture, each 
component occupies the same volume and is unaffected by 
the presence of the other components (except of course 
during molecular collisions when reaction may occur). To 
determine the total partition function of the mixture, we 
recognize that each microstate of one component may 
coexist with any of ihe possible microstates of each of the 
other components. The total partition function of the  
mixture of A, B, and C is thus 
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or 

(5.19) 

The total partition function can be substituted into 
Eq. 5.15 t o  determine the chemical potential of each 
species. For species A 

In N A  !) 

or, using Stirling's approximation (In N A !  = N A  In N A  - 

N A ) ,  

(5.20) 

Similar expressions apply t o  components B and C. 

rium criterion, Eq. 5.12, yields 
Substituting the chemical potentials into the equilib- 

(5.21) 

quantum numbers associated with vibration, rotation, and 
electronic excitation takes on its lowest possible values. 
However, because of the potential energy of the bonds 
joining the atoms in the three types of molecules, the zero 
energies in A, B, and C are not the same, as illustrated by 
Fig. 5.1. The common reference energy has been arbitrarily 
chosen somewhat below the zero energy level of each of the 
molecules. The potential wells shown in Fig. 5.1 represent 
the states accessible to  a particular form of energy in each 
of the molecules, say vibrational energy. The ground-state 
energies of the three species are denoted by o ,  eB o ,  and 
ECO. 

Each of the partition functions in Eq. 5.22 is computed 
with respect to the common reference energy: 

When the quantity exp (-eiO/kT) is factored out, the term 
in brackets in Eq. 5.24 is seen to represent the single- 
particle partition function above the ground state of the 
particular species. I t  is this quantity, denoted by ( z : ) ~ ~ ~ ,  
which is calculable by the method of Chaps. 1 and 2. Thus, 
Eq. 5.24 can be written as 

Now, substituting Eqs. 5.17 and 5.18 for the single- 
particle partition functions in Eq. 5.21 yields 

Wc /WC 
(NA / v ) ~ ( N B / v ) ~  - 

K =  

The quantities on the left-hand side of Eq. 5.22 are the 
molecular concentrations of the species in the mixture 

n. =-  Ni (5.23) 

Although it has nc;t yet  been stated explicitly, the 
partition functions on  the right-hand side of Eq. 5.22 must 
all be reckoned from the same reference energy. Each of 
the molecular species represented by A, B, and C has its 
own zero energy level or  ground state wherein each of the 

' V  

> 
c 
U 
U 
L 
U 

- 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
REFERENCE (ZERO) ENERGY 

Fig. 5.1 Energy levels in molecules A, B, and C. 

(5.25) 

Substituting Eqs. 5.23 and 5.25 into the equilibrium 
condition of Eq. 5.22 yields 

where Ac0 is the energy of the reaction at  O'K: 

and is the energy required to convert a molecules of A and b 
molecules of B to  c molecules of C at absolute zero. If 
AE, > 0, the reaction is said to  be endothermic. If Ac0 < 0, 
the reaction is exothermic and a release of energy ac- 
companies the reaction. 

Equation 5.26 is a form of the law of mass action. I t  
relates the ratio of concentrations at equilibrium to 
properties of the individual molecules and the temperature. 
The ratio n; /ninb is the equilibrium constant of the 
reaction in concentration units. I t  is often convenient t o  
express the equilibrium constant in terms of partial 
pressures instead of concentrations. Since the mixture is an 
ideal gas, these units are related by 

pi = nikT (5.28) 

and the equilibrium constant in terms of partial pressures is 
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K( k T)C -asb 

The equilibrium constant in terms of KP is most commonly 
used to  describe the chemical equilibrium among ideal gases. 

5.4.2 Reactions in a Crystalline Solid 
The equilibrium analysis developed in the preceding 

section for an ideal gas cannot be applied to the equilibrium 
between various defect components of a crystalline solid. 
The reason is that  the atoms in a crystal may occupy only 
definite sites, whereas a particle in an ideal gas may a t  any 
instant occupy any position within the container. The 
question of distinguishability of sites but not atoms again 
affects the thermodynamics. 

Consider the following simple situation. Suppose a 
region contains N, localized sites into which an atom may 
be placed (see Fig. 5.2). The reference state is taken as free 
atoms outside the region containing the sites. On entering a 

where zo is the single-particle partition function referred to  
the ground vibrational state [(l - e-hv/kT)-3 for a three- 
dimensional oscillator]. 

When N < N,, additional states become available to the 
system, and these must be included in the partition 
function. The additional states are due to the number of 
different ways that N indistinguishable atoms can be 
distributed among N, distinguishable sites. The partition 
function of Eq. 5.30 is multiplied by a combinatorial factor 
that represents the additional states made available when 
N < N,. This additional factor is called the configurational 
partition function, since it depends only upon the arrange- 
ments of particles and not  on  their energies. The configura- 
tional partition function is determined by combinatorial 
analysis. 

For the simple case of distribution of N atoms among 
N, sites, the configurational partition function is deter- 
mined as follows. With all sites initially empty, 

The first atom may be placed into any of N, sites 

The second atom may be placed into any of the 
remaining N, - 1 sites 

The Nth atom may be placed in any of the 
remaining N, - (N - 1)  sites 

REGION CONTAINING \ LOCALIZED SITES 

Fig. 5.2 Filling of sites in a crystal lattice. 

site, an atom becomes a simple harmonic oscillator in three 
dimensions. The energy difference between the ground 
state of the oscillator and the free atom is E,,. If N atoms 
are introduced into the region containing the localized sites, 
what is the partition function of the mixture of N atoms 
and N, - N empty sites? 

If every site is filled with an atom (N = N,), we already 
know the answer; the system represents a perfect crystal 
corresponding to the Einstein model, and its partition 
function, denoted by Z*, is 

z* = ZN (5.30) 

Where, according to' Eq. 2.19, the single-particle partition 
function is 

If each atom were distinguishable, the total number of 
ways that the filling process could be accomplished is 

N,(N, - 1 )  . . . (N, - (5.32) 
N,! 

(N, - N)! 
N + l ) =  

However, the atoms are not distinguishable-only the sites 
are. Fo r  example, for N, = 6 and N = 3, the arrangement 
(numbers represent atoms 1, 2, and 3; the boxes, sites) 

31 1 1 1 2 1  I 
is distinct from 

but is not distinct from 

z = exp (- g), zo (5.31) 
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Therefore, the factor of Eq. 5.32 contains too many states, 
and we must divide it by the total number of permutations 
of N atoms among themselves to obtain the correct factor. 
The configurational partition function is then 

where ZA and ZB denote the partition functions of NA 
atoms on NsA sites and NB atoms on NsB sites, respec- 
tively. Each is given by a formula of the type represented 
by Eq. 5.34, or 

N,! 
W =  (N, - N)!N! 

Hence, the total partition function of N atoms distributed 
randomly on  N, sites is 

Z =  

where zA and zB are the single-particle partition functions 
for the atom on sites A and €3, respectively. 

The chemical potentials are evaluated from Eq. 5.15 
with Eq. 5.41. The chemical potential of atoms on the A 
sites is 

ZN (5.34) N,! 
(N, - N)!N! 

The combinatorial factor W may be regarded as 
providing additional entropy to the system. According to 
Eqs. 5.33 and 5.34, 

pA = -kT (m) 
a N A  T , V , N B  

a In ZA 
z = WzN (5.35) = -k'(-) T,V 

and the entropy of the mixture is related to Z by Eq. 1.17. 
Since W is independent of temperature, insertion of = -kT (5.42) 
Eq. 5.35 into Eq. 1.17 yields 

A similar equation can be obtained for pB. Equating /..LA 

S = k I n W + k I n Z * + k T  (d ~ ;,*) (5.36) and PB yields 
V 

NA /NA - NA 1 = 2 (5.43) The last two terms in Eq. 5.36 represent the entropy of the 
perfect crystal. The first term on the right-hand side is 
often called the configurational entropy, Or the entropy Of  

NB/(NsB -NB) 'B 

The reference energy for the functions zA and zB 
is that of the free atom outside the region containing the 

Smix = k In W (5.37) sites. These partition functions can be converted to 
partition functions above the ground state of the atoms in 
each site by Eq. 5.31: 

mixing, 

When W has the particular form given by Eq. 5.33, the - - .  

entropy of mixing is (after using Stirling's approximation) 

The entropy of mixing given by Eq. 5.38 is valid only for 
the particular case of N particles randomly placed on  N, 
sites (or equivalently, NA and NB particles randomly 
occupying NA + N B  sites). In more complex defect equi- 
libria, the form of W is much more complex than Eq. 5.33, 
and the configurational entropy of the system is no  longer 
given by Eq. 5.38. 

Now suppose that there are two types of sites into 
which a free atom may be placed. There are NsA A-type 
sites and N s B  B-type sites containing NA and NB atoms, 
respectively. We wish to determine the equilibrium ratio of 
NA t o  NB, or the equilibrium of the reaction 

Atom(A site) + atom(B site) 

For this very simple reaction, the condition of chemical 
equilibrium is that the chemical potential of the atom on 
the A site be  equal t o  the chemical potential of the atom on 
the B site, o r  

/..LA =/..LB (5.39) 

The total partition function of the mixture (i.e., atoms 
on  A sites and on B sites) is the product of the partition 
functions for each site: 

z = ZAZB (5.40) 

(5.44) 

where 

n e 0  = E A 0  - € B O  (5.45) 

If NA <NSA and N B  <NsB, Eq. 5.43 can be written as a 
form of the law of mass action: 

(5.46) 

where x i  = Ni/Nsi is the fraction of the sites available to  
species i which are occupied by that species. This result is 
quite similar in form to that obtained for the ideal gas 
reaction in the preceding section (Eq. 5.26, if the transla- 
tional and internal partition functions are combined). 
However, the concentration units in Eq. 5.46 are atom 
fractions, and atom densities appear in Eq. 5.26. 

Equilibrium analysis of defect-producing processes in 
solids more complex than the simple example considered 
here invariably results in a law of mass action similar in form 
to  that of Eq. 5.46. A defecting process can be written as 
the reaction 

aA + bB + c C  + dD 

where the species A, B, C, and D are localized on specified 
sites in the solid. Subject t o  the restriction that the number 
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\ 

of defects is much smaller than the number of sites, the 
general form of the law of mass action can be written as: 

The parameters Z: and have the same meaning as 
before. The quantity CY depends upon the combinatorial 
factor W. If W exhibits the simple random mixing form of 
Eq. 5.33 (but for four species in this case), CY is unity. If 
not, W must be computed by combinatorial analysis of the 
particular case, which may be very cumbersome. 

In most solid-defecting processes, the ratio of the 
partition functions in Eq. 5.47 is known poorly, if at  all. 
Consequently, this ratio is often set equal to unity. The 
numerical factor Q usually does not differ appreciably 
from unity. To avoid extensive combinatorial analysis, we 
can also set CY equal t o  unity, since such an approximation is 
no  worse than setting the partition function ratio equal t o  
unity. Thus, if a reaction describing the defecting process 
can be written, a law of mass action can, to a first 
approximation, be written as 

(5.48) 

which is probably accurate to within an order of 
magnitude. Such an approximation should not introduce 
any more error than is already present in the exact 
formulation of Eq. 5.47 owing to  inaccurate measurement 
or calculation of the partition function ratio and the energy 
of the reaction. 

5.4.3 Hybrid Mixtures 
The previous sections considered mixtures either of 

ideal gases or atoms on localized sites. Free electrons in a 
metal represent a mixture in which one component (the 
electrons) behaves as an ideal gas and the other component 
(the ion cores) as particles on fixed sites. Another simple 
hybrid mixture is represented by the valence electrons, 
holes, and conduction electrons in an intrinsic semicon- 
ductor. In the case of free electrons in a metal, the total 
partition function of the metal can be written as 

z = Z,ZM (5.49) 

where Z, is the partition function of the electrons (given by 
Eq. 1.51) and ZM is the partition function of the metal 
(given by Eq. 2.19). Calculation of equilibria involving 
either the metal atoms or the electrons follows the same 
methods as outlined previously. 

5.4.4 Two-Phase Equilibria Involving Solids 
Important physical phenomena, such as the dissolution 

of a gas in a solid or the emission of electrons from a metal, 
involve the thermodynamic equilibrium of a component 
between a gaseous phase and a solid consisting of a mixture 
of metal atoms and the distributing species. The criterion 
for equilibrium is given by Eq. 5.10. 

If the distributing species is an atom, the partition 
function of the solid phase is given by Eq. 5.40, where A is 
dissolved solute and B is host solid atom. If the distributing 

species is an electron, the partition function of the solid 
phase is given by Eq. 5.49. If the distributing species and 
the atoms of the solid d o  not interact with each other, the 
chemical potential of the distributing species (which de- 
pends upon the derivative of the logarithm of Z with 
respect to the,, number of atoms of the solute) will be 
independent of the properties and number of host atoms. 
Or, the distributing species behaves as a single component 
in the solid phase insofar as its two-phase equilibrium 
behavior is concerned. 

5.5 MACROSCOPIC THERMODYNAMIC 
TREATMENT OF CHEMICAL 
EQUILIBRIUM 

Very many chemical systems are too  complex to  permit 
reasonable approximation of the total partition function, 
and so the chemical potential cannot be evaluated by 
Eq. 5.15. However, the equilibrium criteria expressed by 
Eqs. 5.13 and 5.14 are still valid and can be used to  develop 
a law of mass action for the reacting system. We realize in 
advance that, by not knowing enough about the system to 
construct its partition function, we shall have to  be satisfied 
with an equilibrium statement that contains less informa- 
tion than the equilibrium conditions derived from statistical 
mechanics. 

Since chemical potentials are still required, the macro- 
scopic approach determines them from the definition 

(5.50) 

We again consider the cases of ideal gases and crystalline 
solids, but develop the equilibrium conditions without 
reference to statistical mechanical concepts. 

5.5.1 Reactions in an Ideal-Gas Mixture 

As in Sec. 5.4, the following reaction between ideal-gas 
components is considered: 

a A +  bB=+cC 

The system is allowed to attain equilibrium a t  a 
temperature T and total pressure p. At  equilibrium, the 
partial pressures of A, B, and C are p A ,  PB, andp,, 
respectively, and the total pressure is 

The equilibrium mixture contains NA moles of A, NB 
moles of B, and N, moles of C. The total number of moles 
is 

Since the mixture is an ideal gas, 

(5.51) 

To determine the chemical potential by Eq. 5.50, we 
must obtain the total Gibbs free energy of the equilibrium 
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mixture. Inasmuch as the free energy is not an absolute 
quantity, its value is referred t o  an arbitrary reference state, 
or standard state. The standard state for an ideal gas is 
defined as the pure substance (as an ideal gas) a t  the 
temperature T in which we are interested but a t  a standard 
pressure po (which is usually taken to be 1 atm). The Gibbs 
free energy of the equilibrium mixture is computed with 
reference to the pure components in their standard states. 

The method of preparing the equilibrium mixture from 
the pure components is shown in Fig. 5.3. The top  of the 
sketch shows the components in their standard states, Le., 
as pure gases a t  temperature T and a t  the standard pressure 
po. The Gibbs free energy per mole of the three species in 
their standard states is denoted by GP (i = A, B, C). 

po AND T po AND T po AND T 

--- 
1. Isothermal, reversible compression ( or expansion to  final equilibrium ) 'J partial pressur; 

- -\' 
pA AND T pB AND T pc AND T 

( 2. Isothermal, reversible mixing 

EQUl L i  BR IUM MIXTURE 

TEMPERATURE T 

discussed in the next section). Inasmuch as AS and AH are 
zero, there is no change in the Gibbs free energy as a result 
of the second (mixing) step. 

The free energy of the equilibrium mixture differs from 
the free energy of the components in their standard states 
only because of the expansion-compression step. If NA , 
NB, and Nc moles of each of the species are mixed in the 
manner just described, the Gibbs free energy of the mixture 
is 

G =  
i = A , B , C  

or, using Eq. 5.51, 

G = N ~ G ~  + N ~ G ~  + N,G; 

In NA + NB In NB 

+ N, In N, - N In N + N In 
Po 

The chemical potentials of A, B, and C in the mixture are 
obtained by substituting Eq. 5.53 into Eq. 5.50, which 
yields 

pi = Go + RT In (i = A, B, C) (5.54) 

If the chemical potentials of the three species are used in 
the equilibrium condition of Eq. 5.12, 

Po 

= -  AG" (5.55) 1 (P, /Po 1" RT In [ 
(PA /pO)a(pB/pO)b 

where AG" is the standard-state free-energy change of the 
reaction 

AGO = cGg - a G i  - b G i  (5.56) 

Fig. 5.3 Gibbs free-energy changes in producing the equi- 
librium mixture from the pure components in their 
standard states. 

The first step in preparing the equilibrium mixture is to 
isothermally and reversibly compress or expand each of the 
pure gases to  the final partial pressure they will have in the 
equilibrium mixture. The change in the Gibbs free energy 
of each component associated with this step is determined 
from the relationship (g),=v=p R T  

Or, if the gas pressure is changed from po (in the standard 
state) t o  pi (the final partial pressure in the equilibrium 
mixture), the associated change in free energy of compo- 
nent i is 

Gi = GP + R T I n  - (E) (5.52) 

The final step is the isothermal, reversible mixing of the 
three gases. Since the gases are ideal, the mixing step 
involves n o  change in enthalpy. Since the gases are mixed in 
equilibrium proportions, no  chemical reaction occurs dur- 
ing the mixing step. The mixing is reversible; so no  increase 
in entropy is involved (just how this can be done is 

and(is the change in Gibbs free energy when a moles of pure 
A and b moles of pure B are completely converted to c 
moles of pure C, all at  temperature T and pressure po .  If 
the pressure in the standard state is taken to be 1 atm, 
Eq. 5.55 becomes 

(5.57) p: AG" K, = __. = exp (- -) 
P i  Pk R T  

and the partial pressures are in atmospheres. The 
free-energy change of the reaction can be expressed in 
terms of the enthalpy (or heat) of the reaction and the 
entropy change of the reaction: 

AG" = AH" - T AS" (5.58) 

where AH" and AS" are defined in a manner similar to the 
definition of AGO by Eq. 5.56. The entropy of the 
reaction, AS", does not include the entropy of mixing of 
the three gases since the process to which AS" refers 
involves the complete conversion of initially pure reactants 
to pure product. 

The reaction enthalpy is a function of temperature. If 
AH: denotes the enthalpy change of the reaction a t  O"K, 

AH" = AH: + A(H" - H:) 
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where H" - H: is the enthalpy of a pure ideal gas at  
temperature T referred to the enthalpy at  0°K. The 
enthalpy* of the reaction at 0°K is identical to  the energy 
change of the reaction a t  O"K, AE:; so Eq. 5.57 can be 
written as 

K, =exp[$-  RT 

The quantity in the exponential term of Eq. 5.59, 
AEE/RT, is identical to  the quantity in the exponential 
term of Eq. 5.29, Aeo /kT. Therefore, the first terms on the 
right-hand sides of Eqs. 5.29 and 5.59 must also be 
identical. The statistical thermodynamic approach yields an 
expression for the equilibrium constant in terms of micro- 
scopic properties of the reactant and product molecules, 
namely, in terms of the single-particle partition functions 
for translation and internal energy. The macroscopic 
treatment leading to Eq. 5.59, on the other hand, relates 
the equilibrium constant to  enthalpy and entropy dif- 
ferences between product and reactant species in a standard 
state. No  attempt is made to  relate AH" and AS" to 
fundamental properties of the molecules of A, B, and C. 

Practical chemical equilibrium calculations (including 
calculations for systems that contain components other 
than ideal gases) are accomplished with the aid of extensive 
tabulations of measured AGO (or AS" and AH") values as 
functions of temperature for a large number of chemical 
reactions. Such compilations may be graphical (A. Glassner, 
Thermochemical Properties of the Oxides, Fluorides, and 
Chlorides to  2500"K, USAEC Report ANL-5750) or in the 
form of equations (0. Kubaschewski, E. Evans, and 
C. Alcock, Metallurgical Thermochemistry,  4th ed., 
Pergamon Press, Inc., 1967). The publications of the 
National Bureau of Standards (NBS Technical Notes Nos. 
270-3 to 270-7) provide the most up-to-date information 
on standard free energies of formation. 

5.5.2 Reversible and Irreversible Mixing 
of Ideal Gases 

The macroscopic approach to chemical-reaction equi- 
librium in an ideal-gas mixture relied upon the existence of 
a method for mixing species without incurring an entropy 
increase. Such a process requires one of the improbable 
hypothetical devices for which classical thermodynamics is 
well-known. The reversible mixing machine is shown in 
Fig. 5.4. I t  contains two compartments of equal volume, 
separated by a fixed semipermeable membrane through 
which only species A can pass. Semipermeable membranes 
are presumed to  be completely impassable to all but a single 
species and are supposed to  be available for any ideal gas. 
Two movable pistons are coupled by a connecting rod. One 
piston is a B-permeable membrane, and the other is 
impermeable to  both A and B. The system is isothermal. It 
is designed to  mix gases A and B, but similar devices can be 
constructed to prepare ternary mixtures. 

\ 

*The enthalpy change and the energy change of the 
reaction are related by AH" = AE" + poAV. Since the 
reactants and products are ideal gases, po AV = RT(c - a - 
b). Therefore at T = 0" K. D.. AV = 0 and AH: = AE: . 

B-PERMEABLE rA-PERMEABLE 
MEMBRANE 

IMPERMEABLE 
SLIDE PISTON, 

MEMBRANE 
(MOVABLE) 1 (FIXED) 

PURE B AT Pg PURE A AT PA 

MIXTURE 
OF A AT 1 PURE B A \ T p A  1 VACUUM 

MIXTURE OF 
A AT pA AND VACUUM 

B AT PS 

Fig. 5.4 Reversible mixing of two gases. 

Suppose the device is loaded with pure A at pressure pA 
in the right-hand compartment and pure B at pressure pB in 
the left-hand compartment, and the connecting rod with its 
attached pistons is moved very slowly from right to  left. 
There is no friction, and at  each instant the partial pressures 
of A and B are equal on either side of their respective 
membranes. When the piston has moved as far to the left as 
possible, mixing is complete, as can be seen by the bottom 
diagram of Fig. 5.4. During movement from right to  left, 
there is never any net force on the two-piston unit; so the 
work required to perform the mixing is zero. The internal 
energy of the two ideal gases is the same whether they are 
mixed or unmixed. Therefore, by the first law of thermody- 
namics, no heat is exchanged between the system (the 
mixing device) and the surroundings during the mixing 
process. For a reversible process, which this is presumed to 
be, the entropy change is the heat added divided by the 
temperature. If no heat is exchanged in the process, the 
entropy change is also zero. The mixing process of Fig. 5.4 
involves no increase in entropy and is therefore reversible. 

I t  is, of course, quite simple to conceive of ways of 
mixing gases which do  increase the entropy of the system. 
Simply allowing two pure gases, initially at the same 
pressure and temperature, t o  mix by opening a valve or 
partition between them is one such method. The entropy 
increase in this totally irreversible process is the entropy of 
mixing, which can be calculated by reference to  Fig. 5.5. 
From the reversible mixing machine 'of Fig. 5.4, we know 
that the entropy of pure A and pure B is the same as the 
entropy of the mixture provided that the partial pressures 
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of the components in the mixture are the same as in the 
pure state (this is called Gibbs's theorem). If we start with 
pure A at pressure pA and pure B at pressure pB and 
isothermally compress each gas to  the final total pressure of 
the mixture (i.e., p = pA + pB),  the entropy decrease due to  
compression is 

Scorn, = -R [ N A  In ~ + N B  l n ( y ) l  

(this relation is obtained from Eq. 5.52, since AH = 0 for 
isothermal compression of an ideal gas and hence 
AS = -AG /T) . 

PURE A AT pn 

REVERSIBLE 
MIXING 

P = PA + Ps 

PURE B AT p 

I 

Fig. 5.5 Reversible and irreversible mixing. 

Next, the two gases are allowed to  interdiffuse to  attain 
the final mixture. The entropy change in this step is S r n i x .  
Now, the sum of Stomp and Smix is zero (since the initial 
and final states of this two-step process are the same as 
those in Fig. 5.4, for which AS = 0). Therefore, the entropy 
of mixing of two gases initially at the same total pressure is 

Smix = -R ( N A  ) NB h ( NB )] (5.60) 
N A  + N B  NA + N B  

where the partial pressures in the logarithmic terms have 
been replaced by numbers of moles. Equation 5.60 is 
identical to  Eq. 5.38 if NA is identified with N and N B  with 
N, - N. Despite the profound differences between the 
thermodynamics of ideal gases and crystalline solids, the 
entropy change resulting from random mixing of two 
components is the same in both instances. Equation 5.60 
can also be directly proven by using a statistical mechanical 
approach and starting with Eq. 5.19. 

5.5.3 Reactions in a Crystalline Solid 

Contrary to  the description of reactions in an ideal gas, 
the macroscopic description of reactions in a crystalline 
solid requires some help from statistical concepts. The 
blending of macroscopic and 'statistical thermodynamic 
methods can again be illustrated by the simple reaction 

Atom(A site) =+ atom(B site) 

for which the equilibrium condition is given by Eq. 5.46. In 
the present development, the chemical potentials pA 
and pB are obtained from Eq. 5.50 instead of Eq. 5.15. We 
need, therefore, a method of describing the Gibbs free 
energy of the mixture containing atoms on A and B sites, 
G(NA,NB). Let us select as a reference state the system 
with all A sites and all B sites empty. If an atom is added to 
an A site from the pool of free atoms (see Fig. 5.2), the 
Gibbs free-energy change is denoted by go,, where 

gOA = hOA - T S O A  (5.61) 

and h O A  is the enthalpy difference between an atom in site 
A and a free atom. The entropy term S ~ A  is due to  the 
vibrational motion acquired by the atom when it is placed 
in an A site; it does not include the entropy of mixing, 
which will be considered separately. A similar free-energy 
change can be written for atoms placed in B sites. 

The total change in system free energy when NA free 
atoms are placed in A sites and N B  free atoms are placed in 
B sites is 

The last term in Eq. 5.62 represents the stabilizing effect of 
the many possible ways of placing the atoms in the two 
types of sites; since Smix is always positive, this term leads 
to  a decrease in the free energy. The TSmix  term represents 
a Gibbs free energy of mixing since Gmix = Hmix - TSrnix 
and Hmix = 0 for the mixing process. 

Macroscopic thermodynamics provides no device for 
calculating Smix in solids comparable to the reversible 
mixing machine for ideal gases (Fig. 5.4). Instead Smix is 
computed from the statistical concepts introduced in 
Sec. 5.4. In particular, Smix is given by Eq. 5.37, which for 
the reaction considered here becomes 

] (5.63) 
NsA!  NsB! 

NA!(NsA - N A ) !  NB!(N,B - NB)! 
Smix = k In 

Equilibrium is determined by using Eq. 5.62 in Eq. 5.50 
to  obtain the chemical potentials and then equating pA and 
pB. The final expression for the case of low occupancy of 
available sites is 

= exp (2) exp (-3) (5.64) 

where 

Ago = gOA - gOB 

= Ah, --As0 

AEO - TAso 

(5.65) 6 The enthalpy difference between atoms in A and B 
sites, Aho, has been approximated by the energy difference 
AE,. The difference between Aho and Aeo is p Avo, where 



CHEMICAL EQUILIBRIUM 53 

FERMI ENERGY 
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Avo is the volume change of the system when an atom 
moves from an A site to  a B site. For reactions in the 
crystalline state, such volume changes are nearly always 
sufficiently small to  permit enthalpy changes to be approxi- 
mated by energy changes. The p Avo needs to  be included 
only when the effect of very large pressures on a solid-state 
equilibrium is considered. 

Comparing the mass action law of Eq. 5.64 and the one 
developed by purely statistical methods, Eq. 5.46, shows 
that the partition-function ratio in the latter is identified 
with the vibrational entropy difference between the atom 
in site A and in site B: 

a 

(5.66) 

The entropy difference Aso is often called the excess 
entropy since i t  does not include the entropy of mixing. In 
equilibria in which all species are components of a solid, the 
excess entropy arises from differences in the vibrational 
motion of the atom in various sites in the solid. Since this 
effect is difficult t o  calculate, the excess entropy is often 
set equal to zero, which corresponds to setting the 
partition-function ratio equal to  unity. The standard 
entropy of reaction in an ideal gas (AS" in Eq. 5.59) is 
generally much more precisely known than the excess 
entropy of a solid-state reaction. 

5.6 NOMENCLATURE 

AEE = energy change of reaction at 0°K 
F = Helmholtz free energy 
G = Gibbs free energy 
g = Gibbs free energy per atom 

h = Planck's constant 
H = enthalpy 

AGO = standard-state free-energy change of the reaction 

AH" = standard-state enthalpy change of reaction at tem- 

AH: = enthalpy change of reaction at 0°K 
perature T 

k = Boltzmann constant 
K = equilibrium constant of a reaction 

K, = equilibrium constant of a reaction in terms of partial 
pressures 

m = mass of an atom 
n = molecular concentration of a component in a 

N = number of molecules or moles of a component in a 

N, = number of sites 

PO, = standard pressure 

mixture 

mixture 

p = pressure 

R = gas constant 
S = entropy 

soi = entropy due to  the vibrational motion acquired 

Aso = excess entropy 
AS" = standard-state entropy change of reaction 

T = temperature 
U = internal energy 
V = volume 
W = configurational partition function 

by the atom when it is placed in site i 

x = fraction of available sites which are occupied 
z = single-particle partition function 

zo = single-particle partition function above ground state 
2 = partition function of the mixture 

Z* = perfect-crystal partition function 

Greek L e t t e k  ~ 

t = energy level 
eio = ground-state energy of species i 

Ac0 = energy of reaction at 0°K; energy difference be- 
tween atom in A site and in B site 

p = chemical potential 
v = frequency of a three-dimensional oscillator; integer 

coefficient of components in a chemical reaction 

Subscripts 
comp = compression 

e = electrons 
i = component in a mixture 

int = internal energy component 
mix = mixing (e.g., entropy) 

M = metal 
tr = translational energy component 

5.7 PROBLEMS 

5.1 Show that the chemical potential can be expressed as 
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The emission rate so computed is independent of the 
density of electrons in the gas phase. It applies to highly 
nonequilibrium situations, such as vacuum outside the 
metal. The emission rate expression is known as Richard- 
son's equation and is widely used in the analysis of 
thermionic emission. 

5.3 The following equilibrium is established in a gas 
containing cesium vapor: 

Cs(g) = Cs'(g) + e-(d 

(a) Apply the law of mass action to this equilibrium, 
and determine the ratio of the atom densities of Cs' t o  Cs 
in the gas phase. Express the equilibrium constant in terms 
of the  partition functions of each species and the ionization 
potential of cesium, I. Neglect electronic excitation of the 
cesium species, and consider the electron density in the gas 
to be specified. (This is a form of Saha's equation, which is 
important in some plasma problems.) 

(b) Suppose the container of cesium vapor is a metal of 
work function a. Cesium ions and neutrals strike the metal 
surface from the gas phase and are adsorbed. The same 
species are also desorbed from the metal. Apply the 
principle of detailed balance t o  determine the ratio of ions 
to  neutrals in the cesium leaving the surface. As in the case 
of electrons, this ratio is valid whether o r  not an equilib- 
rium gas phase is present. (This ratio is known as the 
Saha-Langmuir equation.) 

'JCS 

-J& 

I JCS+' 

I J+cs++ 

\Metal container 

5.4 Using the methods of problem 1.1, show that the 
chemical potential defined b y  Eq. 5.15 is identical t o  that 
defined by Eq. 1.38. To d o  this, note that Eq. 1.38 leads to  
Eqs. 1.51 and 1.52; so it is sufficient to show that these 
two equations satisfy Eq. 5.15. Also note that the chemical 
potential of a single-component system is a function of T 
and N / V  only. 

5.5 (a) Derive the equilibrium constant, K,, for the 
dissociation of gaseous hydrogen: 

Hz (g) = 2H(g) 

The dissociation energy of Hz is D, and the internal 
partition function (which is due primarily to  rotation of the 
molecule) is ( z ~ ) ~ ~ ~ .  

(b) In terms of K,, what is the degree of dissociation of 
hydrogen a t  s temperature T and a total pressure P? 

5.6 Show that the portions of Eqs. 5.29 and 5.59 preced- 
ing the exponentials are identical if the definitions of 
entropy and enthalpy in terms of the partition function are 
used. 

5.7 A semiconductor is a solid in which a few bound 
electrons from the valence band are excited to the  
conduction band, leaving an equal number of positive holes 
behind. 

conduction band (-) 

valence band 
AfO 

(+I 
The reaction may be written: 

e- (bound) = e- (conduction band) + h' (valence band) 

The energy required for this reaction a t  0°K is Aeo, which 
is called the band gap. The system may be regarded as a 
mixture of N, bound electrons, Nh holes, and Ne conduc- 
tion electrons, where Ne and Nh are <Nb,. The conduction 
electrons and holes may be treated as components of an 
ideal gas in the low-density limit, possessing two spin states. 
The bound electrons may be considered as localized 
particles with very high vibrational frequency. 

(a) What is the total partition function of the mixture? 
(b) What is the criterion for equilibrium? 
(c) What is the chemical potential of each of the 

(d) What is the law of mass action for this system? 
species? 

5.8 If M(s) is a solid metal immiscible with its oxide 
MOz (s), show that the standard free-energy change of the 
reaction M(s) + O,(g) = MOz(s) is given by AGO = RT In 
P O , ,  where PO, is the equilibrium oxygen pressure. 
According to the phase rule, how many degrees of freedom 
does the system have? What happens if the oxygen pressure 
is reduced below the value calculated above? 

5.9 Gases such as helium and hydrogen dissolve in metals 
as monatomic species. In the solid the solute atoms behave 
as simple harmonic oscillators in three dimensions with a 
vibration frequency v. They are present only on specific 
sites in the lattice. The gas phase is considered ideal, and 
monatomic gas atoms possess only translational kinetic 
energy. 

Helium is believed t o  reside in substitu- 
tional positions in the metal lattice. There are N, lattice 
sites per unit volume. The energy difference between free 
helium atoms and these atoms in their ground vibrational 
state in the lattice (Le., the heat of solution) is positive and 
approximately equal to the energy required t o  remove a 
metal atom from a lattice site and place it on the surface. 
The interaction of dissolved helium atoms with the metal 
atoms around it is negligible. Consequently, the heat of 
solution is approximately equal to the energy of vacancy 
formation of the metal, E , .  For helium gas at pressure p in 
equilibrium with a metal at  temperature T, derive the 
expression for the ratio of the equilibrium pressure to x,  
the atom fraction of helium in the metal. Assume x <i 1. 
Calculate the equilibrium pressure of helium over nickel 
containing 1 atomic part per million of dissolved helium at 
500°C. The vacancy-formation energy in nickel is 1.4 eV. 
The helium atom vibration frequency is 10' 

(b) Hydrogen: The solution of hydrogen in metals is 
treated in a slightly different manner from that of inert 

(a)Helium: 

c sec-' . 
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gases, such as helium. First, Hk2 dissociates upon entering 
the metal and, furthermore, dissolves as a proton. Because 
of the strong interaction of the proton with the conduction 
electrons in the metal, energy is released when an H atom 
enters the metal. This heat of solution, c H ,  is the difference 
between the energy of a gas-phase H atom and the proton 
in the solid. Second, hydrogen is located in interstitial sites 
in the lattice of which there are NSi per unit volume. 
Generally, N,, > N,. Finally, hydrogen exists in the gas 
primarily as H 2 ,  although at  equilibrium some H is present 
owing to  dissociation (see problem 5.5). 

Derive the expression for the solubility of hydrogen in a 
metal when the H2 pressure in the gas is p2 .  This result is 
called the Fowler-Smithells equation. 

(b) For a system containing components A and B in 
both phases, the Gibbs free energy of phase I, g,, equals the 
Gibbs free energy of phase 11, g,,. 

(c) For a system containing components A and I3 in 
each of the two phases, the Gibbs free energy of compo- 
nent A in phase I, g,,, equals the Gibbs free energy of 
component K'in phase 11, g,,, . 

5.11 A solid material emits electrons thermionically, with 
a work function 4. The solid is in equilibrium with its vapor 
according to the Clapeyron equation, p = A exp 
(-AH,/kT). The vapor is in equilibrium with its ionization 
products according to the  reaction 

Mo M2' + 5 5.10 Indicate which of the following statements are true 
and which are false for equilibrium between phases I and 11, 
and show the reasons for your answers. 

energy of phase I, g,, equals the Gibbs free energy of 
phase 11, gII. temperature T. 

(a) For a single-component system, the  Gibbs free for which I = double ionization energy. Calculate the 
equilibrium concentration of M2+ in the  vapor a t  a specified 
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Chapter 6 

Point Defects in Solids 

6.1 TYPES OF LATTICE IMPERFECTIONS 

Chapters 2 and 4 deal with the properties of hypotheti- 
cal perfect crystals in which every lattice point is occupied 
by an atom or  ion. No faults marred the regularity of the 
crystal structure. All real crystals, however, no  matter how 
carefully prepared, contain a number of defects, o r  imper- 
fections, and these defects can be classified according to 
their dimension. 

The zero dimensional defect, or point defect, is an 
imperfection associated with one or  perhaps two lattice 
sites. This class of defects includes vacancies, interstitial 
atoms, and impurity atoms. The vacancy and the interstitial 
are intrinsic point defects since they do  not depend upon 
the presence of a foreign substance as does the impurity. In 
fact, vacancies and interstitials must exist in any crystal. 
Thermodynamically, a perfect crystal is possible only at 
0°K. 

Point defects are of interest because their presence 
controls the mobility of the atoms in the  solid. In addition, 
the primary effect of high-energy radiation in a solid is to 
create point defects (i.e., vacancy-interstitial pairs) by 
dislodging atoms from normal lattice sites. The subsequent 
behavior of the radiation-produced point defects exerts a 
profound influence on  the properties of the irradiated 
material. The point defects may anneal ou t ,  either by 
vacancy-interstitial annihilation or by migration to sinks, 
such as free or  internal surfaces. Alternatively, vacancies 
and interstitials may agglomerate into two-dimensional 
defects (vacancy or  interstitial sheets) or  three-dimensional 
imperfections (voids). 

All real crystals contain one-dimensional (line) defects 
called dislocations, and two-dimensional defects, of which 
grain boundaries are the most important. The latter may be 
regarded as internal surfaces. These defects are produced 
during growth and by stressing of the crystalline solid. 
Their concentration in the material is not in thermo- 
dynamic equilibrium, although prolonged annealing at  high 
temperatures can reduce their numbers. These naturally 
occurring extended defects are extremely important in 
influencing the mechanical properties of the material. 
Dislocations and grain boundaries can interact strongly' with 

point defects, thereby acting as sinks or  traps for vacancies 
o r  interstitials. 

6.2 POINT DEFECTS IN ELEMENTAL 
CRYSTALS 

Figure 6.1 illustrates the point defect known as the 
vacancy, which is an empty lattice site or a missing atom in 
the crystal structure. If two adjacent lattice sites are empty, 
the defect is called a divacancy. 

An extra atom in a position that is not part of the 
normal lattice structure is called an  interstitial atom. 
Certain nonregular positions in a crystal are preferred sites 
for interstitial atoms. Such sites tend to be those which are 
relatively open and can accommodate an additional atom 
without excessive distortion of the neighboring atoms of 
the regular crystal structure. For example, if atoms are 
visualized as hard spheres, it would be difficult t o  place an 
interstitial atom in the close-packed plane of lattice atoms 
shown in Fig. 6.1. Instead, the energetically most favorable 
interstitial sites in the fcc lattice are shown in Fig. 6.2. The 
site in the upper unit cell is surrounded by four atoms of 
the regular lattice. This interstitial position, located in the 
middle of a regular tetrahedron, is called the tetrahedral 
interstitial site [with the origin a t  the upper left corner 
atom of Fig. 6.2, the interstitial site is at  position 
(1/4,1/4,-1/4)1. 

Fig. 6.1 Vacancy and divacancy. 
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( a 1 OCTAHEDRAL 

( b 1 TETRAHEDRAL 

Fig. 6.2 Interstitial positions in the fcc structure. 
Fig. 6.3 Interstitial positions in the bcc structure, 

The bottom unit cell of Fig. 6.2 shows an interstitial 
atom in the middle of the cube. This location is surrounded 
by six atoms of the regular lattice in an octahedral 
configuration. This interstitial position is known as the 
octahedral site. 

The bcc structure also contains tetrahedral and octahe- 
dral interstitial sites. These are shown in Fig. 6.3. 

The interstitial sites shown in Figs. 6.2 and 6.3 form a 
sublattice within the ordinary lattice structure of the 
crystal. The interstitial sublattice may contain more posi- 
tions than the parent regular lattice. For example, there is 
one octahedral site on each face of the bcc unit cell 
(Fig. 6.3). In addition, the centers of the edges of the unit 
cell are also octahedral sites, since the configuration of 
atoms surrounding these positions is identical t o  the 
configuration of atoms around the face-centered position. 
The number of octahedral sites per unit cell in the bcc 
lattice is calculated by adding the 6 sites in the faces (each 
shared with another unit cell) t o  the 1 2  edge-centered sites 
(each shared between four unit cells). Or, there are 
6 X y2 + 12  X Y4 = 6 octahedral interstitial sites per unit 
cell. Since there are only two lattice atoms per unit cell in 
the bcc structure, there are three times as many octahedral 
interstitial sites as there are atoms in the perfect lattice. 

Similar sublattices of interstitial positions can be 
identified in the noncubic crystal systems as well. 

The atoms that occupy the interstitial sites shown in 
Figs. 6.2 and 6.3 may be the same species as the atoms of 
the parent crystal, or the sites may be occupied by impurity 
atoms. Small impurity atoms such as hydrogen, carbon, and 
boron are small enough to fit into these interstitial 

positions without severe distortion of the host lattice. 
Larger impurity atoms, such as alloying components in a 
metal crystal, generally replace a host metal atom on a 
normal lattice site. Impurities that are present on the 
interstitial sites, such as those of Figs. 6.2 and 6.3, are 
called interstitial impurities, whereas impurities that replace 
host atoms on normal lattice sites are called substitutional 
impurities. 

When the interstitial is the same species as the remain- 
der of the crystal, configurations other than those shown in 
Figs. 6.2 and 6.3 are possible. Instead of one in which a 
tetrahedral or octahedral site is occupied, the stable 
interstitial configuration may be one in which the added 
atom displaces a normal atom and the two atoms are 
symmetrically disposed about the empty lattice site. Two 
such configurations in the bcc lattice are shown in Fig. 6.4. 
In Fig. 6.4(a) two atoms lie on an edge diagonal equidistant 
from the center of the unit cell, which does not contain an 
atom. The line joining the  two atoms is in the [I101 
direction; so Fig. 6.4(a) describes a [ 1101 split interstitial. 
In Fig. 6.4(b) the line joining the two atoms is along a body 
diagonal; so the configuration is a [ 111)  split interstitial. 

6.3 EQUILIBRIUM VACANCY 
CONCENTRATION 

Consider a system consisting of N atoms arranged as a 
crystalline solid. Figure 6.5(a) shows this system as a 
perfect crystal. Vacancies are introduced into the system 
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Fig. 6.4 Split interstitials in the bcc lattice. 

when atoms move from internal lattice sites to  lattice sites 
on the surface. The system with defects, shown in 
Fig. 6.5(b), still contains N atoms but, in addition, contains 
N, vacancies. 

The thermodynamic properties of the defected crystal 
depend on  two thermodynamic parameters (e.g., the 
entropy S and the volume V, T and V, or T and the total 
pressure p) and a single composition variable, the number 
of vacant lattice sites, N,. The system is thermodynamically 
described by relations of the type U(S,V,N,), F(T,V,N,), or 
G(T,p,N,). The fundamental thermodynamic relations for 
this system are given by Eqs. 5.2 to  5.5 of Chap. 5 except 
that Ni is replaced by N, and the summation signs are 
removed. The partial derivatives of the energy parameters 
with respect to  N, are related as shown by Eq. 5.6, again 
with Ni replaced by N,. The arguments of Sec. 5.3 leading 
to  Eq. 5.7 can be applied directly to  the system of Fig. 6.5. 
Since there is only one composition variable, the equilib- 
rium condition can be written 

By virtue of Eq. 5.6, an entirely equivalent equilibrium 
statement is 

0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  

I (a)PERFECTCRYSTAL I 

( N  ATOMS, NO VACANCIES) 

0 0 '0' 

0 "0' 0 
0 0 0  

I J 
( b )REAL CRYSTAL 

(N ATOMS, N, VACANCIES) 

_ _ _  ALTERED 
VIBRATIONAL 
MODES 

Fig. 6.5 Vacancies in a crystalline solid. 

= O 

The equilibrium condition can be expressed in terms of the 
partition function of the system by using Eq. 1.25 in 
Eq. 6.2: 

According to the discussion of Sec. 5.4, the partition 
function of the system, either in the perfect state of 
Fig. 6.5(a) or in the defected state of Fig. 6.5(b), can be 
written /-- 



POINT DEFECTS IN SOLIDS 59 

3 

The quantity Eo is the energy of the system (containing 
N atoms and N, vacancies) when all N atoms are in their 
ground vibrational states; it is not the energy of the perfect 
lattice. The energy of N atoms in their ground vibrational 
states and arranged as a perfect lattice is Neo, where eo is 
the energy per atom of the perfect crystal. The defected 
crystal of Fig. 6.5(b) is obtained from the perfect crystal by 
moving N, atoms from the interior to the surface. If an 
energy E, is required for each vacancy created a t  the 
absolute zero (Le., E, is the formation energy of a vacancy), 
the ground-state energy of the real crystal is 

(Eq. 6.5 may be interpreted as the energy requirement of 
first assembling a perfect crystal from free atoms, then 
introducing some defects into it). The configurational 
partition function W in Eq. 6.4 is the number of ways of 
arranging N atoms on N + N, lattice sites, which is given by 
Eq. 5.33: 

(N + N,)! 
N!N,! W =  

The quantity (1 - e -hu l /kTy '  in Eq. 6.4 is the partition 
function for the ith mode of vibration in the real crystal. 
Since the system contains N atoms, there are 3N modes of 
vibration. Because vacancies are present, the vibration 
frequencies of the 3N modes, vl, are, in general, not the 
same as those in the perfect crystal (as given, say, by  the 
Einstein o r  Debye frequency spectra). When a vacancy is 
created, the atoms surrounding the empty site tend to relax 
into the hole. The vibrations along the lines joining the 
nearest-neighbor atoms would be expected to change; the 
modes of vibration affected by relaxation around the defect 
are shown as dashed lines in Fig. 6.5(b). Atoms further 
removed from the vacancy than the nearest neighbors are 
assumed to  retain the vibrational characteristics they 
possessed in the perfect crystal. The number of vibrational 
modes that are altered by the introduction of a single 
vacancy is denoted by a. (The dashed lines of Fig. 6.5(b) 
suggest CY = 4; for a three-dimensional crystal, CY N 6.) 

Assuming that the perfect crystal can be represented by 
the Einstein model, all vibrational modes unaffected by the 
defects have a single frequency v. Assume also that the 
modes influenced by the presence of the vacancies all have 
frequency u'. In the defected crystal, aN, modes have 
frequency v', and 3N-aNv modes have a frequency u. 
Assuming that both hv/kT and hv'/kT are much smaller 
than unity, the last term in Eq. 6.4 can be written 

i= 1 

Inserting Eqs. 6.5, 6.6, and 6.7 into Eq. 6.4 yields 

where Z* is the partition function of the perfect crystal of 
N atoms: 

(6.9) 

and does not depend on the composition variable, N,. 
If the last term in Eq. 6.8 is ignored to permit a 

qualitative explanation, the variation of Z with N, is 
governed by the product 

(NV + N)! ,eV /kT 
N,!N! 

When N, = 0, the combinatorial term is unity and so is the 
exponential term. As N, becomes non-zero, the combinato- 
rial term rises more rapidly than the exponential term 
decreases. At larger N, the product again decreases owing 
to  the influence on the exponential term. Physically, the 
effects of the two terms in the above product represent 
(1) the entropy of mixing, which favors vacancy formation 
because of increased randomness, and (2) the energy of 
formation, which opposes vacancy formation because high- 
energy states of a constant-temperature system are less 
probable than low-energy states. One would expect that the 
equilibrium composition corresponds to  the N, value that 
maximizes this product, and this expectation is confirmed 
by the formal equilibrium criterion of Eq. 6.3. Substitution 
of  Eq. 6.8 into Eq. 6.3 yields the equilibrium vacancy 
concentration: 

(6.10) 

The equilibrium vacancy concentration can also be 
deduced by using the macroscopic thermodynamic ap- 
proach of Sec. 5.5. The difference in the Gibbs free energy 
of the system when in the two states illustrated by Fig. 6.5 
is 

where g, is the change in the Gibbs free energy of the 
system (exclusive of the entropy of mixing contribution) 
when one atom is moved from the interior to  the surface, 
Smix is given by k In W, and W is given by Eq. 6.6. If we 
use g, = h, -Tsv and approximate h, by E,, when we 
insert Eq. 6.11 into the equilibrium criterion of Eq. 6.1, we 
get 

(6.12) 

where .xv is the fraction of unoccupied ' lattice sites. 
Comparing Eqs. 6.10 and 6.12 shows that the excess 
entropy of vacancy formation, sv, is related to the change 
in the vibration frequencies of modes characterizing atoms 
adjacent to  the defects: 

(6.7) s, = k ln($)* (6.13) 
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a t o m  adjacent to  a vacancy are less con- 
they are in a perfect crystal, we expect 
the excess entropy of vacancy formation 

should be positive. Estimates of the magnitude of exp(s,/k) 
range from 5 to 50. 

In a covalent crystal, where the cohesive energy is due 
entirely t o  chemical bonds between nearest-neighbor atoms, 
the energy of formation of a vacancy can be estimated in a 
straightforward manner. It consists of two parts. 

First, an atom is removed from the interior of the 
crystal and placed on the surface. If is the number of 
nearest neighbors t o  an interior atom, P bonds are broken in 
removing an atom from the interior, but p / 2  bonds are 
recovered when the atom is placed on  the surface. If the 
energy of a single bond is D,  the energy required for this 
step is PD/2 (which is equal to  the energy of sublimation; 
see Eq. 4.45). 

After the atom has been removed from its interior site, 
a portion of the energy expended is regained by the 
relaxation of the nearest neighbors into the hole. If the 
energy term of this second step is denoted by AEreldX, the 
vacancy-formation energy is 

PD 
2 E ,  = - - AErelax (6.14) 

For germanium, p = 4, D = 1.63 eV,  and the first term 
of Eq. 6.14 is 3.26 eV. The relaxation energy in germanium 
has been estimated t o  be 1.2 eV [R. A. Swalin, J. Phys. 
Chem.  Solids, 18: 290 (1961)]. The calculated vacancy- 
formation energy is 2.1 eV, which is in very good agree- 
ment with the measured value of 2.0 eV. 

Calculation of the vacancy-€ormation energy in a metal 
is far more complex since Eq. 6.14 is not valid even as a 
first approximation. Metal atoms do  not form identifiable 
bonds with nearest neighbors. The formation energy of a 
vacancy in a metal is due primarily to  the behavior of the 
free electrons. Crystal volume increases when an atom 
moves from the interior to  the surface. The same number of 
electrons are now distributed over a larger volume, which, 
according to  Eqs. 4.14 t o  4.16, reduces their average kinetic 
energy. This effect leads to a negative rather than a positive 
contribution to  e,. However, the electron gas in the metal 
tends to partially fill the vacant lattice site, which leads to  
an increase in the electrostatic energy of the crystal. 
Finally, the redistribution of the electron cloud in the 
vicinity of the vacancy and the relaxation of the ion cores 
into the hole contribute t o  the energy of vacancy forma- 
tion. The energy of vacancy formation is a small number 
that results from the addition and subtraction of several 
large terms. Very few calculations of this type have been 
performed. For copper, Huntington and Seitz [Phys. Rev., 
61: 315 (1942)l  obtained a value for E ,  of about 1 eV. 

As an illustration of the magnitude of the vacancy 
concentration in metals, setting s, = 0, E, = 1 eV, and 
T = 1000°C in Eq. 6.12 gives a vacancy fraction of 

6.4 EQUILIBRIUM CONCENTRATION OF 
DIVAC ANCIES 

We consider the thermodynamics of divacancy forma- 
tion in a crystal for two reasons. First, divacancies may be 

the embryos from which macroscopic voids grow by further 
condensation of vacancies. Second, the calculation illus- 
trates the use of combinatorial analysis somewhat more 
complex than the standard procedure used to  derive the 
configurational partition function for simple mixing (i.e., 
Eq. 5.33). 

We use the macroscopic thermodynamic approach 
(similar to  that which led to  Eq. 6.11), but at the start we 
neglect the excess entropy and approximate the free energy 
of divacancy formation by the energy of formation, 
The superscript 2 indicates that the quantity refers to  a 
divacancy. is the energy required t o  move two adjacent 
atoms from interior positions in the crystal to  the surface. 
The formation energies of single vacancies and divacancies 
are related by 

~ ( 2 )  = 2~ - B  (6.15) 

where B is the binding erzergy of a divacancy, or the energy 
required to separate a divacancy into two isolated single 
vacancies. 

The Gibbs free energy of a crystal containing NS2) 
divacancies compared to  the crystal containing no diva- 
cancies is 

V 

The combinatorial factor W remains t o  be computed. 
Imagine that we have a region containing N, sites that are 
completely filled with atoms. We now start removing pairs 
of atoms until NS2) divacancies are created. 

Consider the withdrawal of the first pair of adjacent 
atoms from the perfect lattice. The first atom of the pair 
can be removed from any one of the N, sites. The second 
atom of the pair must be withdrawn from one of the 0 
nearest-neighbor sites to the first atom. This restriction on 
the second atom is necessary because a pair of adjacent 
atoms must be withdrawn to  create a divacancy. I t  would 
appear, therefore, that there are ON, ways of creating the 
first divacancy. However, this number must be divided by 
2, since it is immaterial which atom was removed first. 
Thus, there are PNJ2 ways of creating the first divacancy. 

Two fewer atoms are available from which to generate 
the second divacancy, which can be created in P(N, - 2)/2 
ways. 

Finally, the last of the Ni2) divacancies can be created 
in P[N, - 2(Ni2)- l)] / 2  ways. The total number of ways 
of producing the NS2) divacancies is 

(;,“t” N,(N, - 2). . .[Ns - 2(Ni2) - I)] 

The permutations among the Ni2 )  divacancies are removed 
by dividing by NS2)!; thus the combinatorial factor for the 
divacancy problem is 
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pN$2’ (N,/2)! 
[(N,/2) -- N:’)] ! NS2)! W =  (6.17) 

The equilibrium divacancy concentration i s  determined 
by taking the derivative of Eq. 6.16 with respect to Nt2 )  
and setting dG/dN$2) = 0. This yields 

W 

%=- ( 2 )  d In W 
kT dNi2)  

Using Stirling’s approximation, we find that the derivative 
on the right-hand side of this formula is 

Neglecting N$2) compared to  Ns/2 and combining the 
preceding equations yields 

(6.18) 

Let the fraction of the total sites occupied by single 
vacancies be denoted by x, and the ratio of divacancies to 
total sites be denoted by xS2). Then Eqs. 6.12 (with s, = 0) 
and 6.18 can be written 

(6.20) 

Because of the more complicated combinatorial factor in 
the divacancy case compared to  the single-vacancy problem, 
the factor preceding the exponential in Eq. 6.20 is not 
unity. 

The divacancy concentration can also be approximately 
calculated by considering the chemical equilibrium be- 
tween single vacancies and divacancies: 

2 v =  vz 
where V denotes a single vacancy and V2 a divacancy. The 
energy change of this reaction is B, the binding energy of 
the divacancy. If the complexities of the combinatorial 
analysis are ignored and the law of mass action is applied to  
this reaction (according t o  the discussion leading to 
Eqs. 5.47 and 5.48), we obtain 

(6.21) 

By way of comparison t o  the exact method, substitution of 
Eq. 6.15 into Eq. 6.20 shows that 

x ( 2 )  = P e - 2 e , / k T  e B / k T  

Or, identifying exp(-2cV/kT) with x: (by Eq. 6.19), the 
exact result is 

y 2  

(6.22) 

Comparison of Eqs. 6.21 and 6.22 shows that the simple 

x(v2) - 0 e B / k T  
x i  2 

law-of-mass-action approach produces a relation between 

x$’) and x,, which is in error by a factor of P/2 .  However, 
Eq. 6.21 can be written down by inspection, whereas 
development of Eq. 6.22 is cumbersome and susceptible to 
mistakes in the .combinatorial analysis. As we argued in 
Chap. 5 ,  the implication that Eq. 6.22 is an accurate 
formula is misleading. Although Eq. 6.22 correctly treats 
the combinatorial problem, it completely neglects excess 
entropy effects, which are probably of the same magnitude 
as the combinatorial factor. 

6.5 EQUILIBRIUM CONCENTRATION OF 
INTERSTITIALS 

The interstitial is regarded as being produced by 
removing an atom from the surface of the crystal and 
placing it on  an interstitial location in the interior of the 
solid. The arguments developed for vacancy thermo- 
dynamics in Sec. 6.3 are directly applicable t o  the case of 
interstitial formation, and the equilibrium concentration is 
given by 

(6.2 3) 

where Ni is the number of atoms on interstitial sites, NSi is 
the total number of available interstitial sites (which is not 
necessarily equal t o  the number of normal lattice sites, see 
problem 6.4), and si is the excess entropy of interstitial 
formation and is given by an equation analogous to  
Eq. 6.13. For interstitials, however, the vibration-frequency 
ratio v/v’ is less than unity since the vibration frequency of 
atoms in the vicinity of an interstitial atom is increased by 
the congestion caused by the presence of the additioiial 
atom. Therefore, exp(si/k) is less than unity, in contrast t o  
the case of the single vacancy for which this term is larger 
than unity. 

Although only one type of single vacancy is possible, 
the discussion of Sec. 6.2 indicates that a variety of 
locations are available t o  an interstitial atom. It is difficult 
to determine, either by calculation or experiment, whether 
an interstitial impurity is located on octahedral or tetrahe- 
dral sites or whether an interstitial defect in an elemental 
crystal is of the normal or split type. Recent calculations 
for metals favor one of the many possible split interstitial 
configurations. 

The energy of interstitial formation, ci, is probably 
higher than that of vacancy formation for all solids. 
Calculations for copper suggest an interstitial-formation 
energy of  approximately 3 e V  compared to  1 eV for 
vacancy formation. 

6.6 POINT DEFECTS IN TWO-COMPONENT 
IONIC CRYSTALS 

So far in this chapter, we have considered the nature of 
point defects in elemental crystals. The presence of two 
species in an ionic solid compared t o  a single species in an 
elemental crystal multiplies manyfold the variety of pos- 
sible point defects. However, limitations posed by the 
requirement of local electrical neutrality severely restrict 
the number of possibilities; in fact, only two types of point 
defects are significant. 
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A perfect ionic crystal is represented in two dimensions 
in Fig. 6.6(a). In Fig. 6.6(b) a vacancy in the cation 
sublattice has been formed by moving a cation t o  a new 
lattice position on  the surface. The loss of a positively 
charged ion means that the cation vacancy has an effective 
negative charge, Le., a small volume of the crystal contain- 
ing the cation vacancy is short one positive charge, or this 
volume has a net negative charge with respect t o  the rest of 
the crystal. The interior of an ionic crystal tends to be 
electrically neutral, even on a rather small scale; so the 
isolated cation-vacancy defect depicted in Fig. 6.6(b) does 
not occur in real ionic solids. However, if a vacancy on the 
anion sublattice is created in the vicinity of the cation 
vacancy, as in Fig. 6.6(c), the defected region of the crystal 
regains electrical neutrality. Paired anion and cation va- 
cancies in ionic crystals are quite common and are called 
Scho t t ky  defects. In a pure crystal of the MX type, 
Schottky disorder consists of equal numbers of anion and 
cation vacancies. If the crystal contains impurities of 
different valence than the host ions or if for some other 
reason the normal equality of anions and cations in the 
crystal is disturbed, the numbers of cation vacancies and 
anion vacancies will not be equal. 

0000) 

The second type of defect which has been observed in 
an ionic crystal and which maintains local electrical 
neutrality is the Frenhel defect  (Fig. 6.7). Here, an ion 
(either an anion or a cation, but generally not both 
simultaneously) moves from a normal lattice site t o  an 
interstitial position, leaving behind a vacancy. Frenkel 
defects can occur either on the cation sublattice or  the 
anion sublattice. The interstitial position that accepts the 
displaced ion is generally at the center of the elementary 0 

cube in the NaCl structure (see Fig. 3.10) or  in the 
body-center position of the simple cubic anion sublattice of 
the fluorite structure (Fig. 3.12). However, split interstitials 
similar t o  those described in elemental crystals in Sec. 6.2 
have also been observed in ionic solids. 

0000 
oopo  
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Fig. 6.7 Frenkel defect in an ionic crystal. 

It is rare that an ionic solid exhibits Schottky disorder 
and Frenkel disorder simultaneously. Usually one or the 
other type predominates. Schottky and Frenkel defects are 
intrinsic to ionic solids, and, like the vacancy and intersti- 
tial defects in elemental crystals, they occur spontaneously 
and in concentrations controlled by thermodynamics. Since 
they involve movement of the ions of the lattice to 
nonregular positions, Schottky and Frenkel defects are 
often described as atomic disorder. 

The conduction electrons and holes generated in semi- 
conductor crystals represent a type of defect known as 
electronic disorder. Electronic defects and complex dis- 
order due to  association of atomic and electronic defects 
exert a profound influence on the electrical, optical, and 
magnetic properties of semiconductor materials. We do not 
consider electronic defects here since the mechanical 
properties that are important in reactor fuel element 
performance are most dependent upon atomic defects. 

6.6.1 Schottky Defects 
Consider a crystal that contains N V M  vacancies and NM 

positive ions on the cation sublattice and N,, vacancies 
and Nx  negative ions on the anion sublattice. As with an 
elemental crystal, a vacancy on either of the sublattices is 
created by moving an interior ion to the surface. Let gvM 
be the difference in the Gibbs free energy of the crystal 
with one cation vacancy and of the perfect crystal. Let gvx 
be the analogous quantity for an anion vacancy. As usual, 
g, can be approximated by 

000 
VACANCY @ 0 @ 
CATION 9 0  
ANION VACANCY- 0 0 

( C )  

Fig. 6.6 Defects in a type MX ionic crystal. (a) The perfect 
crystal. (b) The crystal with a cation vacancy. (c) The 
Schottky defect. 
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without unacceptable loss of accuracy. Therefore, the 
Gibbs free energy of a crystal containing both types of 
vacancies is 

G(N,M ,Nvx)  -G(O,O) = N V M e v ~  + NVx€,x - kT 111 W 
3 (6.24) 

The combinatorial factor W is the number of different 
arrangements of NVM vacancies and NM positive ions on the 
cation sublattice and Nvx vacancies and Nx negative ions 
on the anion sublattice. W is given by 

If the crystal is free of impurity atoms, the condition of 
electrical neutrality requires that the number of cation 
vacancies be equal to the number of anion vacancies, o r  

N,M = Nvx = Nv (6.26) 

With this restriction, Eqs. 6.24 and 6.25 reduce to 

G(Nv) -- G(0) = NveS - 2kT In ['",:!;;"I (6.27) 

where N represents the number of occupied sites on either 
the cation or  anion sublattices (N = NM = Nx). The term 

(6.28) 

is the energy required to  create a single defect pair 
consisting of a cation vacancy and an anion vacancy, or  the 
energy of formation of the Schottky defect. Except for the 
factor of 2 multiplying the last term, Eq. 6.27 is of the 
same form as the expression for the free energy of an 
elemental crystal containing vacancies (see Eq. 6.11). If the 
fraction of the sublattice sites (either the anion or  cation 
sublattice) which is vacant is denoted by xv,  the equilib- 
rium condition dG/dN, = 0 yields 

x, = XVM = xvx = e - ~ s / 2 k T  (6.29) 

Let us extend the analysis of Schottky-defect equilib- 
rium to  the more general case of a nonstoichiometric 
crystal. Nonstoichiometry, which in a solid of nominal 
formula MX means that the number of cations is not equal 
to the number of anions, arises for two reasons. 

In many ionic compounds, the cation possesses more 
than one stable valence state, and its crystalline compounds 
may represent a mixture of two valences. As an example, 
iron oxide may contain a mixture of !?e2+ and Fe3+ ions yet 
retain the crystal structure of pure FeO. For electrical 
neutrality to  be maintained in this case, the oxygen-to-iron 
ratio must increase in proportion to the quantity of 
trivalent iron present. The formula FeOl+, (where x > 0) 
can be used to  represent this type of nonstoichiometry. 
Since the number of anions exceeds the number of cations 
for x'> 0, yet the number of anion lattice sites is equal to 
the number of cation lattice sites, vacancies must be present 
on  the cation sublattice in excess of the concentration 
predicted thermodynamically for the stoichiometric crystal. 
Alternatively, the excess oxygen may be accommodated as 

interstitial ions with the cation sublattice remaining perfect. 
A similar type of nonstoichiometry occurs in uranium 
dioxide, and deviations from stoichiometry are very im- 
portant in the performance of this material in fuel elements 
for nuclear reactors. 

Another common method of creating nonstoichiometry 
in a crystal is t o  introduce a different cation into the solid. 
This process is known as doping. As shown in Fig. 6.8, the 
added cation forms a substitutional impurity on  the cation 
sublattice of the host crystal." If the impurity cation has a 
higher valence than the cation of the parent crystal, 
neutrality requires that vacancies be created on the cation 
sublattice. If a lower valence impurity is added, anion 
vacancies will be generated.+ 

Fig. 6.8 Divalent impurity cation in a crystal of the type 
MX. 

Thermodynamically, an impurity may be the same 
chemical species as the cations of the host lattice but of 
different valence, or it may be  a different chemical species. 
In either event, impurity ions are distinguished from the 
host cations by a different charge. We consider only the 
case in which the imbalance in electrical neutrality occa- 
sioned by the impurity cations is compensated by vacancy 
formation, either on  the cation or  anion sublattices, 
depending upon the charge of the impurity ion. 

As an illustration, consider a crystal of the MX type 
with charges qM = qx o n  the host anions and cations. NDM 
impurity ions of charge q D  are added to  the cation 
sublattice. The solid contains NsM cation lattice sites upon 
which are distributed the NDM impurity ions, NM host 
cations, and NVM cation vacancies. The Nsx anion lattice 
sites are shared by Nx negative ions and Nvx anion 
vacancies. These quantities are related by 

Nsx = N x  + Nvx 

The condition of electrical neutrality requires that, in the 
region of the crystal considered, there be an equal number 
of positive and negative charges: 

*It is generally not possible to substitute different anions in an 
ionic crystal-two phases tend to separate out. 

?If the cations of the lattice are capable of forming multiple 
valence states, impurity cations introduced m y  be accommodated 
by oxidation or reduction of the host cations (see Fig. 12.8). 
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NsM = NsX 

so the condition of neutrality becomes 

(6.30) 

If the cation impurity has a higher valence than the host 
cation, Eq. 6.30 shows that the number of vacancies on  the 
cation sublattice must exceed the number of anion va- 
cancies to maintain electrical neutrality. This formula also 
indicates that anion vacancies behave as positive charges 
and cation vacancies as negative charges. 

The impurity content of the crystal (NDM) is presumed 
fixed; so ,  when we seek the condition of equilibrium, we 
regard the Gibbs free energy of the crystal as a function of 
the vacancy concentrations N,M and Nvx. Equation 6.24 
correctly describes the crystal free energy in this case as 
well as in the impurity-free situation. However, since the 
cation sublattice contains an additional species, the combi- 
natorial factor W is 

where WM and Wx are the combinatorial factors for the 
individual sublattices. Because of the electrical neutrality 
restriction of Eq. 6.30, the crystal free energy is a function 
of only one of the variables NVM and Nvx;  let us use the 
latter. The condition of equilibrium is 

Breaking W into the components W M  and Wx, we can write 
the derivative of Eq. 6.24 with respect t o  Nvx as 

dG dNvM - =  - 
dNvx  (dNvx)EvM 

Since NVM and Nvx are linearly related by Eq. 6.30, the 
derivative dNvM /dNvx is unity. 

The derivatives of the combinatorial terms are obtained 
from Eq. 6.31: 

The concentrations xVM and xvx are the fractions of 
vacancies on  the cation and anion sublattices, respectively. 
Combining the four preceding equations yields 

x,Mx,X = (6.32) 

and the condition of electrical neutrality, Eq. 6.30, in terms 
of the site fractions becomes 

(6.33) 

Here x D M  is the fraction the cation sites in the solid which 
are occupied by impurity ions. Solved simultaneously, 
Eqs. 6.32 and 6.33 determine xVM and xvx.  The result for 
the undoped crystal, Eq. 6.29, is seen to be a special case of 
the above equations for xD = 0. 

When different conditions that cause an imbalance in 
the anion and cation vacancy concentrations are analyzed 
in a similar fashion, the equilibrium condition is always 
found to  be given by Eq. 6.32, and only the electrical 
neutrality condition changes. Thus, no matter what else is 
occurring in the crystal, the vacancy concentrations are 
always related by Eq. 6.32. This formula embodies all the 
feature of the law of mass action; if one of the vacancy 
concentrations is artificially altered by an outside agent, the 
other vacancy concentration changes in a manner that 
satisfies Eq. 6.32. 

In pure crystal of the type MX2 (e.g., the fluorite 
structure), Schottky disorder consists of twice as many 
anion vacancies as cation vacancies. An analysis similar to 
that presented for the MX-type solid yields the law of mass 
action: 

where E ,  is the energy of formation of two anion vacancies 
and one cation vacancy. In the pure crystal electrical 
neutrality requires that Nvx = 2NVM, or,  in terms of site 
fractions, xvx = xvM.  Equation 6.34 reduces to  

6.6.2 Frenkel Defects 
The thermodynamics of Frenkel defects can be ana- 

lyzed in a manner similar to that applied to  Schottky 
disorder in the preceding section. Frenkel disorder may 
involve either the  cations o r  anions, but generally not both 
simultaneously. In either case, the concentration of va- 
cancies and interstitials are related by a mass-action law: 

for the cation sublattice and 

xvxxix = e-€FXlkT (6.37) 

for the anion sublattice. 
The concentrations xiM and xix are the fractional 

occupancies of the interstitial sites by positive or  negative 
ions, and E F M  and eFX are the formation energies of 
Frenkel defects on the cation and anion sublattices, 

C 
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respectively. They represent the energy required to move an 
ion from its normal lattice position to an interstitial site. 

The law of mass action governing Frenkel disorder must 
also be accompanied by an eqmtion of electrical neutrality. 
In the simplest case of Frenkel defects in a pure solid that 
has the same number of interstitial sites as regular lattice 
sites, the charge balance is xVM = X,M (or xVx = x l x ) ,  and 
the defect concentrations are given by 

valence, o r  by impurity species. These concentrations are 
related by 

N,M = NM + N V ~  + NL + NDM (6.41) 

For the anion sublattice, only normal cations and vacancies 
need be considered: 

Nsx = NX + Nvx (6.42) 

for cation Frenkel disorder and by 

for anion Frenkel disorder. 

6.6.3 General Condition of Electrical 
Neutrality 

For any combination of doping or  nonstoichiometry, 
atomic disorder of the Schottky or  Frenkel types can 
always be analyzed by combining the laws of mass action 
for the appropriate defecting equilibria with a condition of 
electrical neutrality. The latter considers the concentration 
and charges of all species in the crystal and requires that the 
net charge be zero. The particles involved in the charge 
balance are given in Table 6.1. 

Table 6.1 

Species Concentration Charge 

Normal cations NM qM 
Cations of same chemical 

Impurity species in the 

Cations on interstitial sites 

type but  different valence NM qM 

ND M q D  

in the crystal N i M  qM 

cation lattice 

Normal anions NX q x  

sites in the crystal Nix qx 
Anions on  interstitial 

Except for electronic disorder in the form of holes or 
conduction electrons (and complex disorder), Table 6.1 
includes all the possible charge-carrying species in ionic 
solids. The general condition of charge neutrality is 

In most practical situations, many of the terms in 
Eq. 6.40 are zero. Vacancies, which are not ponderable 
species, do  not enter directly into the electrical neutrality 
condition. Rather, they are introduced by equations that 
show how the anion and cation sublattices are filled. The 
NsM available sites in the cation sublattice may be occupied 
by vacancies (which is t o  say, unoccupied), by normal 
cations, by cations of the same species but of different 

Since the perfect crystal must be  electrically neutral, the 
number of anion and cation lattice sites are related by 

qX NsX = qM NsM (6.43) 

Combining Eqs. 6.40-6.43 leads to the electrical 
neutrality restriction involving only adjustable concentra- 
tions (NDM and NL)  or  quantities appearing in the laws of 
mass action associated with the prevalent type of atomic 
disorder (NiM ,NVM ,Nix, and NVx): 

6.7 NOMENCLATURE 

B = binding energy of a divacancy 
D = energy of a single bond 

Eo =energy of a system when all atoms are in their 
ground vibrational states 

AErelax = relaxation energy 
F = total Helmholz energy 
gi = Gibbs free energy of formation of a single defect 

i (e.g., a vacancy) 
G = total Gibbs free energy 
h = Planck’s constant 

hi = enthalpy of formation of defect i 
k = Boltzmann constant 
N = number of atoms or sites in a crystal 
q = electronic charge on  an ion 
si = entropy change in formation of a single defect i 
S = total entropy 
T = temperature 
U = total internal energy 
V = volume of a crystal 
W = combinatorial factor 
xi = fraction of available sites which contain defect i 
Z = total partition function of a crystal 

Z* = total partition function of a perfect crystal 

Greek letters 
a = number of vibrational modes affected by the 

/3 = number of nearest neighbors to  an interior atom 
presence of a vacancy 

e o  = energy per atom of the perfect crystal 
E ,  = energy of formation of a Schottky defect 
E ,  = energy of formation of a vacancy 

v = frequency of vibration of a mode 
u’ = frequency of vibration of modes affected by a 

vacancy 
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Subscripts 
D = impurity ions 

DM = impurity ions on cation sublattice 
FM = Frenkel defect on  cation sublattice 
FX = Frenkel defect on  anion sublattice 

i = mode of vibration; interstitial 
iM = positive ion on  an interstitial site 
iX = negative ion on  an interstitial site 

M = cations or cation sublattice 
S = lattice sites 
si = interstitial sites 

sM = cation lattice sites 
SX = anion lattice sites 

vM = vacancy on cation sublattice 
VX = vacancy on anion sublattice 

X = anions or  anion sublattice 

mix = (entropy of) mixing 

v = vacancy or  vacant lattice sites 

Superscript 
(2) = divacancy 

6.8 PROBLEMS 

6.1 The precursors of fission-gas bubbles in metal fuels are 
defect clusters of xenon atoms and vacancies. Consider a 
defect that is formed by association of v, vacancies and v x e  
xenon atoms in a particular geometric configuration. The 
process can be regarded as the reaction 

vv 0 + vXeXe +defect 

The concentration of defects of this type can be 
approximated by the law of mass action in which the 
binding energy of the cluster defect is the difference 
between the energy of the crystal with isolated vacancies 
and xenon atoms and the energy in the defect configura- 
tion. The binding energy, B, can be approximated by the 
simple bond theory of interaction between nearest-neighbor 
point defects: 

where bx,+ represents the number of adjacent xenon 
atoms and vacancies in the particular defect and @ x e - ,  is 
the strength of the Xe-vacancy "bond" (actually, it is the 
reduction in energy of the crystal when a vacancy and a 
xenon atom are brought together on adjacent sites). 
Numerical values for these bond energies in uranium are: 

@ X C - V  = 0.6 eV 
@xe-xe = -0.7 eV 

hV = 0.1 eV 

Consider the four defects shown in the diagram (each line 
represents a nearest-neighbor bond). 

(a) Why is @Xe-Xe  negative? 
(b) Calculate the binding energy of each of these 

defects. 
(c) Assuming the initial concentrations of vacancies and 

xenon atoms are NO, and N;, per cubic centimeter, 

compute the concentrations of each of the defects at 
equilibrium from the law of mass action. (Do not attempt 
combinatorial analysis.) 

( 4 )  

W 

0 XENONATOM 

VACANCY M 
6.2 From room temperature to  2000"K, the specific heat 
at constant pressure of U 0 2  can be expressed by 

C, = b + cT [J(mole UO2)-'"K-'1 

(a) For ideal crystalline U 0 2  well above its Debye 
temperature, what should be the value of the constant b? 
Express the constant c in terms of other thermodynamic 
properties of UOz . 

(b) At temperatures greater than 2000"K, the measured 
enthalpy of U 0 2  is larger than that predicted by extrapola- 
tion of the parabolic behavior suggested by the heat- 
capacity equation of (a). This difference, which is called the 
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excess enthalpy, is due to  the formation of Frenkel defects 
resulting from movement of oxygen ions from their normal 
lattice sites to  one of the interstitial sites in the U 0 2  lattice. 
(The uranium sublattice is not affected; it remains perfect.) 
If the energy of formation and the excess entropy of the 
Frenkel defect are eF and sF ,  respectively, derive an 
expression for the excess enthalpy of UOz. Neglect 
vacancy-interstitial concentrations compared to  the con- 
centrations of lattice sites and interstitial sites. Assume the 
UOz is stoichiometric. [See R. Scwarc, J .  Phys. Chem. 
Solids, 30: 705 (1969).] 

6.3 Consider a bcc crystal consisting of a single type of 
atom. When an interstitial of the same species as the host 
a tom is formed in the lattice, two configurations are 
possible. The octahedral interstitial is located on  a face- 
centered position of the unit cell. The (100) split interstitial 
consists of the added atom and one that was originally in 
the lattice lying along the (100) direction at equal distances 
from the body-centered position in the unit cell. The two 
types of interstitial configurations are shown in the 
accompanying diagram. Assuming that interactions are 

0 

I I I 

( a  1 OCTAHEDRAL INTERSTITIAL 

0 
I 

6 
( b )  <loo> SPLIT INTERSTITIAL 

INTERSTITIAL 

0 NORMAL LATTICE ATOM 

restricted to the 1 2  atoms shown in the diagram and that 
pairs of atoms separated by a distance r have an interaction 
energy of @(r), show how to  determine which type of 
interstitial is energetically favored. 

6.4 Determine the following two characteristics of the 
octahedral and tetrahedral interstitial sites in the fcc and 
bcc lattices: 

(a) The maximum diameter of a hard-sphere impurity 
atom that can fit into the interstitial site if the host atoms 
are represented by hard spheres of diameter d. 

(b)The  chemical formula of the compound formed 
when all the interstitial positions (of a particular type) are 
occupied by impurity atoms (i.e., the n in MI,,, where 
M = host metal atom and I = impurity atom). 

1 

6.5 Prove that the law of mass action for Schottky 
disorder in crystals of the type MX? is given by Eq. 6.34. 

6.6 An ionic crystal of the type MX is simultaneously 
subject to  Schottky disorder and Frenkel disorder on  the 
cation sublattice. If the equilibrium constants for Schottky 
and Frenkel defects are K, and K F M ,  respectively, deter- 
mine the equilibrium concentrations (in units of site 
fractions) of the pertinent defect species present in the 
crystal. In the particular crystal structure, there are p 
interstitial sites €or each normal cation lattice site. 

6.7 The thermodynamic treatment of the distribution of 
impurity atoms between two sites in a host crystal in 
Sec. 5.4 did not allow for alteration of the vibrational 
modes of the lattice atoms surrounding an impurity atom. 
That is, the partition function written for the problem 
(Eq. 5.41) did not contain a component due to  host-atom 
vibrations, which implies that the vibrational spectrum of 
the lattice is unaffected by the presence of foreign atoms in 
its A or B interstitial sites. This assumption is, in general, 
not valid, and the effect of altered lattice vibrations can be 
incorporated into the analysis by using what was applied to  
the vacancy equilibrium in the present chapter. 

The partition function of a mixture consisting of Nl 
lattice atoms, NA impurity atoms on the A sites of the 
lattice, and NB impurity atoms on B sites is given by the 
product of Eq. 5.41 and the partition function of the 3N1 
modes of lattice vibration. The latter is 

3N1 
(1 - e - h v i / k T r l  

i = l  

It is assumed that the perfect solid (Le., no impurity 
atoms present) can be represented as a collection of 
Einstein oscillators of frequency vl. Each impurity atom 
introduced into an A site changes ( 1 1 ~  vibrational modes of 
the host lattice from frequency v1 t o  frequency v I A .  A 
similar modification of lattice vibrational frequencies oc- 
curs when impurities are introduced into B sites. These 
vibrations do  not include the vibrations of the impurity 
atoms proper, which are part of the partition functions ZA 
and ZB of Eq. 5.41. 

Derive the expression for the partition function of this 
mixture, and from the partition function obtain the law of 
mass action governing the distribution of the impurity 
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atoms between A and B sites. How does this distribution 
compare with the result assuming a rigid lattice (Eq. 5.46)? 

6.8 The dominant type of disorder in uranium dioxide 
consists of Frenkel defects on the anion sublattice. This 
type disorder applies to stoichiometric as well as non- 
stoichiometric material (i.e., UOz +,). Assume that the 
uranium sublattice is perfect, except that when x >  0 
(hyperstoichiometric) some of the uranium ions are in the 
5+ valence state and when x < 0 (hypostoichiometric) some 
of the uranium ions are in the 3+ valence state. The oxygen 
sublattice, however, contains vacancies, and some oxygen 
ions occupy interstitial positions in the fluorite structure. 

Let: NsM = cation lattice sites in UOz 
Nsx = anion lattice sites in UOz 
NSi = interstitial sites in the fluorite structure 

N C  = number of U4+ ions on  cation lattice sites 
N:’ = number of Uq+ ions on  cation lattice sites (q = 

Nx = number of.0’- ions on anion lattice sites 
Nvx = number of vacancies on the anion sublattice 
Nix = number of 0’- interstitials 

or 5) 
3 

(a) Write all the relationships between the above quan- 
tities. 

(b)How is the difference between the number of 
oxygen interstitials and anion vacancies related t o  the 
stoichiometry parameter x in UOz+x? 

(c) Determine the fraction of the uranium in the q+ 
valence state in terms of the stoichiometry parameter x. 

(d) Assuming that the Frenkel defects are in equilib- 
rium with a mass-action constant KFX,  find the fraction of 
vacancies on the oxygen sublattice as a function of x. 

6.9 When interstitial solutes, such as oxygen, dissolve in a 
metal, they can cause an increase in the total number of 
vacancies by the reaction: 

Interstitial oxygen + free vacancies 

+ vacancy-interstitial pair 

The binding energy of the pair, B,, is positive; so the above 
process will occur. As vacancies are removed by the above 
reaction, the free-vacancy concentration is maintained at 
nearly the value it would have in the absence of dissolved 
oxygen. The net result is an increase in the total number of 
vacancies in the metal (which is the sum of the free 
vacancies and the vacancies bound in a pair). This effect has 
been proposed by Kidson (see Diffusion in bcc Metals, 
American Society of Metals, p. 345, 1965) to  explain the 
enhancement of the self-diffusion coefficient when dis- 
solved oxygen is present in otherwise high-purity zir- 
conium. Since self-diffusion in this metal occurs by a 
vacancy mechanism, additional vacancies created by the 
dissolved oxygen result in a greater diffusion coefficient. 
The various defects in the crystal lattice are shown in the 
accompanying diagram. 

In this system there are two defects that attain 
concentrations governed by equilibrium thermodynamics, 
namely, the free vacancies, N t ,  and the bound pairs, N,. 
The number of unpaired interstitial oxygen atoms is fixed 

0 

0 

0 
0 

0 

E N C Y  METAL A 3  

INTERSTITIAL 
OXYGEN (FREE) 

0 0 0 0  

once N, is fixed because the total oxygen content, N b ,  IS 

specified. The numbers of lattice and interstitial sites are N, 
and Nsi, respectively. 

(a) If the metal has a bcc structure and the oxygen is 
dissolved in the octahedral interstitial sites, what are the 
number of interstitial sites per lattice site (a) ,  the number 
of interstitial sites adjacent to  a lattice site (p ) ,  and the 
number of lattice sites adjacent to an interstitial site (p’)? 

(b) Write the expression for the total free energy of the 
defected crystal with respect t o  the oxygen-free perfect 
crystal in terms of the following energies: 

E ,  - g, = free energy (or energy) t o  form a single free 
vacancy 

Eb - gb = free energy (or energy) increase upon adding 
a single free oxygen atom t o  an interstitial 
site in the crystal 

E ,  - g, = free energy due to simultaneously creating a 
vacancy, introducing an oxygen atom, and 
binding the two into a pair 

In writing the total-free-energy expression, let the total 
configurational entropy be k In W. 

(c)How are the three energies defined in (b)  and the 
pair binding energy, B,, related? 

(d) Calculate the combinatorial factor, W, in the con- 
figurational entropy term by the following method: First 
split W into three factors, 

where W, = number of ways of arranging N, pairs among 

Wb = number of ways of arranging Nb - N, free 

W, = number of ways of arranging Nf, vacancies on 
c the available sites 

oxygen atoms on the sites available to  them 

the sites available to them 
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Each of the three factors must be calculated in 
sequential order. Calculation of W, is similar to  the 
divacancy problem discussed in the text. Wb is calculated 
on  the condition that N, of the interstitial sites are already 
occupied by the oxygen part o f  a pair. W, is calculated 
under the conditions that N, lattice sites are already 
occupied by the vacancy part of a pair and that the 0' 
lattice sites adjacent t o  each of the Nb -N, free oxygen 
atoms are also excluded (otherwise a pair would be 
formed). 

(e) Minimize the free-energy expression to  obtain the 
two mass-action laws for this problem. 

(f)iCompare the result of (e) with the simple approach 
of writing a law of mass action by inspection of the 
reaction and assuming that the free-vacancy concentration 
is the same as in the oxygen-free metal. 

6.10 What is the chemical potential of the vacancies in an 
elemental crystal? What is the chemical potential of the 
vacancies when the equilibrium concentration of vacancies 
is attained? Neglect excess entropy effects. 

6.11 Lvradiation of a metal produces vacancy-interstitial 
pairs that are called Frenkel pairs. At the temperature of 
irradiation, the vacancies cannot migrate but the inter- 
stitials are mobile. Some of the interstitials annihilate 
vacancies, but some anneal ou t  a t  fixed sinks (e.g., 
dislocations, grain boundaries). The net result is that a t  the 
end of irradiation, the metal contains no interstitials but 
possesses an atomic fraction of vacancies, x:, which is in 
excess of the equilibrium value. 

After irradiation the temperature of the vacancy- 
supersaturated sample is raised to  a value where the 
vacancies are mobile. They begin to  diffuse about and 
anneal ou t  at fixed sinks. The annealing process may be 
followed by measuring the electrical resistivity of the 
sample, which is proportional to  the vacancy concentration. 

Let x, be the vacancy fraction a t  any instant. Vacancies 
are removed by the annealing process a t  a rate proportional 
to  x,, the rate constant being denoted by k-. However, 
vacancies are also generated by thermal processes at a rate 
designated by k'. 

Show how the measurement of the vacancy concentra- 
tion as a function of annealing time can be used t o  deduce 
the rate constants k +  and k- and the initial concentration 

The thermodynamic energy of vacancy formation, E",  is 
known. The excess entropy of vacancy formation can be 
neglected. 

x:. 

6.12 The energy stored in graphite as displacements (Le., 
vacancy-interstitials or Frenkel pairs) produced by  low- 
temperature irradiation can be released if the temperature is 
raised beyond a critical point. This phenomenon is some- 
times called Wigner release. The magnitude of the stored 
energy, Q (jouleslgram), for irradiation of a graphite 
specimen t o  a particular fluence is measured by the 
following experiment. 

Ten grams of the irradiated graphite are placed in a 
furnace held at 200"C, and the temperature of the sample is 
monitored as a function of time. The upper curve on  the 
accompanying graph shows this temperature history. The 

sample is then removed from the furnace, cooled to  room 
temperature, and again inserted in the furnace. The lower 
curve shows the time-temperature behavior of this second 
anneal. There is no stored energy t o  be released in the 
second anneal; so the lower curve represents simple heat 
exchange between the sample and the furnace. The rate at 
which heat is added to the sample is proportional to  the 
temperature difference (200 - T). The constant of pro- 
portionality is K = 0.44 J "C-' min-' . The temperature at 
the point where the two curves separate is 128"C, and the 
maximum temperature achieved in the first anneal is 
270°C. The area between the two curves is 4200°C min. 
The heat capacity of the graphite is 1.26 J g '  "C-' . 

(a) Determine the value of the stored energy per gram 
of sample. (Hint: The rate of release of stored energy may 
be written as g(T). Use this function in developing the 
appropriate equations from which Q can be determined.) 

(b) If the stored energy is due to  recombination of 
radiation-produced vacancies and interstitials (Frenkel 
pairs), what was the atomic fraction of Frenkel pairs prior 
to annealing? The formation energies of vacancies and 
interstitials in graphite are 5.2 eV and 13.9 eV, respectively. 
The density of graphite is 2.2 g/cm3. 

"0 40 80 120 
TIME, rnin 

0 

Time vs. temperature plot of graphite placed in a furnace 
held a t  200°C. Upper curve: sample previously irradiated at 
55°C. Bottom curve: same sample after annealing. (After 
G. J. Dienes and G. H. Vineyard, Radiation Effects in 
Solids, p. 100, Wiley-Interscience, Inc., New York, 1957) 



Chapter 7 
Diffusion in Solids 

Chapter 6 dealt with the thermodynamic properties of 
point defects. The phenomena that result from the expo- 
sure of solid materials t o  a radiation environment, such as 
the production and migration of fission products and the 
creation and annealing of vacancies and interstitials, depend 
on  the kinetic properties of the point defects. Under- 
standing the mechanism of motion of various types of point 
defects is essential t o  the development of rational methods 
for predicting the performance of nuclear reactor fuel 
elements and other structural components of the reactor 
core. 

On an atomic scale the motion of point defects is best 
viewed as the uncorrelated hopping of the species from 
point to point in the solid. The aimless wandering is also 
exhibited by the molecules of a gas or  a liquid and is called 
random walk. If mobile particles are distributed nonuni- 
formly in a medium, the random-walk process tends to 
make the concentration everywhere uniform, or, on a 
macroscopic scale, the mobile species exhibit a net flow 
from regions of high concentration to regions of low 
concentration. This macroscopic manifestation of the 
random-walk process in a concentration gradient is called 
molecular diffusion. 

7.1 FICK'S LAWS 

The mobility of a particular species in an isotropic 
medium is governed by a single parameter, the diffusion 
coefficient." This quantity is defined in terms of the 
measurable quantities, the net flux of the diffusing species, 
and the concentration gradient. The defining equation is 
Fick's first law: 

J = - D V C  (7.1) 

~ 

*Throughout this chapter we will restrict attention to 
solids that are isotropic with respect t o  diffusion. Anisot- 
ropy in diffusional processes occurs in all noncubic crystals, 
in which case three diffusion coefficients characterize the 
system. However, irrespective of the crystal structure, the 
medium may b e  considered isotropic if it is composed of 
many small crystallites with no preferred orientation in the 
polycrystalline compact. In this case any inherent direc- 
tional properties of individual grains are nulled by the 
random orientation of the crystallites in the aggregate. 

where J is the vector flux of the diffusing species in units of 
atoms (or gram atoms) per unit area per unit time; it is the 
rate a t  which the diffusing species passes through a unit 
area perpendicular to the direction of the flux vector. The 
concentration of the diffusing species in atoms (or gram 
atoms) per unit volume is denoted by C, and V C  is the 
spatial gradient of-the concentration. The diffusion coeffi- 
cient D has units of length squared per unit time, usually 
square centimeters per second. When the diffusing species is 
present in very low concentrations in the host solid (i.e., as 
a trace constituent), the diffusion coefficient is indepen- 
dent of concentration. For a particular system, D is a 
function of temperature only.? 

Equation 7.1 defines the diffusion coefficient. To 
calculate a concentration distribution or a flux in a 
particular situation, we must combine Eq. 7.1 with a 
mathematical statement of conservation of matter for the 
diffusing species. Figure 7.1 shows a region of the host solid 
in which a concentration gradient, and consequently a 
vector flux of the diffusing species, exist. Consider the 
small element of surface area dS. The normal to the surface 
at  this point is denoted by the vector n. The rate at which 

REGION IN SOLID OF 
VOLUME V, SURFACE 

Fig. 7.1 Volume element in a solid containing a diffusing 
species. 

?Here we deal exclusively with the tiace diffusion 
coefficient. In more complex situations involving nonideal 
solids or driving forces other than a simple concentration 
gradient, other types of diffusion coefficients are useful. 
The books on  diffusion in solids listed at  the end of this 
chapter describe the many types of diffusion coefficients 
used. 
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the diffusing species leaves the region of volume through 
the small area d S  is the product of dS  and the component 
of the flux along the normal, n - J. Integration over the 
entire surface S gives the rate at which the diffusing species 
leaves the region depicted in Fig. 7.1: 

R , = ( , n *  J d S  (7 .a) 

where Rt is the rate of transport of the diffusing species 
across the surface S. 

A differential element of volume dV inside the region 
of Fig. 7.1 contains C dV atoms (or gram atoms) of the 
diffusing species. The ratel of accumulation of the diffusing 
species in this volume element is (a /a t ) (C dV) and, over the 
entire volume V, it is 

(7.3) 

where R, is the rate of accumulation of the diffusing 
species in the volume V. 

There may be sources o r  sinks of the diffusing species.* 
Let the diffusing species be created at the net rate Q atoms 
(or gram atoms) per unit volume per unit time. Hence, 

R, = /“Q dV (7.4) 

where R, is the rate of creation of diffusing species in the 
volume V. 

The statement of conservation of the diffusing species is 
obtained by combining Eqs. 7.2 to 7.4: 

L g d V  = - 1 n -  J d S  +h dV (7.5) 

By the divergence theorem? the first term on the right-hand 
side of Eq. 7.5 is equal t o  the volume integral of the 
divergence of J. Thus, Eq. 7.5 becomes 

For the integral to be identically zero, the integrand must 
vanish, or 

(7.6) 

*For example, fission-product atoms in a reactor fuel 
material are created by the act of fission; interstitials and 
vacancies in a solid are created by radiation and destroyed 
by annihilating each other; radioactive species disappear by 
decay. 

?For a vector F defined over a region of volume V and 
surface S, the divergence theorem is 

. f s n .  F d S = . f v V -  F d V  - 
where, for Cartesian coordinates 

v .  F = > + - - . Y + L  aF aF aF 
ax  ay aZ 
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Equation 7.6 is a general condition of material conser- 
vation which is independent of the physical phenomena 
that produce the flux J .  If the flux is due solely to 
molecular diffusion, Eq. 7.1 may be substituted into 
Eq. 7.6. In so doing, we assume that the diffusion coeffi- 
cient is independent of position, so D can be taken through 
the divergence operation. Then 

ac 
-= D V ~ C  + Q a t  (7.7) 

Equation 7.7 is commonly known as Fick’s second law. 
It is seen to be a combination of a conservation condition 
o n  the diffusing species and the definition of the diffusion 
coefficient. The form of Eq. 7.7 is identical to the 
heat-conduction equation or  the neutron-diffusion equa- 
tion. When supplied with an initial condition and two 
boundary conditions for each spatial coordinate repre- 
sented in the Laplacianv’, solution of Eq. 7.7 yields the 
concentration of the diffusing substance as a function of 
position and time. There are an enormous number of 
solutions to Eq. 7.7, depending on  the boundary and initial 
conditions, the coordinate system (Cartesian, cylindrical, or 
spherical), and the nature of the source term Q. We make 
no attempt to  review these solutions here. The techniques 
for solving this type of linear partial differential equation 
are well known, and practically the world’s supply of 
solutions are given in the book by Carslaw and Jaeger and 
the book by Crank cited at  the end of this chapter. 
Generally we will simply use solutions to Eq. 7.7 as they 
are needed without giving the mathematical details of the 
sol ut ion methods. 

7.2 ATOMIC PICTURE OF DIFFUSION 

Migration of one species in a solid occurs by the 
occasional jump of an atom from one equilibrium site to 
another. In the hypothetical example shown in Fig. 7.2, the 
diffusing species is an impurity that most of the time 
occupies the  body-center sites of a simple cubic host 
crystal. Because of the interaction of the impurity a tom 
with the surrounding atoms of the lattice, the minimum 
energy (or equilibrium) position of the impurity atom is at 
the center of the unit cube in Fig. 7.2. As the atom moves 
from the center in any direction, it experiences an increase 

L EOUILIBRIUM POSITIONSJ 
OF IMPURITY ATOM 

Fig. 7.2 Impurity atom in a crystal of simple cubic 
structure. 
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Fig. 7.3 Potential energy of impurity atom-host crystal 
system as the impurity atom moves through the crystal in 
the x-direction. 

in potential energy. However, there are several directions in 
which the potential-energy barrier has low points or 
troughs. The directions normal to the faces of the unit 
cubes in Fig. 7.2 are such directions. If the impurity atom 
acquires sufficient energy, it can move out of one unit cube 
into an adjacent unit cube. This elementary act is the 
diffusive jump. The jump length X in this example is one 
lattice constant. 

The magnitude of the energy barrier that the migrating 
atom must overcome to hop from one position to the next 
can be determined by computing the potential energy of 
the system comprising the moving atom and the host 
crystal as the former occupies various positions along the 
line of its diffusive jump. A typical potential-energy curve 
as the impurity atom in Fig. 7.2 moves from the equilib- 
rium position in the left-hand cube to  the center of the 
adjacent cube is illustrated in Fig. 7.3. If the interatomic 
forces between the impurity atom and the atoms of the 
crystal are known, the potential-energy contour of Fig. 7.3 
can be computed by methods similar to  those described in 
Chap. 4 for determining the cohesive energy of the host 
atoms of the solid. In particular, if the diffusing atom 
interacts in a painvise manner with the surrounding atoms, 
the potential energy at each point along the line of motion 
is the sum of the interaction energies between the impurity 
atom and each of the surrounding atoms of the matrix. In 
addition, the atoms of the host crystal are permitted to 
relax to  a configuration that minimizes the total potential 
energy of the system. 

The energy is a minimum when the impurity a tom is in 
an equilibrium position and attains a maximum value 
halfway between equilibrium sites. At the latter position 
the diffusing atom is in the center of the square of atoms 
forming the common boundary of the unit cubes in 
Fig. 7.2. Because of the close approach of the matrix atoms 
and the diffusing species compared to  the separation in the 
equilibrium position, the system energy is greatest a t  this 
point. The difference in potential energy between the 
equilibrium position and the maximum, or saddle point, is 
the activation energy for diffusion, E*:  

E* = U (saddle point) - U (equilibrium site) (7.8) 

An atom in the saddle point is also said t o  be in the 
activated state. 

The impurity atom spends most of its time simply 
oscillating about the equilibrium position. The vibration 
frequency v is related to  the curvature of the potential 
energy at the equilibrium position by 

Very infrequently the vibrating atom acquires an energy 
equal to  or greater than the barrier energy E * ,  which results 
in a diffusive jump from one equilibrium position to 
another. 

If the potential-energy curve of Fig. 7.3 is known, the 
quantities v and E* are thereby determined. Two additional 
questions must be answered before the mobility of the 
diffusing species can be fixed: 

1. Can the frequency with which an atom jumps from 
one equilibrium site to another be determined from 
knowledge of v and E*? 

2. How is the diffusion coefficient related to  the jump 
frequency and the jump distance? 

The frequency with which an atom jumps to  a 
particular adjacent site is denoted by w. This jump 
frequency can be estimated by absolute-rate theory, which 
is considered in Sec. 7.5. The frequency with which a 
diffusing atom jumps into any neighboring equilibrium site 
(or the total jump frequency) is the product of the jump 
frequency t o  a single site, w ,  and the number of nearest- 
neighbor sites, 0: 

I’ = pw (7.10) 

where r is the total jump frequency. The value of 0 
depends on the crystal structure and the jump path. For the 
hypothetical example of Fig. 7.2,p = 6. 

The total jump frequency and the jump distance can be 
related to the diffusion coefficient by random-walk theory. 
This crucial link between the microscopic description of 
atomic motion embodied in the jump frequency and the 
jump distance and the purely macroscopic parameter 
defined by Eq. 7.1 is considered in Sec. 7.3. 

7.3 RANDOM-WALK THEORY 

Suppose at time zero a single impurity a tom is placed in 
a position in a crystal which is designated as the origin. As 
shown in Fig. 7.4, the atom then proceeds to  jump from 
one equilibrium position t o  another in a completely 
random manner. Each jump is of distance A,  but,  because 
the medium is assumed t o  be isotropic, the direction of 
each jump is arbitrary and independent of the previous 
jumps. 

ORIGIN 

C 
Fig. 7.4 Eight random jumps of equal length A. 
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After a time t ,  the displacement r of the particle from 
the origin is measured. This experiment is repeated many 
times, and each time the displacement r for the same time 
interval t is measured. Because of the stochastic nature of 
the process, r will not be the same for each experiment, 
even though the time allotted for motion -is the same. 
Rather, the displacements will be distributed according t o  a 
function pt(r), where pt(r) d3 r  is the probability of finding 
the impurity atom in a volume element d 3 r  at a distance r 
from the origin after a t ime t .  The quantity that best 
describes the extent of migration is the mean square 
displacement,2,  which is given by the second moment of 
the distribution, or 

m - 
r2 = I r2 pt(r)  d 3 r  = 471 J,, r4 pt(r) dr (7.11) 

The mean square displacement can be computed with- 
out knowledge of the complete distribution function as 
follows. Since the atom makes r' jumps per unit time, the 
time interval t corresponds to  a number n of jumps given by 

all 
space 

n = r't 

As indicated in Fig. 7.4, each of the n jumps can be 
represented as a vector Ai. These vectors are all the same 
length A but of random direction. The position of the 
diffusing atom a t  the end of n jumps is the vector sum of 
the Ai, or 

r = A l  + A 2  + . . . + A ,  (7.12) 

For any experiment the magnitude of the square of the 
displacement is obtained by  taking the scalar product of r 
with itself, or 

r 2 = r - r = ( A l  + A ~ + . . . + A , ) . ( x ~  + i 2 + . . . + h n )  

On performing the scalar product of two sums (which is 
algebraically equivalent to squaring the sum), we obtain 

n n-1 n 

i = l  i = l  j = j c l  
r2 = hi * hi f 2 Ai * Xj (7.13) 

The double sum in the last term of this formula merely 
generates all possible combinations of i-j terms, irrespective 
of the order of i and j in the product and excluding terms 
for which i = j (these contributions are included in the first 
term on  the right of Eq. 7.13). For n = 3, for example, the 
last term is 2(A1 - A2 + AI X3 + A 2  - A3). Since all jumps 
are of the same magnitude A, the scalar products in 
Eq. 7.13 can be written 

hi * A j  = h2 cos o i j  (7.14) 

where B i j  is the angle between the ith and jth jump vectors 
(j need not represent the jump immediately following the 
ith jump). For i = j ,  the scalar product is A'. 

Substituting Eq. 7.14 into Eq. 7.13 yields 

r2 = E + 2h2 2' f cosoij 
i=l  i=l j = i + l  
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Since h2 is a constant, the first sum on the right is 
simply nh2 ,  and the preceding formula becomes 

Equation 7.15 expresses the square of the distance from 
the origin attained in a single experiment consisting of 
n jumps each of length A. The mean square displacement is 
obtained by averaging r2 of Eq. 7.15 over a large number of 
identical experiments. The term cosBij can take on any 
value between -1 and 1. By the nature of the random 
hopping process, the average value of cos6'ij for any i-j 
combination is zero.* Thus, the last term in Eq. 7.15 
disappears in the averaging process, and the mean square 
displacement is 

- 
r2 =nA2 (7.16) 

or, replacing n by rt, 
- 
r2 = h 2 r ' t  (7.17) 

Equation 7.17 relates the mean square displacement to 
the microscopic properties of jump distance and jump 
frequency. Since the random-walk process o n  which 
Eq. 7.17 is based is identical to  a diffusion process, the 
mean square displacement can also be computed from a 
completely macroscopic viewpoint by application of the 
appropriate solution of Eq. 7.7 to the random-walk prob- 
lem just considered: at t = 0, N impurity atoms are intro- 
duced t o  a very restricted region of a host crystal, which 
shall be taken as the origin. As a consequence of diffusion 
(or random hopping, which is synonymous), the N atoms 
spread out from the origin in a manner described by the 
concentration distribution C(r,t), which is obtained by 
solving Eq. 7.7. The form of Fick's second law appropriate 
to  this problem is 

E= D - -  r;;r(y) r - 

The initial condition is 

(7.18) 

C(r,O) = 0 (for r # 0) (7.19) 

Since none of the N atoms introduced into the crystal 
disappear during the diffusion process, the distribution 
C(r,t) is subject to  the constraint 

/,m47rr2 C(r,t) dr = N (7.20) 

"There are diffusion mechanisms in which the direction 
of the jth jump is related t o  the direction of the ith jump, 
particularly when j = i + 1. In this case the average value of 
cos 6~ is not zero, and the term in parentheses in Eq. 7.15 
does not reduce to unity as a result of averaging. The net 
result is that the random-walk formula, Eq. 7.17, is 
multiplied by  a correlation factor f. Since f is generally 
quite close to  unity for most diffusion mechanisms involv- 
ing correlated jumping, it will not be considered here. 
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The last condition is 

C(-,t) = 0 (7.21) 

The solution to Eq. 7.18 subject to  the conditions of Eqs. 
7.19 to  7.21 is 

e- r2 /4D t 
C(r,t) = N-% (47rDt) 

(7.22) 

In the random-walk problem discussed in the first part 
of this section, a single impurity atom was placed at the 
origin at time zero. The probability of finding this a tom in 
the spherical shell between r and r + dr after time t is 
equivalent, in the macroscopic diffusion description of the 
same problem, to  the fraction of the Natoms which is 
located in the same volume element after time t .  Thus, the 
probability distribution pL(r) of the random-walk problem 
and the concentration distribution C(r,t) of the diffusion 
problem are related by  

(7.23) 

The mean square displacement is obtained by substituting 
Eq. 7.23 into Eq. 7.11, which yields 

or 
- 
r2 = 6Dt (7.24) 

The mean square displacement has been computed by 
considering (1) the random motion of a single impurity 
atom and (2) the macroscopic spreading of a large number 
of impurity atoms in accord with Fkk's law. Both methods 
must yield identical results so that r2 from Eq. 7.24 can be 
equated to  r2 of Eq. 7.17. There follows 

(7.25) 1 D =- -h2r  
6 

which is known as the Einstein formula. It provides the 
essential link between the atomic properties h and r and 
the macroscopic quantity D. 

7.4 DIFFUSION MECHANISMS IN CUBIC 
CRYSTALS 

To apply Eq. 7.25, we must specify the mechanism by 
which the diffusive jump occurs. Of the eight or so 
different diffusion mechanisms that have been proposed, 
we consider only two of the most important and limit the 
discussion to  elemental cubic crystals. In each mechanism 
we seek t o  identify the jump distance h in terms of the 
lattice constant a, and to  ascertain the number of possible 
jump directions from a particular equilibrium site. This is 
the quantity 0 in Eq. 7.10. 

7.4.1 Interstitial Diffusion of Impurity Atoms 
in Body-Centered Cubic Crystals 

The interstitial mechanism of diffusion in the bcc 
lattice is illustrated in Fig. 7.5. The equilibrium site of the 
impurity atom is assumed to  be the octahedral interstice 
[see also Fig. 6.3(a) J .  The elementary diffusive jump is in 
the plane shown in Fig. 7.5 from the center to one of the 
four adjacent equilibrium sites on  the edges of the square. 
The impurity a tom cannot jump in a direction perpendic- 
ular t o  the plane since atoms of the host lattice occupy 

n 

I n 

Fig. 7.5 
dral equilibrium site). 

Interstitial diffusion in the bcc structure (octahe- 

these positions. The number of equivalent jumps for this 
mechanism is 0 = 4, and the total jump frequency is 

I' = 4w 

The diffusive jump is one-half a lattice parameter, or 

Inserting these values into Eq. 7.25, we obtain ;he diffusion 
coefficient 

(7.26) 

This mechanism is of considerable practical importance 
since it is the way that carbon migrates in iron. In general, 
most small impurity atoms (e.g., hydrogen, carbon, and 
boron) diffuse in metals by an interstitial mechanism of the 
type described here. 

7.4.2 Vacancy Mechanism of Self-Diffusion 
in Face-Centered Cubic Crystals 

When the diffusing species and the atoms of the host 
crystal are one and the same, the migration process is called 
self-diffusion. Since no net flux of the chemical species 
occurs and no concentration gradient of the diffusing 
species exists, the only way that self-diffusion can be 
observed is by using an isotope of the species. If an 
imbalance in the isotopic content of a crystal is established 
(e.g., by placing tagged atoms of the substance on one face 
of a crystal consisting of the natural isotopic composition), 
the diffusion Drocess acts t o  eliminate eradients of isotopic 
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composition. Since the tracer isotope and the normal 
isotopic species of the crystal have the same chemical 
properties, the atomic interactions responsible for mobility 
involve only one species. Consequently, theoretical inter- 
pretation of self-diffusion coefficients is easier than when 
the diffusing atoms and the matrix atoms are different 
chemical species. Migration of one species in another is 
sometimes called mutual diffusion. 

Fig. 7.6 Self-diffusion by a vacancy mechanism in the fcc 
structure. 

Self-diffusion in most metals proceeds by way of 
diffusive jumps of a lattice atom into an adjacent lattice site 
that happens to  be vacant, as illustrated in Fig. 7.6. The 
activated state occurs midway in the jump between 
face-centered positions on adjacent cube sites. For a jump 
to be  possible, the terminal site must be unoccupied. The 
maximum potential energy in the jump occurs as the 
diffusing atom squeezes through the rectangle of atoms that 
has been shaded in Fig. 7.6. 

Determination of the jump frequency proceeds as 
follows. The quantity w represents the frequency with 
which a lattice a tom jumps t o  a particular adjacent lattice 
site, which of course must be vacant. In the close-packed 
fcc structure, there are 0 = 1 2  nearest-neighbor sites into 
which the diffusing atom could jump if the site were 
vacant. The probability that any particular site in the lattice 
is vacant is equal to the equilibrium fraction of vacancies in 
the crystal, given by Eq. 6.12. The total jump frequency is 
thus 

The jump distance in Fig. 7.6 is 

Using these values of the jump frequency and jump distance 
in Eq: 7.25 yields 

Equation 7.28 gives the diffusion coefficient of the 
atomic species of which the crystal is comprised. W e  will 
encounter many situations in which the diffusion coeffi- 
cient of the vacancies, rather than that of the atoms, is of 
prime interest. It is obvious from Fig. 7.6 that the jump of 
an atom in one direction is equivalent to  the jump of the 
vacancy in the opposite direction. The diffusion coefficient 
of the vacancies is obtained by the same arguments used for 
the atoms, except that the term x, representing the 
probability of a vacancy a t  any particular site need not be 
introduced. If we are considering the motion of a vacancy, 
we obviously d o  not have to  consider the probability of its 
being there. Thus, the diffusion coefficient for vacancies in 
an fcc crystal is 

D, = a:w (7.29) 

where the jump frequency w is the same as in the atomic 
diffusion-coefficient formula, Eq. 7.28. 

Expressions for the diffusion coefficient based on other 
atomistic pictures of the jump process and for other crystal 
structures have been proposed, and some have been 
experimentally verified. These are treated in detail in the 
books on solid-state diffusion listed at the end of this 
chapter. 

7.5 THE JUMP FREQUENCY ACCORDING TO 
ABSOLUTE-RATE THEORY 

Once a mechanism is chosen, there remains only the 
problem of estimating the jump frequency w to  calculate a 
diffusion coefficient by equations such as Eqs. 7.26, 7.28, 
and 7.29. The jump frequency is best obtained by the 
theory of absolute reaction rates (sometimes called 
transition-state theory), first proposed in the 1930s by 
H. Eyring to  explain the kinetics of homogeneous gas-phase 
reactions. This theory, however, is quite general and has 
been successfully applied to many other rate processes, of 
which diffusion in solids is but one example. 

The crux of absolute-rate theory is the supposition that 
in any rate process a barrier must be overcome by the 
moving species for the elementary step to  occur. The atom 
a t  the top  of its barrier is called an activated complex, and 
the state of the system with an atom in this metastable 
position is called the transition state, or the activated state. 
It is also assumed that the activated state is a true 
thermodynamic state of the system. This last assumption 
has far-reaching consequences because it implies that 
(1) the activated state can be described by a partition 
function and (2) the distribution of diffusing atoms be- 
tween normal equilibrium sites in the crystal and the 
activated sites is governed by a law of mass action. The 
activated state is treated like any other type of point defect 
in the crystal, and ilie concentration of atoms in the 
activated state can be obtained by the thermodynamic 
considerations of Chap. 5. 

For simplicity, we consider the case of an impurity 
atom diffusing in a host crystal. The distribution of 
impurity atoms between normal equilibrium sites and in the 
locations in the crystal where the saddle point (or activated 
state) occurs is represented by the reaction: 
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diffusing atom ~ diffusing atom 
(equilibrium site) (saddle-point site) 

This reaction is precisely the one considered in Sec. 5.4 
and explored in greater detail in problem 6.7. We assume 
for simplicity that the number of equilibrium interstitial 
sites in which impurity atoms can reside is'equal t o  the 
number of saddle-point sites; thus the ratio of site fractions 
in the law of mass action is the same as the ratio of the 
number of atoms. The ratio of the number of diffusing 
atoms in normal interstitial sites, Neq,  to  the number of 
diffusing atoms in the activated state, N*, is given by 

This equation is Eq. 5.46 augmented by the first term on 
the right, which represents the effect of alteration of lattice 
vibrations on  the distribution coefficient (see problem 6.7). 
The value v 1  is the vibration frequency of the atoms in the 
perfect crystal (represented by  the Einstein model). Intro- 
ducing a diffusing atom in the equilibrium site is assumed 
to  alter nearby oleq vibrational modes from frequency v1 to  
frequency vl ,  . Similarly, the presence of a diffusing atom 
in the activafed state causes a* neighboring vibrational 
modes to  be changed from v1 to  v f .  These vibrations do  not 
include the contributions of the vibration of the diffusing 
atom itself, which appears in zeq and z*. These two 
quantities are the single-particle partition functions of the 
diffusing atom in the equilibrium and activated states, 
respectively. They are reckoned with the zero-point energy 
as the reference energy. The energy E* is therefore the 
difference in energy between the ground vibrational states 
of the activated and equilibrium states. If the zero-point 
vibration energies are assumed t o  be the same for the two 
states, the quantity E* also represents the barrier height of 
Fig. 7.3, which is the potential-energy difference between 
the two states. Since both the normal interstitial site and 
the activated site are considered to  be equilibrium states of 
the crystal, E* and all vibration frequencies are computed 
with the atoms of the host crystal permitted to  relax about 
the impurity atom in both states. 

The thermodynamic states of the impurity atom in the 
equilibrium and activated states are shown schematically in 
Fig. 7.7. The diffusing atom in the equilibrium interstitial 
site behaves as a three-dimensional harmonic oscillator. 
However, the atom on top  of its diffusional energy barrier 
(i.e., the activated state) cannot possibly be a three- 
dimensional oscillator since, in the direction of the jump, 
the potential energy is a t  a maximum rather than a 
minimum. The potential energy, however, does increase in 
directions perpendicular to the line of the jump. The 
potentialenergy surface at the top  of the energy barrier 
thus resembles a horse's saddle, whence the name saddle 
point. 

The thermodynamic state of the atom in this peculiar 
potential is assumed to consist of one degree of transla- 
tional freedom (in the jump direction) and two degrees of 
vibrational freedom (perpendicular t o  the jump direction). 
The single degree of translational freedom in the activated 

state is associated with a length 6 and an average velocity of 
a one-dimensional ideal gas: n 

(7.31) k w  
where vx is the mean x-component of the Maxwell- 
Boltzmann distribution of molecular velocities in an ideal 
gas. 

Fig. 7.7 Absolute-rate theory of diffusion 

Once an atom is supplied to  the activated state, it is 
assumed to  traverse the length 6 and fall into the empty 
equilibrium site on the right of Fig. 7.7 (reflection a t  the 
ends of the tube-shaped volume available to the activated 
atom is not allowed). The mean lifetime of a diffusing atom 
in the activated state is thus the length of time it takes to 
traverse the length 6 ,  or 

6 Mean lifetime of an atom in the saddle point = r 
V X  

(7.32) 

A steady supply of diffusing atoms to  the pipe is 
maintained by the equilibrium of Eq. 7.30, which fixes the 
concentration of atoms in the activated state. The rate at 
which diffusing atoms cross the activated state from one 
equilibrium site t o  another.can be determined in a fashion 
similar t o  the argument applied t o  radioactive decay. In the 
latter situation, n atoms with a decay constant h disinte- 
grate a t  a rate An. Since the mean lifetime of a radioactive 
species is T =  l/l, the disintegration rate is n / r .  With this 
analogy, the rate at which atoms cross the saddle point is 
equal to the number in the activated state, N*, divided by 
their mean lifetime in this state, 6/V,: 

N* Rate at which atoms cross the saddle point = - 

The jump frequency w is the probability per second that a 
particular diffusing atom residing in its equilibrium site will 
execute a successful jump. This quantity is also equal to  the 
fraction of the atoms that make a diffusive jump in 1 sec, 
which is the preceding rate divided by the number of 
impurity atoms in normal sites: 

6 F X  

(7.33) c 
If Eq. 7.30 is substituted into this relation, there results 
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(Ul iV l")"  * v~ - E * / k T  (7.34) thermodynamics, the excess entropy s* is often ignored 
because it does not,differ from unity by more than an  order 
of magnitude and because it is difficult t o  determine 
theoretically or experimentally. 

If the jump frequency is expressed by Eq. 7.41, the 
diffusion coefficient for interstitial migration in the bcc 

- 

= [( aeq](gJ se 
VI /VIeq  1 

The partition function of the diffusing atom in the 
activated state is 

z* = z:i: t r  z* vib (7.35) 

where z$ represents the single-particle partition function 
for translation in one dimension. It is determined by the 
Same methods used for translation in three dimensions 
(Sec. 1.4). The result is similar to Eq. 1.73, in which the 
volume is replaced by the length 6 and the 'b power 
becomes the '/z power. Thus, 

(7.36) 

The frequency of the two degrees of vibration perpendic- 
ular to the jump direction are assumed t o  be  given by v*, 
The partition function z$ib is given by 

The last equality in Eq. 7.37 assumes that the vibration 
frequency is low, or that hu* < kT. 

The partition function for the three vibrational modes 
of the diffusing atom in its equilibrium site is 

where v is the vibration frequency of the impurity atom in 
the equilibrium site and again the ratio hu/kT has been 
assumed small compared to unity. When Eqs. 7.31 and 7.35 
to 7.38 are substituted into Eq. 7.34, the length 6 cancels 
out,  and the jump frequency simplifies to 

The jump frequency is governed primarily by the vibration 
frequency of the diffusing atom in the equilibrium site, v, 
and the activation energy E * .  As indicated in Sec. 7.2, both 
these quantities can be estimated if the interatomic forces 
between diffusing atoms and the atoms of the lattice are 
known. The remaining frequency ratios in Eq. 7.39 are 
more difficult t o  evaluate. As discussed in Chap. 5 ,  these 
frequency ratios are related to  an excess entropy, which is 
given by 

lattice, Eq. y.26, becomes 

D=-aZues * 1 k e - c * / k T  (7.42) 

Similarly, use of Eq. 7.41 in Eq. 7.28 yields for the 

6 

vacancy mechanism 

0 (7.43) D = a2ue ( s*+sv) /k  e 7 c * + E v ) / k T  

and for the diffusion coefficient of the vacancies 

0 (7.44) D, = a 2 v e ~ *  /k e-€* / k T  

Equations 7.42 to  7.44 illustrate the characteristic 
exponential variation of the diffusion coefficient with 
temperature. The diffusion coefficient may quite generally 
be expressed by 

where Do is the preexponential factor and E is the 
activation energy. Depending on the mechanism and the 
diffusing species, the activation energy for diffusion is 
identified either with the energy of motion of the moving 
atom o r  with the sum of the energy of motion and the 
energy of formation of a vacancy. 

Although the activation energy for diffusion is quite 
difficult t o  compute, it is readily measured. It ranges from 
-10 kJ/mole for hydrogen diffusion in metals t o  
-500 kJ/mole for  self-diffusion of uranium in UO,. The 
vibration frequency u can be estimated with fair precision. 
I t  is usually always within an order of magnitude of 10' 
sec-' . For self-diffusion it is often taken to be the Debye 
frequency of the solid. 

7.6 THERMAL DIFFUSION 

The gradient of a potential represents a force. A force is 
an agent for effecting motion. For example, an  e!ectrical 
potential gradient drives an electrical current and a tem- 
perature gradient results in the flow of heat. In the same 
spirit, a gradient in the chemical potential can be regarded 
as a force on diffusing atoms since it results in the  transport 
of matter.* 

The relationship of  the fluxes, such as electrical current, 
heat flow, and mass flow, and the driving forces due to  
gradients of the potentials of electric field, temperature, 
and chemical potential is the subject of a branch of 

The jump frequency is then 

= ues* /k /kT (7.41) 

The quantities s* and E* are sometimes called the entropy 
and energy of motion. As in the case of point defect 

*Although Fick's first law relates matter flux to a 
concentration gradient, the chemical potential is the proper 
driving force for diffusion. In ideal mixtures the gradient of 
the chemical potential is proportional to the gradient of the 
concentration; thus the distinction is unimportant. 
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thermodynamics called irreversible thermodynamics. It is a 
basic postulate (which is confirmed by experiment) that a 
particular flux is the result of a combination of all forces 
present. Or a given type of force can cause more than a 
single type of flux. In particular, a temperature gradient can 
cause a mass flux of one component of a mixture even 
though there is no concentration gradient present. This 
phenomenon is called thermal diffusion, or the, Soret effect. 
The fuel elements of a nuclear reactor may be subjected to  
a temperature gradient as large as 4000"C/cm, and the 
normally insignificant thermal-diffusion effect exerts a 
profound influence on the performance of the fuel. 

Irreversible thermodynamics assumes that the fluxes of 
various types are related to all forces in a linear manner. In 
addition, if the forces are expressed in the correct manner, 
the coefficients of the linear equation are related t o  each 
other. For the particular case of fluxes represented by heat 
and mass transport and forces due to gradients in the 
chemical potential and the temperature, the flux-force 
relation in a binary mixture of species A and B is 

(7.46) 
V T  

JA = -LI I (VPA)T - Li 2 - T 

(7.47) 

where JA is the mass flux of species A, p~ is the chemical 
potential of species A, and q is the heat flux. The 
coefficients L1 and LZz are related t o  the diffusion 
coefficient and the thermal conductivity, respectively. The 
second term on  the right of Eq. 7.46 represents thermal 
diffusion. The conjugate effect, the creation of a heat flow 
b y  a chemical potential gradient (called the Dufour effect), 
is contained in the first term on  the right of Eq. 7.47. When 
the forces are expressed as the gradient of the  chemical 
potential and the gradient of the logarithm of the tempera- 
ture (i.e., as VT/T) ,  the coefficients of the Soret and 
Dufour effects are equal, o r  

LIZ = L z 1  (7.48) 

In most mixtures of practical significance, the gradient 
of the chemical potential appearing in Eqs. 7.46 and 7.47 
can be related t o  a concentration gradient. The chemical 
potential of species A is given by 

For an ideal mixture of species A and B or one which is so 
dilute in A that atoms of this species d o  not interact with 
each other, the parition function is given b y  

Combining the preceding two formulas (as in Chap. 5) 
yields 

(7.49) 

where xA = NA/(NA + NB) is the atomic fraction of A in 
the mixture. The gradient of the chemical potential can be 
related to the concentration gradient by 

n (7.50) 

where CA is the volumetric concentration of species A. It is 
related to the atom fraction of A by 

CA (7.51) 

where Ctot is the total concentration, or  the number of 
atoms of A and B per unit volume. Using Eq. 7.51 in 
Eq. 7.49 and assuming constant Ctot, we find that 

XA =- 
Ctot 

(7.52) 

Using Eqs. 7.52 and 7.50 in Eqs. 7.46 and 7.47 permits the 
linear relations of irreversible thermodynamics to  be ex- 
pressed in terms of the concentration gradient instead of 
the gradient of the chemical potential. The subscript A is 
henceforth omitted, but the flux J and the concentration C 
refer to one component of a binary mixture: 

L 2 2  (2 L __ kT2 V C +  VT) (7.54) q = -  T L Z 2  c 

To conform to  Fick's first law for diffusion of matter 
and to Fourier's law for heat conduction, we identify the 
coefficients L1  I and L 2 2  with the conventional transport 
properties of molecular diffusivity and thermal conduc- 
tivity: 

kT 
D = L 1 I r  (7.55) 

L2 2 

T 
K =- (7.56) 

Finally, the coefficients L2 and L I  (which are equal), 
are expressed in terms of a quantity called the heat of 
transport: 

(7.57) 

and Eqs. 7.53 and 7.54 become 

J = - D V C -  D s  V T  (7.58) 

q = -K VT - Q*D VC (7.59) 

In the absence of a temperature gradient, Eq. 7.58 is 
simply Fick's first law, and, in the absence of a concentra- 
tion gradient, Eq. 7.59 is Fourier's law. The magnitude and 
direction of the thermal-diffusion effect are governed by 
Q*, which may be either positive or  negative. In solids the 
heat of transport depends on the point along the diffusive 
path at  which the moving atom receives the energy 
necessary for the jump. Understanding of the nature of 
atomic motions in crystals is not sufficiently advanced to 
permit quantitative description of this process. The reason 
for calling Q* the heat of transport can be seen from the 
last term of Eq. 7.59. The product D VC is very closely 
equal t o  the mass flux J; so Q* has the physical significance 
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of the quantity of heat transported by a mole of diffusing 
material (exclusive of sensible heats). 

Although Eq. 7.58 describes the rate of transport of 
material due to  the combined effects of concentration and 
thermal gradients, one of the more important manifesta- 
tions of thermal diffusion is the unmixing of a two- 
component system owing to a temperature gradient. If the 
flux J is set equal to zero by not allowing loss of material 
from the mixture, a temperature gradient VT induces a 
concentration gradient given by 

(7.60) 

If the heat of transport is about 8 kJ/mole at  a temperature 
of, say, 1000"K, Eq. 7.60 shows that the fractional change 
in composition due to  the thermal-diffusion effect is 
comparable to the fraction change in temperature main- 
tained across the specimen. 

In reactor fuel elements a fractional gradient VT/T of 
approximately unity is not unusual; thus substantial un- 
mixing is t o  be expected and, in fact, has been observed. 
The fuel of a fast reactor is a mixture of 20% Pu02  and 
80% U 0 2 .  Under the influence of the temperature gradient, 
plutonium appears to migrate to  the hot zone. Such 
redistribution could affect both the neutronic and the 
thermal performance of the fuel element. 

Hydrogen in the zircaloy cladding of a light-water 
reactor fuel element readily migrates as a result of even 
modest temperature gradients. Hydrogen embrittlement of 
cold spots of the cladding (such as at  grid spacers) may 
result . 

7.7 SURFACE DIFFUSION 

Diffusion in two dimensions on the surface of a solid 
provides an imDortant mechanism for the migration of 
bubbles in nuclear fuels. Surface diffusion exhibiti many of 
the features of its three-dimensional counterpart, volume 
diffusion, and much of the analysis presented in the 
preceding sections of this chapter is applicable to surface 
diffusion. 

Figure 7.8 shows a simple example of surface diffusion. 
An impurity substance is deposited as a band on  the surface 
of a substrate material. As a result of surface diffusion, 
which is a random hopping of impurity atoms over the 
surface, the deposit tends to become uniformly distributed 
Over the entire available surface area. The spreading may be 
described by Fick's law: 

J, -D, VC, (7.61) 

where J, is the surface flux, which is the number of  atoms 
of the diffusing substance crossing a line of unit length on  
the surface per unit time. The surface concentration C, 
bears the units of atoms per unit area. The surface diffusion 
coefficient Ds has the same units as the volume diffusion 
coefficient, namely, square centimeters per second. 

Consideration of the random walk that a diffusing atom 
executes in two dimensions on a surface produces the 
following form of the Einstein equation: 

SUBSTRATE 
SURFACE 7 
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INIT IAL DEPOSIT 
OF IMPURITY 

7 SURFACE AFTER SPREADING 

Fig. 7.8 Surface diffusion of impurity species on a crystal 
surface. 

(7.62) 1 D, = -A: rs 4 

which is of the same form as Eq. 7.25 except that the 
numerical coefficient is y4 instead of Y6. In Eq. 7.62 h, is 
the jump distance on the surface, which is of the order of 
the interatomic spacing, and rs is the surface jump 
frequency given by 

rs = p s s  v eSg/k e-E.c/kT (7.63) 

where p, is the number of sites on the two-dimensional 
surface lattice to  which an atom may hop (usually about 4) 
and V, is the frequency of vibration of the diffusing atom 
parallel t o  the surface. As in the case of bulk diffusion, the 
vibration frequency is approximately 10' set' . The 
entropy and energy of motion for the surface jump are s,* 
and E,*. They have the same meaning as their three- 
dimensional analogs. The activation energy of surface 
diffusion, E: ,  has been found to be about two-thirds the 
heat of vaporization for surface self-diffusion on metals 
(i.e., the diffusing species and the substrate are one and the 
same). For adsorbed gases (e.g., hydrogen, oxygen, and 
nitrogen) on  metals, the activation energy for surface 
migration is approximately y5 of the binding energy of the 
adsorbed atom and the surface. That the energy barrier for 
surface diffusion should be smaller than the energy required 
to remove an  atom completely from the surface is entirely 
reasonable since a hop on the surface is an atomic motion 
just short of evaporation. 

The phenomenon of surface thermal self-diffusion is 
important in bubble motion in nuclear fuels. In this sort of 
diffusive process, atoms of the solid migrate along one of 
the faces of the crystal under the influence of a tempera- 
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ture gradient alone. The rate of this process is governed by 
the two-dimensional counterpart of Eq. 7.58, but, since 
self-diffusion is involved, no concentration gradient is 
possible. The surface flux is given by 

C 
kT J, = -D,Q,* VT (7.64) 

where Q,* is the heat of transport for surface thermal 
diffusion. In contrast t o  the heat of transport in bulk 
thermal diffusion, Q,* is always positive; thus thermal 
diffusion along a surface transfers material from hot t o  cold 
regions. The process may be regarded as the result of a high 
jump frequency in the hot zone which results in greater 
transport to the cold zone than the return flux from cold to 
hot. 

7.8 NOMENCLATURE 

a, = lattice constant 
C = concentration in atoms per unit volume 
D = diffusion coefficient 

E = activation energy 
h = Planck's constant 
J =vector flux of diffusing species in atoms per unit 

area per unit time 
k = Boltzmann constant 
L = coefficients connecting mass or heat flux to  gradi- 

m = mass of an atom 
n = number of jumps in time t 
n = vector normal to  the surface pointing outwards 
N = total number of diffusing atoms or host atoms 

Do = preexponential factor of diffusion coefficient 

ents of chemical potential and temperature 

pt(r) = probability per unit volume of finding an atom at a 
distance r from the origin a t  time t 

q = heat-flux vector 
Q = rate of creation of the diffusing species, atoms per 

unit volume per unit time 
Q* = heat of transport 

r = distance from origin after time t 
s, = entropy of vacancy formation 
s* = excess entropy of diffusion motion 
t = time 

T = temperature 
U = potential energy of the system 

Vx = average x-component velocity of one-dimensional 

V = volume 
w = j u m p  frequency to  a single neighboring site 
x = distance along the direction of diffusive jump; site 

fraction or atomic fraction in a mixture 
z = single-particle partition function 
Z = total partition function of the system 

cy = number of vibrational modes affected by impurity 

0 = number of nearest neighbors to  an equilibrium site 
r = total jump frequency from an equilibrium site t o  

6 = length of the single degree of translational freedom 

ideal gas 

Greek Letters 

a tom 

any neighboring site 

available to the  activated atom 

E* = activation energy for diffusion 
E ,  = energy of vacancy formation 
K = thermal conductivity 
p = chemical potential of a species 
v = frequency of vibration of an atom 
0 = angle between jump vectors 

Subscripts 
A = diffusing species A 
B = diffusing species B 

eq = equilibrium or  equilibrium site 
i = ith jump 
I = lattice vibrational modes 

I,, = lattice vibrational modes with diffusing atom on  

I* = lattice vibrational modes with diffusing atom in 
equilibrium site 

activated state 
s = surface 

to t  = total 
tr  = translational 
v = volume (e.g. volume diffusion coefficient); vacancy 

vib = vibrational 

Superscript 
* = activated state 

Q 
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7.10 PROBLEMS 

7.1 Self-diffusion of uranium and oxygen in U 0 2  occurs 
by vacancy mechanisms on the two sublattices (Le., 
DU - xVM and Do- xVx). Even though the predominant 
mode of disorder in UOz consists of Frenkel defects on  the 
oxygen sublattice (see problem 6.8), a very small amount of  
Schottky disorder occurs a t  the Same time. The cation 
vacancies responsible for uranium self-diffusion are created 
by this secondary defecting process. The thermodynamic 
properties of the two types of defects are 

Defect SF J mole-' "K-' EF kJ/mole 

Anion Frenkel 63 297 
Schottky -0 544 

/- 
'CI (a) Assuming that Frenkel defects are dominant (Le., 

NVM can be neglected in the condition of electrical 
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neutrality), what are the fractions of vacant sites on  the 
, cation and anion sublattices in stoichiometric UO, at  

where E is the activation energy for diffusion, defined by 

-I 1400”C? 
(b) If the stoichiometric UO, is doped with N b 2 0 5  so 

that a fraction X D M  of the total cations are Nb5+, compute 
the fraction of vacant sites on  the cation and anion 
sublattices. Again assume that NVM can be neglected in the 
electrical neutrality condition. 

( c )  By greatly increasing the concentration of oxygen 
interstitials, doping decreases the oxygen-vacancy concen- 
tration (by the Frenkel equilibrium) and increases the 
uranium-vacancy concentration (by the Schottky equilib- 
rium). Since self-diffusion in UOz takes place by vacancy 
mechanisms on both sublattices, doping with Nb, O5 
should increase the uranium self-diffusion coefficient but 
decrease the oxygen self-diffusion coefficient. For both 02- 
and U4 +, calculate the ratio of the self-diffusion coefficient 
in UOz doped with xDM = 0.1 fraction Nb5+ to  that in 
pure UO, at  1400°C. 

7.2 The potential energy between equilibrium sites in a 
lattice is sinusoidal in shape. The saddle point is halfway 
between sites, which are a distance a, apart. The saddle- 
point energy is E* above the energy of the equilibrium 
position. What is the jump frequency for this potential 
curve? 

7.3 In treating the diffusive jump frequency by absolute- 
rate theory, we made two simplifications of the partition 
functions z$,, and zeq. 

First, since the energy difference E* represents the 
difference between the minimums in the potential-energy 
wells in the activated and equilibrium states, each of the 
partition functions should be written with the bottom of 
the potential energy well as the reference energy and not, as 
in Eqs. 7.37 and 7.38, with the ground vibrational state as 
the reference energy. 

Second, the partition functions should not,  in general, 
be approximated by the high-temperature limits, as in 
Eqs. 7.37 and 7.38. 

(a) These two simplifications can be avoided by writing 
the partition functions as 

Z,*ib = [x*f(x*)]-2 

where x = hv/kT, x* = hv*/kT, and f(x) is a correction 
factor that includes the two effects previously discussed. As 
x becomes small, f(x) has the property of approaching 
unity. What is the function f(x)? Express in terms of 
sinh(xj2). 

(b) Ignoring perturbations of the lattice vibrational 
modes by the diffusing species (i.e., setting the first term on 
the right of Eq. 7.34 equal t o  unity), derive the expression 
for the jump frequency w which includes the corrected 
partition functions. 

(c) It is customary to  express the diffusion coefficient 

D = Do e-E /kT  

3 by 

If the correction factor f is unity, E = E * .  Derive the 
complete expression for E when the correction factors are 
not equal t o  unity. 

(d) The correction factor f plays an important role in 
the theory when x is large or when hv is comparable to  kT. 
This occurs for light-mass diffusing species, such as hydro- 
gen. Much can be learned from investigation of the isotope 
effect on diffusion. When two different isotopes of the 
diffusing species are studied, all phenomena that depend on  
the potential energy of interaction between the  diffusion 
atom and the atoms of the host lattice are the same for the 
two isotopes. The vibrational frequencies of the two 
isotopes differ only because of their mass difference. Derive 
an expression for the ratio of the diffusion coefficients of 
hydrogen and deuterium in an elemental crystal in terms of 
the parameters x and x*, where the vibration frequencies in 
these two quantities refer t o  the light hydrogen isotope. 

( e )  In an experimental study of the isotope effect on 
diffusion of hydrogen in nickel, Ebisuzaki et  al. [J. Chem. 
Phys., 46: 1373 (1967)l measured the following values: 

hv hv* 
-= 1350°K and - = 2300°K 
k k 

What is the ratio of the diffusivity of hydrogen to  the 
diffusivity of deuterium in nickel at  300°K and a t  1000”K? 

7.4 In terms of the jump frequency to  a particular 
neighboring site (w) and the lattice constant (a,), what is 
the diffusion coefficient for impurity atoms whose equilib- 
rium position is the octahedral interstitial site in the fcc 
lattice (Fig. 6.2)? 

7.5 The conventional method of measuring the diffusion 
coefficient of one solid in another is by use of a diffusion 
‘‘couple.’’ A thin layer of the diffusing solute is plated out 
on a large block of the matrix solid. The couple is raised to  
the desired temperature, and diffusion is allowed to  
proceed for a fixed length of time. At the end of the 
experiment, which may last months, the concentration 
profile is determined by sectioning or  grinding off very 
small layers of the block (- lpm).  The concentration 
profile of the diffusing solute is determined b y  analyzing 
these sections, and the diffusion coefficient is determined 
from the concentration profile. 

( a )  If the minimum penetration distance required for 
reliable measurement of the concentration profile is 2 p m  
and the minimum time an experiment can be conducted is 
1 year, what is the minimum measurable diffusion coef- 
ficient? 

(b) If the solute diffuses by an interstitial mechanism in 
the bcc lattice of the matrix, what is the minimum 
temperature a t  which diffusion-coefficient measurements 
can be made? The activation energy for diffusion is 
250 kJ/mole. Make reasonable estimates of any  other 
parameters you may need. 



Chapter 8 

Dislocations and Grain Boundaries 

In addition to the atomic-size point defects discussed in 
Chap. 6, real crystals are marred by a variety of one-, two-, 
and three-dimensional defects. In this chapter, we are 
concerned with the line and plane defects that significantly 
affect mechanical properties, namely, the dislocation and 
the grain boundary. 

Unlike point defects, dislocations and grain boundaries 
do  not exist in a state of thermodynamic equilibrium- 
their energies o f  formation are far too  large to be overcome 
by the configurational entropy they contribute to  the free 
energy. Rather, these faults are produced during formation 
of the crystal from the melt and, in the case of dislocations, 
by working or  deforming the material. Neither dislocations 
nor grain boundaries can be completely eliminated from a 
solid by annealing at  high temperatures. 

The mechanical response of a solid to  external stress 
can be  classified as elastic (or reversible) or  plastic 
(irreversible). If the stresses and strains are small, the 
deformed solid returns to its original shape on removal of 
the stress. This mode of deformation is termed elastic. The 
properties of the solid which govern its mechanical response 
in the elastic deformation mode are determined by the 
microscopic atomic properties of the perfect crystal.* 
Linear elasticity theory is reviewed in Appendix A. 

If the stresses acting on a solid body are sufficiently 
large, the deformations are permanent. This mode of 
mechanical behavior is called plastic deformation. The 
one-dimensional defect known as the dislocation is in large 
part responsible for the plastic properties of solids. 

8.1 SLIP IN SINGLE CRYSTALS 

The concept of the dislocation was invented nearly two 
decades before it was observed. I t  was proposed to  explain 
a many-order-of-magnitude discrepancy between the ob- 
served shear strength of a single crystal and the value 
expected on theoretical grounds. 

The strength of single crystals in shear may be measured 
by the method shown in Fig. 8.1. A cylindrical specimen of 

*One of the elastic constants, the bulk modulus, was 
shown in Chap. 4 t o  be determined by the second derivative 
of the cohesive energy in cubic crystals. 

KSLIP PLANES/ ~ 

Fig. 8.1 Plastic deformation of a single crystal. 

a single crystal is placed in tension. When the applied force 
attains a critical value, the crystal slips along a particular 
crystallographic plane called a slip plane. The direction in 
which slip occurs is not in the direction of the maximum 
shear stress component in the experiment (which would 
occur for h = nj2 - 4 in Fig. 8.1a). Rather, slip occurs in 
the direction of the arrow in Fig. 8 . la ,  which is called the 
slip direction. 

The appearance of  the specimen after slip has occurred 
is shown in Fig. 8 . lb .  Here several parallel planes in the 
crystal have slipped simultaneously to produce the lamellae. 
The regions between slipped planes are still perfect. In fact, 
when examined with X rays, the deformed crystal is often 
as perfect as the original crystal. This observation suggests 
that the slip of adjacent planes occurs in a multiple of a 
minimum lattice distance a t  which the crystal structure is 
repeated . 

In the experiment depicted in Fig. 8.1, slip suddenly 
occurs at a force of, say, F. The force component in the slip 
direction is F cos h. The area of the slip plane in Fig. 8.1a 

82 
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over which this force is distributed is A/cos$. Thus, the 
shear stress at  which slip occurs (the critical resolved shear 
stress) is 

(8.1) 
F cos 
A/cos 4 

Experiments of this type also serve to identify the slip 
plane and the slip direction. These crystallographic features 
of slip in fcc and bcc crystals are shown in Fig. 8.2. 

h 1- ( 1 1 1 ,  
IP PLANE 

[I101 

,[llll 

1110) 
IP PLANE 

Fig. 8.2 Slip planes and slip directions in cubic crystals. 
(a) Face-centered cubic. (b) Body-centered cubic. 

Slip in fcc crystals occurs on  the (111) plane and in a 
[110] direction. The (111) plane is the close-packed plane, 
and the [ 1101 direction in the fcc structure is the direction 
of closest packing. The three equivalent [110] directions 
are shown b y  arrows continuing the sides of the triangular 
portion of the (111) plane in Fig. 8.2a. A view of the (111) 
plane in the fcc structure is also shown in Chap. 3, Fig. 3.9. 
The three [110] directions shown by the arrows in 
Fig. 8.2a correspond to  the directions of lines drawn 
through atoms 1-2,  1-7, and 3-4 in Chap. 3, Fig. 3.9. 

The minimum distance that a (111) plane must shift 
with respect to an adjacent (111) plane in order to reform 
the perfect lattice is shown as the dotted arrow in Fig. 8.2a. 

This shift moves a plane a distance of a , / d  in the [110] 
direction, where a, is the lattice constant. The vector 
represented by the dotted arrow is called the Burgers 
vector, b. Referring again to  Fig. 3.9b, i f  the first layer slips 
with respect to the second and third layers (assumed fixed), 
the minimum unit of slip requires that atom 3 move to the 
position of., atom 2, atom 4 t o  the position of atom 7, 
atom 7 to atom 1, and atom 5 to the location of atom 6. 
Such a relative translation of the first layer leaves the 
crystal structure exactly as it was before slip.* 

In bcc crystals slip occurs in the (110), ( l l a ) ,  and (123) 
planes. The first of these is the closest packed plane in the 
bcc structure. Slip in bcc crystals always occurs in the 
[111] direction. Figure 8.2b shows the (110) slip plane and 
the two slip directions in this plane. The magnitude of the 
Burgers vector in this case is&ao/2. 

The Burgers vector defining a dislocation can be 
represented by the notation 

b = ca,[ijk] (8.2) 

The direction of the Burgers vector is indicated by the 
Miller indices in the brackets, and its length is given by 

b = c a , d m  (8.3) 

With the above symbolism, the Burger vectors shown in 
Fig. 8.2 are (a,/2) [110] for the fcc structure and (a0/2) 
[ill] for the bcc structure. 

A simple calculation permits estimation of the critical 
shear stress for slip or  plastic deformation which then can 
be compared with the value given by experiments analyzed 
according to  Eq. 8.1. The most obvious microscopic model 
of the type of motion needed to produce the slip or  glide 
illustrated by Fig. 8 . lb  is shown in Fig. 8.3, where slip 
occurs between the two crystallographic planes shown. In 
this model the entire upper plane of atoms (and all atoms 
above this plane) is presumed to  move as a block in the slip 
direction over the portion of the crystal below the slip 
plane, which remains fixed. 

The potential energy of the system as the top block 
moves from one equilibrium position (at displacement 
u = 0) to  the next equilibrium position (at u = b,  where b is 
the magnitude of the Burgers vector) is also shown in 
Fig. 8.3. At the displacement u = b/2 ,  the atoms of the 
upper plane are in between the atoms in the lower plane, 
and the potential energy is a maximum. Thereafter, the top 
plane falls into its next equilibrium position. 

The derivative of the potential-energy curve is the force 
(or in this case the shear stress) required to maintain the 
relative displacements of the upper and lower blocks of 
atoms. The variation of the shear stress with displacement is 

*Instead of slip in the [110] direction by the amount 
a,/Jz, the first layer of atoms in Fig. 3.9b could slip so 
that its atoms would appear directly beneath the third layer 
(i.e., atom 3 moving under atom 11, etc.). This unit of slip 
would destroy the stacking sequence of the fcc crystal. 
Instead of the 123123123 sequence of (111) planes, partial 
slip of this type would yield the sequence 123121123. . . . 
The imperfection introduced by the disregistry in the 
sequence of close-packed planes (at  the dotted line) is 
called a stacking fault. 
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If the above two formulas for u(u) are to  be equal in 
the limit of small u,  the constant in the first must be equal 
to (G/2n)(b/d). Since the maximum shear stress occurs 
when the sine function is unity, the constant in this 
equation represents the critical resolved shear stress pre- 
dicted by this model of slip in a single crystal. Since b/d is 
of order unity (both b and d are distances of approximately 
a lattice constant), we may write 

i, = SLIP 
DIRECTION 
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Fig. 8.3 Simultaneous slip of adjacent crystallographic 
planes in a crystal. 

shown in the bottom of Fig. 8.3. The maximum shear stress 
occurs when the gradient of the potential energy is largest, 
o r  at u = b/4.  If the model upon which Fig. 8.3 is based is 
correct, then the shear stress at this value of the displace- 
ment should be the critical resolved shear stress of Eq. 8.1, 
inasmuch as continued application of shear stress of this 
magnitude permits continuous translation of the top  plane 
in Fig. 8.3 relative to the bottom plane. To estimate uc 
from this model, we must approximate the shear-stress 
curve shown at  the bottom of Fig. 8.3. The first require- 
ment on  the function u(u) is that it be periodic in the unit 
of slip, b. A reasonable approximation to  the shape of u(u) 
is 

u(u) = constant x sin 2n- ( i) 
The second requirement placed upon the function u(u) 

is that, as the displacement becomes very small, the shear 
stress be related to  the strain by linear elasticity theory. 
The appropriate stress-strain relation for this situation is 
given by Eq. A.22 of Appendix A: 

u(u) = ~ G E , ,  = G ( 2 )  = G(Z) 

In this equation, u is the displacement in the x-direction of 
the top  plane relative to the bottom plane and y is the 
coordinate direction normal to the slip plane. The deriva- 
tive a u / a y  may be approximated by u /d ,  where d is the 
spacing between crystallographic planes in the direction 
normal to the slip plane. Here G is the shear modulus of the 
material. 

uc =(e)($) = 0 . lG  (8.4) 

Experiments such as the one depicted in Fig. 8.1 have 
been performed on single crystals of many materials. The 
measured critical resolved shear stresses are approximately 
10* to  of the shear modulus; they are not a tenth of 
G as predicted by Eq. 8.4. The theoretical estimate of 
Eq. 8.4 can be refined somewhat, but shear strengths less 
than 0.03G cannot be obtained by any modification of the 
model of Fig. 8.3. 

8.2 DISLOCATIONS 

The three-order-of-magnitude discrepancy between the- 
ory and experiment means that the model depicted in 
Fig. 8.3 is an incorrect description of the mechanism by 
which slip occurs in crystalline solids. The notion that slip 
occurs simultaneously over the entire slip plane must be 
dismissed. Instead, slip begins in a particular region of the 
slip plane and propagates through the crystal, much as a 
wrinkle in a bedspread is removed by smoothing with the 
hands instead of pulling the entire spread. 

8.2.1 Edge Dislocation 

Figure 8.4 depicts a model that allows slip propagation 
to proceed a t  a much lower shear stress than the mechanism 
of Fig. 8.3. Instead of the entire top  section of the crystal 
moving as a block from the configuration of Fig. 8.4a to 
that of Fig. 8.4c, the process occurs by a sequence of stages 
as shown in Fig. 8.4b. The topography of the crystal 
in the vicinity of the boundary between slipped and 
unslipped portions is the same as if  an entire half-sheet of 
atoms had been inserted into the top part of the crystal. 
The line formed by the termination of the half-sheet of 
atoms inside the crystal is called an edge dislocation. I t  is a 
line running perpendicular to the plane of the diagram and 
lying in the slip plane. The edge dislocation line is denoted 
by the symbol 1. 

The dislocation line marks the boundary between 
slipped and unslipped portions of the crystal. The columns 
of atoms to  the right of the dislocation line in Fig. 8.4b still 
have the arrangement of the initial state of Fig. 8.4a 
(although some strain occurs in the immediate vicinity of 
the dislocation). The top  parts of the columns of atoms to 
the left of the dislocation, however, have been displaced by 
a unit of slip (the Burgers vector) with respect t o  the atoms 
in the bottom part. Slip propagates from left to right in 
Fig. 8.4 by the rather minor shifting of the columns of 
atoms near the dislocation in a manner which is equivalent 
t o  motion of the half sheet of atoms to the right; if the 
bottom five atoms of the third column from the right in 
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Fig. 8.4 The edge dislocation. 

Fig. 8.4b are shifted somewhat to the left and become more 
or  less aligned with the extra half-sheet of atoms, the 
remaining three atoms of this column would then consti- 
tute a new half-sheet. Or, the dislocation line would have 
moved by one Burgers vector to the right. Because of the 
relatively modest extent of atom motion required to 
translate the dislocation line in its slip plane in the fashion 
just described compared to  the simultaneous translation of 
all atoms along the slip plane, the shear stress required for 
propagation of the dislocation is far smaller than 0.1G. 

The unit of slip required to reform the crystal in its 
proper periodicity, o r  the Burgers vector b ,  is shown in the 
lower right-hand corner of Fig. 8 . 4 ~ .  Another method of 
determining the direction and magnitude of the Burgers 
vector of a dislocation is illustrated in Fig. 8.4b. A circuit is 
drawn about the dislocation line, making the same number 
of up and down and left and right jumps from atom to 
atom. The circuit in Fig. 8.4b consists of two down, three 
left, two up  and three right jumps. In the perfect crystal, 
such a circuit would close upon itself. However, when the 
circuit encompasses a dislocation line, there is a closure 
failure. The line drawn from the termination of the circuit 
to the starting point defines the Burgers vector of the 
dislocation. The Burgers vector is parallel to the slip 
direction for any dislocation. For the edge dislocation, the 
Burgers vector is perpendicular to the dislocation line, but 
both lie in the slip plane. 

8.2.2 The Screw Dislocation 
The result of applying a sufficiently large shear stress to 

a single-crystal specimen need not be the movement of an 
edge dislocation through the crystal, as in Fig. 8.4. Rather, 
slip may propagate by the motion of a fundamentally 
different type of dislocation line which, in the end, 
produces exactly the same final slip as passage of the edge 
dislocation. This other type of dislocation is called a screw 
didocation; it is depicted in Fig. 8.5. The screw dislocation 
owes its name to the helical pattern (resembling the ramp 
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Fig. 8.5 The screw dislocation. 

of a multistory parking structure) which is described by 
continuation of the circuit of Fig. 8.5a into the interior of 
the crystal. 

In a screw dislocation a stepped ledge does not form 
over the entire length of the crystal surface, as would occur 
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if the crystal were to yield by propagation of an edge 
dislocation. Instead, the terracing of the surface starts at  
one edge and proceeds, like the tearing of a rag, to the 
opposite edge. As in the case of slip propagation by an edge 
dislocation, the crystal in the intermediate state of slip 
exhibits a line separating the region which has slipped from 
the region which is still in its original configuration. The 
two views of the screw dislocation shown in Fig. 8.5 are 
equivalent to the single drawing of the edge dislocation of 
Fig. 8.4b. 

Figure 8.5b shows that the screw dislocation line lies in 
the slip plane, a feature that it has in common with the 
edge dislocation. The Burgers vector of the screw disloca- 
tion is determined by the circuit about the line, as in 
Fig. 8.5a. Contrary to the edge dislocation, the Burgers 
vector of the screw dislocation (or the slip direction) is 
parallel to the dislocation line. An edgc dislocation is 
perpendicular to its Burgers vector. In both cases, the 
dislocation line moves in a direction perpendicular to itself 
and in the slip plane. 

Both the edge and the screw dislocations can move in 
their slip planes under the influence of applied shear 
stresses far lower than the theoretical strength of a perfect 
crystal given by Eq. 8.4. Dislocation motion along a slip 
plane is called glide. 

Although the edge dislocation is constrained to glide in 
its slip plane, the screw dislocation can glide in any manner 
that describes a cylindrical surface having the slip direction 
as its axis. However, since slip on particular planes is 
favored, a screw dislocation moves out of a slip plane to 
another plane of the same Miller index but of different 
orientation. After travelling a short distance on the new 
plane, it may move back onto a plane of the original type. 
This type of motion of a screw dislocation is known as 
cross slip. 

8.2.3 Dislocation Loops 
Dislocation lines in a crystal need not be of pure edge 

or  pure screw character. These two types may be mixed to  
form dislocation loops, which need not be straight and 
which need not terminate on an external surface of the 
crystal. Dislocation loops reside completely within the 
crystal. Figure 8.6 shows a dislocation loop lying in a slip 
plane (although depicted as a circle in the drawing, 
dislocation loops may be any closed curve within the 
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Dislocation loop in a slip plane. 

crystal). The portions of the loop of A and C are of pure 
edge character, although of different sign. The sign of an 
edge dislocation is changed by inserting the half-sheet of 
atoms from a direction 180" away from the original 
direction; the sign of the dislocation of Fig. 8.4b would be 
changed if the entire half-sheet of atoms were inserted from 
the bottom instead of the top of the crystal. The portions 
of the dislocation loop at B and D are composed of screw 
dislocations, again of opposite sign (one is left-handed and 
the other right-handed). 

Despite the mixture of edge and screw dislocations in 
the loop of Fig. 8.6, there is but a single Burgers vector 
describing the entire loop. The circular dislocation delin- 
eates the region of slip; the crystal beyond the  periphery of 
the loop is in its unslipped state. Within the loop, the block 
of atoms above the slip plane has been translated in the 
direction of the Burgers vector by an amount equal to the 
magnitude of the Burgers vector with respect to the atoms 
below the slip plane. However, the atomic fit in the interior 
of the loop is as good as in the unslipped region; the 
disregistry of the perfect lattice geometry is concentrated in 
a toroidal region around the dislocation line. 

When the Burgers vector of the loop lies in the slip 
plane, the loop is called a shear loop because it can grow 
easily in its slip plane under the influence of an applied 
shear stress. Expansion occurs in the same fashion that pure 
edge o r  screw dislocations propagate in a slip plane, namely 
by glide. When the shear loop grows so large that it leaves 
the crystal, the final stepped state of the crystal is identical 
to that produced by the propagation through the crystal of 
pure straight dislocations of the edge or screw type. 

c 

8.2.4 Climb 
The edge dislocation can move perpendicular to its slip 

p!ane only if  the length of the extra sheet of atoms in 
Fig. 8.4b is altered by collecting or shedding vacancies or 
interstitials from the bulk of the solid. This type of motion 
of the edge dislocation is known as climb and is depicted in 
Fig. 8.7. 

8.3 STRAIN ENERGY OF DISLOCATIONS 

Consider a long, straight screw dislocation. Let the 
z-axis of the cylindrical coordinate system be in the 
direction of the dislocation line. The displacement field for 
regions sufficisntly far removed from the core of the 
dislocation for Hooke's law to apply can be described by 
elasticity theory. There is no displacement in the radial o r  
azimuthal directions, o r  u, = ue = 0. (The notation for 
elasticity calculations is given in Appendix A, Fig. A.4.) The 
axial displacement is a linear function of the aximuthal 
angle 6.  As seen from Fig. 8.5a, with each complete circuit 
(0 = 271) an axial distance equal t o  the Burgers vector b is 
gained. The axial displacement component of a screw 
dislocation is given by 

b6 u, = - 
271 

Referring to the components of the displacement tensor 
in cylindrical coordinates given by Eqs. A.32 and A.33 of 
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Fig. 8.7 Climb of an edge dislocation due to vacancy absorption. 
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Appendix;A-:we see that for the screw dislocation only the 
E , @  component of the strain is non-zero. I t  is given by 

The corresponding stress is 

The stress field surrounding an edge dislocation is more 
complex than that of a screw dislocation given by Eq. 8.7. 
Figure 8.8 shows the r and 0 components of the stress field 
at  point P resulting from the presence of an infinitely long 
edge dislocation which lies along the z-axis (perpendicular 
to the plane of  the drawing). The glide plane of the 
dislocation line is represented by the horizontal line at  

( I N  r-z PLANE)  k.1 LEDGE DISLOCATION 

t 
mrr = (POSIT IVE IN C O M P R E S S I O N )  

Zrr(l -v) r 

Fig. 8.8 Stress field in the solid near an edge dislocation. 
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0 = 0. The extra half-sheet of atoms needed t o  form the 
edge dislocation extends vertically upward from the glide 
plane. When point P lies in the glide plane, the normal stress 
components are zero, and the solid is placed in pure shear. 
In directions normal to the glide plane, only normal strains 
remain. At 0 = go", the solid is in compression, and for 
8 = -go", the solid is in tension. This asymmetric feature of 
the stress field about an edge dislocation is responsible for 
its ability to  bind both interstitial atoms and vacancies. 

In addition to  the stress fields surrounding dislocations, 
the total strain energy of the solid due to  the presence of a 
dislocation line is of interest. The strain energy is calculated 
below for a screw dislocation. The comparable result for an 
edge dislocation differs only by a numerical factor of order 
unity. 

The elastic strain energy per unit volume in the medium 
surrounding the screw dislocation is obtained from 

,f& Appendix A{ Eq. A.25 (in which x is replaced by r and y by 
e ) :  ,J 

The energy density given by Eq. 8.8 becomes infinite at  
the dislocation line. However, linear elasticity theory 
cannot be applied to the large strain field near the 
dislocation line. Equations 8.6 to 8.8 are valid only for 
radial positions greater than about five Burgers vectors from 
the dislocation line. The region within this radius is called 
the dislocation core. The elastic energy per unit length of 
dislocation line, o r  the line tension, P is obtained by 
integrating Eq. 8.8 from the core radius rd to  a large 
distance a, which represents the radius of the grain in 
which the dislocation resides: 
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A similar calculation of the energy of an edge disloca- 
tion produces the result of Eq. 8.9 but divided by (1 - I ] ) ,  

where v is Poisson’s ratio. Since v 2: y3 for many materials, 
and in view of the considerable uncertainty in assigning a 
precise value to the ratio in the logarithm of Eq. 8.9, the 
line tension of any dislocation (edge, screw, or  mixed) may 
be expressed by 

7 = oGb2 (8.10) 

where (Y is taken to  be y2 by some and unity by others. The 
latter figure will generally be used here. 

The line tension of a dislocation possesses many of the 
features associated with its two-dimensional counterpart, 
surface tension. A curved dislocation line experiences an 
inward radial force. Figure 8.9a shows a portion of a 
dislocation line of length S with a radius of curvature R. 
The radial force on  the dislocation line is 

Force - -___ 27 sin 8 -- 27 f ) = -  :(2sR) - =I (8.11) 
Unit length S - S  

By comparison, Fig. 8.9b shows the radial force on a 
spherical segment of surface of a material of surface tension 
y. The force acting on each unit area of the spherical cap is 

Force - - 2nry sin 8 __ (8.12) 
Unit area A 

,LENGTH = S 

,AREA = A 

e------ 

7 

Fig. 8.9 Force (a) on a curved dislocation line and (b) on a 
curved surface. 

8.4 FORCE ON A DISLOCATION 

Dislocations move or  change shape in response to  forces 
acting on them, one of the most important of which is the 
force due to  an applied stress. Figure 8.10a shows a shear 
stress oYx applied to  a crystal with a slip plane perpendicu- 
lar t o  the y-axis. An edge dislocation line lies along the 
z-axis. If the shear stress uyx is large enough, the 
dislocation glides in the slip direction. Even if the applied 
stress is insufficient to move the dislocation, it nevertheless 
exerts a force on the dislocation line. In Fig. 8.10a, the 
force is in the slip direction (along the x-axis). 

The magnitude of the force F per unit length of 
dislocation line which is generated by the shear stress uyx 
on the slip plane can be obtained from the following 
considerations. Suppose that the applied stress were large 
enough t o  move the dislocation line by a distance Ax in the 
slip direction. This movement of the dislocation line is 
equivalent to displacement of an area S Ax of the slip plane 
by a distance o f  one Burgers vector, o r  a force oyxS Ax acts 

Fig. 8.10 Forces on  an edge dislocation due to (a) a shear 
stress and (b) a normal stress (tension). 
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over a distance b. Thus the work required to move the 
dislocation line is 

Work = (uyxS Ax)b 

The work involved is identified with the product of the 
force FS on the dislocation line and the distance the line 
has moved, or the force per unit length on the edge 
dislocation due to  the shear stress is 

F = *o,,b 

The choice of sign (or direction) of the force depends on 
whether the extra sheet of atoms forming the dislocation is 
inserted from above o r  below the slip plane in Fig. 8.10a. 

Figure 8.10b shows the force exerted on an edge 
dislocation due to an applied tensile stress that acts in a 
plane normal to the slip plane and parallel to the 
dislocation line. By arguments similar to that used above 
for applied shear stresses, the resulting force on the 
dislocation is found to  be fo,,b and in a direction 
perpendicular to the slip plane. The sign depends on  
whether the extra sheet of atoms is above or below the slip 
plane in Fig. 8.10b. The sign also depends on the type of 
normal stress. If the normal stress is tensile, the force is 
directed away from the extra sheet of atoms forming the 
edge dislocation (this case is shown in Fig. 8.10b). A 
compressive stress tends to  drive the dislocation line in the 
opposite direction. 

In a stress field consisting of both normal and shear 
components, the vector force on a unit length edge 
dislocation is given by 

F = 2 [-uxybi + u,,bjJ (8.13) 

where i and j are unit vectors in the x- and y-directions, 
respectively, and the sign depends on the orientation of the 
extra atomic plane forming the dislocation. 

Edge dislocations move easily only in their slip (or 
glide) plane. Motion perpendicular to the slip plane by 
climb requires transport of vacancies or  interstitials to or 
from the bulk o f  the solid to  the dislocation line by 
diffusion. Point defect migration under most conditions is 
slow because the concentrations of vacancies or  interstitials 
is quite low. However, a t  temperatures above roughly 
one-half the melting point (OK) o r  in a radiation field, 
sufficient point defects are present and their mobility is 
great enough to permit edge dislocation climb to  take place 
at  measurable rates. The climb process is of primary 
importance in the slow plastic deformation mechanism 
known as creep, which profoundly affects the performance 
of reactor fuel elements. 

The force causing climb is not restricted to  external 
stresses applied to the solid, as shown in Fig. 8.10b. The 
internal stress due to  the presence of other nearby 
dislocations or  t o  the creation of high point defect 
supersaturation by radiation can also induce climb of the 
edge portions of dislocations (Chap. 16, Sec. 16.7). 

A similar analysis can be applied to a screw dislocation. 
Figure 8.11 shows a screw dislocation of length S which 
experiences a force per unit length F in the slip direction 
due to an applied shear stress uyz.  The subscripts on the 
shear stress indicate that it acts in the slip plane (which is 
perpendicular to the y-axis) and in the direction of the 
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Fig. 8.11 Force on a screw dislocation. 

z-axis. Note that in this case the force on the dislocation 
line is at right angles to  the direction of the applied stress 
that produces the force. If the screw dislocation moves a 
distance Ax in the x direction, an area S Ax slips by 
a distance b in the slip direction (the z-direction). The work 
done by the applied stress is (uyzS Ax)b. Equating this 
quantity of work to a force on the dislocation line acting in 
the x-direction times the distance the line moves, we find 
the force on a unit length of screw dislocation produced by 
the shear stress to be 

F = to,,b (8.14) 

As in the case of stresses acting on edge dislocations, choice 
of + or  - in Eq. 8.14 depends on  the sign of the dislocation 
(i.e., whether the screw is left-handed or  right-handed). 

The dependence of  the direction of the force exerted 
by a shear stress on the sign of both edge and screw 
dislocations implies that the dislocation loop shown in 
Fig. 8.6 can be made to expand uniformly in the radial 
direction by a shear force in the direction of the arrow in 
the drawing. The x-direction force exerted on the edge 
component a t  A is +uxyb,  and the edge component at C is 
subject to a force -uxyb. Similarly, the y-direction forces 
on  the screw components at  B and D are +uXyb  and -uxyb, 
respectively. 

Tensile or compressive stresses produce no force on a 
screw dislocation, which is incapable of movement by 
climb. 

8.5 MISCELLANEOUS FEATURES OF 
DISLOCATIONS 

8.5.1 Density of Dislocation Lines 
The concentration of dislocation lines in a solid is 

measured by the number of dislocation lines that penetrate 
a unit area within the crystal. This quantity, which is 
known as the dislocation density, ranges from -lo4 
dislocations/cm2 in high-purity carefully prepared semicon- 
ductor single crystals (germanium or silicon) to -10" 
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dislocations/cm2 in severely worked polycrystalline 
metals. Very fine crystal whiskers about 1 p m  cm) in 
diameter have been prepared in a nearly dislocation-free 
condition. These specimens exhibit the yield strength 
expected of perfect crystals (i.e., uc - 0.1G). 

8.5.2 Mechanisms of Hindering Dislocation 
Motion 

Dislocations can move in a slip plane in response to very 
small applied shear stresses. However, the motion of 
dislocations, and hence the capacity of the material t o  
deform plastically, is limited by many phenomena. 

If there is a high dislocation density in the solid, slip 
requires that moving dislocations (1) pass by other disloca- 
tions in parallel slip planes or (2) cut across other disloca- 
tions that intersect the glide plane of the moving disloca- 
tion. 

When two dislocations intersect while gliding, the 
character of each is altered in a manner that requires energy 
and makes further movement of the dislocations more 
difficult. Figure 8.12a shows two screw dislocations with 
mutually perpendicular Burgers vectors and slip planes. 
Dislocation 1 moves toward stationary dislocation 2 (the 
tree) and passes through it. The situation following the 
intersection is shown in Fig. 8.12b. Each dislocation has 
produced a small step or  jog in the other. The jog consists 
of a segment of the dislocation that has acquired the 
direction of the line that passed through. The Burgers 
vectors of each line, however, remain unchanged. The 
portion of the dislocation at  the jog is pure edge in 
character, since at this point the dislocation line is 
perpendicular to the Burgers vector. (Figure 8.4b shows 
that this arrangement is characteristic of an edge disloca- 
tion.) Any further motion of the dislocation containing the 

( b )  

Fig. 8.12 Intersection of two screw dislocations. 

jog in the same direction as that before intersection requires 
that the newly created edge portion of the line move in a 
direction perpendicular to the Burgers vector. According to  
Fig. 8.4b, such motion is equivalent to climb of the edge 
portion, which can occur only if vacancies or  interstitials 
are exchanged with the lattice. Consequently, the capability 
of easy glide of the  initially pure screw dislocation has been 
significantly reduced by the jog. 

It can be seen from Fig. 8.12 that the length of each 
dislocation line has been increased by the jogs. Since energy 
is required to  increase the length of a dislocation line (i.e., 
by the line tension), passage from (a) t o  (b) in Fig. 8.12 
consumes energy, which is equivalent to a larger force 
required to maintain slip as the dislocation line becomes 
increasingly jogged. Or, material that has been heavily 
deformed and contains a high density of tangled dislocation 
lines loses plasticity. This phenomenon is known as strain 
hard en ing. 

The glide of dislocations through a crystallite can also 
be impeded by the presence of impurities. The impurities 
may be present in the form of small particles of a second 
phase (i.e., a precipitate) which the dislocation cannot 
penetrate. On encountering such an obstacle, the moving 
dislocation line is pinned to the impurity particle. 

Edge dislocations can interact with point defects in the 
lattice (these may be vacancies or  impurity atoms) via the 
interaction of the stress fields surrounding the dislocation 
and the point defect. It is possible to  calculate the 
interaction energy of such combinations. Point defects, 
such as an impurity atom, tend t o  compress the surround- 
ing medium. The expanded region below the extra half- 
sheet of atoms in the edge dislocation serves to relieve the 
compression surrounding the impurity atom. The energy of 
the edge dislocation-impurity atom combination is re- 
duced as the two approach each other. Or, the combination 
has a binding energy that makes it stable. Conversely, 
vacancies tend to accumulate o n  the side of the edge 
dislocation containing the additional half-sheet of atoms. 

Point defects move by thermally activated processes, 
and they are quite immobile at  low temperatures. In the 
course of its glide along a slip piane, a dislocation line may 
encounter a point defect. Each such encounter lowers the 
energy of the system by the binding energy of the 
dislocation and the point defect. To pull the dislocation 
line away from the immobile point defect, the binding 
energy of the defect-dislocation combination must be 
supplied. If the interaction is very strong, the point defect 
acts t o  pin the dislocation, or  at  least to slow down its glide 
until the bond is broken by thermal fluctuations. Alterna- 
tively, the dislocation may continue to  travel through the 
field of point defects, sweeping them along as it moves. The 
drag due to the cloud of point defects associated with a 
moving dislocation considerably reduces its mobility. 

8.5.3 Dislocation Multiplication 
Electron microscope observation shows that the num- 

ber of dislocations in a solid is increased by deformation. 
The most likely mechanism by which dislocation multipli- 
cation occurs is shown in Fig. 8.13. Figure 8.13a shows a 
portion of a dislocation line ABCD which is pinned at  B 
and C by obstacles of the type described previously. The 
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Fig. 8.13 The Frank-Read dislocation source. 

length 1 of BC lies in a slip plane, and an applied shear 
stress acts on this segment. The equilibrium shape of the 
bowed dislocation is obtained by equating the force per 
unit length due to  the applied stress (Eq. 8.13) to  the 
restoring force due to  line tension (Eqs. 8.10 and 8.11). 
The equilibrium radius of curvature is 

(8.15) 

As the applied stress is increased, the radius of curvature 
decreases from R = m in Fig. 8.13a to a minimum value of 
R = 1/2 for a semicircle (Fig. 8.13b), at which point the 
applied stress is 

Gb 
U Y X  

R =- 

2Gb 
= uFR =1 ( ' ~  x )R =1/2 (8.16) 

If the applied shear stress exceeds UFR given by the above 
formula, the bowed segment assumes the shape shown in 
Fig. 8.13c, which represents an increase in the radius of 
curvature. Hence this shape continues to grow until the 
sections at  P and P' meet. Since these two points represent 
portions of the dislocation having opposite signs, they 
annihilate each other when they come into contact. The 
growing dislocation is pinched off, leaving a dislocation 

loop (of the mixed edge-screw type shown in Fig. 8.6) 
and regenerating t h e  original segment of straight dislocation 
BC (Fig. 8.13d). Continued application of an applied shear 
stress greater than uFR causes the loop to expand and the 
segment BC to repeat the process shown in a through d of 
Fig. 8.13. As long as the outermost loop (the first one 
created by the process) does not meet obstacles that halt its 
expansion, the mechanism depicted in Fig. 8.13 produces 
dislocation loops indefinitely. 

The mechanism of dislocation multiplication described 
above is named after its discoverers, F. C. Frank and W. C. 
Read, and the pinned segment of dislocation line in a slip 
plane is called a Frank-Read source. The critical stress u F R  

at  which the bowed dislocation becomes unstable is called 
the unpinning stress of the source, o r  the stress required to 
operate or  unlock the source. When the outermost loop is 
stopped by an obstacle, a pileup of loops occurs. This group 
of stalled loops creates a back stress, which hampers the 
operation of the Frank-Read source. 

In materials containing a high concentration of mobile 
impurity atoms, the unpinning stress of the source may be 
determined by the force needed to  tear the dislocation line 
away from the impurity atoms that have collected on it. If 
the stress required for this process is greater than oFR of 
Eq. 8.16, the former determines the critical stress at  which 
dislocations just begin to  move. 

8.5.4 Shear Strain Due to  Dislocation Glide 
Because of the obstacles in the slip plane, individual 

dislocations move through a crystal in a jerky fashion. In 
the regions between obstacles, they move rapidly under the 
influence of the applied stress. When obstacles are en- 
countered, the dislocations are temporarily stopped. After a 
period of time, they may be able to overcome the obstacle, 
either by thermally activated cutting through or by 
climbing over it, and resume rapid glide until the next 
obstacle is met. The motion of a dislocation may be 
considered as a series of glide events in each of which the 
dislocation traverses an area A of the slip plane. The value 
of A is determined by the density of obstacles in the slip 
plane. In general, the loops produced by Frank-Read 
sources d o  not expand uniformly as suggested by Fig. 
8.13d. Rather, a portion of the loop succeeds in breaking 
through obstacles and expanding by an area A and later 
another segment of the loop may do  the same. 

The shear strain due to this sort of motion may be 
determined with the aid of Fig. 8.14, which shows a 
specimen in the  shape of a parallelepiped undergoing slow 
deformation by an applied shear stress. After some time, 
the block is deformed from the original shape shown by 
dashed lines to  the configurations shown bL$sslilinzs i,L,ii: 
in Fig. 8.14a. According to Sec. A 2 .6ppendix  
type deformation is equivalent to the shear strain 

this , > 29 

Since each individual dislocation climb event displaces the 
solid above and below the slip plane by an area A (shown 
on Fig. 8.14a), a total of XZ/A elementary glide events are 
required to displace one entire slip plane. When this number 
of shear-strain increments has occurred, the whole slip 
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X 

Y 

t. 

Fig. 8.14 Diagram for calculating the shear strain pro- 
duced by dislocation glide events which sweep out an 
area A. 

plane is displaced by a distance equal to one Burgers vector 
b (see Fig. 8.4). If the slip planes are separated by a 
distance s, Fig. 8.14b shows that Y/s slip planes must be 
displaced in order to produce the macroscopic strain 
characterized by the angle 0, or  

b E = _  
S 

(8.17) 

The number of individual glide events needed to cause the 
strain E is the product of the XZ/A glide events to displace 
one slip plane by a distance b and the Y/s slip planes that 
have to  be displaced by b to produce the strain E. Or, the 
shear&wss induced by a single glide event is 

Shear strain - E 

Glide event (XZ/A)(Y/s) 

€Ab =- 
(XYZ)E 

Ab 
V 

- _ -  (8.18) 

where the product XYZ is the volume V of the specimen 
and s has been eliminated by use of Eq. 8.17. 

Suppose that the volume V contains N, mobile disloca- 
tions in the form of shear loops of an average radius R1. The 
total length of dislocation line in the volume V is 277R,N,, 
or the dislocation density is 

(8.19) 

If each of the N, loops expands by an area A. the 
resulting shear strain is, according to Eq. 8.18, equal to 

Ab Abp 
I V 2nRI 

E = N  - = -  

The average increase in loop radius, AR,, due to expansion 
by area A is 

A 
2nRI 

ARl = - 

and the shear strain may be written as 

E 2 pb AR1 (8.20) 

Since there are very many individual glide events occurring 
in a stressed crystal in a given time interval, the average 
result of the jerky expansion increments may be repre- 
sented as a uniform glide velocity of the dislocation line, 

ARI vd =- 
At 

Or, the shear strain rate is given by 

= PbVd (8.21) 

The velocity of mobile dislocations is controlled by the 
frictional forces arising from the obstacles that are en- 
countered during slip along the glide plane. 

8.6 INTERACTION FORCES BETWEEN 
NEARBY EDGE DISLOCATIONS 

8.6.1 Movement on Parallel Glide Planes 
Edge dislocations can surmount obstacles in their glide 

plane only by climbing over the obstruction, which 
frequently is another edge dislocation. Equation 8.13 
describes the force on a unit length of an edge dislocation 
which is placed in a stress field containing both shear and 
normal components. For two neighboring edge dislocations, 
the force on one is in part due to the stress field set up  by 
the other, and vice versa. The stress field established by an 
isolated edge dislocation is shown in Fig. 8.8. The stress 
components urr and urO in this figure may be converted 
from cylindrical t o  rectangular coordinates by the trans- 
formation* 

uxx = urr - 2 sin 8 cos 8 or$ (8.22a) 

Ox Y = (cos' 0 -sinZ e )  urB (8.22b) 

Inserting ut. and ur0 from Fig. 8.8 into the above equations 
and substituting the resulting expressions for uxx and uxy 
into Eq. 8.13 yield the vector interaction force per unit 
length between two parallel edge dislocations: 

c *These formulas are a special case of the cylindrical- 
rectangular coordinate transformation for u,, = U o e .  See 
R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport 
Phenomena, p. 742, John Wiley & Sons, New York, 1960. 
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cos 0 (cos' e - sin' 0)i 

+ sin 0 (1 + 2 cos' 0)j  (8.23) 

where the choice of the plus or  minus sign depends upon 
the signs of the two edge dislocations. If the slip planes of 
the two  dislocations are separated by a distance y = r sin 6 ,  
the x and y components of Eq. 8.23 can be written as 

I 

Gb' f,(e) F. = 4 
2 n ( l - v )  y 

Gb' f ( e )  F. =&-y 
IY 2n(1 - v) y 

(8.24) 

(8.25) 

where 

f,(O) = sin 0 cos 0 (cos' 0 -sin' 0 )  

f,(O) = sin' e (1 + 2 cos' 0 )  

(8.26) 

(8.27) 

The angular functions f, and f, are plotted in Fig. 8.15. 
The y-direction force is in the same direction for all angles 
between the two dislocations, but the x-direction force 
changes sign when the angle between the dislocations is 

Figure 8.16 shows the trajectories of a mobile disloca- 
tion that is driven by an applied shear stress uxY towards an 
immobile dislocation either of the same or  of opposite sign 
as the mobile dislocation. The slip planes of the two 
dislocations are parallel and are initially separated by a 
distance yo .  

45". 

0 R 
8 
- R 

4 
- 371 

8 
- R 

2 
- 

Fig. 8.15 Functions describing the x and y components of 
the interaction force between two edge dislocations. 

Figure 8.16a shows the path of the mobile dislocation 
when the two interacting dislocations are of the same sign. 
The applied shear stress pushes the mobile dislocation to 
the right with a force per unit length of 

F, = oxy b (8.28) 

The x-direction force opposing the motion is given by Eq. 
8.24 with the positive sign selected since the two disloca- 
tions are of the same sign. They tend to  repel each other for 
angles between 0 and 45", but the interaction becomes 
attractive for angles between 45" and 90". The maximum 
repulsive force occurs a t  22.5". The mobile dislocation 
glides rapidly toward the immobile dislocation on its 
original slip plane until the repulsive interaction force just 

FINAL SLIP PLANE 
/OF MOBILE DISLOCATION FIY 

t INITIAL SLIP PLANE 
OF MOBILE 
DISLOCATION 7 

IMMOBILE DISLOCATION 

- + I -  
h 

'- 
/ 

SLIP PLANE OF 
IMMOBl LE 
DISLOCATION 

\ 

Y 

( a )  X J  

INITIAL SLIP PLANE 
OF MOBILE DISLOCATION 

A A  
T 

IMMOBILE DISLOCATION 1 f F l x + F b  

( b )  

Fig. 8.16 Trajectory of a mobile edge dislocation approaching an immobile one. (a) Both dislocations of 
the same sign. (b) Dislocations of opposite sign. 
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balances the driving force due to the applied shear stress, 
which occurs a t  some angle B o  between 0 and 22.5'. The 
mobile dislocation stops when F, = Fix or, from Eqs. 8.24 
and 8.28, when 

where 
Gb 

K =  2 n ( l -  u )  

The x-distance at which the barrier is 
obtained by eliminating 0, between 
relation 

xo = yo cot e o  

(8.29) 

(8.30) 

first encountered is 
Eq. 8.29 and the 

(8.31) 

At this point the mobile dislocation experiences a y-direc- 
tion force given by Eq. 8.25 

F. = KbfY(00) (8.32) 
Yo 

1Y 

Because of this force, which is in the +y-direction, the 
mobile dislocation begins to  climb by absorbing vacancies. 
As it does so, its position along the x-axis adjusts in a 
manner that keeps the net x-direction force on the mobile 
dislocation just equal to  zero. Thus, the trajectory can be 
described by eliminating 0 from the equations: 

= cot e (8.34) 

When 0 attains a value of 22.5", the function f x  reaches a 
maximum value of 74 (Fig. 8.15). To reach this angle, the 
mobile dislocation must have climbed to  a height h 
determined by setting f x  = y4 in Eq. 8.33 : 

K Gb h=-= 
4uxy 8 n ( l -  v)uxy 

(8.35) 

This distance represents the height of the barrier presented 
by the immobile dislocation. As soon as the mobile 
dislocation has climbed to  this height above the slip plane 
of the immobile dislocation, easy glide along the new slip 
plane can be resumed. If the initial impact parameter yo is 
greater than the climb height given by the above equation 
(i.e., when yo > h), the immobile dislocation does not 
impede the glide motion of the mobile dislocation. 

Figure 8.16b depicts the fate of a mobile dislocation 
approaching an immobile dislocation of opposite sign. In 
this case, the x-direction force between the two dislocations 
is given by Eq. 8.24 with the negative sign. The two 
dislocations attract each other until 0 = 45", and thereafter 
the interaction is repulsive. If the initial separation of the 
approaching dislocations is greater than h of Eq. 8.35, the 
mobile one is not stopped by the immobile one. When yo < 
h, the mobile dislocation is brought to rest a t  a position 
given by 

-K fX(e0) = U X Y Y O  (8.36) 

from which x, can be determined with the aid of Eq. 8.31. 
When the dislocations are of opposite sign, the y-direction 

force on the mobile dislocation is downward in the 
drawing, and the mobile dislocation climbs toward the 
immobile obstacle, As climb proceeds, the mobile disloca- 
tion moves to the right t o  keep the net x-direction force on 
it equal to  zero. The trajectory can be computed from Eqs. 
8.33 and 8.34 with a negative sign in front of the former. 
Eventually, the mobile dislocation climbs right into the 
immobile one, and annihilation of both defects takes place 
(i.e., the two half-sheets of atoms join and reconstitute a 
perfect atomic plane). 

8.6.2 Dislocation Pileup 
In Sec. 8.5, the ability of a Frank-Read source to  

continuously produce dislocation loops (an example of 
which is shown in Fig. 8.13) was described. The loop 
continues to  expand in the glide plane of the source until it 
emerges from the crystal and causes deformation. The 
Frank-Read source operates indefinitely as long as a shear 
stress is present to  generate the dislocations and to  sweep 
the loops. However, if there is an obstacle in the glide 
plane, the first dislocation produced by the source is 
stopped, and those produced subsequently pile up on the 
stalled lead dislocation (Fig. 8.17). The operation of the 
source ceases, and the configuration remains constant 
unless the lead dislocation can escape by climbing over the 
obstacle. The obstacle causing the pileup may be a grain 
boundary, an immobile dislocation of the type depicted in 
Fig. 8.16, or the lead dislocation produced by another 
Frank-Read source in a parallel slip plane no further than a 
distance h (Eq. 8.35) from the first source. Both screw and 
edge dislocations are stopped by a grain boundary, and edge 
dislocations are blocked by other edge dislocations unless 
they are able to  circumvent the obstacle by climb. Screw 
dislocations, on the other hand, can glide in any crystallo- 
graphic plane and therefore do not need to climb (indeed 
they cannot climb) to  surmount the obstacle presented by a 
nearby dislocation. However, as explained in the preceding 
section, edge dislocations are a t  least temporarily delayed 
when they encounter another edge dislocation. 

The pileup shown in Fig. 8.17 represents the edge 
portions of the dislocation loops generated by the Frank- 
Read source on the right. The dislocations remain in the 
positions shown until the lead dislocation (labeled 1) 
climbs over the obstacle, if it can. When this occurs, 
dislocation number 2 in the drawing becomes the lead 
member, and the Frank-Read source produces another 
dislocation to  replenish the pileup. The spacing of the 

n 
1 1 \A/ 

; r  
'I' 

FRANK- READ 
SOURCE 

Fig. 8.17 Pileup of the edge portions of dislocation loops 
generated by a Frank-Read source due to an obstacle in 
the slip plane. 
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dislocations and the number between the source and the 
obstacle can be determined from the condition that the net 
force acting on each dislocation in thk x-direction is zero. If 
there are n dislocations in the pileup, the condition of 
mechanical equilibrium of the ith member is 

where F, is the force o x y b  acting in the negative 
x-direction on each dislocation due to the applied shear 
stress and Fxi,j is the force on the ith dislocation arising 
from interaction with dislocation j. Fxi, j  is given by the 
x-component of Eq. 8.23 with r replaced by the separation 
between dislocations i and j. The force balance can be 
written as: 

o x y  b (8.38) 

j = l  
J #  1 

which represents n - 1 nonlinear equations in the distances 
xi (Eq. 8.38 does not apply to the lead dislocation). 
Solution of this set of equations (see problem at end of 
chapter) shows that the number of dislocations in the 
pileup is 

n(1- v)Lo,, 
Gb n =  (8.39) 

where L is the distance between the first and last 
dislocations. 

The most important feature of the pileup is the stress 
that this configuration exerts on the nearby solid. Let r be 
the distance in the slip plane from the lead dislocation, 
taken as positive in the direction to the left in Fig. 8.17. 

1. When r is small and positive (i.e., just ahead of the 
lead dislocation), the piled-up group exerts a shear stress 
that is n times larger than the applied shear stress, or 

n(1- v)Lo2,, 
Gb CJ = nuxy = (8.40) 

2, At larger positive values of r but less than L, the 
pileup concentrates the  stress according to the relation 

c7 = (!>” C J x y  (8.41) 

Equation 8.41 applies to  both the shear and the tensile 
stresses on a plane that contains the lead dislocation. The 
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tensile stress is given by Eq. 8.41 when the angle between 
the plane containing the lead dislocation and the slip plane 
is 70”. 

3. At large distances from the lead dislocation (r 3 ?L), 
the piled-up group produces the same stress in the medium 
as a single dislocation of Burgers vector nb, or 

I ”  

(8.42) 

Setting r = -L in Eq. 8.42 gives the back stress exerted by 
the piled-up loops on the Frank-Read source that was 
responsible for their generation. The back stress is -% of 
the applied stress, and opposes the latter. The back stress is 
responsible for stopping operation of the Frank-Read 
source; when the effective stress (applied stress less the 
back stress) falls below the stress required to operate the 
source, no more loops can be produced. 

8.6.3 Dislocation Dipole Arrays 
Figure 8.18 shows another configuration of edge 

dislocations which is stabilized by the interaction forces 
between the components. The dislocations of opposite sign 
created by the two Frank-Read sources on parallel slip 
planes move toward and pass each other (even when there is 
no applied stress) and become interlaced in the manner 
shown in the drawing. The pairs of dislocations of opposite 
sign in close proximity are called dipoles. By using methods 
similar to  those applied above to the pileup, we can 
determine the equilibrium spacing of the dipoles (Ax) as a 
function of the distance yo between the two slip planes and 
the applied shear stress uxy. Each dislocation is subject to 
the force due t o  the applied stress of magnitude u x y b  
directed to  the right for the dislocations on the upper plane 
and to  the left for those on the lower plane. In addition, 
each dislocation experiences an interaction force Fix due to 
the other dislocations on its own plane and t o  the 
dislocations of opposite sign on the adjacent plane. As in 
the case of the dislocation pileup on a single plane, 
contributions t o  Fix are determined from Eq. 8.23 with r 
and 0 values appropriate to each interacting pair. If there 
are n dislocations in each plane, each one of them interacts 
with n(n - 1) others. The calculated spacing between 
dislocations on each plane is found to be nearly inde- 
pendent of the applied shear stress (up to a critical value) 
and approximately equal to six times the interplanar 
spacing, or 

Ax 6y, (8.43) 

DIPOLE F RAN K-R E AD 
SOURCE 
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I I . I ,  

t I f T T t \5/ , I -  t F RANK-RE AD 
SOURCE 

oxy c-- 

Fig. 8.18 Stable array of dislocation dipoles produced by Frank-Read sources on  adjacent slip planes. 
[After P. M. Hazzledine, J. Phys. (Paris): 27: C3-210 (1966).] 
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The number of dislocations on each plane (or equiva- 
lently, the number of dipoles in the array) between sources 
separated by a distance L is therefore 

(8.44) 

As the applied shear stress is increased from zero, the 
two opposite-sign dislocations forming each dipole move 
slightly closer to each other along their respective slip 
planes. At a critical value of the applied shear stress, the 
dipoles move past each other and then continue to glide 
along the slip planes. Because the distance between disloca- 
tions along the slip planes is large compared to the normal 
distance between the two planes, the critical value of the 
applied shear stress a t  which the array decomposes is 
essentially equal to that required to  push two isolated 
dislocations past each other. The relation between normal 
separation distance and the critical shear stress for isolated 
pairs of edge dislocations either of the same or of opposite 
sign is given by Eq. 8.35, and this equation is applicable to 
the array shown in Fig. 8.18. The group of dipoles is stable 
for shear stress up to  the value given by 

8.7 GRAIN BOUNDARIES AND GRAINS 

(8.45) 

Unless special precautions are taken, solids prepared by 
solidification of a melt contain a large number of small 
crystallites, or grains, rather than a single large crystal. Each 
grain (which is typically of the order of micrometers in 
size) is a single crystal, containing its complement of point 
defects and dislocations. The surface separating different 
grains is termed a grain boundary. It  is no more than a few 
atoms thick-just enough to  adjust for the misorientation 
of the lattice structures of neighboring grains. Figure 8.19a 
shows the atomic arrangement of a large-angle grain 
boundary. Large-angle grain boundaries are characterized 
by a liquid-like structure in the -10-8 wide zone between 
the adjoining grains. 

Grain boundaries in which the lattices of adjacent grains 
are tilted by only a few degrees from each other are called 
small-angle grain boundaries. These boundaries are com- 
posed of a nearly parallel stack of edge dislocation of the 
same sign, as shown in Fig. 8.19b. The match between the 
perfect crystalline regions of adjacent grains is obviously 
much better than in the large-angle grain boundary. 
Small-angle grain boundaries require special techniques to 
render them visible (e.g., chemical etching, which allows the 
individual edge dislocations composing the grain boundary 
to  be seen), Large-angle grain boundaries can be seen by 
examining a polished specimen under a microscope of 
modest magnification. Boundaries composed of aligned 
dislocations as in Fig. 8.19b are called subgrain boundaries. 
At sufficiently high temperatures, some of the dislocations 
in a crystal order themselves into regular geometric patterns 
consisting of subgrain boundaries inside the larger grains 
formed by the wide-angle grain boundaries of Fig. 8.19a. 
This process is called polygonalization. 

In common with dislocation lines and free or external 
surfaces of a crystal, grain boundaries have a surface 

Fig. 8.19 Grain-boundary models. (a) Large-angle grain 
boundary. (b)  Small-angle grain boundary. 

tension, or an energy per unit area. The energy a grain 
boundary brings to a crystal is far too large to expect that 
such defects would be present in thermal equilibrium. 
However, because angular mismatches of the type shown in 
Fig. 8.19a can be eliminated only by collective rearrange- 
ment of large numbers of atoms, grain boundaries persist 
even at  high temperatures. Prolonged annealing at  elevated 
temperatures can produce appreciable grain growth, which 
is a process whereby large grains grow at  the expense of 
smaller ones. The effect of annealing a polycrystalline 
specimen of uranium carbide on its microstructure is shown 
in Fig. 8.20. 

The mechanical response of crystalline material com- 
posed of many small grains to applied stresses is of 
particular importance to the performance of reactor fuel 
elements. 

At low temperatures (below, say, one-third to  one-half 
the melting point in O K )  ionic solids such as UOz pass 
directly from elastic deformation at  low stresses to  fracture 
a t  a sufficiently large stress. The material does not deform 
plastically and is said to  be brittle. 

Polycrystalline material needs more active slip planes 
and slip directions than single crystals before plastic 
deformation is possible. As shown in Fig. 8.21, if only a 
small number of slip planes are active, the random 
orientation of grains in a polycrystalline aggregate may 
permit the critical resolved shear stress to be exceeded in 
some grains but not in others. The entire body does not 
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Fii. 8.20 Microstructure of uranium carbide. (a) As-cast. 
(b) After 1-hr anneal at 2000°C. 

undergo plastic deformation unless enough slip planes are 
active that the shear stress component along an active slip 
plane is likely to exceed the critical value for all orienta- 
tions relative to  the direction of the applied stress. 

8.8 CREEP 

Creep is a type of permanent deformation which occurs 
over long periods a t  constant stress. Elastic and plastic 
deformation occur essentially a t  the same time that stress is 
applied. Figure 8.22 shows the strains associated with the 
phenomenon of creep. On application of stress, instanta- 
neous strain ascribable to  elastic and plastic deformation 
occurs. If the specimen is maintained in a stressed condition 
and if the temperature is reasonably high (again, about 
one-third to one-half the melting point in OK), irreversible 
deformation continues over long periods of time (days or 
months) until failure occurs. Following a slowing-down 

- - - - ACTIVE SLIP PLANES 
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( a ) LOW TEMPERATURE ( b ) HIGH TEMPERATURE 

Fig. 8.21 Effect of temperature on slip in polycrystalline 
materials. Slip does not occur in (a) because the applied 
stress does not produce a component large enough to 
initiate slip in the upper grain. In (b) an additional slip 
plane has become active, and the applied stress is sufficient 
to  cause slip in both grains; hence the material deforms 
plastically. 

period (primary creep), the creep rate becomes essentially 
constant. This is the region of secondary, or steady-state, 
creep. This regime ends when the creep rate again speeds up 
(tertiary creep) shortly before failure, which is called stress 
rupture.  

In any material, especially polycrystalline materials, 
there is nearly a continuous distribution of slip modes 
which become operable as the stress level is raised. Nearly 
all the slip mechanisms associated with a particular level of 
applied stress are exhausted in the instantaneous plastic 
strain shown in Fig. 8.22. If the stress is maintained 
constant, several mechanisms are available to  permit con- 
tinuous but very slow deformation. 

The additional energy required to move a dislocation 
along a slip plane not normally active a t  the particular 
temperature and applied stress or a dislocation that is 
pinned by an impurity may be obtained by chance thermal 
fluctuations. The probability per unit time of supplying the 
energy E needed to  get a dislocation moving is proportional 
to  the Boltzmann factor e-E’kT, and hence the creep rate 
exhibits a very pronounced temperature dependence. 

~ _ _  r STRESS RUPTURE 
~ _ _  

STRESS RUPTURE 

TERTIARY 
CREEP 

CREEP 

f 
PRIMARY CREEP 

ELASTIC-PLASTIC 
DEFORMATION 

TIME 

Fig. 8.22 Typical creep curve. 
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At elevated temperatures, the mobility of point defects 
increases. Point defects that may have been hindering 
dislocation motion, such as impurity clouds, are more 
mobile and hence are more easily dragged by the disloca- 
tion line a t  high temperatures (this mechanism of thermally 
activated creep is called microcreep). 

Finally vacancies and interstitials become mobile a t  
high temperatures and permit dislocation motion by climb. 

For all these mechanisms the dependence of the strain 
rate ? on temperature and stress level in the regime of 
secondary creep is of the form 

E = const x ume-E’kT (8.46) 

where u is the applied stress, T is the absolute temperature, 
and E is the activation energy for creep. The exponent on 
the stress, m, is about 4 for creep rates governed by 
dislocation climb. 

Creep may also occur by the sliding of adjacent 
crystallites along grain boundaries or by the diffusion of 
vacancies from one side of a grain to the other (Nabarro- 
Herring creep). Creep theories, including the effect of 
radiation, are discussed in detail in Chaps. 16 and 19. 

8.9 NOMENCLATURE 

a, = lattice constant 
A = area of  Cross section of specimen in which slip occurs 

on  application of force; area of the slip plane; area of 
spherical cap 

b = Burgers vector 
c = constant proportional to the magnitude of Burgers 

d = spacing between crystallographic planes in direction 
vector 

normal to  the slip plane 
E,, = strain-energy density 

f, = angular function for the force in the x-direction 
f, = angular function for the force in the y-direction 
F = force at which slip occurs in a specimen; force per 

G = shear modulus 
h = height of the barrier presented by an immobile 

dislocation 
i,j,k = Miller indices indicating the direction of a Burgers 

vector 

unit length on a dislocation line 

L = length at a dislocation pileup 
n = number of dislocations in a pileup 

r = radial distance from a dislocation line; distance in the 

rd = core radius of a dislocation core in a screw disloca- 

,% = radius of the grain in which dislocation resides 
R = radius of curvature of a dislocation line 

R, = average radius of dislocation loops 

N1 = number of dislocation loops 

slip plane from the lead dislocation 

tion 

AR1 = average increase in loop radius 
s = distance between slip planes 
S = length of a dislocation line 
T = temperature 
u = displacement 
17 = volume of the specimen 

vd = glide velocity of dislocation line 
y = distance in the direction normal to the slip plane 

yo  = initial separation of two parallel edge dislocations 
z = distance along a dislocation line 

Greek letters 
p = angle of deformation 
y = surface tension 
E = shear strain 
C = strain rate 
4 = angle-between the normal to  the slip plane and the 

direction of tensile force; angle between the slip 
direction and the direction of tensile force 

v = Poisson’s ratio 
p = dislocation density 
u = stress 

T = line tension (elastic energy per unit length of 

0 = angle in cylindrical coordinate system 

uc = critical resolved shear stress 

dislocation line) 

Subscripts 
crit = critical (shear stress for stability of dislocation 

FR = Frank-Read (unpinning stress) 
dipoles) 

ix = (force) in the x-direction on ith dislocation 
iy = (force) in the y-direction on ith dislocation 
m = mobile 
r = in radial direction 
z = in the z-direction 
0 = in azimuthal direction 

/- 
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8.11 PROBLEMS 

8.1 Draw billiard-ball models of the extra half sheet of 
atoms which constitute the following dislocations: 

(a) The a,/2 [110] edge dislocation in the (111) plane 
of the fcc lattice. 

(b) The a,/2 [ill] edge dislocation on the (110) plane 
of the bcc lattice. 

8.2 The rr, 6 0 ,  and rB components of the stress tensor in 
the medium around an edge dislocation are given in 
Fig. 8.8. The axial stress component (not shown on the 
figure) is 

Gbu sin 6 uzz = - - 

Determine the line tension of the edge dislocation (i.e., the 
elastic-strain energy per unit length in the solid from the 
dislocation core a t  r = rd to  some large distance r = ,%). 

c n(1-u)  r 
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(b) When the pileup is large (i.e., n becomes large), the 
sum in Eq. 8.38 may be converted to  an integral in which 
the integrand contains the distribution function: 

8.3 (a) Derive Eq. 8.23. 

edge dislocations with perpendicular Burgers vectors? 
(b) What is the force per unit length between parallel 

f(x) dx = number of dislocations in the range x to x + d x  
8.4 In the circular shear loop shown in Fig. 8.6, let the 
x-axis be in the direction of the Burgers vector shown in the 
drawing, the z-axis be in the plane of the loop but 
perpendicular t o  the direction of the Burgers vector, and 
the y-axis be perpendicular t o  the plane of the loop. Let 6' 
be the polar angle of the circle measured from point A. At 
any point 6' on  the loop, the Burgers vector has an edge 
component be which is perpendicular to the dislocation line 
a t  that position and a screw component b, which is parallel 
to the line. 

(a) Using the fact that the vector b with these com- 
ponents is constant (in magnitude and direction) at  all 
points on the loop, derive expressions for be and b, as 
functions of 0 .  

(b) Suppose a shear stress uxy is applied to the loop of 
Fig. 8.6. Show that the resultant force on the dislocation 
line is always radially directed and has a magnitude uXyb. 

8.5 Consider two special-case solutions of Eq. 8.38. 
(a) Solve directly for n = 3. Compare the length of the 

pileup determined from the exact solution for this case 
with the value obtained from Eq. 8.39 with n = 3. 

for 0 < x < L. 
(1) Convert Eq. 8.38 t o  integral form. 
(2) What is the normalization condition of f(x)? 
(3) Show that the solution 

where L is given by Eq. 8.39, satisfies (1) and (2). Hint: 
Transform the integration variable from x to 0 ,  where x = L 
sin' 6'. The integral of (1) is tricky. 

8.6 Consider the small-angle grain boundary in Fig. 8.19b. 
(a) For a simple cubic lattice in which the lattice 

constant a, is equal to the Burgers vector b of the edge 
dislocations forming the grain boundary, what is the 
distance between dislocations as a function of tilt angle O? 

(b) What is the grain-boundary tension (energy per unit 
area) for a tilt angle 0? Assume that the extent of the stress 
field of each dislocation (i.e., ,% in Eq. 8.9) is equal to the 
spacing between dislocations and that the core radius of the 
dislocation is 1 Burgers vector. 



Chapter 9 
Equation of State of U 0 2  

9.1 REACTOR MELTDOWN ACCIDENT 

The worst conceivable accident that could befall a fast 
reactur is a supercritical nuclear excursion that leads to  
explosive release of a large amount of energy and dis- 
assembly of the core. A specific sequence of events 
culmirlating in such an accident cannot be clearly defined, 
but the accident situation is usually assumed to  begin with 
blockage of flow passages for the liquid-sodium coolant. 
Lacking adequate cooling, the solid fuel heats up to  the 
point where both the fuel material and the cladding melt. 
Without str Jctural support the entire fuel mass collapses to 
the bottom of the core. Since a fast reactor does not need a 
moderator to sustain criticality, the ejection of sodium and 
compaction of the fuel lead to  a supercritical configuration, 
which results in the release of even more energy into the 
fuel. The rapid heating of the fuel generates large internal 
pressures and very high temperatures. The expansion of the 
fuel mass due t o  heating and the reduction of nuclear cross 
sections a t  high temperatures due to the Doppler effect 
tend t o  terminate the transient. However, if the pressure 
pulse accompanying the heating is large enough, the fuel 
mass may disassemble explosively. The first analysis of this 
accident was carried out by Bethe and Tait in 1956.' Such 
analyses have recently become the subject of intense 
concern. 

The starting point of the analysis is a mass of molten 
U 0 2  a t  low temperature (i.e., in the neighborhood of the 
U 0 2  melting point of 3100'K) and -1 a tm pressure. The 
molten fuel is considered to  contain a small fraction of 
voids, which may be partially filled with residual sodium 
coolant or  molten structural material. For simplicity in 
calculation, the void space is assumed to  be  filled only with 
U02  vapor at  the saturation vapor pressure corresponding 
t o  the liquid-phase temperature. As energy is supplied to 
the fuel mass by fission, the voids close and a single liquid 
phase is obtained. If subsequent heating were very slow, the 
molten fuel would simply expand a t  constant pressure. 
However, when the heating is as rapid as in a nuclear 
excursion, the inertia of the material prevents instantaneous 
adjustment of the fuel-mass geometry to energy input. 
Sizable internal pressures are generated within the fuel 
mass, and the motion of the collapsed core is governed by 
the equations of hydrodynamics. 

The internal energy of the system is specified by the 
fission rate in the liquid fuel. Since very little expansion of 
the core takes place during the first part of the excursion, 
the process can be regarded as taking place at  constant 
volume. The specific volume of the material is prescribed 
by the void fraction in the initially collapsed fuel mass, 
which must be estimated as part of the basis of the 
calculation. 

The equation of state of the fuel material provides the 
essential link between the nuclear aspects of the excursion 
and the dynamic response of the core. In particular, the 
pressure as a function of internal energy and volume 
provides a means of determining the variation of the 
fuel-mass geometry with time by the equations of hydro- 
dynamics. The temperature as a function of the same two 
independent variables is needed for evaluation of the 
nuclear cross sections and the Doppler coefficient. Thus, 
thermodynamic relations of the type p(U,v) and T(U,v) are 
required. 

Generally, an equation of state for a one-component 
system provides a relation between pressure, temperature, 
and specific volume. Although specification of any two of 
these variables is sufficient t o  determine the third, proper- 
ties such as the internal energy and entropy are not fixed 
by a p-v-T equation of state. In addition, the specific heat is 
required. All thermodynamic properties of the system are 
determined if both a thermal equation of state, e.g., p(v,T), 
and a caloric equation of state, e.g., CJT), are known. 
However, an equation of state relating the internal energy 
to the entropy and specific volume determines all thermo- 
dynamic properties. The relation U(S,v) is a fundamental 
equation of state since this single function determines 
parameters such as pressure and temperature by dif- 
ferentiation. 

9.2 MICROSCOPIC BASIS OF THE THEORY 
OF CORRESPONDING STATES 

The theory of corresponding states demonstrates that 
the p-v-T relations of a broad class of fluids are identical if 
the thermodynamic variables are rendered dimensionless in 
the appropriate manner. 
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The p-v-T relationships of nonideal gases and liquids 
differ from the ideal-gas law because of the potential 
energy of interaction between all particles in the system. 
The existence of a universal reduced equation of state is 
based on the following assumptions concerning the micro- 
scopic behavior of the particles of the system: 

1. The potential energy of two particles of the system is 
a function only of their separation; if @ is the potential 
energy of a pair of particles, it is a function only of rij, 
which denotes the distance between particles i and j. This 
requirement in principle eliminates nonspherical molecules, 
such as water, in which the potential energy of a pair of 
molecules depends on  the orientation of the molecules as 
well as on the separation. However, because thermal motion 
even a t  moderate temperatures smears out asymmetries in 
the potential function, the theory of corresponding states is 
applicable t o  nonspherical molecules as well. 

2. The potential energy of the entire N-particle system 
is the sum of the potential energies of all possible pairs of 
particles, o r  

The sum includes all possible pairs of molecules in the 
system. The potential energy of the system depends on  the 
positions ri of all constituent particles. The atoms of a fluid 
unlike those of a solid do not have definite positions. 
Hence, the series expansion of E, for crystals (Eq. 2.3) 
cannot be applied to the potential energy of a collection of 
particles in a fluid phase. 

3. The partition function of the system is evaluated by 
classical rather than quantum statistical mechanics. Devel- 
opment of classical statistical mechanics is beyond the 
scope of this exposition. Instead, we us0 the results of 
classical statistical mechanics and refer th, reader t o  the 
references a t  the end of Chap. 1 for complete development. 

If the potential energy of Eq. 9.1 is zero, the system is 
an ideal gas for which the partition function is given by 
combining Eqs. 1.61 and 1.73: 

VN 2nmkT 3N/2 
Z * = g  (7) Z L  (9.2) 

The asterisk denotes an ideal-gas property. The particles of 
a nonideal gas o r  liquid possess potential energy E, in 
addition to translational and internal energy. The partition 
function for these systems is written as 

Q, 2nmkT 3N'2 .=-( N! hZ ) 'kt (9.3) 

where Q, is called the configurational partition function. 
According to  classical statistical mechanics, it  is related to 
the potential energy of the N particles by the 3N-fold 
integral : 

x d3r1 . . . d3rN (9.4) 

Each of the integrals is over the volume V of the system. 
For an  ideal gas, E, is zero, and the right-hand side of 
Eq. 9.4 reduces t o  the product of N integrals of the 
integrand unity over the volume of the system. Or, Q, 
reduces t o  VN, and Eq. 9.3 becomes identical to Eq. 9.2. 

Evaluation of the configurational partition function 
forms the basis for much modern work in the theory of 
liquids. Our aim is not t o  attempt t o  evaluate Q, but rather 
to demonstrate that for systems obeying the first two 
assumptions stated, Q, depends only on two dimensionless 
parameters. 

4. The potential energy between a pair of particles, 
#(rij), can be written as a universal function provided that 
the energy is made dimensionless by a characteristic energy 
E and the distance is reduced by a characteristic length u: 

The reducing parameters E and u are usually chosen as the 
coordinates of the minimum in the potential-energy func- 
tion. 

The dimensionless energy @ / E  is a universal function of 
the dimensionless distance r i j /o  for all systems whose 
particles follow the same intermolecular potential law; that 
is, the shape function $ of Eq. 9.5 is the same for all 
members of the class of systems, and particular systems are 
distinguished by different numerical values of E and (5. 

Insertion of Eq. 9.5 and 9.1 into Eq. 9.4 yields 

x d3(:) . . . d3(%) (9.6) 

Since the universal function $ is the same for all fluids in 
the class t o  which the corresponding-states argument 
applies, the integral in Eq. 9.6 is a function only of the 
group kT/e appearing in the integrand, the dimensionless 
volume V/03 over which the integral is carried, and the 
number of particles in the system N. In particular, Q, is of 
the form 

where the function f approaches V/No3 as the inter- 
molecular, potential energy disappears, o r  as kT/E + m. 

According t o  Eq. 1.28, the  pressure is 
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The dimensionless pressure is 

(9.9) 

where V/N has been replaced by the specific volume v. The 
function g is universal and applies to all fluids for which the 
intermolecular potential has the same shape function $. 

Equation 9.9 applies to  a single phase, either liquid or 
vapor. If both phases are present and a t  equilibrium, the 
pressure and temperature are connected by the vapor 
pressure relation : 

(9.10) 

where ps is the saturation pressure at temperature T. 
If we follow the vapor-pressure curve to  higher and 

higher temperatures, the distinction between the gaseous 
and condensed phases becomes less pronounced; the gas 
density increases because ps becomes larger with increasing 
T, and the liquid density decreases because of thermal 
expansion. At  a sufficiently high temperature, the densities 
of the coexistent phases become equal, and the two-phase 
system merges into a single phase. This state of the fluid is 
called the critical state and is characterized by unique 
values of pressure, temperature, and specific volume (or 
density) for each substance. The critical constants p,, T,, 
and v,, when properly reduced by the molecular parameters 
E and u, should be the same for all substances obeying the 
law of corresponding states represented by Eq. 9.9. Or, the 
groups 

($) , (%) , and (3) (9.11) 

should be universal constants. 

9.3 REDUCED EQUATION OF STATE 

Since the molecular parameters E and u are generally 
not known, it is desirable to represent the dimensionless 
thermodynamic properties in Eq. 9.9 by experimentally 
accessible macroscopic constants of the fluid. Since the 
quantities in Eq. 9.11 are supposed t o  be universal 
constants, the critical parameters p,, T,, and v, may be 
used as reducing factors in Eq. 9.9 instead of c / o 3 ,  E/k, and 
03 .  Thus, a macroscopic equation of state can be expressed 
as a universal relation between 

V p =l T =r , and v, = - 
Pc’ Tc VC 

(9.12) 

The terms pr, T,, and v, are called reduced thermodynamic 
properties and are related to  each other by a reduced 
equation of state, such as v,(p,,T,). 

Analytic expressions for a reduced equation of state are 
generally not available, and the equation of state is 
expressed in tabular or graphical form (similar to the 
familiar steani tables). Hougen, Watson, and Ragatz2 have 

combined measurements of p-v-T behavior with experi. 
mentally determined critical constants of a variety of 
substances t o  construct reduced equations of state, such as 
the v,(p,,T,) plots shown in Fig. 9.1. 

In this figure the region in the upper left-hand corner is 
the normal liquid region, and the curves in the lower left 
describe the behavior of undersaturated, near-ideal gases. 

States within the envelope described by the lines 
labeled “saturated liquid” and “saturated vapor” consist of 
two phases in equilibrium. The densities of the liquid and 
vapor phases in equilibrium are given by the intersection of 
a vertical line with the saturated-liquid and saturated-vapor 
curves, respectively. The isotherms and isobars in Fig. 9.1 
are continuous curves for values of T, and pr greater than 
unity, which implies that the system never separates into 
two equilibrium phases. For values of reduced temperature 
or pressure less than unity, the curves are discontinuous at 
the two-phase envelope. For example, if we follow the 
T, = 0.8 isotherm in the left-hand plot of Fig. 9.1 from high 
temperatures, we find it intersects the saturated liquid 
curve at a reduced pressure of 0.2. This liquid is in 
equilibrium with a vapor at the same temperature and 
pressure but with a density given by the ordinate of the 
saturated-vapor curve a t  pr = 0.2. The T, = 0.8 isotherm 
continues to lower densities a t  pressures below this inter- 
section, but the curve is not shown on the figure because of 
the congestion in this region of the drawing. 

The critical point is located a t  values of all reduced 
parameters equal to  unity. 

If Fig. 9.1 were truly a universal equation of state, 
estimation of the thermodynamic properties of unusual 
liquids, such as UOz ,  would be simpler than it actually is. 
However, Fig. 9.1 was constructed from the pv -T  measure- 
ments and critical constants of about 100 ordinary fluids, 
such as organic compounds, inert gases, and atmospheric 
gases. The equation of state of polar substances, such as 
water, or liquid metals, such as mercury, are not well 
represented by Fig. 9.1. Even accepting that these maverick 
fluids satisfy the four requirements for the existence of a 
reduced equation of state (Sec. 9.2), the intermolecular 
potentials are not represented by the same shape function 
$ of Eq. 9.5 that characterizes the fluids on which Fig. 9.1 
was based. 

To avoid the inconvenience of proliferating graphs such 
as Fig. 9.1 and the accompanying tables for each class of 
fluids, we use the following device. 

Since the quantities of Eq. 9.11 are universal constants 
(for a particular class of fluids, at least), the grouping 

c 

(9.13) 

should also be a universal constant. Since we are now 
dealing with macroscopic parameters, the Boltzmann con- 
stant k in the temperature group of Eq. 9.11 has been 
replaced by the gas constant R ,  and the term v, in 
Eq. 9.13 is interpreted as the molar volume rather than the 
molecular volume. The quantity z, in Eq. 9.13 is the 
critical compressibility factor, since, in general, the com- 
pressibility factor of a nonideal gas or liquid is defined by 

z = P  V 

RT 
(9.14) 
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Fig. 9.1 Reduced densities of gases and liquids for z, = 0.27. (Based on Ref. 2.) 

(An ideal gas is a fluid with a compressibility factor of 
unity.) 

The critical compressibility factor is the same for all 
substances of a particular class (e.g., hydrocarbons), but 
different classes of substances may exhibit different critical 
compressibility factors. So that different classes of sub- 
stances can be accommodated by a reduced equation of 
state of manageable proportions, all complicated differ- 
ences that distinguish one class of fluids from another are 
lumped into a single factor z,. The critical compressibilities 
of several types of fluids are shown in Table 9.1. Note that 
the z, values for mercury and cesium are vastly different; 
thus even liquid metals cannot be considered as a single 
class of fluid from a corresponding-states point of view. 

The equations of state are still relations between p,, T,, 
and v,, but they are now parametric in the critical 
compressibility factor 2,. Figure 9.1 is for those fluids 
which have a critical compressibility factor of 0.27. A 
different family of curves would be required for other 
values of z,. Fortunately, the range of z, values charac- 
teristic of even grossly dissimilar classes of fluids is not 
great, and the shift in the reduced equation of state with z, 
is also moderate. Consequently, the variation of thermo- 
dynamic properties with z, can be handled by a simple 
interpolation 1 scheme. This feature of the corresponding- 
states equations is discussed in detail in Ref. 2. 

Thus, the p-v-T behavior of a particular fluid, whether 
as a single liquid phase, a single gas phase, o r  a two-phase 
equilibrium mixture, is determined if its three critical 
constants are known. By Eq. 9.13, p,, T,, and v, determine 
z,, which in turn determines the reduced equation of state. 
Since the critical constants are known, the reduced prop- 
erties read from a graph such as Fig. 9.1 can be converted 
to the  actual p-v-T behavior of the fluid. 

All three critical constants have been measured for a 
substantial number of ordinary fluids. Some of the critical 
constants have been measured for a few liquid metals, but 
only for mercury and cesium has the critical state been 

3 

Table 9.1 Critical Compressibility 
Factors of Various Fluids 

Fluid type =C 

Water 0.232 
Acetone, ammonia, esters, alcohols 0.25 
Hydrocarbons 0.27 
Normal gases (0, , CO, CH, , Ar) 0.29 
Mercury 0.37 
Cesium 0.20 

fully established. For an exotic material such as UOz , none 
of the critical constants have been measured. At the present 
time, only the density and heat capacity of liquid UO, have 
been measured, and these only for a few hundred degrees 
above the melting point of 3100°K. We are therefore forced 
t o  explore means of estimating the critical constants from 
experimental data on other thermodynamic properties 
obtained at  temperatures much lower than either the 
critical state or the region where practical application of the 
equation of state is desired. 

9.4 CRITICAL CONSTANTS OF UO, 

Lack of experimentally determined critical constants is 
a severe impediment t o  development of a reduced equation 
of state for U 0 2 .  Much effort has been expended on  
estimating the critical constants from empirical laws or  
from extrapolation of low-temperature properties to high 
temperatures. 

Fortunately, there is one empirical law which appears 
t o  apply t o  a wide variety of substances and which has been 
used in most attempts t o  determine the UO, critical 
constants. We refer t o  the law of rectilinear diameters, 
which states that one-half the sum of the liquid and gas 
densities is a linear function of temperature up  to  the  
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critical point. Although this law does not rely on the theory 
of corresponding states for its validity, it is not in 
disagreement with the reduced equations of state such as 
the one shown in Fig. 9.1. 

The law of rectilinear diameters is particularly simple to  
apply to  UOz .  The density of liquid U 0 2  has been 
measured from the melting point to a few hundred degrees 
above the melting point.3 These measurements were made 
by placing a weighed amount of U 0 2  in a tungsten crucible, 
sealing the crucible, and heating it in a furnace to 
temperatures above the melting point. Gamma radiographs 
of the molten UOz ,  such as that shown in Fig. 9.2, were 
used t o  determine the volume of the liquid a t  a particular 
temperature. From these data the density (or specific 
volume) of the liquid and the coefficient of thermal 
expansion 

+L) v aT (9.15) 

were computed. It can be appreciated that the nature of 
such an experiment does not lead to  data of high precision, 
particularly in the derivative represented by Eq. 9.15. 

Since the vapor pressure of U 0 2  is less than 100  torr at  
the temperatures where the liquid density was measured, 
the density of the vapor (assuming the ideal-gas law to  
apply) is negligible compared to the density of the liquid. 
Consequently the rectilinear diameter can be established 
from the low-temperature liquid-density data alone. A plot 
of the U 0 2  density illustrating application of the law of 
rectilinear diameters is shown in Fig. 9.3. Extending the 
straight line to  the critical point yields the following 
relation between critical volume and critical temperature: 

1 (1  -otT,) 1 
-=  
VC 2 - ; p  (9.16) 

where vf is the specific volume of liquid U 0 2  extrapolated 
to  0°K. This formula requires extrapolation of not too  
reliable data for -4000'K above the few hundred degree 
interval where the measurements were made. Equation 9.16 
establishes a relation between the critical volume and the 
critical temperature t o  within the precision of the low- 
temperature liquid-density data. From this point a variety 
of methods have been used t o  complete the determination 
of the critical constants. 

The law of corresponding states implicitly contains a 
universal reduced vapor-pressure relation analagous to 
Eq. 9.10. The intersection of vertical lines drawn within the 
two-phase region and the saturated liquid and vapor curves 
in Fig. 9.1 fit the empirical equation 

In prs = 6 In T, - 0.0838(6 - 3.75) 

x (e- 35 - 

where prs is the reduced equilibrium vapor pressure 
corresponding t o  reduced temperature T, and 6 is related to 
the critical compressibility factor by 

z, = (0.266 + 1.90)-' (9.18) 

Fig. 9.2 Gamma radiograph of tungsten-encapsulated UOz 
liquid a t  30OO0C [From J. S. Christensen, Thermal Expan- 
sion and Change in Volume of Uranium Dioxide on  Melting, 
J. Amer. Ceram. SOC., 46: 607 (1963).] 
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Fig. 9.3 Application of the law of rectilinear diameters t o  
U 0 2  for an  assumed critical temperature of 10,000"K. 

Figure 9.4 shows the results of several sets of measure- 
ments of the vapor pressure of solid UOz and one of the 
liquid. The measured vapor pressure of UOz can be fit t o  
Eq. 9.17 and pc, T,, and z, so determined. From Eq. 9.13 
v, can then be calculated. This method of estimating the 
critical constants of UOz has been used by M e n ~ i e s , ~  
although it is subject to the criticism that the entire set of 
critical constants depends on one type of low-temperature 
measurement, which in addition was made on solid rather 
than liquid U 0 2 .  In addition to  requiring extrapolation to  
pressures six orders of magnitude higher than the highest 
pressure a t  which data are available, the slope of the 
vapor-pressure-temperature curve changes discontinuously 
a t  the melting point. If the solid vapor pressures are to  be 
extrapolated to  the liquid region, the heat of fusion is 
needed (see problem 9.3). Early estimates of the critical 
constants of UOz which relied on vapor-pressure extrapola- 
tion had guessed values of the heat of fusion ranging from 0 
to  85 kJ/mole. The actual figure has been established as 75 
kJ/mole.' 

Instead of relying entirely on  Eq. 9.17 to  fix the critical 
constants, we can use the following scheme proposed by 

'Grosse.' The fundamental thermodynamic equation 

d F  = -  S d T -  p dv 

yields the Maxwell relation 

Applying Eq. 9.19 t o  the vaporization process yields 

( 2 5 )  =as,,, 
T vg - v1 

(9.19) 

(9.20) 

where the entropy of vaporization is related to the enthalpy 
of vaporization (or heat of vaporization) by 

(9.21) 

d Since the system is a two-phase equilibrium mixture, the 
right-hand side of Eq. 9.19 is given by (dp/dT); so Eq. 9.19 
becomes 

a 
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Fig. 9.4 Total pressure of uranium-bearing species over 
urania. - . -, R. J. Ackermann et  al., J. Chem. Phys., 25: 
1089 (1956). ___ , M. Tetenbaum and P. D. Hunt, J. 
Nucl. Mater., 34(1): 86 (1970). ---, equation of 
Tetenbaum and Hunt extrapolated to  liquid UOz. ., R. W. 
Ohse, J. Chem. Phys., 44: 1375  (1966). 0, G. T. Reedy and 
M. G. Chasanov, J, Nucl. Mater., 42: 341  (1972). (Based on  
Reedy and Chasanov, 1972.) 

where the second equality has been obtained by using the 
critical compressibility factor t o  convert the thermo- 
dynamic properties to reduced quantities. The term 
dh,/dT, is a function of reduced temperature only, since it 
represents a saturated two-phase mixture. Equation 9.17 is 
an explicit relation for the reduced saturation curve. The 
reduced specific volume for gas and liquid phases are, in 
general, functions of both reduced temperature and pres- 
sure. However, when following a saturation line, the latter 
two are saturation values, .and vgr and vlr are thereby 
functions of reduced temperature only. They could be 
obtained from a plot such as Fig. 9.1 if z, were known. 

To avoid dependence on  the explicit corresponding 
states relations of Eq. 9.17 or  Fig. 9.1, we use only the 
requirement that the right-hand side of Eq. 9.22 be a 
function of reduced temperature alone. Therefore, the 
entropy of vaporization (or AHvap/T) for a particular class 
of substances should all fall on  a single universal curve. 
Such a plot is shown in Fig. 9.5. The various materials fall 
roughly on curves corresponding to  the critical com- 
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pressibility factors shown in Table 9.1. Thus, if we know 
the heat of vaporization of the liquid at  a single tempera- 
ture, the ordinate of Fig. 9.5 is fixed. If the critical 
compressibility factor is assumed, the ordinate AH,,, /T 
determines a value of T/T, from one of the curves of 
Fig. 9.5, and hence T, follows immediately. This method, 
in conjunction with the law of rectilinear diameters, has 
been used by Meyer and Wolfe7 to determine the critical 
constants of UO, . 

The various approaches to estimating the critical con- 
stants of UO, and the rather wide spread in the constants 
generated by using different types of data and different 
estimation techniques have been reviewed by Miller.' The 
data and assumptions on which the estimates are based are 

1. Coefficient of thermal expansion of the liquid, a. 
2. Critical compressibility factor, z,. 
3. Vapor-pressure curve, p,(T). 
4. Heat of fusion, AHf. 

The various estimates of the critical constants of U 0 2  
are shown in Table 9.2. It can be seen that the range of 
values is quite large and involves extrapolation of low- 
temperature measurements by thousands of degrees and 
many orders of magnitude in pressure. Because of the very 
extreme conditions represented by these pressures and 
temperatures, it is unlikely that the critical constants of 
U 0 2  will be directly measured in the near future. 

Table 9.2 Various Estimates of t he  
Critical Constants of UO, 

vc, cm3 I 
Authors T,, " K  pc, a tm mole ZC 

Meyer and Wolfe7 7,300 1,900 85.5 0.27 
Menzies4 8,000 2,000 90 0.27 
Miller' 

High temperature 12,780 493  2,100 0.11 

Most probable 9,115 1,230 170  0.27 
Low temperature 4,910 1,037 78 0.20 

9.5 U 0 2  EQUATION OF STATE BASED 
ON THE THEORY OF CORRESPONDING 
STATES 

As developed in Sec. 9.3, the theory of corresponding 
states leads t o  a reduced equation of state relating the 
parameters v,, pr, and T,. If the critical constants of the 
substance are known, the p-v-T relation follows. However, a 
p-v-T equation of state is not sufficient for the analysis of 
the U 0 2  meltdown accident, which requires relations of the 
type p(U,v) and T(U,v). The p-v-T equation gives some 
information on  the internal energy which can be used to  
construct the desired equations of state by the following 
procedure. 

We start from the fundamental formula 

dU = T  dS - p dv (9.23) 

where the quantities U, H, S, F, and G are per mole of 
substance and are thus intensive parameters. The differ- 

0.1 0.3 0.5 0.7 0.9 
T, = TIT, 

Fig. 9.5 Variation of entropy of vaporization with reduced 
temperature for different substances. (Based on Ref. 6.) 

entia1 dS is reformulated in terms of dT and dp. Since the 
entropy is a stale function, it can be regarded as a function 
of temperature and pressure, and its differential can be 
written as 

dS = dp  f (g) d T  (9.24) 
P 

The Maxwell relation of the fundamental equation 

dG =-S d T  + v d p  

is 

(E) a p  T =-(-e) 
P 

(9.25) 

The coefficient of d T  in Eq. 9.24 can be written in terms of 
p, v, and T by using the specific heat a t  constant pressure: 

CP = (g) P 

The fundamental equation 

dH = T  dS + v d p  

yields 

Thus 

(!E) =cp 
P T  

(9.26) 
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Fig. 9.6 Excess internal energy of gases and liquids for z, = 0.27. (From 0. A. Hougen, K. M. Watson, and 
R. A. Ragatz, Chemical Process Principles, Part 11, 2nd ed., Chap. 14 ,  p. 612, John Wiley & Sons, Inc., New 
York, 1959.) 

Substituting Eqs. 9.25 and 9.26 into 9.24 and using the 
resulting expression for d S  in Eq. 9.23 yields 

d U = C ,  dT-  

From this equation we obtain 

P dv (9.27) 

The product of the derivatives on the right side of this 
formula is just -(ap/aT),, as can be shown by considering 
the differential of p(T,v). Thus 

(9.28) 

The right-hand side of Eq. 9.28 is determined if the p-v-T 
equation is known, as we assume it is. Equation 9.28, 
however, yields only the derivative of the internal energy 
with respect t o  specific volume a t  constant temperature, 
which must be integrated to obtain U. We integrate from 
the actual specific volume a t  the prevailing pressure and 
temperature to  the specific volume of the hypothetical 
ideal gas of the substance at  the same temperature but a t  
very low pressure. The internal energy of this ideal gas is 
denoted by U*, and its specific volume is very large since 
the pressure is low. Thus, Eq. 9.28 can be integrated , according t o  

U* - U = Jvw [ T($), - p] dv (9.29) 
T 

where the subscript T on the integrand indicates that the 
integration is t o  be carried out using p and v values along an 
isotherm of specified T. 

Equation 9.29 can be transformed into reduced 
thermodynamic parameters by multiplying and dividing by 
the critical compressibility factor of Eq. 9.1.3. which yields 

= RzcJy [Tr(%g - p.] dv, (9.30) 
u* - u 

TC T r  

The entire right-hand side of Eq. 9.30 can be obtained.from 
the reduced equation of state, such as the one shown in 
Fig. 9.1. Tables and graphs of (U* - U)/T, vs. Tr and pr, 
such as the one shown in Fig. 9.6, can be constructed. 

Figure 9.6 does not give the internal energy as a 
functfon of pressure and temperature even if all critical 
constants are known. Rather it gives the internal energy 
excess, U* - U. To get U, we must know the internal 
energy of the substance if it were an  ideal gas a t  the same 
temperature. Since the energy is relative to  a reference 
state, we need t o  choose the latter as well. Suppose we 
select a reference temperature To where the internal energy 
of the hypothetical ideal gas is, by definition, zero. In 
proceeding from To to T, the internal energy of the ideal 
gas increases t o  

U* = Cv(T - To) (9.31) 

If Eq. 9.31 is used for U*, the internal energy of the 
compressed state U is referred to  the same state a t  To .This 
simple thermodynamic relationship is shown in Fig. 9.7. 

The specific heat of gaseous UOz consists of 
components due to  translation, rotation, vibration, and 
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electronic excitation of the molecule. The last is negligible 
even a t  temperatures well above the critical temperature. 
Classical thermodynamics requires that each degree of 
freedom that the molecule possesses contributes R /2  to  the 
molar specific heat. The three degrees of translational 
motion supply 3R/2  units of specific heat. Assuming that 
the spatial configuration of the U 0 2  molecule in the ideal 
gas phase is linear, there is one mode of rotation for each of 
the principal axes perpendicular to the molecular axis (see 
Fig. 9.8). Rotation of the linear molecule contributes R to  
the specific heat. 

Each degree of vibrational freedom provides R units of 
specific heat (R/2  from the potential energy and R /2  from 
the kinetic energy of vibration). For a linear triatomic 
molecule such as UOz , there are four independent modes of 
vibration. As shown in Fig. 9.8, two represent vibrations of 
the oxygen-uranium bonds along the molecular axis, and 
two are bending vibrations of the end oxygen atoms relative 
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u I ( T ~ ,  ENERGY = 0) J 
Fig. 9.7 Relationship between the reference, ideal-gas, and 
actual states. 

to the central uranium atom. Internal vibration of the three 
atoms in UOz contributes 4R t o  the specific heat. The total 
specific heat of an ideal gas of UOz (assuming the 
molecules t o  be linear) is 

3R 13R 
2 2 

C, =- + R + 4R =- (9.32) 

Having calculated C, and hence U* by Eq. 9.31, we can 
determine thermodynamic state from plots such as Fig. 9.6 
(appropriate t o  the assumed value of 2,). From this 
information, graphs of T(U,v) and p(U,v), such as those 
shown in Figs. 9.9 and 9.10, can be constructed. The vapor 
regions are not shown on these plots since only the two 
phase and compressed liquid regions are important in the 
fuel meltdown analysis. The reference state in these plots is 
the saturated liquid a t  273"K, which differs in energy from 
the ideal gas a t  the same temperature by the energy of 
vaporization. 

X 0 OXYGEN ATOM 

0 URANIUM ATOM 

( a )  ( b )  

Fig. 9.8 Rotational and vibrational degrees of freedom of 
the linear U 0 2  molecule. (a) Rotation. (b) Vibration. 

Liquid 

/-- 

Fig. 9.9 The T(U,v) plot for UOz, based on the theory of corresponding states with T, = 8000"K, 
p, = 2000 atm, v, = 90 cm3/mole, and C, = 6.5R. Reference state: saturated liquid a t  273°K. (Based on 
Ref. 4.) 
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though U, is larger than U,, x, is so close to  unity that 
Eq. 9.33 reduces to 

u = u, (9.34) 

Thus U does not depend on the specific volume or  quality 
of the two-phase mixture. 

The saturated-liquid portion of Fig. 9.9 is a straight 
line. An estimate of its slope can be obtained by 
considering Eq. 9.27. According to the previous argument, 
the quantities U, C,, and v in this equation may be 
considered t o  represent those of the liquid only. Hence, 

\ 

" 
0 500 1000 1500 

INTERNAL ENERGY, kJ/mole 

Fig. 9.10 The p(U,v) plot for UOz based on  the theory of 
corresponding states with T, = 8000"K, pc = 2000 atm, 
v, = 90 cm3/mole, and C, = 6.5R. Reference state: satu- 
rated liquid a t  273°K (Based on  Ref. 4.) 

9.6 INTERPRETATION OF THE 
CORRESPONDING-STATES 
PLOTS FOR UO, 

Figures 9.9 and 9.10 rely entirely on the applicability 
of the theory of corresponding states t o  UOz. The only 
physical properties of UOz required for the construction of 
these plots are the critical constants and the specific heat a t  
constant volume of gaseous UOz . To assess the reliability of 
this approach, we examine the corresponding-states plots in 
light of other met hods of predicting partial thermodynamic 
data. The following comments are based primarily on the 
discussion presented by Robbins.' 

9.6.1 Two-Phase Region 
Each of the members of the family of lines in Figs. 9.9 

and 9.10 describes the variation of the temperature or 
pressure of UOz for a particular specific volume as the 
internal energy changes. The most striking feature of these 
two plots is that the constant-volume lines all merge into a 
single line when two phases are present. This means that the 
internal energy of a two-phase mixture is independent of 
the specific volume (or, equivalently, independent of vapor 
fraction or quality) and that the internal energy of the 
two-phase mixture is essentially equal to the internal energy 
of the liquid phase. 

To examine this behavior in detail, we consider U to 
represent the internal energy of 1 mole of UOz, whether 
liquid, vapor, or both. In the two-phase region, U may be 
expressed as 

u = XlUl + (1  - q)U, (9.33) 

where xi is the mole fraction of liquid in the two-phase 
mixture and U1 and U, are the internal energies per mole of 
the liquid and vapor phases, respectively. Each of the 
reduced volumes shown in Figs. 9.9 and 9.10 corresponds 
to  a particular liquid mole fraction (see problem 9.4). Even 

where the subscript s indicates that the properties follow 
the saturation line. The slope of the saturated-liquid line in 
Fig. 9.9 is the reciprocal of Eq. 9.35. If the relative 
magnitudes of the three terms on the right-hand side of  this 
equation are examined, we find that the last two are very 
much smaller than CP1 over the entire temperature range u p  
to  the critical point. Therefore, the slope of the saturated 
liquid line in Fig. 9.9 should be l /Cpi .  The slope corre- 
sponds to  CP1 = 1 2 0  k J  mole-' O R ' ,  compared t o  the 
measured heat capacity a t  constant pressure' of 138 kJ  
mole-' OR'. In this particular aspect the corresponding- 
states prediction agrees with independent measurements. 

The saturated-liquid line in the p(U,v) plot represented 
by Fig. 9.10 is obtained from the corresponding line on 
Fig. 9.9 and the vapor-pressure curve of Fig. 9.4. Here 
again, agreement is satisfactory (that is, within a factor of 
about 2). 

9.6.2 Compressed-Liquid Region 
As the internal energy of the two-phase mixture is 

increased at  constant volume, the liquid density decreases 
and the void space becomes smaller. Consider an initial 
state at  low temperature and of an  overall density less than 
the liquid-density curve in Fig. 9.3. The constant-volume 
heating of the  two-phase mixture moves the system 
horizontally on  Fig. 9.3 until the density of the pure liquid 
equals that of the initial state. At this point the system 
becomes a single liquid phase. Further increase of internal 
energy results in temperature increases given by 

(9.36) 

which is simply the definition of the heat capacity at  
constant volume of liquid UOz . That the lines in the liquid 
region of Fig. 9.9 are straight (more or  less) indicates that 
CV1 is almost independent of temperature. The slopes of 
these lines are greater than the slope of the saturated-liquid 
line, which implies that CP1>Cv1. The slopes of the 
single-phase lines approach the slope of the saturated-liquid 
line as the specific volume is decreased, since under normal 
conditions CP1 and C,, differ by very little. 
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The equation describing the constant-volume lines in 
the compressed-liquid region of Fig. 9.10 is based on the 
assumption that the quantity 

(9.37) 

is independent of temperature. The Gruneisen constant y, 
defined by Eq. 9.37, is in general a function of specific 
volume. It normally has a value of about 2. In problem 9.5, 

is found t o  be related t o  the coefficients of thermal 
expansion and compressibility by 

OV 
Y=- 

PCV 
(9.38) 

where (Y is the coefficient of thermal expansion (Eq. 9.15) 
and P is the coefficient of compressibility: 

(9.39) 

Integrating Eq. 9.37 at  constant specific volume from a 
hypothetical liquid a t  0°K yields 

(9.40) U - Eo =-(P - PO 1 Y 
where the subscript 0 indicates the state of the liquid at  
0°K and a t  the specific volume under consideration, po is 
the pressure required for equilibrium a t  T = 0°K and 
specific volumev, and Eo is the ground-state energy of the 
system, as used previously for a solid. 

The pressure a t  0°K (sometimes called the cohesive 
pressure) is given by Eq. 1.55; so 

V 

(9.41) 

Combining Eqs. 9.40 and 9.41 yields the Gruneisen 
equation of state: 

P = -  .EO) (9.42) 

Note that the Debye equation of state, Eq. 2.40, is 
equivalent t o  the Gruneisen equation of state, Eq. 9.42, if 
t h e  G r i i n e i s e n  c o n s t a n t  y is  identified with 
-(v/oD)(deD /dv). 

According t o  Eq. 9.41, the slopes of the constant 
volume lines in Fig. 9.10 should be 

Y a  - = 
PCV 

Using low-temperature measurements of a and on solid 
UOz,  y /v  is calculated t o  be 1200 atm kJ-' mole-'. The 
slopes of the corresponding-states plots of Fig. 9.10 in- 
crease as the reduced volume becomes smaller. At v, = 0.4, 
the slope is -240 a t m  kJ-' mole-', which is of the correct 
order of magnitude. 

When extrapolated to  zero pressure, the constant- 
volume lines in the compressed-liquid region of Fig. 9.10 
intersect the abscissa a t  an internal energy that we shall 

denote by Q*. The states in the region where the lines are 
dashed actually consist of two phases rather than a com- 
pressed liquid. However, since the pressures along the 
saturation line are small compared to  those which can be 
generated in the compressed-liquid region, the pressure can 
be approximated b y  zero up  t o  U = Q* and 

c 
p = - ( U - Q * )  Y 

V 
(9.43) 

for U >  Q*. A threshold equation of state of this type was 
used in the original analysis of the meltdown accident by 
Bethe and Tait.' 

In view of the substantial uncertainty in the critical 
constants of UOz, the equation of state of this crucial 
nuclear fuel is a t  best of semiquantitative value only. 
Indeed, the applicability of the theory of corresponding 
states based on ordinary fluids to a member of a class of 
exotic fluids (molten oxides) which is not even represented 
in the original correlation is in the very least an act of faith. 
Nevertheless, some estimate of the equation of state of 
UOz at  high pressures and high temperatures is essential for 
assessment of fast reactor safety, and the corresponding- 
states method does provide a complete set of thermo- 
dynamic properties that are generally consistent with other 
measurements o n  UOz a t  much lower temperatures. 

9.7 NOMENCLATURE 

C = specific heat 
E = internal energy 

F = Helmholz free energy 
E, = potential energy of N-particle system 

f,g,h = universal functions for all fluids having the same 
intermolecular shape function 

h = Planck constant 
H = enthalpy 

k = Boltzmann constant 
m = mass of a particle 
N = number of particles in a system 
p = pressure 

Q, = configurational partition function 
Q* = internal energy of the hypothetical fluid a t  very low 

pressure 
r = distance between particles in an  N-particle system 

R = gas constant 
S = entropy 

T = temperature 
U = internal energy 
v = specific volume 

V = volume 
x = mole fraction in a two-phase mixture 
z = (critical) compressibility factor; single-particle par- 

tition function 
Z = partition function 

AH = change in enthalpy (e.g., on vaporization) 

AS = change in entropy (e.g., on vaporization) 

Z* = ideal-gas partition function 

Greek Letters 
a = coefficient of thermal expansion 
P = compressibility 
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y = Gruneisen constant 
E = minimum potential energy between particles 
@ = potential energy of a pair of particles 
J/ = shape function for intermolecular potential 
u = distance between particles corresponding to mini 

mum potential energy 
OD = Debye temperature 

Subscripts 
c = value corresponding to  the critical state 
f = fusion 
g = gaseous state 

gr = reduced value of a property (of gaseous state) 
i = particle i 

ij = between particles i and j 
int = internal-energy component 

j = particle j 
1 = liquid state 

lr = reduced value of a property (of liquid state) 
p = a t  constant pressure 

pl = a t  constant pressure (of liquid phase) 
r = reduced value 

rs = reduced value of saturated condition (e.g., vapor 
pressure) 

s = saturation o r  saturated condition 
v = at constant volume 

vl = a t  constant volume (of liquid phase) 
0 = state of the liquid at 0°K and same specific volumf> 

0 = extrapolated to 0°K 
* = hypothetical ideal gas 

vap = vaporization 

S upe IS crip ts 
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9.9 PROBLEMS 

9.1 The accompanying illustration is a graph of the 
equation of state of a nuclear fuel material at high 
temperature and pressure. The specific volume a t  the 
critical temperature and pressure is 414 cm3 /mole. Point P 
is the termination of a meltdown-reassembly nuclear 
excursion resulting from the hypothetical loss of coolant of 
a fast reactor. At point P the fuel has expanded slightly and 
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the fission heating is discontinued. The next process is 
expansion of the high-pressure material against the sur- 
roundings, resulting in a small explosion. The maximum 
possible explosive energy results from an isentropic 
(adiabatic, reversible, and constant-entropy) expansion. The 
path of the isentropic expansion can be traced on this 
diagram by using the first law of thermodynamics. 

(a) Assume that a change in reduced volume from 0.5 
to 0.6 is a good approximation for a differential volume 
change at  a pressure of 20,000 atm. Calculate the isentropic 
change in internal energy and plot on the diagram. 

(b) Use the idea of part a to sketch the path of the 
expansion down to a pressure of 1000 atm. A qualitative 
sketch is all that is needed here. Explain departures of the 
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path from a straight line. Explain any  discontinuities in the 
slope of the path. 

(c) Describe the physical state of the fluid a t  the end of 
the path at  1000 atm. 

9.2 What is the constant-volumemolar heat capacity a t  
high temperature for gaseous PuOz if the molecule is linear? 
What additional contribution results if the molecule is non- 
linear? 

9.3 (a) The vapor pressure of a solid can be expressed by 
the relation 

-RT In P,” = AH, - T AS, 

where P,” is the vapor pressure of the solid, AH, is the heat 
of sublimation, and AS, is the entropy of sublimation. 
Above the melting point T f ,  the liquid is the stable state, 
and the vapor pressure P,” can be expressed in the same 
form as that of the solid but with different heat and 
entropy values. If the heat of fusion is AHf, derive an  
expression for the vapor pressure of the liquid. Assume all 
enthalpy and entropy differences (i.e., AH,, AS,, AS,, and 
AH,) are temperature independent. 

(b) Although the effect of total pressure on  the 
properties of condensed phases is small, the change in the 
melting point of a solid when the pressure is increased t o  
hundreds of atmospheres is measurable. If the melting point 
at  1 a tm is T,, and if the volume increase on melting, 
VI - V, = AVf, and the heat of fusion, AHf, are known, 
derive an expression for the change in the melting point 
with total pressure. Should the melting point increase or 
decrease with increasing pressure? 

9.4 One mole of a saturated two-phase mixture of 
liquid and vapor UOz a t  3100°K is held in a 60 cm3 con- 
tainer. 

(a) What are the volume and mole fractions of the 
liquid phase? 

(b) Show that the total energy of the mixture is 
essentially equal to that of the liquid phase. Take the latent 
heat of vaporization of UOz to  be 500 kJ/mole. 

(c) Show that (dU/dT), is very closely equal to the 
heat capacity of the liquid phase. 

9.5 Prove that the Gruneisen constant defined by Eq. 9.37 
is related t o  other thermodynamic quantities according t o  
Eq. 9.38. ,Use the results of problem 1.5 where necessary. 



Chapter 10 

Fuel-Element Thermal Performance 

10.1 COMPARISON OF WATER REACTORS 
AND FAST OXIDE REACTORS 

A sound understanding of the factors that govern the 
temperature distribution within a reactor fuel element is 
essential to successful prediction of fuel performance over 
long periods of time and in an intense radiation field. The 
temperature distribution influences fuel performance in1 
two important ways. 

1. High temperatures (approaching the melting tempera- 
ture, -2800°C): Solid-state reactions that would be im- 
measurably slow a t  lower temperatures proceed at rates 
sufficient to  produce significant changes in material proper. 
ties during the lifetime of the fuel in the reactor. 
Phenomena primarily affected by high operating tempera- 
tures include grain growth, densification (sintering), and 
fission-product diffusion. 

2 .  S t e e p  t e m p e r  a t  u r  e g r a d i e n t s  (approaching 
104"C/cm): A variety of unexpected phenomena are driven 
by the temperature gradient. Closed pores migrate from 
low-temperature regions toward the center of the fuel pin; 
important constituents of the fuel, such as oxygen, pluto- 
nium, and fission products, are redistributed from their 
initial concentration profiles (which are usually uniform); 
thermal stresses resulting from the temperature gradient 
cause the fuel to  either deform plastically in regions of high 
temperature or to crack in low-temperature zones. 

10.1.1 Oxide Fuels 
This chapter deals with those physical properties of 

uranium dioxide and mixed uranium-plutonium dioxide 
fuels which are important in determining the temperature 
distribution under irradiation. Methods of calculating the 
temperature profile in cylindrical fuel elements are also 
discussed . 

Because of the nearly exclusive use of uranium dioxide 
in light-water-moderated reactors (LWR) and the commit- 
ment to  use mixed oxides in the first liquid-metal fast 
breeder reactors (LMFBR), other potential fuel materials 
will not be considered here. Ever since the decision to use 
U02 as the fuel for the Shippingport pressurized-water 
reactor (PWR) was made in 1955, a vast amount of 
information on the behavior of this material under reactor 

d 

conditions has been obtained. The plutonium produced by 
irradiation in slightly enriched U 0 2  reactor cores can be 
mixed with UOz for refueling LWRs. The fuel for the first 
large LMFBRs will be a mixture of uranium and plutonium 
oxides. Consequently, the thermal properties of (U,Pu)02 
have recently been the subject of intensive study. 

Oxide fuels have demonstrated very satisfactory dimen- 
sional and radiation stability and chemical compatibility 
with cladding metals and coolant in light-water reactor 
service. Under the much more severe conditions in a fast 
reactor, however, even as inert a material as U 0 2  begins to  
respond to  its environment in a manner that is often 
detrimental to fuel performance. 

Although the fuel used in thermal reactors is pure UOz, 
mixtures of uranium and plutonium oxides are to  be used 
in the fast reactors. The oxygen-to-metal ratio of the 
uranium dioxide for thermal reactors is nearly exactly 2.00. 
The mixed-oxide fuel for fast reactor use, however, will be 
purposely fabricated with a deficiency of oxygen. 

The thermal, chemical, physical, and mechanical prop- 
erties of the mixed uranium-plutonium oxides depend on 
two composition variables, which are denoted 

atoms Pu ' = total heavy-metal atoms 

oxygen atom excess or deficiency 
total heavy-metal atoms 

X =  

The chemical formula of the nonstoichiometric mixed 
oxide is (UI.,Pu,)02+ X. When the oxygen-to-metal ratio 
(hereafter denoted O/M) is larger than 2, the plus sign is 
used in the formula. Such material is said to be hyper- 
stoichiometric. When O/M < 2, the minus sign is used in the 
formula, and the material is hypostoichiometric. 

The major disadvantages of oxide fuels that have 
prompted the investigation of other fuel materials are its 
low uranium density and low thermal conductivity. The 
low density of uranium atoms in UOz requires a larger core 
for a given amount of fissile species than if a fuel of higher 
uranium density were used. Increase in reactor size with no 
increase in power raises the capital cost of the reactor. 

Poor thermal conductivity means that the center-line 
temperature of the fuel and the temperature difference 
between the center and the surface of the rod must be very 

113 
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large in order that sufficient fission heat be extracted from 
a unit of fuel to  make electric power production economi- 
cal. On the other hand, central fuel temperatures close to 
the melting point have a beneficial fission-product scouring 
effect on the fuel. At temperatures greater than about 
18OO0C, oxide fuels release practically all the volatile 
fission products, which then enter the gas phase as rapidly 
as they are formed. Their removal from the solid greatly 
alleviates the swelling of the fuel, which in turn reduces the 
tendency of the fuel element to  fail by overstressing the 
cladding. 

Uranium metal, which is far superior to U 0 2  in these 
regards, unfortunately changes its crystallographic state at 
the rather low temperature of 660°C. This phase change is 
accompanied by a substantial volume change, which would 
severely impair the integrity of fuel elements thermally 
cycled through the transition temperature. Consequently, 
metallic uranium is not used in current power reactors. 

Many refractory compounds of uranium, such as 
uranium carbide, uranium nitride, uranium sulfide, and 
uranium phosphide, possess higher thermal conductivity 
and uranium density than uranium dioxide. However, other 
characteristics of these fuels, particularly fission-gas reten- 
tion, compatibility with cladding, or  swelling under irradia- 
tion, are either inferior to  those of the oxide or are not 
reliably established. These fuels may be employed in later 
fast reactors. 

10.1.2 Measures of Fission Rate and 
Total Fissions 

The temperature distribution in a fuel rod is controlled 
by the rate of heat release by fission. Many properties of 
the fuel are affected by the cumulative number of fissions 
that have occurred during the period of time that the fuel 
element has been in the core. 

The fission rate per unit volume is given by 

F = qufNf@ fissions sec? (10.1) 

where q = enrichment, or  the ratio of fissile atoms to  total 
heavy-metal atoms ( U  + Pu) 

uf =effective fission cross section for the fissile 
species in the appropriate neutron-energy spec- 
trum 

Nf =to ta l  number of heavy-metal atoms per unit 
volume 

CP = neutron flux 
The effective fission cross section depends on  the average 
neutron-energy spectrum as well as on the fissile species. 
The average neutron energy in the LWR spectrum is 
-0.03 eV, and that of a LMFBR is -0.5 MeV. In light- 
water reactors, ' U is generally the fissile species. The 
fission cross section of this nuclide in a thermal-neutron 
spectrum is -550 barns. The fissile species 2 3 9 P u  has a 
fission cross section of -1.8 barns in the harder spectrum 
of a fast reactor.* 

*In a fast  reactor 2 3 8 U  may contribute some 10 to  20% 
of the fissions. The fission cross section of this nuclide 
exhibits a threshold at 1.5 MeV. From 1.5 to  6 MeV the 
average fission cross section of U is 1.5 barns. 

The density of uranium atoms in U 0 2 ,  which is 90% of 
theoretical density (TD = 10.98 g/cm3), is /,- 

(0.9)(10.98)(6 X 
270 

= 2.2 x atoms/cm3 

Nf 

The total atom density of heavy metals ( U  + Pu) in fast 
reactor fuel is approximately the same as the uranium-atom 
density in pure U 0 2 .  

In thermal reactors the amount of 2 3 5 U  decreases as 
irradiation proceeds, and the fissile species 2 3 9 P u  and 
2 4  ' Pu are produced. Although the total heavy-metal 
concentration is inexorably reduced by fission and the 
composition of the heavy elements in the fuel is continually 
changing, the product qufNf (which contains contributions 
from all plutonium isotopes) is not greatly different from 
the value for fresh fuel. 

During irradiation of fast reactor fuel, the concentra- 
tion of 2 3 9 P u  decreases less rapidly than that of 2 3 8 U ;  
thus, the plutonium-to-uranium ratio increases. In the core 
of a fast reactor, 2 3 9 P u  is produced by neutron capture in 

U at  nearly the same rate as it is consumed by fission. 
(If the blanket of a fast reactor is included, more 2 3 9 P u  is 
produced than is consumed; that is, the reactor breeds 
plutonium.) 

There are three common measures of the integrated 
irradiation to  which fuel material has been subjected: 

1. The fission density is given by 

F = E;t fissions/cm3 (10.2) 

If the neutron flux varies with time, F is the integral of F. 
2. The fractional burnup is defined by 

(10.3) 
number of fissions 

= initial number of heavy-metal atoms 

The quantity is sometimes referred to as FIMA (fissions 
per initial metal atom). The atom fraction fissioned can also 
be expressed by 

p = -  F 
N: 

(10.4) 

where N: is the initial density of heavy-metal atoms in the 
fuel. If the breeding ratio is unity, qNf in Eq. 10.1 can be 
approximated by q,N:, and Eq. 10.4 can be written 

P = qoof@t  (10.5) 

The term at in Eq. 10.5 is often called the fluence. When 
referred to the fast flux, it is a useful measure of 
damage-producing exposure in nonfuel components, such as 
the cladding. 

3. Bumup can also be expressed as the number of 
megawatt days of thermal energy released by fuel contain- 
ing 1 metric ton (lo6 g) of heavy-metal atoms (MWd/ 
MTU). This unit is often called the exposure. The -200 
MeV of recoverable energy released by a single fission event 
corresponds to  0.95 MWd per gram fissioned. The exposure 
is : 
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0.95 MWd /3 g fissioned lo6 g 
X X , ) g fissioned g heavy-metal atoms metric ton 

(10.6) 
MWd(t) - 

- 9.5 x 10SP metric ton 

As a working rule-of-thumb, 1 at.% burnup is approxi- 
mately equal to  lo4  MWd/MTU. 

10.1.3 Difference Between T h e r m a l  a n d  
Fast R e a c t o r s  

A summary of a few performance characteristics of 
typical thermal and fast reactors is given in Table 10.1. 

Table 10.1 Comparison of Typical 1000-Mw(e) 
Oxide Reactors 

LWR LMFBR 

Fissile species 
enrichment 3% 2 3 s U  in 2 3 8 U  15% 2 3 9 P u  in 2381J 

(31, barns 550 1.8 
Core-averaged 

neutron flux, 
n cm-2 sec-' 

Ther ma 1 3 x 1013 1 x 10" 
Fast (>0.2 MeV) 5 X 10' 8 X 10' ' 

Burnup, % 3 10 
Fast fluence, 

n/cmZ 3 x l o 2 '  3~ i o z 3  
Irradiation time 

(at  full power), 
years 2 1.5 

Several differences are evident. 
1. The flux in the fast reactor is a factor of 100 larger 

than that in the thermal reactor. This large increase in 
neutron flux allows the fuel to  produce more power per 
unit volume despite fission cross sections that differ by a 
factor of 300. 

2. The average burnup is about three times as large in a 
fast reactor as it is in a thermal reactor. The higher burnup 
in the fast reactor is economically necessary to keep fuel 
fabrication, reprocessing, and outrof-reactor inventory 
charges to a minimum. Damage to the fuel and alteration of 
its properties are more severe in a fast reactor than in a 
thermal reactor (damage depends on temperature as well). 

3. The fast-neutron fluence in a fast reactor is -100 
times greater than in a thermal wactor. Since the fast 
fluence is primarily responsible for radiation damage to 
nonfuel components, i t  is no t  surprising that the assurance 
of the integrity of the core structural members is a much 
more severe problem in fast reactors than in thermal 
reactors. 

Figures 10.1 and 10.2 show the fuel-pin design of a 
typical current pressurized-water reactor and the Fast Test 
Reactor (FTR), respectively. Figures 10.3 and 10.4 show 
the fuel element assemblies for the pressurized-water 
reactor and a proposed fast oxide reactor. Table 10.2 gives 
some of the characteristics of the fuel elements. A 

PELLETS 
9.7 MM DIA. 

I 
304 CM 

CLADDl NG 
11.2 MM OD 
0.66-MM 
THICKNE 

FUELED 
LENGTH 

Fig. 10.1 Fuel rod of a pressurized-water reactor. 

lOOO-Mw(e) LMFBR contains about 100,000 fuel elements 
of the type shown in Fig. 10.2. Several tons of plutonium 
are contained in the core. 

The maximum fuel center-line temperature in a fast 
reactor is set at  the melting point of the fuel. Requiring 
that the fuel temperature never exceed this value is the 
limiting factor in the power of a fast reactor. In a 
water-moderated reactor, the maximum fuel temperature is 
less than the melting temperature by several hundred 
degrees. At steady state the power-limiting condition is 
determined by the change from nucleate to  film boiling at 
the cladding surface.* Heat transfer through a vapor blanket 
is considerably poorer than if the fluid adjacent to the 
cladding were primarily liquid. The occurrence of film 
boiling means that the fuel-element temperature must 
abruptly increase to  drive the heat flux through the vapor 
film. 

The fuel pins of a fast reactor are smaller in diameter 
than those of a thermal reactor primarily to provide 
adequate heat-transfer area per unit m a s  of fuel to 
accommodate the higher power density of an LMFBR. 
Comparison of the fuel assembly cross sections in Figs. 
10.3 and 10.4 shows that the fuel pins occupy a larger 
portion of the available area in a fast reactor than in a 
thermal reactor. The larger fuel fraction in an LMFBR is a 

*The actual maximum linear power for LWRs is 
determined by the maximum fuel temperature attained in a 
loss-of-coolant accident. 
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consequence of eliminating the moderator in fast reactors. 
In LWRs the water serves both as coolant and as moderator, 
and the ratio of fuel to water is dictated by the require- 
ments of the latter function. In LMFBRs, on  the other 
hand, the sole purpose of the sodium is to remove heat. In 
fact, the less sodium, the more efficient is the breeding. 

The cladding in a fast reactor is considerably hotter 
than that in a thermal reactor. As a result, diminished 
strength and higher thermal creep rates of the thinner 
cladding in an LMFBR necessitate careful assessment and 
control of the internal loading of the cladding by fission-gas 
pressure and contact pressure by the fuel. 

Table 10.2 shows that the linear power ratings of the 
fuel rods of thermal and fast reactors are approximately 
equal. Because the diameter of a fast reactor fuel pin is 
smaller than that of a thermal reactor fuel rod, the peak 
specific power (power per unit mass of fuel) is nearly 2.5 
times larger in the fast reactor than in a thermal reactor. 
The impetus to  design reactors of high specific power is to 
minimize the inventory of expensive enriched fuel and to 
reduce plant capital costs by making the reactor core as 
small as possible. 

The active length of the fuel-containing portion of the 
fuel rods is very much smaller in the fast reactor than in a 
thermal reactor. The LMFBR fuel elements contain pellets 
of 2 3  UOz above and below the mixed-oxide fuel. These 
axial blanket regions improve overall breeding by capturing 

G 

neutrons leaking from the core. Fuel elements for fast 
reactors incorporate a large plenum region above the 
blanket for accumulating fission gases (primarily xenon and 
krypton). Thermal reactor fuel elements do  not need such a 
large free space because the burnup is lower than that of a 
fast reactor and the lower level of fuel temperature 
improves the ability of the ceramic matrix to  retain fission 
gases. 

An excellent summary of the current status of fast 
oxide reactor fuel-pin thermal performance is given by 
Christensen. Additional information concerning the core 
design of LMFBRs is given in Sec. 21.5. 

10.2 THERMAL PROPERTIES OF 
OXIDE FUELS 

10.2.1 Melting Point 
The melting point of oxide fuel material is needed to  

define the limiting power of a fuel element. 
A portion of the uranium-oxygen phase diagram is 

shown in Fig. 10.5. The melting point of stoichiometric 
UOz is shown to be 2865"C, although other investigations 
have found that UOz melts as low as 2800°C. Urania of this 
composition melts congruently (i.e., the liquid and the solid 
in equilibrium are of the same composition). The trans- 
formation temperatures of nonstoichiometric urania are 

/- 



. . ... .. 
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Table 10.2 Fuel-Element Characteristics 

Thermal * Fast 

Fuel 
Fuel-pellet density 

(% of theoretical) 
Maximum fuel center- 

line temperature 
(overpower con- 
dition), "C 

Cladding 

Maximum cladding 
mid-wall 
temperature, 
"C 

rise, OC 

power, W/cm 

wrapper 

Coolant temperature 

Maximum rod linear 

Fuel assembly 

Number of fuel 
pins in assembly 

Fuel-rod outside 
diameter, mm 

Cladding thickness, 
mm 

Initial fuel- 
cladding radial 
gap, mm 

Length of fueled 
portion, cm 

uo2 
92 

2450 

Zircaloy-4 

380 

H2 0: 280-320 

620 

Square, 30 X 
30 cm 

200 

10.7 

0.6 

0.08 

365 

2800 

316 stainless 

660 
steel 

Na: 470-650 

550 

Hexagonal, 
13 cm across 
flats 

220 

6.3 

0.4 

0.07 

90  

*Preliminary Safety Analysis Report, Diablo Canyon 
Pressurized Water Reactor Unit 2, Vol. I, Pacific Gas and 
Electric Company. 

the initial fuel-cladding gap (see Table 10.2) closes or  
opens when the fuel element is brought to power. If the 
initial gap is small and the fuel expands more than the 
cladding, the two come into contact. The resulting pressure 
at  the interface is known as the contact or  interfacial 
pressure. On the other hand, if the cladding expands more 
than the fuel and the gap is enlarged, heat conduction 
through the fuel-cladding gap will be low and the fuel 
temperature will be high because of the thermal resistance 
of the fuel-cladding gap. 

The thermodynamic property of interest is related to  
the coefficient of thermal expansion, given by 

cy = ' (E )  
V aT 

(10.7) 

Inasmuch as the solid volume V is very little affected by 
pressure unless p is quite large, the constant-p restriction 
may be dropped. The coefficient of linear thermal expan- 
sion is given by 

where 1 is the length of the solid specimen. 

(10.8) 

2900 

2700 

V 

w' 
a 

2 2500 
a 

z 
t- 

3 

w 
0 

w 

u + uo2-x 23001 2100 1.4 1.6 1.0 2.0 2.2 

OXY G EN-TO-U RAN I UM RAT1 0 

Fig. 10.5 Partial phase diagram for urania from UO1 . 5  to 
U 0 2 , 2 3 .  The separation of the peaks of the liquidus and 
solidus curves a t  O/U = 2.0 is undoubtedly due t o  measure- 
ment errors. The U 0 2  melts congruently; thus, the curves 
should coincide for U 0 2  .o. Similarly, the lower solidus 
curve should intersect the corner of the upper solidus and 
horizontal lines. [From R. E. Latta and R. E. Fryxell, J ,  
Nucl. Muter., 35: 1 9 5  (1970).] 

I- 1 

Fig. 10.6 Melting points of mixed uranium-plutonium 
oxides. (From E. L. Zebroski, W. L. Lyon, and W. E. 
Bailey, Effect of Stoichiometry on the Properties of Mixed 
Oxide U-Pu Fuel, in Proceedings of the Conference on 
Safety, Fuels, and Core Design in Large Fast Power 
Reactors, Oct. 11-14, 1965,  USAEC Report ANL-7120, 
p. 382, Argonne National Laboratory, 1965.) 

Most calculations use the average coefficient of linear 
expansion from O°C to the temperature of interest. This 
quantity is defined as the fractional change in length per 
degree, or r 
I em 

(10.9) 
- 1 A l  1 alin = - - = 

T 10 
alin d T  
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Fig. 10.7 Effect of burnup on the melting point of 
mixed-oxide fuel material. The dashed lines delineate a 
band f one standard deviation wide. 9, 25% P u 0 2 ,  

O/M = 2.00. [From A. Biancheria, U. P. Nayak, and M. S. 
Beck, in Proceedings of the Conference on Fast Reactor 
Fuel Element Technology, R. Farmakes (Ed.), p. 361, 
American Nuclear Society, Hinsdale, Ill., 1971.1 

O/M = 2.00. A, 25% PuO,, O/M = 1.96. 0,  20% P u O ~ ,  

where lo  is the length at  0°C and T is the temperature in 
degrees centigrade. For brevity, ab, is simply denoted by CY 

and referred to  as the thermal-expansion coefficient. 
Figure 10.8 shows the thermal-expansion coefficients 

for mixed oxides of various compositions. The measure- 
ments show that CY increases linearly with temperature, but 
neither the slope of this variation nor the effect of 
plutonium content is well established. At the present time, 
the coefficient of thermal expansion of the fuel is probably 
not known better than to  within a factor of 2. 

The effect of the oxygen-to-metal ratio on the thermal 
expansion coefficient of mixed-oxide fuels has been investi- 
gated by Roth et  a1.2 They found that a for ( U , P U ) O ~ + ~  
depends on the deviation from stoichiometric composition 
according to  

q u , P u ) 0 2 + x  = ao(1- 5.1x) (10.10) 

where  CY^ is the thermal-expansion coefficient of (U,Pu)O2 
of the same plutonium content. This relation was estab- 
lished for -0.06 d x G 0.01 (Le., 1.94 G O/M G 2.01) and 
only for a 20% Pu02-U02 mixture. 

The thermal expansion of the cladding alloy is a 
function of temperature only and is relatively well estab- 
lished for zircaloy and stainless steel. Figure 10.9 shows the 
measured values for stainless steel, for which reasonable 
correlation is given by 

(Y = (16 + 4.62 X 10-3T) X "C-l (10.11) 

10.2.3 Specific Heat 
Accurate knowledge of the specific heat of the fuel 

material is needed for assessment of reactor behavior under 
transient conditions, where the thermal diffusivity, k/pC,, 
determines the time dependence of the temperature. In  
addition, the specific heat is also related to the thermal 
conductivity of the fuel, as will be shown in this section. 

4 

T 
400 1200 2000 2800 

TEMPERATURE, "C 

Fig. 10.8 Thermal expansion coefficients of mixed-oxide 
fuels. 

1. ( U O , ~ P U ~ , ~ ) O ~ ,  R. P. Nelson, USAEC Report 

2. (u0 ,8Puo .2 )02 .1  o ,  J. Roth and E. K. Halteman, 

3. U02  , 2  4 ,  ibid. 
4. UOz ,08, ibid. 

BNWL-473, 1967. 

USAEC Report NUMEC-2389-9,1965. 

5. (U0.95PU0.05)02.,l,ibid. 
6. (u0.8 5 puO. 1 5 )0'2.1 3 9 ibid. 

(From F. J. Homan, Parametric Analysis of Fuel-Cladding 
Mechanical Interactions, USAEC Report ORNL-TM-3508, 
p. 13,  Oak Ridge National Laboratory, August 1971.) 

The specific heats C, or C, are not directly measured. 
Instead, the enthalpy of the solid above-room-temperature 
enthalpy is determined by dropping specimens heated to a 
known temperature into an adiabatic ~ a l o r i m e t e r . ~  These 
experiments on uranium dioxide produce data such as those 
shown in Fig. 10.10. 

Below -2100°K the enthalpy can be described by a 
parabolic equation in temperature, which implies that the 
heat capacity at constant pressure is a linear function of 
temperature. As shown in problem 1.5, Chap. 1, C, and C, 
for any substance are related by 

C, = (E), = C, +(a;) T 

where CY is the coefficient of thermal expansion (Eq. 10.7), 
0 is the coefficient of compressibility, and V is the molar 
volume. In the range between the Debye temperature of 
U 0 2  (which is between 200 and 300°K) and the break in 
the enthalpy-temperature curve of Fig. 10.10 at  -2100"K, 
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Fig. 10.9 Thermal expansion coefficient vs. temperature 
for type 316 stainless steel. 

1. The Carpenter Steel Company, Working Data, Car- 
penter Stainless and Heat Resisting Steels, Selection, 
Description, Fabrication, Reading, Pennsylvania, 1962. 

2. Properties and Selection of Metals, Metals Handbook, 
Vol. 1 ,  8 th  ed., p. 423, American Society for Metals, Metals 
Park, Ohio, 1962. 

3. B. J. Seddon, Steels Data Manual, British TRG- 
Report-840, 1965. 

4. I. B. Fieldhouse, J. C. Hedge, and J.  I. Lang, USAEC 
Report WADC-TR-58-274, 1958. 

(From F. J. Homan, Parametric Analysis of Fuel-Cladding 
Mechanical Interaction, USAEC Report ORNL-TM-3508, 
p. 17 ,  Oak Ridge National Laboratory, August 1971.) 

the heat capacity a t  constant volume (C,) is very nearly 
constant. According to the law of Dulong and Petit, each 
gram atom in the solid contributes 3R to  the specific heat 
a t  temperatures well above the Debye temperature. Since a 
mole of U 0 2  contains 1 gram atom of uranium and 2 gram 
atoms of oxygen, the molar heat capacity should be given 
by 

C, = 3(3R) = 9R (10.12) 

which is about 10% less than the constant term obtained 
from the low-temperature data of Fig. 10.10. Equa- 
tion 10.12 neglects the contribution of the electronic heat 
capacity, which is justified because UOz is an ionic solid. 

At temperatures greater than 2100"K, the measured 
enthalpy of UOz is larger than that predicted by extrapola- 
tion of the parabolic behavior suggested by the linear 
variation of C, with T. This difference, which is called the 
excess enthalpy, is due to the formation of Frenkel defects 
resulting from movement of oxygen ions from their normal 
lattice sites to interstitial sites in the fluorite lattice of U 0 2 .  
The uranium sublattice is not affected; it remains perfect. 
The energy required to form the defects is reflected by an 
increase in the heat capacity, which may be expressed by 

dHex c,, = c,, + ~ d T  (10.13) 

where C,, is the constant value of the heat capacity a t  
temperatures below 2100°K but above the Debye tempera- 
ture and He, is the energy expended in forming the 
equilibrium number of point defects a t  temperature T. I t  is 
found t o  be (see problem 6.2): 

1100 1500 1900 2300 2700 3100 
TEMPERATURE. O K  

/-- 

Fig. 10.10 Enthalpy-temperature data for stoichiometric UO, . [From R. A, Hein, L. H. Sjodahl, and R. Szwarc, J. N U ~ .  
Mater., 25: 99 (1968).] 
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where EF and SF are the formation energy and excess 
entropy, respectively, of Frenkel defects in UOz . Values of 
these parameters can be derived from the data shown in 
Fig. 10.10, According to  Szwarc4 they are f~ = 

297 kJ/mole and SF = 63 J mole-’ OK-’ , respectively. 

10.3 THERMAL CONDUCTIVITY 

10.3.1 Elementary Theory of the 
Thermal Conductivity of an 
Ionic Solid 

The thermal conductivity of an ionic solid can be 
derived by assuming the solid to  consist of an ideal gas in 
which the particles are phonons (see Sec. 2.8). The results 
of the elementary kinetic theory of gases can then be 
applied directly to the phonon gas. Figure 10.11 depicts the 
interior of a solid that supports a temperature gradient in 
the z-direction. 

z 

Fig. 10.11 Kinetic theory of thermal conductivity. 

Because the phonons are continually colliding with each 
other or with defects in the solid, the phonon gas is 
isotropic. I t  can also be characterized by a density np;  a 
mean phonon speed u approximately equal to the speed of 
sound in the solid; and an average distance between 
collisions, or mean free path, h. On the average, the 
phonons that cross a plane perpendicular to the z-direction 
underwent their last collision a distance 2X/3 from the 
plane.5 The rate at  which phonons cross a unit area of the 
plane from either side is npu/4. The energy carried by each 
phonon is cT, where c is the heat capacity of a phonon. The 
phonons crossing the plane from the hot side carry an 
energy of 

.(T - a) 
and the rate at which energy is transported across the plane 
from left to right is 

Similarly, the phonons crossing the plane from the cold side 
transport energy a t  a rate given by 

The net rate of energy transport in the positive z-direction 
is the z component of the heat flux, qz 

(10.15) 

The thermal conductivity of the solid, k,, is defined by 
Fourier’s law: 

dT 
dz 

qz = -k, - (10.16) 

Comparing the coefficients of dT/dz in Eqs. 10.15 and 
10.16 shows that 

(10.17) k, = - (cnp)uX 

The quantity in the parentheses in this equation is the heat 
capacity per unit volume of the phonon gas. Since the 
entire energy content of the solid is assumed to  be stored in 
its phonon gas, cnp can be replaced by pC,, where p is the 
density of the solid and C ,  is the heat capacity at  constant 
volume of a unit mass of the solid. Thus, the thermal 
conductivity can be expressed by 

1 
3 

(10.18) 1 
k, = ~ p C , u h  

Phonon-phonon scattering is due to the anharmonic 
components of crystal vibrations. Lattice anharmonicity 
increases with the mass difference between anions and 
cations in the ionic material, which, of all common oxides, 
is greatest in U 0 2  or PuOz. As a result, the thermal 
conductivity of the oxides of the actinide metals is 
considerably lower than that of most other crystalline 
oxides. 

The kinetic theory of gases shows that the collision 
mean free path is given by the reciprocal of the product of 
the collision cross section up and the density of scatterers: 

(10.19) 1 A = -  
(JPnP 

(When both partners of the collision are in motion, as in 
phonon-phonon scattering, the mean free path is smaller 
than the value given by Eq. 10.19 by a factor of the square 
root of 2.) 

At temperatures well above the Debye temperature, the 
phonon density is given by Eq. 2.51. For 1 mole of UOz,  N 
in Eq. 2.51 is 3NAv; thus the phonon concentration is 

(10.20) 

Combination of Eqs. 10.19 and 10.20 shows that the 
phonon mean free path should vary as 1/T. However, the 
presence of point defects in the solid prevents the mean 
free path from becoming very large at low temperatures, as 
the 1 / T  relation would require. If a constant representing 
the cross section for scattering by entities other than 
phonons is added to  the phonon-phonon cross section in 
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Eq. 10.19 and if np is assumed to be proportional t o  the 
absolute temperatwe, the phonon mean free path can be 
expressed by 

1 A=------ 
A’ + B’T (10.21) 

where A’ and B’ are constants. Of course, A cannot be 
smaller than the interatomic distance in the UOz crystal 
structure. Schmidt6 estimates that Eq. 10.21 is valid up to 
T = 2050°K. Beyond this temperature the mean free path 
remains constant. 

Using Eq. 10.21 in Eq. 10.18 suggests that, if p,  C,, and 
u are temperature independent, the thermal conductivity of 
UO, should decrease with temperature until a plateau is 
reached above 2000°K. However, numerous experiments 
have shown that the thermal conductivity of U 0 2  passes 
through a minimum in the region 1500 to 2000°K. Early 
studies attributed the increase in k, at high temperatures to  
radiant heat transfer through the translucent solid.7 This 
effect is no longer thought to be significant. Recently, 
Schmidt6 has shown that the increase of the heat capacity 
of UO, at high temperatures provides quantitative agree 
ment with measured high-temperature increases in k,. 
Instead of assuming C, to be a constant in Eq. 10.18, 
allowance is made for the generation of point defects 
according to Eq. 10.13. The temperature dependence of the 
thermal conductivity is then given by 

where Hex is given by Eq. 10.14, and, for fully dense UOZ, 
A = 10.8 cm-deg/W and B = 0.022 cm/W. The numerator of 
Eq. 10.22 represents the heat-capacity effect, increasing 
with temperature; the denominator causes k, to decrease 
(up t o  the cutoff temperature of -2050°K) because of 
decreasing phonon mean free path. With the constants given 
previously, Eq. 10.22 predicts a minimum in k, at 
T 2000°K. 

10.3.2 Thermal Conductivity of 
Nonstoichiometric Mixed Oxides 

Although the thermal conductivity of pure stoichio- 
metric uranium dioxide used in thermal reactors has been 
well established, the thermal conductivity of the fuel to be 
used in fast oxide reactors has only recently been investi- 
gated. In addition to the temperature dependence discussed 
in the previous section, the thermal conductivity of the 
mixed uranium-plutonium oxide, in which the O/M is not 
exactly 2, depends on two composition variables as well. 
Fortunately, the temperature dependence is found to be 
the same as that in pure UOz . At temperatures low enough 
to  neglect the contribution of thermal generation of oxygen 
Frenkel defects, the right-hand term in the numerator of 
Eq. 10.22 can be omitted, 

(10.23) 

where x and q are the composition variables denoting the 
extent of nonstoichiometry and the plutonium content, 
respectively. Measurements of the thermal conductivity of 

mixed oxides have covered the portions of the x - q  plane 
shown in Fig. 10.12. The horizontal bar in Fig. 10.12 
represents a series of experiments by Gibby’ a t  x = 0 and 
0 G q G 0.3. The vertical bar at q = 0.25 is also due to  work 
by Gibby.’ The experiments at q = 0.20 have been per- 
formed by a number of All these studies 
have shown that nonzero values of x or q decrease the 
thermal conductivity of the oxide. This behavior is ex- 
pected on physical grounds, since introducing point defects 
(vacancies or  interstitials) into the oxygen ion sublattice or 
substituting plutonium for uranium on the cation sublattice 
provides additional centers from which phonon scattering 
can occur. The observations can be qualitatively analyzed 
by the classical theory of lattice thermal resistivity. 

2.05 c 
171 HYPERSTOICHIOMETRIC 
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Fig. 10.12 Regions of nonstoichiometry and plutonium 
content in which the thermal conductivity of mixed-oxide 
fuel has been measured. 

The limited amount of experimental information avail- 
able suggests that the coefficient A in Eq. 10.23 depends 
primarily on the O/M ratio and only very weakly on the 
plutonium content. Conversely, experiments in which the 
O/M ratio was held constant and the fraction of plutonium 
was varied can be explained by considering A constant and 
B variable. Gibby8” has reviewed the theory of the thermal 
resistivity of dielectric solids, which shows how A and B 
depend on basic properties of the material such as its Debye 
temperature, molar volume, atomic size, and atomic mass. 
Because of the numerous approximations in the theory, 
accurate absolute values of the coefficients A and B cannot 
be determined. However, the theory can be used to predict 
the effect on the thermal conductivity of introducing small 
quantities of defects into the crystal. 

Effect  of O/M 
The coefficient A may be written 

A = A0 + AA(x) (10.24) 

where A,, is the value of A determined for stoichiometric 
UOz-PuOz mixtures. I t  is very nearly equal to the A value 
of pure U 0 2 .  The perturbation AA arises from interactions 

c 
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of point defects in the lattice. The magnitude of AA is 
proportional t o  the defect atom fraction (the ratio of the 
number of defects to the number of heavy metal atoms) 
and t o  a measure of the cross section of the defect for 
phonon scattering. The latter is proportional to the square 
of the difference between the atomic radius of the defect 
(Ti) and that of the host atom (r). The mass difference 
between the impurity atom and the host atom may also 
influence A, but this contribution is not significant in 
mixed-oxide fuel materials. Thus, A A  may be expressed by 

(10.25) 

where A* is a constant (given only to rough approximation 
by theory) and Y, is the concentration of point defects of 
type i. The sum is over all defect types. The two defects in 
hypostoichiometric mixed oxides are oxygen vacancies and 
trivalent plutonium ions. The atomic fractions of these 
defects in ( U , P U ) O ~ . ~  are x and 2x, respectively.* The 
atomic radius $Pu IS 1.07-a'",%hich is larger than that of 
either Pu4+ or U4+, which are 0.93 and 0.97 8, respectively. 
The fractional radius change in replacing Pu4+ by Pu3+ is 
(1.07 - 0.93)/0.93 = 0.15. The lattice distortion may not 
be this large because the stiffness of the matrix resists 
expansion of the full 15% suggested by the difference in the 
atomic radii. However, in view of the qualitative nature of 
the present application of the theory, this effect is 
neglected. 

The effect of oxygen vacancies, on the other hand, 
cannot be considered on the Same basis as the effect of a 
foreign ion, since a vacancy has no atomic radius. Contribu- 
tion to phonon scattering by a vacancy is due entirely to 
the strain field set up in the matrix surrounding the vacancy 

--3-+-..-...-.- --__ "^_71 . -L  . . "_. 

Similar measurements by Van Craeynest and Weilbacher' 
yielded the values 

_ _  - 410 to  830 
X 

although proportionality between AA and x was not 
obeyed. Taking the experimental value of AA/x to be 
-400, we can use Eq. 10.26 to show that the constant 
A* - 6000. Inserting Eq. 10.26 into Eq. 10.23 shows that 
the dependence of thermal conductivity on stoichiometry 
should be 

1 k, = A, + 400x + B(q) T (10.27) 

Figure 10.13 shows the measurements of Schmidt and 
Richter.' The curves have the hyperbolic form suggested 
by Eq. 10.27. As the temperature is increased, the O/M 
effect becomes less pronounced because the last term in the 

8 denominator of Eq. 10.27 dominates the middle term. 4 

1 I I 1 I I 
200 O C  

I I 
0.08 

800 "C 

y" 0.02 

1.94 1.98 2.02 2.06 2.10 
OIM 

by relaxation of the neighboring host atoms. This relaxa- 
tion is not easy to estimate. In a metal, the nearest-neighbor 
atoms t o  a vacancy relax inwards by 2 to 20% of the 
unperturbed distance from the defect center.' In ionic 
crystals, however, the relaxation is outward. In a perfect 

Fig. 10.13 Thermal conductivity of U o , s P u o , z 0 2 + x  as a 
function of the O/(U + Pu) ratio. (From €3. E. Schmidt and 
J. Richter, in Symposium on Oxide Fuel Thermal Conduc- 
tivity, Stockholm, 1967.) 

fluorite lattice, each oxygen ion is surrounded by four 
metal ions at the corners of a tetrahedron (see Fig. 3.12). 
When an oxygen ion is removed to form a vacancy, 
Coulombic repulsion causes the four  metal ions nearest to 
the vacancy to  move outward. Gibbyg estimates that the 
fractional increase in the radius of a vacant oxygen site is 
0.15. 

For hypostoichiometric mixed oxides, therefore, 
Eq. 10.25 is 

AA = A* [ 2(0.15)2 + (0.15)' ] x 
= 0.068A*x (10.26) 

Gibby' found that the AA values that best fit his measured 
thermal conductivities were proportional to the nonstoi- 
chiometry parameter x:  

Effect  o f  Plutonium Content 
Gibby' measured the thermal conductivity of stoi- 

chiometric (U,Pu)O2 as a function of temperature and 
plutonium-to-uranium ratio. The data fit Eq. 10.23, and 
Table 10.3 shows values of the coefficients A and B 
determined from the measurements. There is clearly no 
systematic variation of A with plutonium content detect- 
able from the results shown in this table. Absence of such 
an effect is consistent with Eq. 10.25. The atomic radii of 
U4+ and Pu4+ are 0.97 a and 0.93 8, respectively. Using 
these values for ri and r in Eq. 10.25 and taking A* = 6000 
yields 

AA = 5.4q (10.28) 
-= 

The scatter in the experimental values of A in 
Table 10.3 is of the same order as the predicted variation 
according to Eq. 10.28. The values of B, on the other hand, 
show a regular increase with plutonium content. 

Lattice resistivity theory suggests that the coefficient B 
Chap. 11. should depend on the molecular volume, the molecular 

AA 355 
X 

*The defect chemistry of mixed oxides is discussed in 
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Table 10.3 Values of A and B Determined from a 
Least-Squares Fit of (U,Pu)O2 Thermal Conductivity 

Data to the Relationship: l /k ,  = A + BT*t  

% Pu 

0 
5 

1 2  
20 
25 
30 

100 

A, 
cm- OK / W 

3.08 
3.04 
2.20 
3.09 
3.13 
5.30 
0.46 

B,  cm/W 
Exp. Theory 

0.0229 (0.0229)t  
0.0239 0.0232 
0.0271 0.0235 
0.0261 0.0240 
0.0260 0.0242 
0.0253 0.0245 
0.0283 0.0281 

*From R. L. Gibby, J. Nucl. Mater., 38: 163 

?Specimens 96 to 98% of theoretical density or 

$Theory matched to  experiment for pure UO,. 

(1971). 

corrected to  this value. 

mass, and the Debye temperature of the solid. The 
molecular-mass effect is negligible because the atomic 
weights of uranium and plutonium are so close to each 
other. The molecular-volume effect is proportional to the 
lattice constant of the crystal, which may be obtained from 
X-ray measurements (the lattice constant of mixed oxides 
varies in a linear manner from 5.47 A for UO, to 5.396 a 
for Pu02) .  The Debye temperature can be empirically 
related to  the melting temperature of the solid, which for 
(U,Pu)02 is shown in Fig. 10.7. The parameter B is given 
by 

where Bo is the value for pure UOz,  a, is the lattice 
constant, T, is the melting point of the mixed stoichio- 
metric oxide, and (a,)uo, and (T,)Uo, are the same 
properties for pure UO, . The calculated variation of B with 
q is shown in the last column of Table 10.3. The agreement 
with experiment is quite good for Pu02  but less satis- 
factory for the intermediate compositions. The bracketed 
term in Eq. 10.29 is very nearly linear in q. The thermal 
conductivity of (U,Pu)02 is given by 

1 
A (1 + 0.8q)Bo T 

k, = (10.30) 

The data shown in Fig. 10.14 confirm the trends predicted 
by Eq. 10.30. The thermal conductivity of the oxide 
decreases by -15% as the plutonium content is increased 
from 0 t o  25%. This fractional decrease is nearly the same 
a t  all temperatures. The magnitude of this decrease in k, is 
small compared to  that due to stoichiometry. When the 
O/M ratio of a mixed oxide is decreased from 2.00 to  1.93, 
the thermal conductivity a t  800°C decreases by -40%. 

10.3.3 Effect of Burnup 
According to  the theory presented in the previous 

section for mixtures of U 0 2  and PuO,, the introduction of 
solid fission products into the oxide lattice should decrease 
the thermal conductivity slightly. The only attempts to  

0 10 20 30 40 
PuO2,  % 

Fig. 10.14 Thermal conductivity of (U,Pu)02 solid solu- 
tions as a function of Pu02 content. [From R. L. Gibby, J.  
Nucl. Mater., 38: 163 (1971).] 

measure this effect have been in-pile experiments. These 
were inconclusive because the bumup effect on the solid 
condurtivitv was ohsriired hv the lnroer efferts nf restriir- 
turing, oxygen redistribution, and porosity generation, 
which are also consequences of irradiation.' 

10.3.4 The Effect of Porosity 
Oxide fuel is generally fabricated by sintering pellets of 

pressed powdered UO, or mixed U02-Pu02 a t  high 
temperatures (typically 1700°C) for a predetermined length 
of time. By control of the sintering conditions, material of 
any desired density between 80 and 98% of theoretical 
density can be produced. 

Inasmuch as porosity in a ceramic body invariably 
reduces its thermal conductivity, it would appear desirable 
to  eliminate all internal pores or voids in the fuel 
fabrication process. However, a axtain amount of as- 
fabricated porosity is useful in accommodating the fission 
products that accumulate during irradiation; porosity is a 
means of minimizing fuel swelling. Table 10.2 shows that 
the density of both thermal and fast reactor fuels are well 
below the theoretical value. The porosity of the fast reactor 
fuel material is purposely made greater than that of the 
thermal reactor fuel because of the larger bumups required 
in the former. 

Since controlled fuel porosity is a design variable of 
reactor fuel elements, i t  is important to be able to  predict 
the effect of porosity on fuel properties, in particular on 
the thermal conductivity. 

Theoretical analysis of the effect of porosity on thermal 
conductivity has been hampered by the number of variables 
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that must be considered. The most important variable, and 
the one that appears in all theoretical models, is the volume 
porosity, defined by 

volume of pores 
p=- (10.3 1) volume of pores + volume of solid 

In addition, the geometry and physical pioperties of the 
individual pores may also be important. Pore geometry is 
defined b y  its size, shape, and orientation with respect to 
the direction of heat flow. Physical properties that may be 
significant are the emissivity of the solid and the thermal 
conductivity of the gas trapped within the pore (if any). 

The earliest attempt to  treat the thermal conductivity 
of porous bodies theoretically was by Eucken," who 
applied equations originally derived by Maxwell for the 
electrical conductivity of a heterogeneous medium to the 
closely related problem of the thermal conductivity in the 
same medium. In 1954 Loeb' treated the same problem in 
a manner that permitted many of the secondary variables 
mentioned in the preceding paragraph to be properly 
accounted for. In 1966 Biancheria' reexamined the 
electrical analogue on which the Eucken formula was based 
and was able to  theoretically account for effects of pore 
shape. Recently, Kampf and Karsten' have analyzed the 
porosity effect in a manner very similar to that employed 
by Loeb. The analysis of Loeb and of Kampf and Karsten is 
summarized in the following paragraphs. 

The porous body is considered to  have a number of 
closed pores dispersed throughout its interior. All are 
assumed to  be of the same size and shape. If the pores are 
not isometric (Le., if they are not  either spheres or  cubes), 
all of them are assumed to  be oriented with respect t o  the 
direction of heat flow in the same way. A single pore and 
the fully dense solid material associated with it may be 
regarded as the unit cell of the porous body. As shown in 
Fig. 10.15, the unit cell may be  represented as a cube of the 
material of sides L surrounding a pore. For simplicity, the 
pore is represented as a parallelepiped with sides I,, I,, and 
I,. Translation of the unit cell of Fig. 10.15 in space 
generates the entire porous body. In  a real material the 

2 

kX 

HEAT 
FLOW 

'""1 

pores are not uniformly arranged like atoms in a crystal 
lattice; so the amount of solid associated with each pore 
represents an average value. 

Heat is assumed to flow in the y-direction only. The 
presence of the pore is assumed not to perturb the 
temperature profile in the surrounding solid, each point of 
which possesses the same temperature whether the pore is 
present o r  not. Projection of the pore faces on the front 
and back faces of the unit cell generates a right prism whose 
axis is parallel t o  the direction of heat flow. This prism, 
which contains the pore, is called the pore tube. 

The effective thermal conductivity in the y-direction of 
the composite body shown in Fig. 10.15 is taken to be the 
thermal conductivity of the porous fuel material. The 
conductivity can be evaluated by straightforward means. 

Heat flow through the front XI. face of the unit cell 
passes through two media in parallel. One medium is the 
pore tube, which has an apparent thermal conductivity 
k(pore tube) .  The other medium is the rectangular annulus 
of fully dense solid, the thermal conductivity of which is 
k,. The effective thermal conductivity of the unit cell in the 
y-direction, k, is given by 

k =  Pck(pore  t u b e )  + ( l  -pc)ks (10.32) 

where P, is the fraction of the cross-sectional area of the 
x-z face of the unit cell which is occupied by the pore 
tube. 

The apparent thermal conductance of the pore tube can 
be evaluated from the formula for series thermal resistances 
in the y-direction. There are two resistances in the pore 
tube, the pore proper and the solid contained in the pore 
tube. Thus, 

(10.33) 1-PpL -PL + ~ - _  1 
k ( p o r e  t u b e )  kp ks 

where PL is the fraction of the length of the pore tube 
which is occupied by the pore and kp is the thermal 
conductivity of the pore (due to conduction in the 
contained gas and radiation across the pore). Eliminating 
ktpore tube )  between Eqs. 10.32 and 10 .33  yields 

* l - P ,  1-- ( yks) (10.34) 

Equation 10.34 was obtained by Loeb' and Kampf and 
Karsten." The effect of volume porosity on the thermal 
conductance is contained in the quantities Pc and PL,  
which are related to  P of Eq. 10.31 by 

(10.35) 

The values P, and PL depend on  the shape and orientation 
of the pores with respect to the direction of heat flow. 

For the pore shown in Fig. 10.15, which has sides I,, l,, 
and I,, 

Fig. 10.15 Unit cell of a porous solid. (10.36) 
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p =& (10.37) 
L' 

p -Ir 
L -  L 

(10.38) 

Applying Eq. 10.34 t o  a porous medium requires that 
the factor P, be known. For example, suppose the pores 
were square holes passing entirely through the specimen. In 
this case 1, would be equal t o  L, and the longitudinal pore 
fraction PL would be unity. According to Eq. 10.35, 
P, = P. However, if the direction of heat flow was perpen- 
dicular to the axis of the through holes &e., in the x- o r  
z-direction), then P, = PL = P l .  Francl and Kingery' have 
shown experimentally that Eq. 10.34 describes the porosity 
effects on the thermal conductivity rather well for these 
two orientations of cylindrical through holes in an alumina 
specimen. 

The most important special case for reactor fuel 
material is the isometric pore, for which 1, = I, = I,. In  this 
case Eqs. 10.36 to 10.38 yield 

a = 5. Kampf and Karsten' show that Eq. 10.40 may be 
approximated over porosity intervals by a function of the 
form of Eq. 10.42 with values of a ranging from 1.7 to 2.5. 

The effective pore conductivity required in Eq. 10.34 is 
obtained by considering the conduction and radiation-heat 
fluxes across the pore: 

AT AT q = k  - + + u [ ( T + A T ) ~ - T ~ ] = ~  - 
1, 1, 

where AT = the temperature drop across the pore 
T = the average temperature of the pore walls 

k, = the  thermal conductivity of the gas inside the 
pore 

E = the emissivity of the material 
u = the Stefan-Boltzmann constant 

For small pores, AT/T < 1 and the radiation term can be 
linearized to 4mT3 AT. The pore conductivity is thus 

k, = k, + 4+ul,T3 (10.43) 

K P- = P  - c :  

P L = P ' h  

1 For  pores with curved surfaces, the last term is 
', multiplied by a shape factor qr-order unity. Figure 10.16 

shows kJkp under various conditions. The radiation con- 
tribution to the effective thermal conductivity of the pore 

_____--- ._ .- (10.39) 

In addition, if the pore conductivity is small compared to  
the solid conductivity (k,/k, e l), Eq. 10.34 reduces to 

k = k,( 1 - P') (10.40) 

This result was obtained by Kampf and Karsten.' 

ery' 
zero pore conductance, Eq. 10.34 becomes* 

In treating the isometric pore case, Francl and King- 
have erroneously taken P, = P; thus, in the limit of 

k = k , ( l - P )  (10.41) 

Equation 10.41 has become known as the Loeb 
equation. It has been found to underestimate the porosity 
effect on the thermal conductivity of U 0 2 .  This deficiency 
has been remedied by inserting an adjustable parameter t o  
yield 

k = k, (1  - aP) (10.42) 

Equation 10.42 is called the modified Loeb equation. 
Values of the parameter a from 2 t o  3 have been 
determined by fitting this equation to U 0 2  thermal-con- 
ductivity measurements.2 Recent data' ' correspond to  

*What Francl and Kingery evidently had in mind in 
making this statement is a different type of cross-sectional 
pore fraction. The quantity P, to be  used in Eq. 10.34 
refers to the fractional cross-sectional area of the pore tube 
shown in Fig. 10.15. Another type of pore cross-sectional 
fraction concerns the characteristic of a plane inserted into 
a solid containing a random distribution of equal-size 
isometric pores, The fraction of the area of such a plane 
which is intersected by pores is indeed equal to the pore 
volume fraction P (see problem 10.5). However, this 
particular type of cross-sectional pore fraction is not the 
one required for Eq. 10.34. 

can be appreciable for large pores at  high temperature, 
especially if they are helium filled. 

Biancheria's' ' analysis of the porosity effect yields the 
following formula: 

(10.44) 1 - P  
1 + (a  - l ) P  

- k 
k, 
_ -  

'\hr i 

If (a - l ) P  e 1, Eq. 10.44 reduces to the ,modified Loeb 
formula, Eq. 10.42. However, contrary ' to the purely 

I 

t 
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Fig. 10.16 Dependence of the ratio k,/k, on pore dimen- b 
sion for oxide fuels. [From H. Kampf and G. Karsten, Nucl. 
Appl.  Technol., 9: 228 (1970).] 
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empirical nature of the parameter Q in the latter equation, Q 

in Eq. 10.44 can be evaluated for equal-size pores of a 
particular geometry randomly distributed in the solid. For 
spheres, a = 1.5, and Eq. 10.44 reduces to the porosity 
correction factor deduced by Eucken.' ' For axisymmetric 
shapes, such as ellipsoids of revolution, the shape factor Q is 
greater than 1.5 by amounts that depend on the ratio of the 
lengths of the principal axes of the pore. The shape factor is 
as large as 3 for oblate ellipsoids with an axial ratio of 10. 
Marino' ' has further extended the Maxwell-Eucken type 
of porosity analysis by accounting for the conductivity 
ratio kp/k,. 

10.3.5 Empirical Thermal Conductivity 
Formulas 

In theory, the thermal conductivity of porous U 0 2  can 
be determined by using k, given by Eq. 10.22 in Eq. 10.40, 
10.41, 10.42, or  10.44. However, extensive measurements 
of U 0 2  thermal conductivity have shown that the theoreti- 
cal formulas do not agree well enough with experiment to 
serve as design equations. The trends predicted by theory 
are by and large observed, but purely empirical formulas are 
used when reliable numerical values are needed. A typical 
set of measurements reported by Asamoto, Anselin, and 
ContiZ3 is shown in Fig. 10.17. The data are fit by the 
equation: 

W cm-' "C-' (10.45) 1 
(0.038 + 0.45P)T 

k = 0.0130 + 

where T is in degrees centigrade. The dependence of 
thermal conductivity on temperature and porosity indi- 
cated by Eq. 10.45 is shown in Fig. 10.18. The variation of 
k with temperature is plotted for various values of the 
percentage of theoretical density of the fuel (pip,), which is 
related to the porosity by 

p = 1 - -  P (10.46) 

where p is the density of the porous fuel body and p s  is the 
density of the fully dense solid (also called the theoretical 

Ps 

density). The latter is generally determined from X-ray 
diffraction measurements of the lattice constants of the 
crystalline solid. Equation 10.45 does not  exhibit the 
conductivity minimum contained in Eq. 10.22 and con- 
firmed by other data.6 

Van 'Craeynest and StoraZ4 have found that their 
measurements of U 0 2  thermal conductivity could be 
satisfactorily fit by the modified Loeb equation if the 
coefficient Q were taken to be a function of temperature. 
Their empirical fit for temperatures from 50°C to 1000°C 
is 

k - = 1 - (2.58 - 0.58 X T)P (10.47) 
ks 

They found that Eq. 10.47 adequately described the 
porosity effect in both U 0 2  and ( U o . B P u o , 2 ) 0 2 .  

Both these empirical formulas suggest that the theory is 
incorrect in accounting for variations in k due to T and P 
by multiplicative terms. Equations 10.45 and 10.47 show 
that the effects of these two variables cannot be factored 
into separate terms 

A thermal-conductivity equation commonly used for 
mixed-oxide fuel of 95% of theoretical density is:" 

k = (3.11 + 0.0272T)-' + 5.39 x lO-I3T3 (10.48) 

In this formula the fuel is assumed to be stoichiometric 
below 1400°C but to have an O/M of 1.98 at higher 
temperatures. Equation 10.48 shows a minimum at 
1700°C. I t  is to be employed with the porosity correction 
of Eq. 10.44. 

10.4 TEMPERATURE PROFILES IN 
CYLINDRICAL FUEL RODS 

The steady-state temperature distribution in a cylindri- 
cal body in which heat is generated at a volumetric rate H is 
governed by the heat-conduction equation: 
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Fig. 10.17 
A. E. Conti, J. Nucl. Mater., 29: 67 (1969).] 

Thermal conductivity of sintered UO, of 95% theoretical density. [From R. R. Asamoto, F. L. Anselin, and 
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Fig. 10.18 Dependence of the thermal conductivity of 
UOz on temperature and porosity predicted by Eq. 10.45. 
TD, theoretical density. - - -, extrapolation. 

(10.49) 

where the thermal conductivity k is intrinsically a function 
of temperature and can also depend on position because of 
radial porosity variations in the fuel. Appropriate local 
values of k can be obtained by the methods outlined in the 
previous section provided that the porosity variation with 
radius is known. The value H is the volumetric heat-genera- 
tion rate, which can be a function of radial position. 

Inasmuch as the axial temperature gradient is much 
smaller than that in the radial direction, the axial conduc- 
tion term in the heat-conduction equation has been 
neglected. 

Many of the factors that affect both the magnitude and 
radial variation of H and k are time dependent. The removal 
of porosity due to fuel restructuring occurs in a matter of 
hours, and fission-gas generation causes changes on a time 
scale measured in weeks or months. Redistribution of fissile 
species can have even larger characteristic times. In general, 
changes in k and H due to  materials transformations are so 
gradual that, for fuel-element operation at  constant power, 
the heat-conduction process can be considered to  be at 
steady state. 

Solution of Eq. 10.49 requires two boundary con- 
ditions. One is the specified temperature at the surface of 
the fuel (r = R): 

T(R) = T, (10.50) 

The fuel rod may have a hole in the center. Fuel pellets 
can be purposely fabricated in an annular shape to  provide 
room to accommodate fuel swelling. Solid fuel pellets 
fabricated from low-density material (< 95% of theoretical 
density) develop a central void by migration of the pores 
within the fuel body to the center under the influence of 
the temperature gradient. Irrespective of whether the 
central hole is purposely manufactured into the fuel pellet 
or whether it develops as a result of irradiation, the 
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boundary of the void constitutes an isothermal surface of 
temperature To .  Furthermore, since there is no heat 
generation in the gas contained in the central void, the heat 
flux at this surface is zero. The second boundary condition 
on Eq. 10.49 is 

= O (10.51) 

where ro is the radius of the central void. 

of Eq. 10.49 subject to Eqs. 10.50 and 10.51 is 
If k and H are constant and the rod is solid, the solution 

or, in terms of the center temperature To,  

To T-Ts -Ts =I-$ r2 (10.52) 

Because of the generally unwarranted assumption of con- 
stant k and H, these solutions are not sufficiently accurate 
for design purposes. However, the parabolic temperature 
profile is acceptable for some fuel-property calculations, 
such as bubble migration rates. 

10.4.1 Volumetric Heat-Generation 
Rate 

The thermal rating of a fuel rod is usually described in 
terms of its linear power, defined by 

power 
= unit length of rod W/cm (10.53) 

The linear power varies with axial position in the fuel rod. 
With coolant upflow attention is usually centered on the 
axial location just above the midplane of the core. Here the 
linear power is somewhat less than its peak value, but the 
coolant temperature is higher than at the midplane. The 
fuel temperature is highest at a position slightly above the 
core center, whereas the cladding temperature peaks near 
the core outlet. 

The linear power is related to  the radially averaged 
volumetric heat-generation rate by 

The local volumetric heat-generation rate is related to 

H = 3.2 x lo-'  'F  W/cm3 (1 0.55) 

The fission density is given by Eq. 10.1, in which the terms 
can change with irradiation time and vary with radius in the 
fuel rod. To  isolate these effects, we combine Eq. 10.1 with 
Eq. 10.55 in the following manner: 

H(r) = (3.2 x lo-' qoufNfo  &,) 

the fission density by 

where the subscript 0 denotes quantities evaluated at  the 
start of irradiation when the fuel is fresh and the bar over a 
quantity represents the average over the fuel cross section. 

c 
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The first term on the right-hand side of Eq. 10.56 is the 
average volumetric heat-generation rate at  startup, which is 
related to  the linear power by Eq. 10.54. 

The second term contains the e f f e s o f  bumup on the 
heat-generation rate. The product qNf is the average 
concentration of fissile atoms in the fuel. In a i f q t  reactor, 
q/qo can be greater than unity because of Conversion of 
2 3 8 U  to  239Pu.  The ratio N f / N f O ,  which is one minus the 
local fractional bumup, is always less than unity. If the 
local conversion ratio (atoms of fissile material produced 
from fertile species per atom offissile species consumed) is 
close to  unity, the product qNf cannot be much smaller 
than the value for the fresh fuel, qoNfo .  The ratio of the 

- 

The object of solving Eq. 10.49 is twofold. First, the 
temperature profile in a fuel rod is needed to accurately 
estimate the extent of materials transformations, such as 
swelling, gas release, sintering, and mechanical interaction 
between the fuel and the cladding. Second, i t  is important 
to be able to predict the maximum temperature in a fuel 
rod for specified linear power and fuel conditions to 
ascertain whether any part of the fuel is close to the 
melting point. This last reason is especially compelling in 
fast reactors, where the thermal performance of the reactor 
is limited by the restriction of fuel melting. 

10.4.2 The Conductivity Integral 
The primary impediment to  direct integration of 

Eq. is the radial and temperature variation of the 
thermal conductivity. Considerable progress in analyzing 
the thermal characteristics of a fuel rod can be made 
without confronting the complex behavior of k by an 
approach that is generally referred to as the conductivity- 
integral concept. This notion was first suggested by W. B. 
Lewis. and its use in treating fuel thermal Droblems is 

average flux to  that at  startup, which-appears as the last 
factor in the second term, is a controllable parameter of the 
reactor. I t  is desirable to  adjust 3/so so that the average 
heat-generation rate (and hence the linear power of the rod) 
is close to  the initial, design-limiting value. 

The third term in Eq. 10.56 contains terms describing 
the radial variation of quantities affecting the heat-genera- 
tion rate. All are normalized to unity .. 

discussed in detail 
(10.57) Consider first the case of a solid fuel rod with a 

constant volumetric heat-generation rate. Equation 10.49 
may be integrated once to yield (10.58) 

(10.61) 

The constant of integration is zero by Eq. 10.51 (with 
ro = 0 for a solid rod). Integration of Eq. 10.61 between 
the center and the surface yields 

In a thermal reactor the enrichment ratio, q(r)/q,  can 
differ from unity because of nonuniform burnout of fissile 
species due to flux depression in the rod. In a fast reactor 

(10.62) 
1 the enrichment ratio can change because of the phenome- 

non of plutonium redistribution under the influence of the 
temperature gradient. 

atoms, Nf(r)/Nf,  is due primarily to  porosity changes in the 
fuel caused by restructuring (sintering, grain growth), pore 
and bubble generation, and migration processes. Relatively 

L:nk dT = -HR2 4 

The nonuniform distribution of total heavy-metal Or, using the linear power of Eq. 10.53, 

(10.63) 9 k d T = -  

minor changes in atom density also result from the 
temperature gradient, which causes nonuniform thermal 
expansion of the fuel. 

The flux ratio @ ( r ) / 5  is unity in a fast reactor because 
the mean free path of the neutrons is much larger than the 
diameter of the fuel rod. In thermal reactors, however, the 
absorption cross sections are several hundred times larger 
than in a fast reactor. Neutrons thermalized in the water 
coolant-moderator must diffuse back into the fuel rods to  
cause fission. Because absorption occurs during diffusion, 
the flux is depressed in the center of the fuel rods in a 
thermal reactor. For solid rods with uniform fissile atom 
density, neutron-diffusion theory shows that the flux ratio 
is 

(10.60) 

where Io and I 1  are modified Bessel functions of the first 
kind of zeroth and first order, respectively, and K is the 
reciprocal of the neutron-diffusion length in the fuel 
material (typically 2 to 3 cm-' in thermal reactor oxide 
fuel). 

The integral on the left of Eqs. 10.62 and 10.63 is the 
conductivity integral. Its utility is due to the following 
properties: 

1. It  is directly related to the linear power of the fuel, 
which is a quantity easily measured by coolant calorimetry 
(for test capsules) or  postirradiation burnup analysis. 
. 2. The central temperature of the rod, which appears as 

the upper limit of the conductivity integral, is independent 
of rod diameter. 

3. The conductivity integral is a property of the fuel 
only. I t  does not depend on the thermal and heat-transfer 
characteristics of elements outside the fuel proper. How- 
ever, application of the conductivity integral requires that 
the surface temperature of the fuel be determined inde- 
pendently. 

4. If the upper limit of the conductivity integral is 
regarded as a variable, differentiation yields the thermal 
conductivity. 

5. By addition the conductivity can be normalized to  
any temperature as the lower limit of integration. Thus, 
normalized to O'C, it is 
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T 
$ c k d T =  So OkdT- JOTS k dT (10.64) 

6. The conductivity integral can be determined from 
in-pile experiments for comparison with out-of-pile mea- 
surements. The temperatures at which particular fuel 
transformations, such as melting or grain growth, occur are 
known. By examining photomicrographs of the fuel cross 
section after irradiation, we can ascertain the radial location 
r* a t  which a transformation characterized by temperature 
T* occurred. Figure 10.19 shows the identification of the 
radius at which melting occurred in a fuel specimen subject 
t o  a linear power in excess of that needed to  cause fuel 
melting. With r* and T* known, the conductivity integral 
between T, and T* can be determined by integration of 
Eq. 10.61: 

The best values of the conductivity integral obtained 
from the measurements of several laboratories of unirradi- 
ated mixed-oxide fuel are shown in Fig. 10.20. From these 
data it has been found that melting occurs when the 
conductivity integral is given by 

JOTmk dT = 93 2 4 W/cm (10.66) 

7 .  The conductivity integral can be used to  correlate 
phenomena such as gas release from the fuel. 

8. For design purposes, the conductivity integral can be 
used to  estimate the center-line temperature of the fuel for 
specified power conditions (see problem 10.2). 

The conductivity integral can be applied to  situations 
where H is a function of r provided that the form of this 
dependence can be specified. Two cases are of interest. 

In a thermal reactor the heat-generation rate varies with 
radius because of the depression of the neutron flux in the 

r- 

Fig. 10.19 Cross section of a UO, fuel rod operated a t  a linear power high enough to cause extensive melting. [From 
M. F. Lyons e t  al., Trans. Amer. Nucl. SOC., 8 :  376 (1965).] 
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TEMPERATURE, "C Fig. 10.21 Effect of flux depression of the conductivity 
integral in thermal reactor fuel rods. (From J. A. L. 

Fig. 10.20 Recommended minimum thermal conductivity Robertson, Skde in Fuel Irradiations, Canadian Report 
CRFD-835,1959.) integral for  ( U O . ~ P U ~ , ~ ) O ~ .  [From M. J. McNelly, Liquid 

Metal Fast Breeder Reactor Design Study (1000-MWe 
U02-Pu02 Fueled Plant), 2 vols., USAEC Report GEAP- 
4418, General Electric Company, January 1963.1 

center of the rod. The flux ratio is given by Eq. 10.60, and 
the other two factors in the last term of Eq. 10.54 are 
assumed to be  unity. The heat-generation rate is given by 

With Eq. 10.67, Eq. 10.49 can be  integrated twice with 
the aid of the surface and center boundary conditions. For 
a solid rod the result is 

Figure 10.21 is a graph of the last term in Eq. 10.68. In 
U 0 2  the thermal-diffusion length is governed by the 
fraction of 3 s  U in the fuel, which has been used instead of 
K R  as the abscissa in this graph. For the pressurized-water 
reactor used as an example in Tables 10.1 and 10.2, the 
factor in Eq. 10.68 due to  flux depression is 0.93. In a 
boilingwater reactor, the fuel rods are larger in diameter 
than those of a pressurized-water reactor; thus, the effect of 
flux depression in the fuel rods is more pronounced in the 
boiling-water reactor. 

The effect of the flux depression is to reduce the 
conductivity integral for a fixed linear power. For a 
specified fuel surface temperature, the center of the fuel 
rod is cooler for the case of flux depression compared to  a 
radially uniform flux. From a heat-conduction point of 
view, it is advantageous to move the heat source to the 
periphery of the rod, which is effectively what the flux 
depression does. The effect is general: any phenomenon 
that decreases heat generation a t  the center of the rod (at 
constant average heat-generation rate) reduces the central 
temperature. 

a 

10.4.3 E f f e c t  o f  Fuel Restructuring on 
the Temperature Distribution in 
Fast Reactors 

In fast reactors the flux-depression factor described in 
the preceding section for fuel elements in thermal reactors 
is absent. However, because of the higher level of the 
temperatures and the steeper temperature gradients in fast 
reactor fuel pins, substantial alterations in the morphology 
of the fuel material takes place during power operation. 
Figure 10.22 shows a photograph of the cross section of a 
mixed-oxide fuel rod that was irradiated at  a linear power 
of 560 W/cm to a burnup of 2.7%. Although the fuel pellet 
was originally solid, a sizable void has developed in the 
center. The void is formed by movement of the porosity in 
the original fuel material (83% in this case) toward the 
center. The central void in Fig. 10.22 is 1.9 m m  in 
diameter, which is 30% of the fuel-pin diameter. 

Immediately adjacent to the void is a solid region 
characterized by large columnar grains. The 'boundaries of 
these grains are delineated by the fine radial streaks 
terminating a t  the void. (The large black traces extending 
from the central void all the way to the cladding are cracks 
that probably developed during cooling down from the 
operating temperature. These cracks were probably not part 
of the fuel structure during most of its lifetime). The radial 
boundaries of the columnar grains are the trails of the pores 
present in the asfabricated fuel material o r  fission-gas 
bubbles that migrated up  the temperature gradient. The 
movement of this porosity to  the center is responsible for 
the development of the central void. If fully dense material 
is irradiated in tight-fitting cladding, neither the columnar- 
grain structure nor the central void is formed until 
irradiation swelling of the cladding enlarges the rod. 

Moving outward from the columnar-grain region, we 
find a band of large equiaxed grains. In this region, the 
temperature rather than the temperature gradient is the 
significant parameter. In this zone the initial fine grains of 
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EQUIAXED- 
COLUMNAR- GRAIN .REGION ORIGINAL FUEL 

Fig. 10.22 Cross section of mixed-oxide fuel rod irradiated to 2.7% burnup. N o  melting. [From D. R. O’Boyle et  al., J. 
Nucl. Mater., 29: 27 (1969).] 

the as-fabricated oxide have grown to many times their 
original size. Grain growth is not unique to reactor 
fuel-element materials nor does it require exposure to  
nuclear radiation. The phenomenon is observed in many 
ceramics held at  elevated temperatures for appreciable 
periods of time. 

Outside the equiaxed grain region and adjacent to the 
cladding is an annulus of fuel with the original micro- 
structure. The temperatures in this region are too low to 
cause any observable restructuring of the fuel material. 

For  the purposes of thermal analysis of the restructured 
fuel, the pellet is divided into the three annular regions 
shown in Fig. 10.23. I t  is common practice to assign a 
specific temperature to the boundaries between the re- 
structured regions. Thus, the temperature a t  r = r l  is 
assumed to correspond to  a temperature T1 below which 
columnar grains d o  not form. Similarly, equiaxed grains are 
observed a t  a radius r2 because the temperature at  this 
point, T2,  is just high enough for appreciable grain growth 
to occur (the growth of equiaxed grains takes place in the 
region ro < r < r l  as well, bu t  this effect is masked by the 
development of the columnar grains). In addition, the 
columnar- and equiaxed-grain regions (zones 1 and 2) are 
assigned particular densities that d o  not depend on the 
original density of the asfabricated fuel. Table 10.4 shows 

QEQUIAXED GRAINS 

COLUMNAR GRAINS 

R 

Fig. 10.23 Regions of a restructured fuel rod. 
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the boundary temperatures and densities assigned to  the 
restructured regions of the fuel by various laboratories. 

The density of the columnar-grain region is estimated to 
be between 95 and 99% of the density of solid fuel at  the 
same temperature. Estimates of the temperature at  which 
this structure forms in an appropriate temperature gradient 
varies from 1700 to 2150°C. The corresponding-densities 
and temperatures of the equiaxed zone are lower than those 
of the columnar-grain region. However, it  is not certain that 
any densification occurs in the equiaxed-grain region; the 
existing pores can simply coalesce or  change shape. 

Table 10.4 implies that the temperature and hence the 
radial position of the zone boundaries r l  and r2 are 
independent of irradiation time. Such an assumption is only 
an approximation, inasmuch as the phenomena involved in 
structural changes are dynamic rather than static. The 
question of the rate of growth of the columnar and 
equiaxed grains is considered in detail in Chap. 14. Simi- 
larly, the densities of the restructured regions are functions 
of irradiation. After the original densification due to 
removal of the as-fabricated porosity and grain growth 
(which occurs on  a time scale hours after startup), the 
densities of these regions begin to decrease again because of 
accumulation of solid fission products and a portion of the 
fission gases. 

p 2 ,  and p3  are not constant over an entire zone because of 
the temperature gradient in the fuel. For example, p 3  on 
the left-hand side of Eq. 10.69 should be evaluated a t  the 
average temperature of the entire solid fuel pellet, whereas 
p 3  in the last term on the right is characteristic of the 
average temperature between Ts and T2. In neglecting this 
difference, w e  ’have considered the density ratios in 
Eq. 10.70 as arising from porosity differences only. Thus, 
the coefficient of r: in Eq. 10.70 is interpreted as 

~- PI -P2 - (Pi ips) - (P2iPs) 
P i  PI ips 

For example, using the densities in the first row of 
Table 10.4, the above ratio is (0.98 - 0.95)/0.98 = 0.031. 
For most calculations this approximation is justified be- 
cause the effect of porosity changes far outweighs density 
alterations due to thermal expansion. 

The volumetric heat-generation rates in zones 1 and 2 
are affected by densification, which increases the density of 
heavy-metal atoms in a unit volume of fuel. The heat- 
generation rate in region 3 is the same as that of the original 
solid pellet at  startup. If the fuel is operated with a linear 
p o w e r g ,  Eq. 10.54 shows that the heat-generation rate in 
the unrestructured region is 

Table 10.4 Parameters of the Columnar- and 
Equiaxed-Grain Regions* 

Columnar grains Equiaxed grains 

Laboratory T I ,  O C  Pi IPS, % T2, OC Pz IPS, % 

Atomics International 1800 98 1600 95 
General Electric 21 50 99 1650 97 
Kernforschungszentrum 1700 95 1300 As-fab- 

Karlsrule ricated 
Westinghouse 2000 99 1600 97 

*From W. W. Marr and D. 
SOC., 14: 150 (1971). 

However, modeling the fuel restructuring process by the 
three fixed zones is adequate for estimating the primary 
consequences of densification on  the reduction of the 
central temperature from the initial value for the solid 
pellet. Calculations of this effect have been advanced by 
many investigators. s 2  -3 

The radius of the central void is related to the positions 
of the boundaries between the restructured regions by a 
mass balance, which assumes that there has been n o  axial 
movement of fuel during the densification process. Thus, 

nR2p3 = n(ri - r i ) p l  + n(r: -r:)pz 

+ n(RZ - r;)p3 (10.69) 

or  

Equation 10.70 neglects minor dimensional changes due to 
thermal expansion of the fuel material. The densities P I ,  

H. Thompson, Trans. Amer. Nucl. 

9 
nR2 

H =- (10.71) 

In the equiaxed- and columnar-grain regions, the corre- 
sponding volumetric heat rates are 

(10.72) 

(10.73) 

The density ratios in these equations represent the atom- 
density.ratio Nf(r)/Nfo in Eq. 10.56 for the two regions 
where fuel sintering has occurred. The enrichment and flux 
ratios in Eq. 10.56 are assumed to be unity for this 

The heat-conduction equation (Eq. 10.48) for region 3 
calculation. 9) 
is 

r d r  (10.74) 
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where k3  is the thermal conductivity of the fuel for 
temperatures between T, and T2  and for the porosity of 
the as-fabricated fuel. The latter is given by 

p3  = 1-p3 (1 0.75) 

If the as-fabricated fuel is specified, for example, as 90% of 
theoretical density, P3 = 0.1. 

Ps 

Integration of Eq. 10.74 once yields 

k - = - - H  dT 1 r + -  c3 
3 d r  2 r 

A second integration yields 

(10.76) 

The bracketed term in Eq. 10.87 vanishes according to 
Eq. 10.70. 

Substitution 'of these expressions for C l ,  C 2 ,  and C3 
into Eqs. 10.77, 10.79, and 10.81 yields the final formulas 
for the conductivity integrals in the three annular zones: 

2 

L r ' ' k 2  dT = ($)(z) (%)' [I -( 2) 
- (1 -2) (10.89) 

2 
k3 d T = L H 3 R 2 [ l - ( ~ ~ ] - C 3  4 In(:) (10.77) 

L y o k l  dT = ($)(E)(;)21 -(:) 
Similarly, the first and second integrals of the heat-conduc- 
tion equation in regions 2 and 1 are 

(1 0.7 8) k - = - - - H r + -  dT 1 c2 
2 d r  2 r 

k2 dT = L H 2 r i  4 [1 -(2)2] - C2 l n t c )  
(10.79) 

k - = - - H  dT 1 +' C 
' d r  2 1 r  r 

2 

k l  d T = i H , r ~ [ l - ( ~ )  4 1-C,  Int;) (10.81) 

(10.80) 

The integration constants C1 ,  C2 ,  and C3 are deter- 
mined by equating the heat fluxes obtained from the 
solutions in adjacent zones at their common boundary: 

k3($, = k 2 ( g ) 2  a t  r = r2 (10.82) 

k 2 ( F ) 2  = k l ( g )  at r = r l  (10.83) 
1 

and applying the adiabatic boundary condition (Eq. 10.50) 
a t  the central void: 

(10.84) 

Equations 10.80 and 10.84 show that 

Similarly, C2 is found t o  be 

Cz =,Hzr: -oH,(r: - r t )  
1 1 

Substituting the preceding relations into Eq. 10.82 yields 

= O  (10.87) 

- (?) In ( 32] (10.90) 

The conductivity integrals on the left-hand sides of 
Eqs. 10.88 to 10.90 can be obtained in either of two ways. 
An empirical thermal-conductivity formula, such as 
Eqs. 10.45 and 10.48, can be integrated directly using 
Pi = 1 - (pi/ps), where Pi is the porosity of the ith annular 
band and pi/ps is the fraction of theoretical density of the 
ith band. Alternatively, a plot o f  the conductivity integral 
for a constant porosity (such as Fig. 10.20) can be used 
directly and corrected for the porosity differences in the 
three fuel regions. If the conductivity integral is available 
for 95% dense material, for example, then 

- ( l T i k d T )  ] fo (10.91) 
P=0.05 f(0.05) 

where Ti and Ti.l are the temperatures of the outer and 
inner boundaries of the ith zone, respectively. The conduc- 
tivity integrals on  the right of Eq. 10.91 can be read 
directly from a plot such as Fig. 10.20. The function f(P) is 
the fractional reduction in thermal conductivity from 100% 
dense solid due to  porosity P, as given by Eqs. 10.40, 
10.42, and 10.44. 

The temperature distribution in the rod can be obtained 
as follows: Assume that the fuel surface temperature T,, 
the linear p o w e r g ,  and the density of the fabricated fuel 
p3  / p ,  have been specified. The properties of the columnar- 
and equiaxed-grain regions (T , ,  p1  /ps, T2, and pz/p,) are 
also presumed to  be known (as one of the rows in 
Table 10.4). Equations 10.70, 10.88, 10.89, and 10.90 
provide four equations from which the four unknowns 
ro /R, r l  /R, r2 /R, and To can be determined. The conduc- 
tivity integrals for the two outer zones are given by 
Eq. 10.91. First, r 2 / R  is determined by solving Eq. 10.88. 
Equation 10.89 then gives r l  /R. The radius of the central 
void is then obtained from Eq. 10.70. Next, the conduc- 
t i v i ty  integral for the inner zone is given by 
Eq. 10.90. Equation 10.91 is then employed to  determine 
(&TO k dT)o .9s .  Finally, Fig. 10.20 (or the equivalent plot 
for the appropriate fuel) is used to  obtain To. 
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The method just described fixes the radius and tempera- 
ture of the central void surface and the locations of the 
boundaries between the  three regions, each of which is 
associated with a specific temperature. The temperature 
profile between these anchor points can be obtained from 
Eqs. 10.88 to 10.90 by replacing the upper limits on the 
conductivity integral by T and the corresponding radial 
position on the right-hand side by r (except in the 
coefficient of the logarithmic term in Eq. 10.90). Fig- 
ure 10.24 shows typical temperature distributions just a t  
startup and after fuel restructuring has occurred. The slopes 
of the temperature distributions are discontinuous at  the 
boundaries separating the various regions because the 
thermal conductivities, according to  the model, change 
discontinuously at  r l  and rz .  As expected, the maximum 
temperature attained by the fuel decreases substantially as a 
result of densification and central-void formation. The net 
effect of these processes is to  move the nuclear heat source 
further toward the periphery of the rod than is the case in 
the solid rod of as-fabricated fuel. Such a displacement 
effectively reduces the path length over which heat must be 
conducted; so a given heat flux can be sustained with a 
smaller temperature difference. The higher thermal con- 
ductivities in regions 1 and 2 which result from densifica- 
tion also act t o  reduce fuel temperature. 
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Fig. 10.24 Temperature distribution in a mixed-oxide fuel 
p in  before and after restructuring. 9= 500 W/crn; 
T, = 1000°C; initial density = 85% theoretical densitv: " ,  

T1 = 1800"C, p / p ,  = 98% TD; Tz = 160O0C, pz / p ,  = 95% 
TD; f(P) = 1 - Ps. 

which has the same axial variation in linear power ,P(z) .  
Let Q be the mass flow rate to the assembly and Cpc the 
heat capacity of the coolant. An energy balance over the 
coolant flowing through a differential slice dz of the 
assembly cross section yields 

Integrating from the inlet coolant temperature at  z = 0 to 
axial position z results in 

T(coo1ant )  = T(in1et + LJ' 9 ( z ' )  dz' (10.92) 
coolant )  QCpc 0 

With the coolant temperature a t  any z given by Eq. 10.92, 
Ts can be estimated as follows: 

The heat flux at  the surface of the fuel is related to the 
linear power by 

9 
9s = 2nR (10.93) 

The overall heat-transfer coefficient between the fuel 
surface and the bulk coolant temperature is due to the 
thermal resistance of the fuel-cladding, cladding conduc- 
tion, and convective heat transfer in the coolant film. These 
three components act in series to determine the overall 
heat-transfer coefficient U. For cladding thicknesses small 
compared to  the fuel radius, U is given by 

(10.94) 

where hgap = the conductance of the gap between the fuel 
outer surface and the inner surface of the 
cladding 

t, = the thickness of cladding 
kc = the thermal conductivity of the cladding 

hcoolant = the convective heat-transfer coefficient in the 
coolant-fuel-rod flow geometry, which can 
be obtained from correlations as a function of 
coolant properties and flow rate 

Typical conductances and temperature drops for the 
three resistances between the fuel surface and liquid sodium 
coolant are shown in Table 10.5. The level of the 
temperature in the fuel is controlled by the coolant 

Table 10.5 Heat-Transfer Resistances Exterior to the 
Fuel in a Fast Reactor* 

Typical conductance, Temperature 
drop, OC w cm-2 0 -1 C 

Fuel-cladding 

Cladding 
Coolant film 
Overall 

gap 1 290 
9 32  

1 2  24 
0.84 346 

10.4.4 Fuel Surface Temperature 
Applying the calculations just described requires that 

the fuel surface temperature T, be known at all axial 
locations of a fuel element. 

Design of  the reactor core includes specification of the 
linear power of the fuel rods as a function of  axial position. 
Consider a fuel assembly containing N fuel rods each of 

*Linear power, 550 W/cm; fuel radius, 3 mm; cladding: 
stainless steel, 0.25 mm thick, kc = 0.22 W cm-' OC-' ; 
coolant: sodium. 
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temperature at the particular axial location and the 
temperature drop between the coolant and the fuel surface. 
Assuming that the overall heat-transfer coefficient U is 
known, the surface heat flux is 

Combining Eqs. 10.93 and 10.95 gives 

9 
T s  = Tcoolant +- 2nRcU (10.96) 

Typical values of T, in a fast reactor are 800 to 1000°C. Of 
the three resistances in series between the coolant and the 
fuel surface, Table 10.5 shows that the resistance of the 
fuel-cladding gap is the most significant by an order of 
magnitude. 

10.4.5 Conductance of the Fuel-Cladding Gap 
Because of the substantial influence of the thermal 

resistance of the fuel-cladding gap on fuel temperature, 
extensive theoretical and experimental investigations have 
been directed toward methods of predicting hgap with 
sufficient accuracy for design purposes. So far, these efforts 
have only been marginally successful. 

Open Gap 

If the fuel and the cladding are not in physical contact 
(i.e., the fuel is free-standing within the cladding), the 
primary mechanism of heat transfer is by conduction 
through the filling gas. At reactor startup the gas in the fuel 
element is helium at approximately atmospheric pressure. 
After in-pile operation for extended periods, the fission 
gases krypton and xenon, which are released from the fuel, 
mix with the helium, and the total gas pressure within the 
fuel element increases substantially ( to  perhaps 75 atm at 
the end of life). The gas that provides the means of thermal 
communication between the fuel and the cladding is thus a 
mixture of helium, krypton, and xenon, the composition of 
which is a function of irradiation time. 

If the space between the fuel and the cladding is much 
larger than the mean free path of the gas atoms at the 
prevailing temperature and pressure, the gap conductance is 
simply kg / tgap ,  where k, is the thermal conductivity of the 
gap mixture and tgap  is the gap thickness. However, when 
the two surfaces approach each other closely, a phenome- 
non analogous to viscous slip in hydrodynamics affects the 
transfer of heat by conduction through the gas. If a gas 
sustains a temperature gradient, the gas temperature im- 
mediately adjacent t o  a bounding surface is not  equal t o  the 
surface temperature. Figure 10.25 shows the temperature 
profile between two plane surfaces that are at different 
temperatures. The disconti,luity that occurs within a mean 
free path of the walls is called the temperature jump. 
Extrapolation of the gradient in the bulk of the gas results 
in intersections with the solid temperatures a t  distances g, 
and gf inside the solids. These distances, which are termed 
temperature jump distances, are analogous to the extrapola- 
tion lengths of neutron diffusion theory. The conductance 
of the gap is given by 

Fig. 10.25 Temperature profile in a gas between two p k i i e  
surfaces. 

(10.97) 

n 

Formulas for g from the kinetic theory of gases were first 
worked out  by Knudsen in 1911. The derivation repro- 
duced by Kennard3 ' gives the temperature jump distance 
as 

---- 
where X is the mean?fee,path in the gas, y is the ratio 
Cp/C, for the gas, and (k*/$(+)g is the Prandtl number 
( p  = gas viscosity). Since y = y3 for monatomic gases and 
the Prandtl number is about 0.7 at all temperatures, the 
product of the two terms containing these quantities in 
Eq. 10.98 is approximately unity. 

The quantity cy in Eq. 10.98 is called the thermal- 
accommodation coefficient of the gas on the particular 
surface exposed to the gas. It is the fractional approach of 
the impinging molecules to complete thermal adjustment to 
the solid temperature before rebounding. If a stream of 
molecules of temperature T, strikes a solid at T, and is 
reflected with a temperature T,, the thermal-accommoda- 
tion coefficient is defined by 

(10.99) 

when a = 1, T, = T,, and the scattered molecules have been 
completely equilibrated with the substrate. The simplest 
theory of thermal accommodation regards the process as an 
elastic collision between a gas atom and an atom of the 
solid which is acting as an independent particle (i.e., the 
bonds connecting the struck surface atom to  the remainder 
of the lattice are i g n ~ r e d ) . ~ '  On the basis of this picture, 
one would expect thermal accommodation to  be most 
complete when the gas and the solid atoms are of equal 
mass (neutron thermalization in a reactor is most efficient 
when the moderator is hydrogen for the same reason). 
Indeed, experiments with metallic surfaces show that cy is 
smallest for the very light gases hydrogen and helium, for 



_. ................. . .  - .......... _____ 

FUEL-ELEMENT T H E R M A L  PERFORMANCE 137 

which the kinematics of energy transfer are le& favorable. 
However, the thermal coefficient is much like the emissivity 
in its sensitivity to surface conditions, of which cleanliness 
and roughness are the most significant. 

Solid surfaces exposed to environments other than high 
vacuum adsorb at least a monolayer of impurity gases, such 
as HzO,  CO, and COz. This adsorbed layer usually contains 
atoms of lower mass than the substrate solid, thereby 
forming a softer bed for energy exchange with the gas 
molecules striking the surface. The thermal-accommodation 
coefficient on contaminated surfaces is greater than that on 
substrates that are atomically clean. 

Roughness invariably increases thermal accommodation 
by making possible multiple collisions of an impinging gas 
atom with the solid before the former escapes from the 
surface. For example, if incident atoms make on the 
average three collisions with a rough surface before return- 
ing to  the gas phase and if at each collision energy is 
exchanged with the solid according to Eq. 10.99, the 
apparent coefficient of thermal accommodation, aapp, is 
related to the single collision value --_I a by 

/"" 

The accommodation coefficients of the rare gases on 
the fuel outer surface and the cladding inner surface are 
unknown but are probably close to unity. The fuel surface 
is undoubtedly roughened by fission recoils and cracking. 
The cladding surface is also bombarded by fission fragments 
that recoil across the gap. In addition, the Cladding can be 
subject t o  corrosion by oxygen transported from the fuel 
by volatile fission products (e.g., cesium and molybdenum). 
Finally, the two surfaces defining the gap may both be 
heavy-metal oxides. Each thermal spike created by a 
fission-fragment track that intersects the fuel surface is 
capable of vaporizing many molecules of UOz or PuOz, 
which condense on the inner surface of the cladding. Fuel 
material that is plated on the claddingin such a fashion 
undoubtedly makes a very intimate thermal contact. 

If the thermal-accommodation coefficients are set equal 
to unity, the coefficient of X on the right-hand side of 
Eq. 10.98 is a number of order unity, or  the temperature 
jump distance for use in Eq. 10.97 is approximately equal 
t o  the molecular mean free path in the gas. The latter may 
be obtained from the kinetic theory of gases and expressed 
bY 

p 273 (10.100) 

where T is the temperature in OK, p is the gas pressure in 
atm, and A,, is a property of the gas that depends on the 
molecular or atomic diameter. For helium ho = 1.74 X 
atm-cm, and for xenon ho = 3.6 X 10" atm-cm. The mean 
free path in helium at  1 atm pressure and room temperature 
is 0.2pm. For xenon at  1 0 a t m  pressure and 1000°K 
(typical fuel element conditions), the mean free path is 
0 .01pm. Inasmuch as open gaps at startup are typically 
-80 pm wide, the temperature jump effect represented by 
the last two terms in the denominator of Eq. 10.97 is 
probably not important until the gap closes and the solids 
make contact, 

The conductance of the open gap can be written 

The last term on the right is an approximate radiation 
contribution (analogous to Eq. 10.43 for the effective 
conductivity of a pore with the addition of the appropriate 
radiation view factor for cladding and fuel surfaces of 
emissivities E ,  and E ~ ,  respectively). The temperature in the 
last term of Eq. 10.101 is the average of the claddinginner- 
wall and fuel-surface values. For the small gaps encountered 
in power operation, the radiation contribution is generally 
small compared to the conduction term. 

Kampf and Karsten' describe the thermal conduc- 
tivity of the rare gases by 

k, (pure gas) = A x 10-6T0 ,79 ,  W cm-' O C - '  (10.102) 

where T is the average gas temperature in the gap ( O K )  and 
-I A is 15.8 for helium, 1.15 for krypton, and 0.72 for xenon. 

The thermal conductivity of the gas mixtures that develop 
as a result of release of fission gases from the fuel is 
approximately given by 

k, = (kHe)XHe (kXe)l-XHe (10.103) 

In Eq. 10.103 all the fission gases are taken as xenon, which 
is the largest component, and the mixture is considered as a 
binary of helium atom fraction xHe.  The thermal conduc- 
tivities of the pure gases, kHe and kx,, are given by 
Eq. 10,102. 

Closed Gap 
As a result of thermal expansion and swelling of both 

the fuel and the cladding, the fuel-cladding gap may close. 
When this situation occurs, heat is transported by solid 
conduction through the regions on the fuel and cladding 
surfaces that are in physical contact as well as by 
conduction through the gas film that fills the portion of the 
interface where contact is not made. Figure 10.26 suggests 
what the closed gap might look like. Contact between the 
two solids is made only over a small fraction of the gross 
interfacial area, but the majority of the heat flux may be 
through these spots. The thermal contact resistance de- 
pends on the pressure or local compressive stress, which 
acts t o  increase the area of contact by plastic deformation 
of the softer material by the harder. The mean thickness of 
the gas film 6 is approximately equal t o  the sum of the 
mean roughness heights of the two solid surfaces. 

Several theories of thermal contact resistance have been 
a d ~ a n c e d . ~  2-34 Cet inkale and Fishenden3 represent each 
contacting spot as a cylinder of radius R1. If there are N 
contact cylinders per unit area of gross surface arranged on 
a square lattice, the gross surface area associated with each 
contact is nRi = 1/N, where Rz  is the radius of the zone 
around the contact that forms its unit cell. Analysis of the 
flow of heat in this idealized geometry yields the following 
expression for the component of the gap conductance due 
to  the so l idso l id  contacts: 
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--PI 6 \+MEAi\r GAS- 
FILM THICKNESS 

for the usual case of R l  /Rz  < 1, the conductance due lo 
solid-solid contact becomes 

Fig. 10.26 Closed fuel-cladding gap. 

(10.104) 2kfk, (R 1 /R2 l 2  
hcon tac t  = 5 (-) ----____-- 

R 1  kf + k, tan-' [ ( R 2 / R 1  1 - 11 
where kt and k, are the thermal conductivities of the fuel 
and cladding, respectively. 

Equation 10.104 neglects heat conduction through the 
gas film and assumes that the cylinder height (approxi- 
mately equal to  6 in Fig. 10.26) is small. The contact area 
per unit of gross interfacial area, (R1 /R2)' ,  increases with 
the interfacial pressure P, because of plastic deformation. 
The effect of loading of the interface on the fractional 
contact area depends on the yield strength of the softer 
material, as measured by its Meyer hardness.* The fraction 
of the interface that is in so l idso l id  contact is given by 

(2)' = constant x - Pi 
H (10.1 05) 

where H is the Meyer hardness of the softer material. 
In addition, it has been found3 that the average radius 

of the so l idso l id  contact, R ,  , is proportional t o  the square 
root of the mean surface roughness, which is approximately 
equal to  the gas film thickness F : 

R~ = constant x 6' (10.106) 

Substituting Eqs. 10.105 and 10.106 into Eq. 10.104 
and noting that the arc tangent term can be replaced by n /2  

(10.107) 
2kfk, Pi 

hco11tact = c(-) kf + kc fi 

wlicre C is a cotnbination of the constants in the preceding 
equations. 

Conduction through the gas film provides a parallel 
heat-flow path. Heal transfer by this mode is given by 
Eq. 10.97 with the gap thickness replaced by the mean 
gas- fi Im thickness : 

( 10.1.08) 

The total conductance of the closed fuel-cladding gap is 
the sum of Eqs. 10.107 and 10.108: 

Several investigators have applied Eq. 10.109 to  out-of- 
pile tests on zircaloy--lJO, systems. Ross and S t ~ u t e ~ ~  
found that a value for the constant C of approximately 
unity gave the best fit to their measurements. The gap 
conductance depended on the nature of the filling gas, 
which indicated the importance of the first term in 
Eq. 10.109. From their data Ross and Stoute obtained 
g, + gf equal to  1 0  pm in helium and 1 pm in xenon (both 
at 1 atm). These values are 1 0  to 30 times larger than the 
mean free path of the gases, which suggests either that the 
thermal-accommodation coefficients were very much 
smaller than unity (see Eq. 10.98) or that inadequacies in 
the model that led to Eq. 10.109 were reflected in 
unrealistic temperature jump distances required t o  fit the 
data. 

Robertson e t  al.' ' have compiled Fig. 10.27 from the 
experiments of Ross and Stoute and others. Bands in which 
the data lie are plotted for surfaces of three different 
degrees of roughness (in ou:-of-pile experiments, the 
surface roughness can be measured by a profilometer). The 
data confirm the general features of Eq. 10.109. The gap 
conductance is greater for helium fill gas than for the other 
inert gases, in accord with the relative values of the thermal 
conductivities. The gap conductance increases in a roughly 
linear fashion with interfacial pressure increases and de- 
creases as the surface roughness increases. Further discus- 
sion of gap-conductance theories can be found in Refs. 26, 
27, 37, and 38. 

Application of Eq. 10.109 to operating fuel pins is 
hampered by the following difficulties: 

1. The thermal conductivity of the fill gas, k,, is 
strongly dependent on  its composition. The latter depends 
on the fraction of the fission gases released from the fuel, 
which is one of the more difficult fuel performance 
quantities to  predict. 

2. The roughness and even the identity of the adjacent 
surfaces 

3. The temperature jump distances determined from 
well-controlled out-of-pile tests may not apply to  fuel 
elements in the reactor. 

*In a hardness test a small cone or sphere is pushed into 
the material by a fixed force. The depth o r  diameter of the 
indentation is a measure of the hardness, which is expressed 
in units of pressure. 

be predicted. 
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4. The interfacial pressure in an operating fuel element 8. The effects of plutonium redistribution on  the 
volumetric heat generation rate and of oxygen redistribu- 
tion on the thermal conductivity. 

is difficult t o  estimate. Its prediction is one of the primary 
objectives of the fuel modeling codes described in Chap. 21. 

Fuel-element designers either accept the out-of-pile 
correlations (Eq. 10.109 o r  variant t h e r e ~ f ) ~  9 - 4 7  or assign 
a constant value to  hgap for computational  purpose^.^^-^ 
The estimate hgap = 3 W cm-2 "C-' is often em- 
p l ~ y e d . ~  *' 

10.5 SUMMARY 

The methods described in this chapter for determining 
the temperature profile in a highly rated fast reactor fuel 
rod are better than the assumption of a parabolic tempera- 
ture distribution, but they d o  not consider many important 
features of fuel thermal performance. A better calculation 
should include 

1. Differential thermal expansion of the fuel and the 
consequent displacement of the hot, plastic core regions 1 
and 2 toward the center. This effect tends to reduce the 
size of the central void. 

2. Axial fuel displacement (due, for example, t o  vapor 
transport of fuel material within the central void). 

3. Cracking of the fuel due to thermal stresses. Radial 
cracks probably d o  not affect the temperature profile as 
much as circumferential cracks, which act as gas-filled gaps. 

4. The dynamic nature of the fuel restructuring process. 
The zone boundaries ro ,  r l  , and rz are in reality functions 
of irradiation time. 

5.  The generation of porosity by fission-gas bubbles, 
expansion due to solid fission products, and reduction in 
porosity by hydrostatic pressure (hot pressing). 

6. The continuous rather than the discrete nature of the 
porosity variation with radius. 

7. The role of thermal expansion, fuel swelling, and 
cladding swelling in changing the fuel-cladding gap conduc- 
tance, which causes the fuel surface temperature to vary 
with irradiation time even though the coolant temperatiire 

Solutions to the heal-conduction equation, Eq. 10.49, 
which incorporate many of the previously mentioned 
features must be accomplished by finite-difference tech- 
niques. Computer codes have heen written for t h ~  pur- 
pose.4 6-49 

If the coolant temperature at each axial localion is 
known from the specified axial variation in the linear power 
and the thermal-hydraulic characteristics of the coolant, a 
complete description of the radial and axial fuel tempera- 
ture distribution and fuel restriictirring call be obtained 
Figure 10.28 shows typical results of S~JCII a comparison. 
Note that, although the temperature of the central void is 
uniform on its circunifeyenre, an a i e l  gradient of To is 
present. 

The net effect o n  the  fuel-element thermal performance 
of the phenomena discussed in this chapter is to reduce the 
maximum permissible linear power of the rod. Christensen' 
has compared the thermal performance limits of LWRs and 
LMFBRs by examining the linear power that results in 
attainment of the melting temperature (Table 10.6). Identi- 
fiable components of the difference between the two types 
of fuel elements are listed separately. All effects involving 
the fuel melting temperature and the  solid thermal conduc- 
tivity are deleterious to LMFBR performance. Only the 
restruchring effects that  increase the fuel density and form 
the central void and the thermal expansionswelling 
phenomena that result in gap closure are positive contribu- 
tions. However, although contact between fuel and cladding 
improves thermal performance, it very probably adversely 
affects fuel-pin mechanical performance by causing creep 
deformation of the cladding. Late in fuel-element life, the 
irradiation-induced swelling of the cladding may cause the 
gap to reappear. When this occurs, only the pressure of the 
accumulated fission gap remains to  stress the cladding 
internally. Creep strain is presently proposed as a lifetime- 
limiting criterion of fast reactor fuel elements, although 

at  the particular axial location is constant. criteria- based on  the cumulative effects of all life-consum- 
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TYPE-316 

0.1 rnrn 
0.38 rnrn 

COOLANT 
PRESSURE, 
(kN/mZ) 

260 

300 

350 

410 

460 

51 0 

560 

61 0 

660 

LINEAR 
POWER, 
Wlcrn 

410 

440 

485 

510 

527 

529 

510 

470 

440 

TOTAL NEUTRON FLUX, 
(n crn-2 sec-1) x 10-15 

6.7 

7.2 

8.0 

8.5 

8.7 

8.7 

8.4 

1.7 

7.2 

FUEL 
CENTER 

I TEMPERATURE 
TEMPERATURE e T  CENTRAL AT FUEL 
FUELCENTER, '  C-J ! / V O I D  SURFACE. " C  7 

/ 
2309 
(2516) 

241 7 
(2669) 

2597 
(29921 

2689 
(3051) 

2735 
(3115) 

2708 
(3078) 

250 7 
(2908) 

2399 
2644 

2238 
(24161 

f 
879 

8 78 

888 

885 

074 

853 

018 

772 

730 

0 97% DENSE COLUMNAR GRAlNS 

a 92% DENSE AS-FABRICATED 
92% DENSE EQUIAXED GRAINS 
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Fig. 10.28 Typical LMFBR fuel element under operating conditions. The pin has been divided axially into 9 zones for 
thermal analysis. Temperature distribution after restructuring is shown at the bottom. T I  = 175OOC; T2 = 145OOC. [From 
C .  M. Cox and F. J. Homan, Nucl. AppJ. Tech., 9:317 (1970).]  
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ing phenomena to  which the cladding is subjected are being 
developed. 

Table 10.6 Comparison of LWRs and LMFBRs in 
Terms of Factors That Affect the Linear Power 

for Fuel Melting* 

Factor 

Approximate 
change in 

melting linear 
power, % 

Increased coolant temperature in 

Addition of large fractions of Pu 
LMFBR 

to LMFBR fuels 
Effect on thermal conductivity 
Effect on melting temperature 

Absence of flux depression in 
LMFBR fuel rod 

Increased porosity for swelling 
accommodation in LMFBR 

Effect on thermal conductivity 
Restructuring effects 

Increased fuel-cladding AT because 
of higher heat fluxes in LMFBR 

High burnup effects in LMFBR 
Effect on thermal conductivity 

Effect on hgap because of gap 

Net reduction in allowable heat rating 

and melting temperature 

closure 

for LMFBR compared to  LWR 

-1 3 

-8 
-5 

-5 

-1 2 
+25 

-1 0 

-1 0 

+10 

-28 
~ ~~~ ~~ 

*From J. A. Christensen, in Proceedings o f  the 
Conference o n  Fast Reactor  Fuel Element Technology, 
p. 371, R. Farmakes (Ed.), American Nuclear Society, 
Hinsdale, Illinois, 1971. 

10.6 NOMENCLATURE 

a, = lattice constant 
A = constant in thermal-conductivity equation 

for rare gases; coefficient (temperature inde- 
pendent) in the expression for thermal con- 
ductivity of solids 

A. = coefficient (temperature independent) in the 
expression for thermal conductivity of stoi- 
chiometric U02-Pu02 

A A =  change in coefficient A due to non- 
stoichiometry 

A* = constant in expression for AA 
A‘ = coefficient (temperature independent) in the 

expression for mean free path 
B = coefficient (temperature independent) in the 

expression for thermal conductivity of solids 
B’ = coefficient (temperature independent) in the 

expression for mean free path 
c = heat capacity of a phonon 
C = specific heat 

f(P) = function giving porosity effect on fuel ther- 

F = fission density in fissions per unit volume 
mal conductivity 

F = fissions per unit volume per unit time 
g = temperature jump distance 
h = heat-transfer coefficient 
H = enthalpy; volumetric heat-generation rate; 

Meyer hardness of softer material in a 
contact of two materials 

Hi = volumetric heat-generation rate in zone i 
( i  = 1, 2, 3) 

k = thermal conductivity 
ki = thermal conductivity in zone i (i = 1, 2, 3) 

I = length of a solid specimen; length of a 
parallelepiped pore 

AI = change in length of a solid specimen 
L = length of one side of a unit cell in a porous 

body 
np = phonon density 
Nf = total number of heavy-metal atoms per unit 

N = number of fuel rods in an assembly; number 

p = pressure 
P = volume porosity 

volume 

of  contact cylinders per unit area 

P, = fraction of cross-sectional area of the x-z 

Pi = interfacial pressure in a contact of two 

PL = fraction of the length of the pore tube 

9’ = linear power 
q = enrichment, or fissile atoms per total heavy- 

Q = coolant mass flow rate to  a subassembly 
r = atomic radius; radial distance from center 

line in a fuel rod 
ri = radius of defect i 

ro = radius of the central void 
r l  = outer radius of columnar grains 
r2 = outer radius of equiaxed grains 
R = radius of the fuel; gas constant 

R, = outer radius of cladding 
R1 =radius  of contacting spot represented as a 

R2 = radius of the unit cell around a contact spot 

face occupied by a pore tube 

materials 

occupied by the pore 

metal atoms; heat flux 

cylinder 

s = entropy 
t = time; thickness 

T = temperature 
TI = temperature for columnar-grain formation 
T2 = temperature for equiaxed-grain growth 
AT = temperature drop 
Ti = temperature of a particle incident on a solid 

Tk = temperature of the outer boundary of zone k 

T, = temperature of a particle reflected from a 

surface 

(k = 1, 2) 

solid surface 
u = average speed of phonons 
U = overall heat-transfer coefficient 
V = volume 
x = oxygen atoms in excess or deficiency per 

x H e  = helium atom fraction in the gas in fuel- 
total heavy-metal atom 

cladding gap 
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Yi = concentration of defect i 
z = distance normal to  a plane; 

distance along fuel-rod axis 

Greek Letters 
CY = coefficient of thermal expansion; parameter 

in modified Loeb equation; thermal-ac- 
commodation coefficient 

CY,, = coefficient of thermal expansion for stoi- 
chiometric (U,Pu)02 

p = fractional burnup; coefficient of compressi- 
bility 

y = ratio of specific heat a t  constant pressure t o  
that at  constant volume 

6 = mean gas-film thickness when fuel and clad- 
ding make contact 

E = emissivity 
eF = energy of formation of the Frenkel defect 
@ = neutron flux 
K = reciprocal of neutron-diffusion length 
h = mean free path 

A,, = constant in the expression for mean free 
path 

1-1 = gas viscosity 
p = density 

p1 = fuel density in columnar zone 
p 2  = fuel density in equiaxed-grain zone 
p 3  = fuel density in unrestructured zone 

uf = fission cross section 
up = collision cross section of phonons 
OD = Debye temperature 

u = Stefan-Boltzmann constant 

- 
Subscripts 

app = apparent 
Av = Avogadro 

c = cladding 
contact = value at  the contact of two materials 

ex = excess (enthalpy) over perfect crystal value 
f = fission, fissile, o r  fissionable; fuel 

F = Frenkel defects 
g = g =  

gap = fuel-cladding gap 
He = helium 

i = defect i 
lin = linear (coefficient of thermal expansion) 
m = melting point 
p = at constant pressure; pore tube 

pc = (heat capacity) a t  constant pressure of cool- 
ant 

s = solid; surface 
v = at constant volume 

vo = refers t o  heat capacity a t  constant volume at  
temperatures below Debye temperature but 
above 2100'K 

X, Y, and Z = directions of the parallelepiped pore 
I, = direction normal to a plane 
0 = initial value o r  center-line value 

Superscripts 
0 = initial value 
- = average over fuel cross section 

* = radial location or  temperature a t  which fuel 
transformations take place 
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10.8 PROBLEMS 

10.1 I t  is desired to compute the change in the plutonium 
fraction of a mixed-oxide fast reactor fuel element as a 
function of the burnup p. The initial plutonium fraction of 
the fuel is qo.  Assume that 2 3 9 P u  only undergoes fission 
but that U both fissions and captures neutrons ( to  
produce 239Pu) .  The ratio of neutron capture to fission in 

rate of neutron capture in 

2 . 3 8 ~  

u au = 
rate of fission in u 

is known and constant. 

(on 
the conversion ratio defined by  

Obtain an approximate solution to the nuclide balances 
U, 2 3  9Pu, and fission-product pairs) assuming that 

3 
rate of neutron capture in u C =  rate of fission of 9 ~ u  

is treated as a constant for the purpose of integrating the 
differential equation. 

10.2 For the fast reactor fuel-pin characteristics listed in 
Table 10.2, determine the fuel center line and surface 
temperatures a t  the midplane of the core (before fuel 
restructuring). Include the effect of gap closure a t  power 
and assume that the gap conductance is due to  the thermal 
conductivity of the helium fill gas. Assume that the axial 
variation of the linear power is symmetric about the 
midplane. Use the thermal conductivity integral of 
Fig. 10.20 and a sodium film heat-transfer coefficient of 
12 W cm-' 'C-'. The thermal conductivity of the cladding 
is 0.22 w cm-' "c-' . 
10.3 As a result of plutonium redistribution in a cylindri- 
cal fuel rod, the radial distribution of the concentration of 
this element is given empirically by 

-- 2 exp [-a (?)I} 
where R is the fuel radius; D, a, and r* are constants; and 
qo is the initial plutonium distribution (uniform). Neglect 
restructuring of the fuel (i.e., no central void is formed). 

(a) If a = 10, what is the value of r*/R which satisfies 
the requirement that no plutonium is lost during redistribu- 
tion? 

(b) If qo  = 0.2 and D = 0.01, what is the plutonium 
fraction a t  the fuel center line? What is the minimum 
plutonium concentration and where radially does it occur? 
Sketch the plutonium distribution. 

(c) Solve the heat-conduction equation (Eq. 10.49) for 
the initial uniform plutonium distribution and for the 
redistributed profile, w&re H ( r ) / a  is given by the pre- 
ceding function where H is the average power density. 
Assume that the thermal conductivity of the fuel is 
constant. 

(d) If the rod linear power is adjusted so that the 
center-line temperature is just at the melting point of the 
fuel, by what percentage must the linear power be reduced 
after redistribution has occurred? Assume the fuel surface 
temperature, T,, remains constant. 

10.4 The fuel of the high-temperature gas-cooled reactor 
(HTGR) consists of small spherical pellets of U 0 2  em- 
bedded in a matrix of graphite (see diagram). The fission 
heat is removed by coolant flowing in channels of radius Ro 
penetrating the graphite a distance L apart. There are N, 
pellets of radius R, per unit volume of graphite. The UOz 
in the pellets is fully enriched in U for which the fission 
cross section is uf. The uranium-atom density in the fuel is 
Nf, and the thermal flux may be assumed to  be constant 
throughout the graphite at a particular location in the core 
where the surface of the coolant channels is at a tempera- 
ture T,. The thermal conductivities of the UOz and 
graphite are k, and k,, respectively. The heat removal from 
this system is modeled by considering a unit cell consisting 
of a coolant channel in the center and an annular region of 
associated graphite. 
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(a) What is the average heat-generation rate per unit 
volume of graphite? What is the linear power of a channel? 

(b) What is the temperature distribution in the graph- 
ite? Assume that the pellets are very small so that the 
fission heat they produce may be treated as an equivalent 
homogeneous heat source in the graphite. 

( c )  Derive the formulas for the temperature distribu- 
tions in the fuel and in the graphite immediately surround- 
ing a pellet that is at  a distance r from the nearest coolant 
channel. 

10.5 Suppose a porous material contains C spherical pores 
per unit volume randomly distributed in the body. Each 
pore has a radius rp. Consider a plane of unit area inserted 
at  random into the material. By considering the volumes of 
slabs of thickness rp on either side of the unit plane, 
determine: 

(a) How many pores intersect the unit plane? What is 
the average distance between intersections of pores on  the 
plane? 

(b) What is the average area of the circles formed by the 
intersection of the pores with the unit plane? 

( c )  What fraction of the area of the unit plane is 
occupied by these intersection circles? Compare this frac- 
tion with the volume porosity of the body. 

10.6 A fuel element is constructed in the form of a slab of 
fuel of half-thickness L sandwiched between two thin plates 
of cladding. The porosity of the as-fabricated fuel is PO. 
When placed in a reactor, the power density Ho of the fuel 
is spatially uniform. The surface temperature is T,. 

(a) Before restructuring occurs, the power density Ho is 
adjusted so that the midplane temperature of the fuel slab 
is just equal t o  the melting temperature T,. Derive the 
expression for Ho which gives this condition. Assume that 
the thermal conductivity of the 100% dense solid fuel, k,, is 
temperature independent and that the porosity correction 
is given by Eq. 10.40. 

(b) Restructuring of the fuel results in conversion of all 
original fuel t o  material with a columnar-grain structure and 
uniform porosity P I .  What is the size of the central void 
formed? Derive the expression for the new power density H 
for  which the temperature a t  the central void is equal t o  the 
melting temperature. Assume that the fuel surface remains 
at  temperature T,. 

10.7 Replace part (b) of problem 10.6 with the following: 
Restructuring of the fuel is only half complete (i.e., the  

size of the central void is only half of that computed in 
problem 10.6) and the total power generated by the fuel 
element has not been increased to  raise the temperature a t  
the central void to the melting temperature. 

(a) What is x1 /L, where x1 is the distance from the 
center line to  the boundary between the columnar-grain 
zone and the unrestructured material? 

(b) Derive the temperature distributions in the colum- 
nar-grain zone, TI (x), and in the unrestructured zone, 

( c )  What is the ratio of the temperature drop across the 
fuel, TI (xo) - T,, to the initial fuel temperature drop, 
T, - T,? 

T2 (x). 

10.8 If molecules impinging on  a rough solid surface make 
m collisions before reentering the gas phase, what is the  
apparent coefficient of thermal accommodation in terms of  
the flat surface (i.e., true) value of a? 

10.9 (a) The conductance of the gas-filled gap between the 
fuel surface and the inner cladding wall is defined by 

where q is the  heat flux and T, and T, are the fuel-surface 
and cladding inside wall temperatures, respectively. Prove 
that kap is given by Eq. 10.97. 

(b) The thermal accommodation coefficients of helium 
on U 0 2  and stainless steel are 0.1 and 0.2, respectively. 
Calculate the temperature jumps gf and g, for a heat flux of 
1200 W/cm2 through a gap filled with helium a t  1 a tm 
pressure and an average temperature of 1000'K. 

10.10 A fast reactor fuel pin operates a t  a peak linear 
power of 800 W/cm. At the axial location a t  which this 
linear power is attained, the sodium-coolant temperature is 
500°C. The conductances of the fuel-cladding gap and the 
cladding and the heat-transfer coefficient in the sodium are 

hcoolant = 1 2  W cm-2 "C2* 

The outside diameter of the cladding is 7 mm. 
Out t o  what fractional radius does the fuel melt? 

Neglect restructuring of the solid portion of the fuel and 
assume that the conductivity integral of the solid portion is 
given by Fig. 10.20. 

c 
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Chapter 11 
Fuel Chemistrv 

11.1 INTRODUCTION 

The most significant chemical property in an oxide fuel 
pin is the equilibrium pressure of oxygen in the gas phase 
within the fuel element. The partial pressure of oxygen, or 
the oxygen potential of the fuel, determines in large part 
whether the fuel can oxidize the metallic cladding. Corro- 
sion of the cladding of the fuel element reduces the 
effective load-bearing thickness of the cladding (the 
phenomenon is called wastage or  thinning). Since the 
cladding is made as thin as possible to reduce core size and 
parasitic neutron absorption, use of thick-wall cladding to 
accommodate extensive oxidation is detrimental t o  reactor 
economics. 

The chemistry of an operating oxide fuel pin is 
complicated by two phenomena: (1) the steep temperature 
gradient and (2) the generation of a host of impurity 
species (the fission products) as a consequence of irradia- 
tion. 

The effect of the temperature gradient on the chemical 
behavior of pure (i.e., fission-product-free) heavy metal 
oxides, considered in this chapter, is called fuel chemistry. 
The chemical effects resulting primarily from the introduc- 
tion of fission products into the fuel are termed fission- 
product  chemistry. These effects are treated in the next 
chapter. 

The distinction between fuel chemistry and fission- 
product chemistry is arbitrary, inasmuch as the chemical 
evolution of oxide reactor fuel material is the result of an 
intimate mixture of these two phenomena. However, this 
division permits cleaner analysis of the individual effects, 
and in some cases the distinction is realistic. For example, 
oxygen redistribution in the fuel probably occurs shortly 
after start-up or a t  least at  burnups well below those that 
result in important fission-product effects. 

Much progress in understanding fuel and fission-product 
chemistry has been made by applying purely thermody- 
namic analysis t o  the system. For some problems the 
application of thermodynamics alone is not unreasonable, 
since the very high temperatures of fuel operation imply 
rapid approach to chemical equilibrium. Oxygen redistribu- 
tion and estimation of the chemical states of fission 
products are usually treated in this fashion. However, many 
chemical phenomena occurring in the fuel are intimately 
connected with some sort of transport process; for such 

situations thermodynamic arguments may be necessary but 
not sufficient. Actinide redistribution by thermal diffusion 
o r  vapor migration is an example of a kinetically dominated 
process. 

11.2 PHASE DIAGRAMS OF URANIUM 
AND PLUTONIUM OXIDES 

Because uranium and plutonium can exist as ions in a 
number of different valence states, the phase behavior of 
the oxides of these metals is more complex than that of 
other metal oxides. Both uranium and plutonium oxides 
show broad ranges of nonstoichiometry,where the oxygen- 
to-metal ratio (O/M) differs substantially from 2, yet the 
system consists of only a single phase. In addition, these 
heavy metals form a variety of compounds of the general 
formula M,Ob. Distinction between a true solid solution of 
oxygen in the oxide, where the O/M ratio is continuously 
variable within a single phase region, and a two-phase 
mixture of two compounds of different O/M ratios can be 
made in two ways: (1) It is often possible to  observe two 
phases metallographically. (2) At constant temperature the 
equilibrium oxygen pressure over the two-phase mixture is 
independent of the average O/M (which may be changed by 
varying the proportion of the two compounds in the 
mixture), whereas the oxygen pressure over a single-phase 
solid solution is usually strongly dependent upon O/M. This 
difference is a consequence of the Gibbs phase rule. 

Part of the phase diagram of the uranium-oxygen 
system is shown in Fig. 11.1. Vertical lines represent 
compounds, only two of which are shown in the figure. The 
very stable compound UOz appears a t  O/U = 2.00. At 
O/U = 2.25, the U 4 0 9  oxide is formed. Addition of oxygen 
to U 4 0 9  produces U5 O1 (O/U = 2.6). Other compounds 
with larger O/U are U 3 0 8  and U 0 3 .  These last two oxides 
are of n o  importance in fuel chemistry but are often 
encountered in fuel reprocessing and feed-material prepara- 
tion. 

The shaded and cross-hatched areas in Fig. 11.1 indicate 
single-phase regions of the nonstoichiometric oxides U 0 2  + 
and U4 O9 -y. The hypostoichiometric oxide U 0 2  -x exists 
only at  elevated temperatures. At low temperatures, ma- 
terial with O/U < 2 is a mixture of UOz . o o  and metallic 
uranium. Small particles of uranium metal have been 
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observed in the grain boundaries of U02-x which had been 
quenched from high temperature. 

Figure 11.2 shows the phase diagram of the pluto- 
nium-oxygen system. Four compounds have been 
observed: Puz 03,  PuOl . 5  2 ,  PuO, , 6  , and P u 0 2 .  Below 
about 2000"C, no oxide of higher oxidation state than 
Pu02  is found. The shaded areas in the figure show that 
three of the four compounds exhibit deviations from 
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Fig. 11.1 Oxygen-uranium phaseequilibrium sys t em.  
[After R. K. Edwards and A. E. Martin, in Thermody-  
namics, Symposium Proceedings, July 22-27, 1965, Vienna, 
International Atomic Energy Agency, Vienna, 1966 (STI/ 
PUB/lO9) .] 
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Fig. 11.2 Phase diagram of the plutonium--oxygen system. 
[From H. M. Mattys, Actinides Rev., 1: 165 (1968).] 

c stoichiometry. The Iiypostoichiunietric PiiOZ .x region is 
especially broad. 

Much less information is available on the phase equi- 
libria of the ternary system uranium-plutonium--oxygen. 
A small portion of the phase diagram at 800°C is shown in 
Fig. 11.3. For all plutonium-to-uranium ratios, a large 
single-phase region (U,Pu)02 + x  exists. The mixed oxide 
may deviate from stoichiometry in both directions. 

11.3 DEFECT STRUCTURE IN 
NONSTOICHIOMETRIC OXIDES 

Deviations of uranium and plutonium from exact 
stoichiometry are permissible because these elements have 
many valence states. In uranium the U4+; Us+,  and U6' 
states tend to  be the most stable, while in plutonium the 
Pu3' and Pu4' states occur most frequently. In the 
stoichiometric oxides UOz , o o  and Pu02 . o o ,  the heavy 
metal ions carry a charge of 4+. To ensure electrical 
neutrality in the crystal when oxygen ions are removed 
from or  added to  exactly stoichiometric material requires 
that some of the cations change valence. Thus, the uranium 
ions in UOz+x  are a mixture of U4' and U s +  (or  possibly 
U 4 +  and U6+).  Since the addition of one 0 2 -  ion requires 
that two U4+ ions be converted to  U s +  ions, the fraction of 
the total uranium in the compound U 0 2 + x  which is in the 
5+ valence state is 2x. Similarly, electrical neutrality in 
plutonium oxides is maintained by conversion of some Pu4' 
t o  Pu3'. In Pu02., the fraction of the plutonium in the 3+ 
valence state is 2x. These deviations from perfect stoi- 
chiometry are accompanied by the formation of Frenkel 
defects on the oxygen-ion sublattice of the crystal. The 
excess oxygen in U 0 2 + x  is accommodated in interstitial 
sites in the fluorite structure. The deficiency of oxygen in 
P U O ~ . ~  is manifest as vacancies on the oxygen sublattice. 
The cation sublattice remains perfect even when the O/M 
deviates from 2. Uranium or plutonium ions are randomly 
distributed on  every available site on the cation sublattice. 

The compound P U O ~ + ~  has not been observed at  
temperatures below 2000°C; so it is unlikely that Pus' or 
Pu6 ' are present in the hyperstoichiometric mixed oxide 
(U,Pu)Oz + x  either. The excess charges introduced into the 
crystal when oxygen is added to the mixed oxide are 
probably compensated by oxidation of some of the 
uranium to the 5+ or 6+ valence states (just as in pure 
urania) while the plutonium remains as Pu4+. The hyper- 
stoichiometric mixed oxide has thermodynamic properties 
equivalent t o  an ideal solution of stoichiometric PuOz and 
h y p e r s t o i c h i o m e t r i c  u r a n i a .  Or, the compound 
(U,  -qPuq)02+x  may be represented as a mixture of q mole 
fraction Pu02 and 1 - q mole fraction U02+, , where 
m = x/(3 - 9). 

Although the phase diagram of Fig. 11.1 shows that 
UOz -x exists a t  high temperatures (and therefore uranium 
is capable of being reduced to oxidation states such as UZf), 
the presence of more easily reduced plutonium suggests 
that  hypostoichiometric mixed oxides consist of U4' and a 
mixture of Pu3' and Pu4'. The compound with the formula 
(U,  -qPu$jOz-x can be treated as an ideal solution o f ' l  - q 
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Fig. 11.3 Phase diagram of the uranium-plulonium-oxygen system a t  800°C. [From H. M. Mattys, 
Actinides Rev., 1: 165 (1968j.l 

mole fraction L102 and q mole fraction of Pu02  - m ,  where 
m = x/q.  

The extent of nonstoichiometry in the mixed oxide 
(i.e., the variable x) may be limited by the supply of cations 
whose valence can be altered. Thus, the plutonium compo- 
nent of hypostoichiometric mixtures cannot be reduced to 
a valence less than 3+ (which corresponds to the compound 
Pu2 03) .  The maximum value of m in Pu02., is 0.5, o r  the 
maximum value of x is 0.5q. For 20% P u 0 2  in U 0 2  ~ for 
example, the most highly reduced oxide obtainable is 
U o , 8 P u o ~ i 0 1  . 9 0 .  Further reduction is hindered hy the 
difficulty of producing the lower oxidation states of 
uranium (i.e., u"). 

Knowledge of the atomic structure of the nonstoi- 
chiometric phases is important in interpreting the ther- 
modynamic behavior of the material (see next section) and 
the dependence of transport properties, such as electrical 
conductivity and diffusivity, upon the O/M ratio. Such 
properties are critically dependent upon the positions of 
the excess oxygen atoms in the crystal structure. Informa- 
tion of this sort is difficult to obtain, and only hyper- 
stoichiometric urania between U 0 2  and U4 O9 has been 
extensively studied. 

Stoichiometric U 0 2  crystallizes in the fluorite structure 
shown in Fig. 3.12. The largest open spaces in this lattice 
are the centers of the cubes formed by the eight oxygen 
ions in the simple cubic sublattice. In U 0 2 ,  half these cubes 
are occupied by uranium ions, but the other half are empty. 
It would be supposed that oxygen added to UOz.oo to  
form U O z + x  would reside in these empty interstices, but 
such is not the case. Neutron diffraction work' has 
demonstrated the existence of two interstitial sites for 
oxygen, neither of which is the expected cube center. 
Figure 11.4 shows the empty cube formed by eight normal 
oxygen ions (which is y8 of the fluorite unit cell, see 
Fig. 3.12a) with the locations of the two types of intersti- 
tial sites. The type 1 sites lie along each of the six diagonals 

4 

through the edge centers of the cube (i.e., the [ l l o ]  
directions). The sites are halfway between the cube center 
and the midpoints of the cube edges. There are 12  type 1 
sites in each empty oxygen cube. Because there are four 
such cubes in the fluorite unit cell (see Fig. 3.12a), the unit 
cell contains 4 8  type 1 oxygen interstitial sites, o r  12  for 
each uranium ion. 

Figure 11.4b shows the type 2 oxygen interstitial sites. 
One of these is located on each of the four body diagonals 
(i.e., [111] directions) in the empty oxygen cube. The sites 
are midway from the cube center to the cube corners. 
There are 1 6  type 2 sites in each fluorite unit cell, or 4 per 
uranium ion. 

The excess oxygen ions introduced into the fluorite 
structure are not distributed randomly on the type 1 and 
type 2 interstitial sites.' Rather, the thermodynamic prop- 
erties of U 0 2 + x  are best rationalized by ordered substruc- 
tures or  defect complexes of the type shown in Fig. 11.5. 
This figure shows a complete fluorite unit cell (Fig. 3.12b) 
with two interstitial oxygen ions placed on type 1 sites. To 
maintain charge neutrality, four U4+ ions nearest to the two 
extra oxygen ions are converted to U s +  ions. Because of 
Coulombic repulsion, the two oxygen ions that were on 
normal lattice sites nearest to the pair of extra oxygen ions 
relax outward. They do  so along [lll] directions and 
thereby occupy type 2 sites, leaving two normal anion sites 
vacant. As shown in Fig. 11.4b, a normal oxygen ion can 
move in any one of four directions to  reach a type 2 
interstitial location. However, Fig. 11.5 shows that two of 
these directions would bring the relaxing ion closer to 
rather than farther away from the interstitials on type 1 
sites. The two allowable directions of movement of each of 
the corner oxygen ions are shown as dashed arrows in 
Fig. 11.5. The two ions can move to the same side or to 
opposite sides of the (110) plane containing the two type 1 
interstitials. These possibilities correspond to the cis and 
trans isomers encountered in some organic molecules. 
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Fig. 11.4 Sites,f?r interstitial oxygen in UOz; 9, normal 
oxygen ions. 1.1,', type 1 interstitial sites. t?:, type 2 
interstitial sites. 

Figure 11.5 shows relaxation into a trans configuration, 
which should be the most stable. 

For  small values of x in U02+x ,  an occasional unit cell 
of the fluorite lattice exhibits the structure shown in 
Fig. 11.5. The defect complex consists of two type 1 
oxygen interstitials, two type 2 oxygen interstitials, two 
vacant normal oxygen lattice sites, and four U5' ions on 
nearby normal cation sites. 

As the deviation from stoichiometry increases, more 
and more of the fluorite unit cells contain a defect 
complex. When half of them are defected in this manner, 
the oxide contains nine oxygen ions for every four uranium 
ions, and half the latter are in the 5+ valence state. At this 
point, the randomness of the placement of the unit cells 
containing the defect complexes vanishes and a new phase, 
U4 09, appears. This phase has the basic fluorite structure 
of UOz but in addition possesses a superlattice formed by 
the ordered arrangement of the defect complexes. I t  is 
believed that the dimension of the unit cell of U4 O9 is four 
times as large as that of the conventional fluorite unit cell. 
Although the difference between the UOz and u409 

crystal structures is rather tenuous, it is sufficient to cause 
separation of a second phase from UOz+x at low tem- 
peratures. 

11.4 OXYGEN POTENTIALS OF (U,Pu)O,, 

Each uranium-plutonium oxide of the general formula 
(Ul -qPuq)02fx  at a particular temperature T is character- 
ized by a definite partial pressure of gaseous oxygen which 
is in thermodynamic equilibrium with the solid. The 
oxygen pressures in equilibrium with hyperstoichiometric 
urania are shown superimposed on the phase diagram in 

k I 

1 1 1 1 1 -  
/-- 

Fig. 11.5 Defect complexjn UOz . 0, uranium ions. 0, normal oxygen. 0, type 1 interstitial oxygen. 0, 
type 2 interstitial oxygen!, ;, vacancy in normal oxygen site. +, interstice a t  center of cube formed by eight 
normal oxygen sites. 
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Fig. 11.6. Note that the oxygen pressures vary with 
O / U ,  ratio in the single-phase regions U 0 2  f X  and U d  0 9 - y  

but are independent of overall composition in the two- 
phase regions, as required by the phase rule. 

The situation of thermodynamic equilibrium between 
gaseous oxygen and the solid oxide is depicted in Fig. 11.7. 
This equilibrium can be expressed by the reactions 

1 
- 0 2  (8) = O ( d  2 (1 1. l a )  

( 1 l . l b )  

The criterion of chemical equilibrium is the equality of the 
chemical potentials of atomic oxygen in the gaseous and 
solid phases and the atomic and molecular forms of oxygen 
in the gas (see Chap. 5 for a discussion of chemical 
equilibria): 

O(g) = O(sol'n in solid) 

1 
z;Uo, ( g )  = P O k ! )  

(11.2) 
P O ( g )  = PO(so1'n)  

The chemical potential of 02(g)  is given by Eq. 5.54: 
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Fig. 11.6 Equilibrium oxygen partial pressure in U02+x. 
- - -, phase-equilibrium line. -, isobar of oxygen. [From I. 
Tamotsu et al., J. Nucl. Muter., 36: 288 (1970).] 
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Po, ( g )  = Goo, + RT In Po, (11.3) 

where Goo, is the Gibbs free energy of pure oxygen gas at  
temperature T and a t  the standard-state pressure, which is 
usually taken to  be 1 atm. Combining Eqs. 11.2 and 11.3 
yields 

~- 

AGO, = RT In p0, = ~ P O ( ~ ~ ~ ~ ~ )  --Goo, (11.4) 

ISOTHERMAL 
CONTAINER AT 

o* = 2 0  I , .  
TEMPERATURE T 

Fig. 11.7 Thermodynamic equilibrium of oxygen gas with 
uranium-plutonium oxide solids. 

The quantity RT In PO, is denoted by A=?, which is the 
partial molal free energy of oxygen in the solid per mole of 
02,  or the oxygen potential of the solid. I t  is the difference 
between the chemical potential of oxygen in the solid and 
that of pure gaseous oxygen a t  the same temperature and at  
1 atm pressure. We may regard A K  as simply another 
way of expressing the equilibrium oxygen pressure over the 
material, which can be measured by one of the following 
methods. 

~ 

11.4.1 Gravimetric Measurement of AGO, 
The gravimetric method3 of measuring equilibrium 

oxygen pressures is based upon weight changes of a sample. 
The apparatus used is shown in Fig. 11.8. The stoichiom- 
etry of the sample held in the furnace is first adjusted to  a 
known value by contacting the solid with a gas phase 
containing a known partial pressure of 02. The oxygen 
pressure is then changed to a new (but known) value, which 
causes the O/M ratio of the solid to assume a new 
equilibrium value. The loss or  gain of oxygen by the solid is 
measured by the change in weight of the sample, which is 
determined by length changes of the fine quartz helix in the 
apparatus. 

The gravimetric method requires that the oxygen partial 
pressure in the gas phase be controlled. This may be 
accomplished by passing a mixture of CO and C 0 2  through 
the furnace. At the high temperature of the experiments, 
the gas-phase reaction 

rapidly attains equilibrium. If K, denotes the equilibrium 
constant of this reaction, the oxygen partial pressure in the 
gas is given by 

K, pco, 
PCo(P0,)n 

(11.6) 
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Fig. 11.8 Gravimetric method of measuring oxygen poten- 
tials of oxide fuel materials. [From K. Hagemark and 
M. Broli, J. Inorg. Nucl. Chem., 28: 2837 (1966).] 

If the ratio of C 0 2  to  CO in the inlet gas is fixed, po, can 
be determined from Eq. 11.6. The equilibrium constant K, 
is given by Eq. 5.57 

where AG: is the standard-state free-energy change of 
reaction 11.5, which can be expressed as 

AGz = AH: - AS",T/103) (11.8) 

where T is th;e temperature in "K and AH: and AS: are the 
standard enthalpy and entropy changes of reaction 11.5, 
respectively. They are: 

AH: = -  2 8 2 k J i mole (11.9) 

AS: = - 86.8 J mole-' "K' 

Thus, by adjustment of the C 0 2 / C 0  ratio in the gas 
phase, oxygen partial pressures in the range from to  
lCr4 atm can be reliably established. The oxygen pressures 
easily attained by C02-GO mixtures are of the same 
magnitude as the oxygen pressures in equilibrium with 
hyperstoichiometric oxides. For hypostoichiometric ma- 
terial (encountered in mixed U-Pu oxides), the equilibrium 
oxygen pressures over the solid are very low, and the gas 
phase would have to contain minute quantities of G O 2  in 
GO to  establish the desired oxygen pressure. Control of the 
C 0 2  jC0  ratio becomes difficult if either component is 
present in only trace amounts. Consequently, the oxygen 
partial pressure must be fixed by a reaction other than that 
of Eq. 11.1. 

Tetenbaum4 has used gases containing known ratios of 
H2 0 in H2  to maintain oxygen potentials suitable for study 
of the hypostoichiometric mixed oxide (Uo.sPuo.2)02-x. 
The low H 2 0 / H z  ratios required were obtained by con- 
trolling the temperature of the inlet gas, and hence the 
saturation water vapor pressure. 

11.4.2 High-Temperature Electrolytic Cell 
Other convenient reactions involving O2 for which 

thermochemical properties are well established involve solid 
metals and their oxides. For example, the pressure of 
oxygen in equilibrium with the reaction 

2Ni(s) + O 2  ( 9 )  = 2NiO(s) (1  1.10) 

is given by 

RT In po, = AG&i (11.11) 

where AGki  is the standard-state free energy of reaction 
11.10. Its numerical value is obtained from 

AGhi = - 489 + 197(T/103) kJ/mole (11.12) 

The concentrations of Ni and NiO d o  not appear in 
Eq. 11.11 because both these species are in the pure (Le. 
standard) states (they are not miscible). Consequently, the 
oxygen pressure established by reaction 11.10 is a function 
of temperature only. 

The device used to  exploit the known oxygen pressure 
of the Ni-NiO couple to  determine the oxygen potential of 
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mixed oxides is the high-temperature electrolytic cell' 
shown in Fig. 11.9. This apparatus is the solid-state analog 
of the common electrolytic cell in which aqueous solutions 
are the working substances. As shown in Fig. 11.9, wafers 
of the solid oxide and a mixture of Ni and NiO separated 
by a block of composition 85% Zr0,-15% CaO are 
sandwiched between inert electrodes. The assembly is 
brought up to  the desired temperature in an inert-gas 
atmosphere or  a vacuum and the electromotive force (emf) 
between the electrodes is measured. The O/M of the 
hypostoichiometric solid oxide is measured by first reacting 
the pellet with a measured quantity of pure oxygen which 
is sufficient to make the oxide hyperstoichiometric. Then 
the pellet is reduced to  exact stoichiometry by adding 
sufficient CO so that the final COz/CO ratio is 0.1, which 
at  850°C produces nearly exactly stoichiometric material. 

NI - Nin . -  

ENCLOSURE WITH 
INERT GAS 
OR VACUUM; 
TEMPERATURE = T 7  

I- A€ -3 
Fig. 11.9 High-temperature galvanic cell using solid elec- 
trolytes for the measurement of the oxygen potential of 
hypostoichiometric mixed-oxide fuels. (From T. L. Markin 
and E. J. McIver, PZutoniurn 1965, A. E. Kay and M. B. 
Waldron (Eds.), p. 845, Chapman and Hall, London, 1965.) 

The amounts of O2 and CO used in this two-step procedure 
determine the initial stoichiometry of the sample. 

The ZrOz-CaO bridge in the cell provides a means by 
which oxygen ions can communicate between the sample 
and the Ni/NiO reference electrode. The Zr02-  CaO mix- 
ture is a pure ionic conductor in which the current is 
carried by migration of 02- ions in an electric potential 
gradient. The CaO serves as a phase stabilizer for ZrOz. 
Because of the very low oxygen pressures involved, the 
sample and the Ni-NiO wafer cannot exchange oxygen 
with the heavy-metal oxide via the gas phase. 

The heavy-metal oxide and the Ni--NiO mixture are in 
equilibrium if the temperature and stoichiometry (of the 
former) are such that the oxygen pressures generated by the 
two are equal. That is, at  equilibrium the oxygen potentials 
A- and AGki are the same. Under this condition, the 
emf of the cell is zero. If the oxygen potentials of the two 
wafers are not equal, the cell potential is proportional to 
the difference between the oxygen potentials. According to 
the theory of ordinary electrolytic cells, the relation is 

( 1  1.1 3) 

where Ae is the emf of the cell and 9 is the Faraday 
constant (96.48 k J  mole-' volt-' ). The coefficient 4 on the 
right of Eq. 11.13 arises from the fact that the half-cell 
reaction, Eq. 11.10, involves transfer of four electrons. 

The cell emf is measured by applying a back potential 
t o  the cell which is just sufficient to stop all current flow 
through the circuit. If no back emf were applied, oxygen 
would slowly transfer through the ZrO, -CaO wafer in the 
direction which would ultimately result in equalizing the 
oxygen potentials of the sample and the Ni- NiO electrode. 

The oxygen potential of the mixed oxide can be 
determined from the measured emf and Eq. 11.13 as a 
function of O/M, the Pu/U ratio, and temperature. 

11.4.3 Measured Oxygen Potentials 
If the oxygen potentials determined by the techniques 

described above are plotted against temperature a t  constant 
composition, the resulting variations are often well ap- 
proximated by straight lines over a modest temperature 
interval: 

where A T  and A G  are the partial molar enthalpy and 
entropy of oxygen in the solid oxide, respectively. To a 
first approximation, these quantities are independent of 
temperature and vary only with composition. 

11.4.4 Urania 
Figure 11.10 shows the experimentally determined 

values of A- and A 5  of hyperstoichiometric urania. 
For a specified temperature and oxygen-to-metal ratio, the 
equilibrium oxygen pressure %r UOzCx is obtained by 
first determining A T  and AHo2 from these plots for the 
particular value of x and then obtaining A K 2  at the 
specified temperature by Eq. 11.14. Finally, po2 can be 
computed from Eq. 11.4. 

The oxygen potentials determined from Fig. 11.10 
cannot be extrapolated to  stoichiometric or hypostoi- 
chiometric urania because of the rapid change in A- 
with x as stoichiometry is approached. Figure 11.11 depicts 
the oxygen potentials of urania in the hypo- and slightly 
hyperstoichiometric range. The lines representing U 0 2  .o 
and UOz . 0 0 4  are virtually horizontal, which indicates that 
A% is approximately zero (see Eq. 11.14). However, 
A- changes by -125 keal:/mole bet%F&:-thyFime'two ,,,A; &CI, 

.- 
' I  

.'. O/U ratios. A 
The family of curves in Fig. 11.11 labeled according to 

composition give the oxygen potentials of hypostoi- 
chiometric compounds in the high-temperature region 
(T > 1300°C) where oxygen-deficient urania can exist. The 
line denoted by U(1) + U02-x  represents the oxygen poten- 
tials over the two-phase system of liquid metallic uranium 
and UOz-x. The intersections of this line with the family of 
curves specify the temperature-O/U .relationship of the 
phase boundary. This curve is shown in the upper left hand 
comer of Fig. 11.1. Thus, as U 0 1 . 9 4  is cooled, uranium 
metal precipitates a t  T N 1700°C. 

For T < 13OO0C, the oxide in equilibrium with uranium 
metal is essentially perfectly stoichiometric. The line 



152 FUNDAMENTAL ASPECTS OF NUCLEAR REACTOR FUEL ELEMENTS 

1 

- 120 - 

- 
Y - 80 - - 
D 

- 

- 

11.4.5 Mixed Oxides 

Figure 11.12 shows a set of oxygen potentials measured 
by the high-temperature electrolytic cell method for a 
mixed U-Pu oxide. The oxygen potentials of the hyperstoi- 
chiometric fuel are quite a bit higher than those of the 
hypostoichiometric material. The most significant feature 
of Fig. 11.12 is the very abrupt change in A G 2  near exact 
stoichiometry. This feature has a profound influence upon 
the chemical behavior of fuel elements in a reactor. 

The oxygen potentials for Pu/U ratios other than the 
ones shown in Fig. 11.12 are similar to the curves for 
q = 0.3.  For U O p + ,  (i.e., q = 0),  oxygen-potential curves 

but only the portion to  the right of O/M = 2.00 is 
have the same general shape as those of the mixed oxides, 

0 0.05 0.10 0.15 0.20 0.25 
x IN UOz+x 

Fig. 11.10 Partial molar entropy and enthalpy of oxygen 
in UOz+x.  [From K. Hagemark and M. Broli, J.  Inorg. 
Nucl. Chem., 28: 2837 (1966).] 

labeled A G e o ,  in Fig. 11.11 gives the oxygen potential of 
the two-phase system, which is equivalent t o  the standard 
free energy of the reaction 

for which 

AGGo, = - 1080 + 167(T/103) kJ/mole 

For T < 13OO0C, the uranium-oxygen system behaves as 
an ordinary metal-metal oxide comb'ination in which the 
metal possesses a fixed valence (e.g., the uranium-oxygen 
system is analogous to  the PTi-NiO couple). 

Figure 11.11 demonstrates that below 1300°C the 
formation of uranium ions with valence less than 4+ is 
essentially impossible; UOz can be reduced only to oxygen 
and elemental uranium and then only with a very low 
equilibrium oxygen pressure. Above this temperature, 
however, uranium ions with a valence less than 4+ can exist. 
The most likely uranium ion in this case is U". 

200 L 
1000 1500 2000 

TEMPERATURE, O C  

Fig. 11.11 Oxygen potentials of hypostoichiometric and 
slightly hyperstoichiometric urania. (From T. L. Markin, 
Chemical Engineering Progress Symposium Series, Prepar- 
ation of Nuclear Fuels, Nuclear Engineering, Part XVIII, 
Vol. 63, No. 80, p. 43, American Institute of Chemical 
Engineers, New York, 1967.) 
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Fig. 11.12 A G X  vs. O/M ratio for U 0 . 7 0 P ~ 0 . 3 0 0 2 f x .  
(From T..L. Markin and E. J. McIver, Plutonium 2965, 
A. E. Kay andSM. D. Waldron (IEds.1, p. 845, Chapman and 
Hall, London, 1965.) 

and A G ,  depend principally upon the valence (V) of the 
heavy-metal ions in the oxide. According to  the discussion 
of Sec. 11.3, mixed oxides with O/M < 2 can be regarded as 
ideal solutions of stoichiometric uranium oxide and hy- 
postoichiometric plutonia. The average valence of the 
plutonium ions in a crystal of specified x and q is easily 
determined by the requirement of electrical neutrality 
Similarly, the average valence of the uranium ions in 
hyperstoichiometric material can be determined for any 
composition: 

H.ypostoichiometric (U,  -qPuq02 - x )  

vu = 4  (11.15) 
2x 

vp, = 4 - -  
q 

Hyperstoichiometric (VI -qPuqO2 +,) 

v p ,  = 4 

(11.16) 

where x is considered to be positive in both Eqs. 11.15 and 
11.16. 

The partial molar thermodynamic properties depend 
only on Vp, in hypostoichiometric fuel and only on Vu in 
hyperstoichiometric material. Data such as those shown in 
Fig. 11.12 and additional measurements for other values of 
the U/Pu ratio have provided a rather complete description 

of the oxygen potentials for mixed oxides in the range of 
interest for fuel-element applications. When plotted as a 
function of the heavy-metal valence, all these data can be 
collapsed onto the solid curves shown in Figs. 11.13 and 
11.14. The partial molar entropies and enthalpies 
(Uo .8 Puo . 2  )02 -x measured by Tetenbaum4 using the 
H20-H2 equilibration technique are also shown on  these 
plots. The substantial discrepancy between the two sets of 
measurements may be due in part to the different experi- 
mental techniques employed by the two groups, but most 
likely the differences are real and reflect the variations of 
A- and A 6  with temperature. 

The oxygen pressure in equilibrium with nonstoi- 
chiometric mixed-oxide fuel can be determined using the 
Rand-Markin model,‘ as follows: The O/M ratio of the 
fuel determines the nonstoichiometry parameter x by 

-25( 
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----I-- 

- . .  

3.0 3.5 4.0 4.5 

VP” - 
Fig. 11.13 Partial molar entropy of oxygen in mixed 
uranium-plutonium oxides. 
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Fig. 11.14 Partial molar enthalpy of oxygen in mixed 
uranium-plutonium oxides. 

where the positive sign is used if  O/M > 2, and the negative 
sign, when O/M < 2. The valence of the heavy metal is 
obtained from x and q by use of Eq. 11.15 or  11.16. The 
partial molar entropy and enthalpy of the solid are then 
determined from Figs. 11.13 and 11.14. Finally, A K  is 
obtained from Eq. 11.14 and po, from Eq. 11.4. 

11.4.7 Blackburn's Model 
The Rand-Markin thermochemical description of 

oxygen potentials of mixed-oxide fuels is based upon two 
conditions: 

1. The oxygen potential is a function of uranium 
valence for hyperstoichiometric material and of plutonium 
valence for hypostoichiometric fuel. 

2. The correlation implied by condition 1 is indepen- 
dent of temperature and Pu/U ratio. 

The model proposed by Blackburn7 is designed to 
predict oxygen potentials in oxide fuels. Condition 1 is 
modified slightly for hypostoichiometric urania, but condi- 
tion 2 is replaced by an analysis based upon thermochemi- 
cal properties of the pure oxides. 

In UOz-x,  the prevailing oxygen partial pressure estab- 
lishes a definite ratio of U 4 +  to a lower valence uranium 

cation, which is assumed to  be U2+. This equilibrium is - 
The law of mass action for this equilibrium may be written 

(11.19) 

where the concentrations denoted by the bracketed 
expressions are the number of ions per atom of uranium, 
Blackburn evaluated the equilibrium constant from the 
substoichiometric oxide composition at the phase boundary 
between U(1) and UOz-x (Fig. 11.1) and the standard free 
energy of formation of stoichiometric U 0 2 .  He finds 

-. 
a L{ L.2 - . ,: 

In Kg,6-= (78.3 X l o 3  /T) + 13.6 (11.20) 

For UOz+x,  the uranium valence in excess of 4+ is 
assumed to be due to the presence of U6' ions. The 
equilibrium reaction is 

(11.21) u 6 + +  0 2 - = ~ 4 + + - 0 2 ( g )  1 
2 

for which 

(11.22) 

The equilibrium constant KY36 is obtained from the 
standard free energies of formation of U 0 2  and U4 09, 

In K y , 6  = -(16.4 x 103/T) + 5.0 (11.23) 

Equations 11.19 and 11.22 apply to any composition in 
the single-phase region for U 0 2  shown in Fig. 11.1. The 
oxygen pressure in equilibrium with a particular composi- 
tion at a specified temperature is obtained by solving 
Eqs. 11.19 and 11.22 in conjunction with the relation 

[uZ+] + [u4+1 + [u6+] = 1 (11.24) 

and the condition of electrical neutrality: 

[02-] = 2 ?  x = [U2+1  + 2[U4'1 + 3[U6'] (11.25) 

The computed oxygen potentials agree very well with 
measurements of P O ,  over both UOz-x  and UOz+X. The 
information used t o  predict the oxygen potential 
(Eqs. 11.20 and 11.23) was obtained from thermochemical 
parameters of the uranium-oxygen system other than the 
oxygen pressures; that is, the method is not simply 
data-fitting. 

An analysis similar t o  that applied to the uranium 
oxides can be used for the hypostoichiometric plutonium 
oxides, P U O ~ - ~ .  In this case, however, it is necessary to  
consider the cations Pu2+, Pu3+, and Pu4+, which are related 
by the reactions c 

(1 1.26) 
1 2pU4+ + 02- = 2pU3+ + p2 (g) 
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(11.27) 1 
2 

2pU3 + + 02- = 2pU2 + + -02 (g) 

for which the law of mass action requires 

(11.28) 

(11.29) 

In this case, the equilibrium constants were determined by 
fitting the oxygen pressure over Pu02- ,  to Eqs. 11.28 and 
11.29 (with equations analogous to  Eqs. 11.24 and 11.25 
to  provide a sufficient number of relations between the ion 
concentrations in the solid). The results are 

,q 
In Kg:4 = -(50$ x lo3  IT) + 10.3 (11.30) 

In Ki'3 = -(92.5 x 103/T) + 21.3 (11.31) 

Higher valence states of plutonium than Pu4+ are unim- 
portant and are neglected in the analysis. 

In order t o  predict the oxygen potential of mixed 
U-Pu oxides, all four equilibria, Eqs. 11.19, 11.22, 11.28, 
and 11.29 are required. The stoichiometric relations 
become 

[U"] + [U4'] + [U6'] = 1 - q  (11.32a) 

(11.32b) [PUZ'] + [Pu3'] + [PU4+] = q  

and the electroneutrality condition is 

[OZ-] = 2 2 x = [U2+] + [PL?'] +<[PU3'] 3 

+ 2[U4'] + 2[Pu4'] + 3[U6'] (11.33) 

The solution proceeds as follows: Eqs. 11.28, 11.29, 
11.32b, and the first equality of !  Eq. 11.33 are solved 
simultaneously to  provide expressions for [Pu"] , [Pu3+] ,  
and [Pu4'] in terms of K ~ , ~ , , K ~ ~ 4 ,  po, , and x. A similar 
procedure is applied to determine [U2'],  [U4'], and 
[U6']. The second equality of Eq. 11.33 then determines a 
unique relation between po, and x which depends upon 
temperature via the four equilibrium constants. The result- 
ing predictions of A G X  = RT In po, are in good accord 
with data such as those shown in Fig. 11.10 and other 
oxygen-potential measurements at higher temperatures. 
Note that Blackburn's method does not assume that AH,, 
and A T  are temperature independent, as does the 
empirical method of Rand and Markin. The discrepancies 
between the data of various investigators shown in 
Figs. 11.13 and 11.14 are resolved by Blackburn's calcula- 
tion. 

11.5 THERMOCHEMISTRY OF FUEL 
VAPORIZATION 

solid oxide is of great importance in assessing the behavior 
of operating fuel pins. The thermodynamic problem may be 
stated as follows: Given a solid oxide of a specified 
composition and a t  a particular temperature, what are the 
species that are present in equilibrium in the gas above the 
solid and what are their partial pressures? The thermody- 
namic system for analysis of fuel vaporization is identical to 
that shown in Fig. 11.7 except that many more species than 
O2 in the gas must be considered. All these species are in 
equilibrium with the solid oxide and may also be involved 
in gas-phase equilibria among themselves. Nine gaseous 
species have been identified in the gas phase which is in 
equilibrium with solid (U,Pu)02+,.  They are 0, 02 ,  U,UO, 
U 0 2 ,  U 0 3 ,  Pu, PuO, and P u 0 2 .  The gaseous species P u 0 3  
has not been observed. Complete thermochemical descrip- 
tion of this system requires that the gas-solid and gas phase 
equilibria be known. 

11.5.1 Gas-Solid Equilibria (Rand-Markin 
Model) 

Reaction 1 l . l b  represents an important gas-solid 
equilibrium the properties of which are discussed in 
Sec. 11.4. Additional reactions must be considered to 
account for the vaporization of the heavy metals. In 
Sec. 11.3 it was noted that nonstoichiometric mixed oxides 
may be considered as two-component ideal solid solutions 
in which one component is a heavy-metal oxide of exact 
stoichiometry and the other component is a nonstoi- 
chiometric oxide. 

Hypostoichiometric Oxides 

The hypostoichiometric mixed oxide U1 -qPuq02 -, is a 
solution of U 0 2  and P U O ~ - ~ ,  where m = xis .  The mole 
fractions of the two components in this solution are 1 - q 
and q ,  respectively. We consider the gas-solid equilibria in 
which these two  components take part. 

Since U 0 2  has an appreciable vapor pressure at high 
temperatures ( see  Fig. 9.4): an important gas-solid 
equilibrium is 

U 0 2  (sol'n in solid) = U 0 2  (g) (11.34) 

Inasmuch as the solid solution in which U 0 2  is one 
component is very nearly ideal, the partial pressure of U 0 2  
in the gas above the solid may be described by Raoult's 
law: 

P u o ,  = ( 1  - q)P",* (11.35) 

where puo, is the partial pressure of U 0 2  in the gas 
generated by a U 0 2  mole fraction of 1 - q in the solution 
and P b o 2  is the vapor pressure of pure solid U 0 2  at the 
given temperature. The vaporization of pure solid U 0 2  can 
be written 

Knowledge of the pressures of volatile species contain- 
ing uranium o r  plutonium in a gas phase in contact with the 

where the s in parentheses on the left denotes a pure solid. 
The equilibrium constant of this reaction is just the vapor 
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pressure PGo * ,  which is related to  the standard free-energy 
change upon vaporization (or sublimation in this case) by 

P L 0 2  ) (11.37) 

where 

where A%o, , vap  and A S ~ O ,  .vap are the enthalpy and 
entropy o f  vaporization, respectively. 

The vaporization of the nonstoichiometric plutonium 
oxide component of the fuel, on the other hand, cannot be 
analyzed in as simple a fashion as the U 0 2  component. The 
compound PuO2-m does not exist as a molecular species in 
the gas; only molecules containing integral numbers of 
oxygen atoms associated with a plutonium atom are 
present. From a thermodynamic point of view, gaseous 
plutonium species may be regarded as being formed by the 
following gasso l id  reaction: 

m 
(11.39) 2 

Application of the law of mass action to this reaction 

P u O ~ - ~ ( S O I ' ~  in solid) + -02(g)=Pu02(g) 

gives 

P P U O ,  AG: - = exp (- F) 
q P i y  (11.40) 

where q is the mole fraction of PuOz-m in the solid and 
AG: is the standard-state free-energy change of the 
reaction 

The difference between reaction 11.39 and reaction A is 
that P U O ~ - ~  is in solution with U 0 2  in the former but is in 
the pure solid state in the latter. Reaction A may be further 
broken down into the sum of 

(B) 
m 
2 PuO2-m(s) + -O,(g) = PUOZ(S) 

and 

PUOZ (s) = Pu02 (g) 

where t,he last reaction represents the vaporization of pure 
solid stoichiometric plutonia. The standard-state free- 
energy change of reaction A is the sum of the standard-state 
free energies of the above two reactions: 

AG: = AG; + A G ; ~ ~ ,  ,vap (11.41) 

The standard free energy change of reaction B can be 
obtained by considering a reversible isothermal process that 
combines 1 mole of pure solid Pu02.m with m/2  moles of 
gaseous oxygen a t  1 atm pressure to produce 1 mole of 
pure solid PuOz. (This is in accord with the definition of 
the standard-state free energy of a chemical reaction; see 
Chap. 5.) Figure 11.15 shows. a system that accomplishes 

this reaction in the desired reversible manner. It consists of 
a tank of oxygen gas at  1 atm pressure, a reversible 
isothermal engine that reduces the oxygen from 1 atm to 
the equilibrium pressure over the oxide, and a box that 
contains the solid. 

Initially, the composition of the oxide is Pu02-m.  As 
oxygen is added from the engine, the O/Pu ratio increases 
until it finally becomes 2. Let this ratio at any intermediate 
stage in the process be 2 - m'. The free-energy change of the 
reaction may be identified with the change in the free 
energy of the oxygen as it passes through the expander. 
Since the oxygen pressure is reduced from 1 atm to  the 
pressure that is in equilibrium with PuOz-m', there is no 
change in free energy as oxygen is added to the solid. As 

SURROUNDINGS: TEMPERATURE, T; PRESSURE, 1 ATM 

I ISOTHERMAL, REVERSIBLE 
EXPANSION TO po ATM I 

1 
1 MOLE OF 

SOLID P u O ~ . ~ '  

Fig. 11.15 Thermodynamic device for calculating the stan- 
dard free-energy change of the reaction: 

the O/Pu ratio of the solid increases during the transfer of 
oxygen, the equilibrium oxygen pressure follows a curve of 
the general shape of those shown in Fig. 11.12 between 
O/M = 2 - mq and O/M = 2.00. 

The free-energy change due to  expansion of the gas can 
be obtained as follows: Suppose 1 mole of 0 2  is expanded 
reversibly and isothermally from 1 atm to PO, atm. 
Integrating the thermodynamic relation 

(g),=v=p RT 

between these pressures shows that the free-energy change 
per mole is -RT In po, . Let n be the number of moles of 
oxygen which have been transferred. It is related to the 
stoichiometric parameter m' by 

(11.42) 
(m - m') 

2 
n =  

The differential free-energy change due to transfer of dn 
moles is -RT In PO, dn,  or, using Eq. 11.42, RT In PO, 
dm'/2. The total free-energy change for complete conver- 
sion of PuOz-m to PuOz in the device of Fig. 11.15 is 
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AG; = - 2  R T l n p o ,  dm’ (11.43) JOm 
Since RT In po, is the oxygen potential of the fuel, 
Eq. 11.43 is equivalent to 

(11.44) 
AG; =-Zs l m  A% dm’ 

0 

Thus, the standard free-energy change of reaction B is 
the integral of the oxygen potential of the fuel from the 
initial hypostoichiometric composition of the plutonia 
component to exact stoichiometry. I t  may be evaluated by 
graphically integrating curves such as those shown in 
Fig. 11.12 for the  particular temperature (O/M must first 
be converted to  m’). 

The partial pressures of U 0 2  and Pu02  over hypostoi- 
chiometric mixed-oxide fuel are given by Eqs. 11.35 and 
11.40, respectively. The vapor pressure of solid U 0 2  for use 
in the former is given by Eq. 11.37, in which the enthalpy 
and entropy of vaporization have been determined experi- 
mentally. The standard free energy of reaction for use in 
Eq. 11.40 is, according to  Eq. 11.41, equal t o  the sum of 
the free energy of vaporization of pure solid Pu02 and the 
oxygen potential integral of Eq. 11.42. Data are available 
for estimation of both these quantities. 

Hyperstoichiometric Oxides 

For hyperstoichiometric mixed oxides, the analysis is 
similar t o  that just presented for hypostoichiometric fuel. 
In the former, the solid is a mixture of Pu02  and U 0 2 + m ,  
where m = x / ( l  - q ) ,  and the vaporization process can be 
written 

m UOz+m(sol’n in solid) = U02(g) + ,O,(g) (11.45) 

and 

PuOz (sol’n in solid) = PuOz (9) (11.46) 

The partial pressure of PuOz is given by 

PPUO, = qP”p0, (11.47) 

s u o 2 * v a p )  RT (11.48) 

while the partial pressure of U 0 2  is obtained from the equi- 
librium of Eq. 11.45: 

where AG;! is the standard free energy of the reaction 

which is 

AGi r  = 5 JOm A% dm’ + AG”,, .vap (11.50) 

The integral of the oxygen potential in Eq. 11.50 can be 
obtained from curves such as those in Fig. 11.12, except 
that the range of m’ is to the right of exact stoichiometry. 

11.5.2 Equilibria in the Gas Phase 
(Rand-Markin Model) 

To the gas--solid equilibria just discussed we must add 
the requirements of equilibrium of all nine components in 
the gas phase above the fuel. These are 

I uoz (g) + 3 0 2  (g) = uo3 (8) (11.53) 

(11.54) 
1 

Pu(g) + 202 (9) = PuO(g) 

PuO(g) + 302 (9) = puoz (g) (11.55) 

T h e  e q u i l i b r i u m  constants and standard-state 

1 

free-energy changes of these reactions are 

-- PO - exp (- -RT) AGOO* 10 (11.56) 
(Po * )”  

AG”,uo = e x p  (- RT ) (11.57) Pu 0 

Pu (Po , )$  

) (11.59) P u o ,  
P u o ,  ( P o , ) %  

= exp (- AG’u1pu~) (11.60) PPUO 
PPU (Po ,  1% RT 

In each of these equations the standard-state free-energy 
changes can be written 

AGp = AH: - AS; (T/103) (11.62) 

where AH; and AS; are independent of temperature. 
Measurement of these thermochemical parameters is dis- 
cussed in Sec. 11.5.4. 

Once the AGp values for Eqs. 11.56 to  11.61 are 
known, the composition of the equilibrium vapor over a 
solid oxide of any composition and temperature can be 
calculated in the following manner: 
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1. The pressure of O 2  is determined from the oxygen 
potential of the fuel, as described in Sec. 11.4. The pressure 
of atomic oxygen follows from Eq. 11.56. 

2. The partial pressures of U 0 2  and Pu02  are obtained 
by the method described in the first part of this section, 
using the oxygen potentials of the fuel and the enthalpies 
and entropies of vaporization of the pure dioxides. 

3. The pressures of UO and PuO can be determined 
from Eqs. 11 .58  and 11.61, respectively, since the partial 
pressures of the dioxides are known. 

4. The pressures of the metal vapors are obtained from 
Eqs. 11.57 and 11.60 using the pressures of the monoxides 
computed in step 3. 

5. The partial pressure of U 0 3  is determined from 
Eq. 11.59 from the known pressure of U 0 2 .  

11.5.3 Heavy-Metal-Oxide Vapor Pressures by 
the Blackburn Model 

Blackburn's thermochemical model of the actinide 
oxides can be extended to permit computation of the 
equilibrium pressures of the oxides of uranium and pluto- 
nium over fuels of specified composition (i.e., the O/M 
ratio or x and the Pu/U ratio or  9).  The vapor pressures of 
the gaseous oxides are considered to depend upon the 
concentrations in the solid of the corresponding uranium 
ions of the same valence. Thus, puo dependson [U"], 
puo, depends upon [U4'], etc. The vaporization reactions 
are written 

u2+ + 02- = UO(g) (11.63) 

u4+ + 2 0 2 -  = UOp(g) (11.64) 

U 6 + +  302-  = UO3(g) (11.65) 

Similarly, vaporization of the plutonium oxides proceeds 
according to the reactions: 

PU2+ + 02- = PuO(g) (11.66) 

pu4++  2 0 2 -  = PuOp(g) (11.67) 

The mass-action law corresponding to reaction 11.63 is 

PU 0 
K u o  = [ u 2 + l [ 0 2 - l  (1  1.68) 

According to  Eq. 11.33, the concentration of oxygen ions 
(i.e., 02- ions per heavy-metal atom) is 2 * x. Inasmuch as 
the magnitude of x is less than 0.1, the approximation 

2 can be employed without introducing appre- 
ciable error. Eq. 11.68 then becomes 

P u o  = 2 K u o  v2+1 (11.69) 

and the remaining equilibria are 

pUo,  = 4 ~ U o ,  [u4+i (11.70) 

P u o ,  = 8 K u o ,  w6+1 (11.71) 

PPUO = 2 K P U O  1pu2+1 (11.72) 

c ppu0, = ~ K P ~ O ,  [ P U ~ + I  (11.73) 

The equilibrium constants in Eqs. 11.69 to  11.73 can be 
expressed in the form 

+ Bi (i = UO,.  . . , P u 0 2 )  (11.74) In Ki = - ~ 

The constants Ai and Bi for each species are shown in 
Table 11.1. Calculation of the actinide oxide vapor pres- 
sures over mixed uranium-plutonium oxide fuels requires 

Ai 
( ~ ~ 0 3 )  

knowledge of the solid concentration of the heavy-metal 
cations. These are obtained in the course of the calculation 
of the oxygen potential by the method outlined at  the end 
of Sec. 11.4.5. Specifically, [U"], . . .:[Pu4'] are obtained 
by simultaneous solution of Eqs. 11.19, 11.22, 11.28, 
11.29, 11.32a, 11.32b, and 11.33. Once these concentra- 
tions have been determined, the vapor pressures of the 
actinide oxides follow from Eqs. 11.69 to 11.73, the 
equilibrium constants being obtained from Eq. 11.74 and 
Table 11.1. 

Table 11.1 Constants in Eq. 11.74 
of Blackburn's Model 

Species A B 

uo 49.5 11.9 
u0, 74.0 19.9 
UO, 44.0 11.9 

PUO, 72.5 18.8 
Pu 0 44.1 11.5 

Although the thermochemical analysis of Rand and 
Markin and that of Blackburn are different, prediction of 
the actinide oxide pressures by either method relies upon 
measurements of the gas-phase equilibria involving oxygen 
,and these species, as described in the next section. 

11.5.4 Knudsen Cell-Mass Spectrometer 
Experiments 

The thermochemical parameters of reactions 11.51 to 
11.55 for the Rand-Markin model and those listed in 
Table 11 .1  for use in Blackburn's model can be determined 
by direct measurement of the partial pressures of the 
species in the vapor phase which are in equilibrium with the 
solid mixed oxide. The apparatus for such measurements is 
shown in Fig. 11.16. The solid and the gas-phase in 
equilibrium with it are contained in a small container called 
a Knudsen cell, so named because the gas can very slowly 
escape from a small hole in the top to the cell by effusion 
(or Knudsen flow) into the vacuum system. The area of the 
hole must be a small fraction of the internal area of the cell; 
otherwise equilibrium may not be reached in the enclosure. 
Only the heavy-metal-containing species are shown in the 
gas phase in the drawing because the partial pressures of 0 
and O2 are generally too  small to be detected. (The 
pressure of molecular oxygen, P O , ,  is known, however, as 
a result of the experiments described in Sec. 11.4 which 
measure the oxygen potential; po is determined in terms of 

C 
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Fig. 11.16 Knudsen cell-mass spectrometer apparatus for 
determining the composition of the equilibrium vapor over 
solid uranium-plutonium oxide fuel materials. 
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Consider a cell operating at  temperature T and let pi be 
the partial pressure of species i in the equilibrium vapor 
over the solid. If the radius of the hole in the lid is ro,  the 
total rate of effusion of species i is 

(11.75) 

where ni is the molecular density of species i in the vapor 
and vi is the mean speed of  these molecules. According to 
the cosine law of effusion, the intensity of this species in 
the molecular beam in the ionizer is 

V. I. = 1 
n12 (11.76) 

where 1 is the distance between the Knudsen cell lid and the 
ionizer. 

The signal provided by the mass spectrometer is 
proportional to the number density of species i in the 
molecular beam, ni, which is related to  the intensity in the 
beam by 

(11.77) 

Combining Eqs. 11.75 to 11.77, we find the output signal 
t o  be  

po, by the dissociation reaction, Eq. l l . l a ,  for which the 
equilibrium constant is well known.) The relative quantities 
of the volatile species can be altered by changing the 
stoichiometry of the solid; higher oxides are favored by 
hyperstoichiometric material and lower oxides and metal 
vapor are enhanced by hypostoi'chiometric material. The 
Knudsen cell is heated to  high temperatures (2500'K) by 
electron bombardment, and for this reason it is sometimes 
referred to as an "oven." Because the material of which the 
cell is fabricated must be inert to the heavy metals and 
oxygen at  these temperatures, a noble metal, such as 
iridium or rhenium, is usually used. 

According to  the classical laws of molecular effusion, 
each component of the gas flows through the hole 
independently of the others. The angular distribution of the 
flux of emitted molecules is cosine-shaped as indicated by 
the circle above the cell in Fig. 11.16. A small portion of 
the flux along the axis is permitted to pass through an 
orifice in a plate above the Knudsen cell. Collimation 
produces a beam of molecules which passes through the 
ionizer of a mass spectrometer where some of the neutral 
particles are ionized by electron impact. The resulting ions 
are mass analyzed by a magnetic field perpendicular to the 
plane of the drawing in Fig. 11.16 and detected by an 
electron multiplier with a first stage made of a substance 
which emits secondary electrons upon ion impact. Each 
species in the vapor above the solid is characterized by its 
mass, and the magnitude of the mass-spectrometer signal 
when tuned to a particular mass number is a direct measure 
of the partial pressure of a species in the Knudsen cell. 

where ni has been related to  the partial pressure by the 
perfect gas law. The quantity pi in Eq. 11.78 is an 
instrumental constant, which, however, depends upon the 
species t o  which the instrument is tuned because each 
molecular species has a different cross section for ionization 
by electron impact and the electron multiplier has a 
different secondary-electron emission coefficient for dif- 
ferent species. If these effects are accounted for by 
estimated corrections o r  calibration, Eq. 11.78 then pro- 
vides a means of directly measuring the partial pressures of 
all species in the equilibrium vapor in the Knudsen cell. 

Equations 11.57 to 11.61 show that the standard 
free-energy changes of the reactions occurring in the gas 
phase may be determined from the ratios of the partial 
pressures of the species containing the heavy metals and the 
oxygen pressure. The former are obtained from the 
mass-spectrometer measurements just described and the 
latter from the oxygen potentials corresponding to the 
temperature and composition of the solid (see Sec. 11.4). 
Measurement of the standard free-energy changes as func- 
tions of temperature permits the standard enthalpies and 
entropies of the reactions to  be computed from Eq. 11.62. 
The results are shown in Table 11.2 along with the 
thermorhemical parameters of vaporization of the pure 
dioxides. The thermochemical parameters in Blackburn's 
model (Table 11.1) were deduced in part from the measure- 
ments summarized in Table 11.2. 

The composition of the vapor in equilibrium with 
mixed-oxide fuels can be determined by using either the 
Rand-Markin o r  the Blackburn model. The vapor composi- 
tion depends upon the O/M and Pu/U ratios of the solid 
and the temperature. Results of a calculation using the 
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Table 11.2 Thermochemical Parameters of Reactions 
Among Heavy-Metal Species* 

Gas-phase reaction AH", kJ/mole AS", J mole-' O K '  

1 
2 - 0 2  = 0 

u+-02 = u o  1 
2 

uo +io,  = uoz 
uoz f202 = uo3 

2 
1 

1 
2 Pu + -0, = PUO 

p u o  + - 0 2  = PuOzt  1 
2 

Vaporization of 
dioxides 

257 

-528 

-471 

-404 

-498 

-352 

567 
57 1 

68 

-6 2 

-7 1 

-90 

-4 6 

-69 

150  
150 

*After M. H. Rand.  and T. L. Markin, in 
Thermodynamics of Nuclear Materials - 1967, Symposium 
Proceedings, Vienna, 1967, International Atomic Energy 
Agency, Vienna, 1968 (STI/PUB/162); more recent data 
are given by J. E. Battles, W. A. Shinn, P. E. Blackburn, and 
R. K. Edwards, Plutonium 1970, Proceedings of the Fourth 
International Conference on Plutonium and Other Acti- 
nides, Nuclear Metallurgy, Vol. 17,  Part 11, p. 733, The 
Metallurgical Society of the AIME, 1970. 

t R .  W. Ohse and W. M. Olson report AH" =-308 
kJ/mole and AS" = -37 J mole-"K' for this reaction, 
Plutonium 1970, Proceedings of the Fourth International 
Conference on  Plutonium and Other Actinides, Nuclear 
Metallurgy, Vol. 17,  Part 11, p. 743, The Metallurgical 
Society of the AIME, 1970. 

Rand-Markin approach in which the last two variables are 
specified are shown in Fig. 11.17. 

There are several noteworthy features of this plot: 
First, the major vapor species over hyperstoichiometric 
oxide is U 0 3 ,  not U 0 2 ,  although the latter is the 
predominant vapor component over UOz .o o .  The reason 
is the very much higher oxygen partial pressure over 
hyperstoichiometric oxide compared with material of exact 
stoichiometry, which drives reaction 11.53 to  the right. 

Second, the U/Pu ratio of the  vapor in equilibrium with 
hyperstoichiometric material is larger than that of the solid. 
Continuous vaporization enriches the solid in plutonium. 
Conversely, the hypostoichiometric oxide supports an 
equilibrium vapor which is richer in plutonium than the 
solid. The O/M ratio a t  which the proportion of the heavy 
metals in the vapor is equal to that in the solid is about 
1.96. This situation is termed congruent vaporization. The 
occurrence of congruent vaporization is dependent pri- 
marily upon the O/M ratio of the solid but also varies 
slightly with the Pu/U ratio and temperature. 

Third, the vapor generally contains more oxygen per 
heavy-metal atom than the solid, which therefore becomes 
more hypostoichiometric as a result of vaporization. 

c The preferential loss of oxygen or one of the heavy 
metals due to volatilization has an important bearing upon 
the behavior of fuel components in a temperature gradient, 
which is the subject of the remainder of this chapter. 

11.6 OXYGEN REDISTRIBUTION 

The calculation of the identity and concentrations of 
the components in the gas phase in equilibrium with solid 
oxides presented in the previous two sections was purely 
thermodynamic in nature. The solid-vapor system was 
assumed to  be a t  constant temperature, and no loss of 
material from it was permitted. The same fuel in a reactor, 
however, is subject to very large temperature gradients, and 
it is also very likely that communication between regions of 
different temperature is made possible by cracks or  
interconnected porosity within the ceramic body. Introduc- 
tion of paths for transport via the gas phase means that the 
components of the fuel present in the vapor can readily 
move from one region to another. Or, the initially uniform 
composition of the fuel may become radially unmixed as a 
result of the imposition of the temperature gradient. This 
process is generally called redistribution of a particular fuel 
component. Analysis of this process requires combining 
thermodynamic requirements with a model of the transport 
mechanism. The latter determines the extent of the 
redistribution and its kinetics. Transport of  fuel constit- 
uents is believed to occur principally by diffusion in the gas 
phase connecting regions of different temperature, although 
processes based upon migration in the solid phase have been 
proposed. 

1.95 2.00 2.05 2.10 
OIM RATIO 

C 
Fig. 11.17 Partial pressures over Uo .a Puo .1 02 f at 
2000°K (calculated). [From M. H. Rand and T. L. Markin, 
Thermodynamics of Nuclear Materials-1 967, Symposium 
Proceedings, Vienna, 1967, International Atomic Energy 
Agency, Vienna, 1968  i(STI/PUB/162).] 
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Both oxygen and the heavy metals can migrate via the 
gas-phase transport mechanism, since molecules containing 
both types of atoms are present in the equilibrium vapor 
over the solid. Oxygen redistribution will be treated in this 
section, and heavy-metal migration, in the following sec- 
tion. Knowledge of the extent of oxygen redistribution is 
important in any overall assessment of fuel performance 
because many properties of the fuel depend o n  the O/M 
ratio. In Chap. 10 a pronounced dependence of the thermal 
conductivity o n  O/M was demonstrated; thus, redistribu- 
tion of oxygen radially will alter the temperature distribu- 
tion. The O/M ratio strongly influences the oxygen poten- 
tial of the solid, which determines the ability of the 
cladding to resist corrosion by the fuel. The O/M ratio 
affects the creep properties of the oxide, which influences 
the mechanical performance of the fuel element. Finally, 
the O/M ratio strongly affects the diffusion coefficients of 
various species in the solid; so oxygen redistribution 
indirectly influences the phenomenon of fission-gas bubble 
formation, which leads either to swelling o r  t o  release. 

The driving force for oxygen migration can be seen 
from the relation for the oxygen potential, which can be 
written 

Since A K  and A% are functions of fuel composition 
but (to first approximation) independent of temperature, 
Eq. 11.79 shows that a temperature gradient implies a 
variation in the partial pressure of oxygen in equilibrium 
with fuel of uniform composition. Or, a gradient of oxygen 
partial pressure exists in the gas phase as a result of the 
temperature gradient, and, consequently, oxygen will move 
along the concentration gradient by gas-phase or  solid-state 
diffusion. Since A 5  is negative, Eq. 11.79 shows that the 
highest oxygen pressure is over the hottest part of the fuel. 
If diffusion of molecular oxygen were the only means of 
transporting this element, one would expect that in time 
oxygen would move from the center toward the periphery 
of the fuel and that the O/M ratio would become larger a t  
the surface than a t  the center. Experiments have shown 
that oxygen redistribution does occur but not, however, 
always in the sense predicted from the above argument. 

\ 

11.6.1 The Markin-Rand-Roberts Model 
Markin, Rand, and proposed a mechanism 

of oxygen transport in the gas phase t o  explain the 
observed directions of oxygen redistribution and the 
magnitude of the effect. They noted that even nuclear- 
grade U 0 2  contains several parts per million ofcarbon as an 
impurity. When the  fuel is brought to operating tempera- 
ture, the carbon in the solid may be volatilized as C 0 2  or 
CO, which then mixes with the, already present inert gases 
(helium filling gas or  the fission gases xenon and krypton) 
which occupy all void volumes within the fuel element. By 
considering the volumes of the plenum region in the fuel 
element (e.g., Fig. 10.4) and the temperatures of the 
various parts of the rod, we can show that an impurity 
content of 1 t o  10 ppm will generate from 0.1 to 1 atm 
of pressure from carbon-bearing gases (see problem a t  end 

of chapter). The mixture of C 0 2 ,  CO, and inert gases 
presumably fills cracks or  interconnected pores within the 
fuel body as well as the plenum above the fuel. 

Oxygen may be transported in such a gas mixture by 
counterdiffusion of C 0 2  and CO. In hyperstoichiometric 
oxide the process occurs as follows: The C 0 2  diffuses from 
the cold zone to the hot zone where it deposits oxygen in 
the solid and is simultaneously converted to  CO, which 
then diffuses back to  the cold zone. Here the CO picks up 
oxygen from the fuel to become C 0 2  , which again returns 
to the hot zone. This cyclical movement of CO and C02  
produces no net transport of carbon, but it does transport 
oxygen (until a steady state is reached). The reason that the 
CO2 -CO mechanism provides a plausible explanation of 
oxygen transport is that the pressures of C 0 2  and CO are 
usually very much larger than those of other oxygen-bearing 
species (at least in hyperstoichiometric oxides). The trans- 
port role of C 0 2  and CO could be played by any pair of 
gaseous molecules which are connected to  each other via an 
equilibrium reaction involving 0 2 .  For example, HZ 0-H2 
mixtures are equivalent t o  C02-CO mixtures as far as their 
ability to ,transport oxygen is concerned. However, the 
metallic cladding of reactor fuel elements is quite perme- 
able to  hydrogen at  operating temperatures, and this 
impurity, even if present initially in substantial quantities, 
would soon be lost t o  the coolant. 

The consequences of the C 0 2  -CO transport mechanism 
can be made quantitative by considering the system shown 
in Fig. 11.18. A block of fuel contains a single pore or 
crack whose axis is aligned with the temperature gradient. 
The pore contains the gas mixture described above, namely, 
COz,  CO, and a small amount of O2 in a large quantity of 
inert gas. Rectangular coordinates (rather than the cylin- 
drical geometry of a fuel rod) are employed so that the 
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Fig. 11.18 Bar of solid oxide fuel containing a gas-filled 
pore subject t o  a temperature gradient. The ends at  z = 0 
and z = L are closed. 
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phenomenon can be illustrated with a minimum of algebra. 
Experiments in which the oxygen redistribution process 
have been studied have shown that the average O/M ratio 
across the temperature gradient is the same as the initial 
uniform value of the fresh fuel, which implies that no 
oxygen is lost from the region of fuel which contains the 
temperature gradient. In keeping with this observation, the 
ends of the pore in Fig. 11.18 are assumed to  be impervious 
to oxygen (in a fuel element, the cold end faces the 
cladding and the hot end terminates a t  the central void, 
where the gradients of all properties vanish by symmetry). 
In such a system, gradients of C 0 2 ,  CO, and other 
oxygen-containing vapor species may exist along the z- 
direction in the gas even at steady state. However, since 
neither the oxides of carbon nor of oxygen in any form can 
penetrate the barriers at z =O and z = L, the net flux of the 
elements carbon and oxygen (irrespective of their molecular 
state) across any plane perpendicular to  the axis (such as 
A-A in the figure) must be zero. Since the active species are 
diluted by  the inert gas, the fluxes of the molecular species 
can be described by Fick’s law. The mass balances on 
carbon and oxygen assume the forms 

Carbon: - D c O ~  - DCO, 7 dpco,  = 0 (11.80) dPc 0 

dPC0 dPC0, 
Oxygen: -DcOT- 2 D c o 2 7  

- z N i D i d z  dPi = 0 (11.81) 

i 

where Di is the diffusion coefficient of species i in the inert 
gas, pi is the partial pressure of species i a t  location z, and 
Ni is the number of oxygen atoms per molecule of the 
gaseous oxide species. If the reasonable assumption that the 
diffusion coefficients of COz and CO are equal is made, 
Eqs. 11.80 and 11.81 can be integrated to  yield 

P c o  (z) + Pco,  (2) = cc (1 1.8 2) 

where Cc and Co are both constants. Since the model 
assumes that PCO and PCO, are very much larger than any 
other gaseous oxides, the last term in Eq. 11.83 can be 
neglected, and we have 

P c o ( 4  + 2PC0, (4 = co (11.84) 

The only solution to  Eqs. 11.82 and 11.84 is that both pco 
and pco, are constant, independent of z. Thus, considera- 
tion of the transport aspects of the problem has led only to 
the conclusion that the CO2/CO ratio is everywhere 
constant, despite the presence of the temperature gradient. 
However, when coupled to  thermodynamic considerations, 
this restriction is sufficient t o  completely determine the 
0 /M gradient. The two thermodynamic requirements are 
that a t  each point along the temperature gradient: 

1. The local oxygen pressure corresponds to the oxygen 
potential of the fuel (gasso l id  equilibrium). 

2. The reaction between the gas components COz, CO, n 
and 0, is in thermodynamic equilibrium (gas-phase equilib- 
rium). 

Requirement 1 implies that po, is given by  Eq. 11.79, 
where T is the temperature at a particular z, and A- and 
A 5  are dependent upon the O/M ratio a t  this location 
(the oxygen content of the solid will, in general, be 
different from the value for the fresh fuel). 

The gas-phase equilibrium (condition 2) is represented 
by Eq. 11.5. Its equilibrium is expressed by a combination 
of Eqs. 11.6 to 11.8 and can be written 

AH: AS; 
RT R 

In po, = 2 __ - 2 - + 21n ( p p z )  (11.85) 

Equating the right-hand sides of Eqs. 11.79 and 11.85 
yields 

2----2-+22n (“p”,”d) __ (11.86) 
A 5  A= AH: AS: 
---1= 

RT R RT R 

Now A&, and As,? are known functions of T, q,  and x 
(Sec. 11.4). Since movement of the heavy metals is not 
considered in this section, q is a constant; thus the 
thermochemical parameters on the left-hand side of 
Eq. 11.86 are functions of the O/M ratio only. The tem- 
perature T is a known function of z, and pco,  / p C o  is an 
unknown constant. Thus, Eq. 11.86 may be regarded as a 
relation giving x (or the O/M ratio) as a function of z, 
parametric in the ratio pCo , /pCo. The solution proceeds as 
follows: Select a value of pco /pco. Solve Eq. 11.86 for x 
as a function of z. Determine t i e  average value of x by 

F = k i  L x(z) dz 
(11.87) 

and compare 2 f X to the initial O /M ratio (specified). 
When the two agree, the correct p c o ,  / p c o  ratio has been 
guessed, and the problem is solved. The profile of x(z) 
represents the redistribution of oxygen due to  the tempera- 
ture gradient. 

Experiments that have demonstrated the redistribution 
of oxygen in a thermal gradient have been reported by a 
number of investigators.’-’ The results are summarized in 
Table 11.3. The measurements of Christensen’ and Jeffs’ 
were conducted on fuel elements irradiated in a reactor 
(radial geometry); the others were performed on oxide bars 
held in a longitudinal temperature gradient in out-of-pile 
experiments (axial geometry). 

Table 11.3 shows that application of a temperature 
gradient to  hyperstoichiometric fuel results in an increase 
of the oxygen content at the hot end with a corresponding 
deficiency a t  the cold end. In hypostoichiometric material, 
redistribution occurs in the opposite direction, the cold end 
becoming enriched in oxygen and the hot end losing 
oxygen. These general features are independent of whether 
the test was performed on a reactor fuel element with a 
radial temperature distribution established by fission or in 
an out-of-pile test in which a longitudinal temperature 
gradient was imposed by external heating. The results for 
mixed oxides are the same as those for urania. 
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Investigator Material Geometry Redistribution 

Christenseng uoz + x Radial O/U highest a t  hot zone 
Fryxell and Aitken' u02 - x  Axial O/U highest a t  cold end; 

Evans, Aitken, 
and Craig' :(U,rr.)O2-x .Axial O/M highest a t  cold end 

Jeffs' ( U , P U ) O ~ + ~  Radial O/M highest at hot zone; 

Adamson' u02 C X  Axial O/U highest at hot end 
Adamson and Carney' (U,Pu)02 f X  Axial O/M highest a t  hot end 

.. '* . 
' n o  tedistribution in U02 .o 0 0 

no redistribution in U 0 2  . o ~ o  

Figure 11.19 compares the data for UOZkx  with the 
predictions of the Markin-Rand-Roberts model. The 
CO2/CO ratios listed with each computed curve in 
Fig. 11.19a are those which yield an O/M distribution with 
an average value equal to  that of the initial fuel. In Fig. 
11.19b the H2 + 'hO2 = H 2 0  gas-phase equilibrium was 
used instead of the reaction CO + 'h 0 2  = COz since the 
tests were conducted in a hydrogen atmosphere. In the 
calculations the thermochemical parameters AH: and AS: 
in Eq. 11.86 were replaced by analogous values for the 
Hz-H20 equilibrium. Figure 11.19 shows that the experi- 
mental observations of oxygen concentration at the hot end 
in hyperstoichiometric fuel and a t  the cold part of 
hypostoichiometric material are faithfully reproduced by 
the transport model. (Note that the ordinate in Fig. 11.19b 
is 2 - O / U  and the abcissa is the reciprocal of the absolute 
temperature instead of position; temperature and location 
are related by the known temperature distribution.) 

Figure 11.20 compares the measurements of Jeffs" 
with the predictions of the Markin-Rand-Roberts model. 
Agreement with the Markin-Rand-Roberts model is seen 
to be quite satisfactory. 

The model of oxygen redistribution rn oxide fuels 
described above is based on  the assumption that the 
principal carriers of oxygen are gaseous mixtures of COz 
and CO or  Hz 0 and H2 . While this assumption is reasonable, 
for hyperstoichiometric fuels, it may break down when 
applied to  hypostoichiometric oxides. If the C02 or H 2 0  
partial pressure is small, oxygen transfer by this species will 
require very long times, or, more likely, other oxygen- 
bearing species in the gas will be present a t  higher 
concentrations and dominate the.  oxygen redistribution 
process. 

Since the activity of carbon in the fuel is largest when 
free carbon is present, the maximum partial pressure of 
C02 can be obtained from the equilibrium of the reaction 

The C02  pressure is given by 

m ax AGE 0 , 
P c o ,  = P O ,  exP (-T) (11.89) 

where AG&, is the free energy of formation of COz : 

AGZo,  = -394 - O.8(T/lO3) (11.90) 
~ 

Since AG;* = RT In po, , Eq. 11.89 is equivalent to  

Consider a mixedaxide fuel of O/M = 1.96 at 1100°C. 
Figure 11.12 shows that the oxygen potential of this fuel is 
-586 kJ/mole. The free energy of formation of C02  at 
llOO°C is -395 kJ/mole. According to  Eq. 11.91, the 
maximum COz pressure above this fuel when free carbon is 
present is -5 X 10% atm. (If free carbon is not present, the 
C02 pressure is smaller still.) Although the carbon content 
of the fuel is large enough to  produce C02 pressures many 
orders of magnitude larger than 5 X 10% atm if all carbon 
were oxidized, the very low oxygen potential of hypo- 
stoichiometric fuels does not permit anywhere near com- 
plete gasification of the carbon. With the C02  pressure 
limited to  such low values, the Markin-Rand-Roberts 
mechanism, although in principle still possible, would be 
extremely slow because of the smallness of the C02  
concentration driving force for gas-phase diffusion. Since 
oxygen redistribution is observed to  occur in hypostoichio- 
metric oxides in times much less than that expected for the 
maximum allowable C02 pressures, it may be concluded 
that other mechanisms are responsible for moving oxygen 
along the temperature gradient. At high temperatures 
(>20OO0C), the gaseous oxides of the heavy metals may 
transport oxygen along with uranium and plutonium as 
they distill from hot to cold zones.14 At lower tempera- 
tures the oxides of some fission products (e.g., Moo2 and 
Cs, 0 or more likely the ternary compound & M o o 4 )  may 
be sufficiently volatile t o  transport significant quantities of 
oxygen as they migrate down the temperature gradient. 

In addition t o  possible failure of the Markin-Rand- 
Roberts model due to the presence of oxide vapors with 
pressures comparable to  that of CO2, Aitken" has 
suggested that diffusion of oxygen in the solid may be 
sufficiently rapid to  rednce the nonuniform oxygen distri- 
bution established in the fuel by the C02-420 gas-phase 
transport mechanism. Analysis of the redistribution-limiting 
effect of solid-state diffusion' has shown that this mode 
of transport can be very effective in reducing the extent of 
oxygen redistribution far below that predicted by the 
Markin-Rand-Roberts model. 
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11.6.2 Aitken's Model 
The difficulty in assigning exact mechanisms for oxygen 

migration in hypostoichiometric mixed oxides has led 
Aitken and coworkers' " t o  develop a phenomenological 
description of the oxygen redistribution process. Based 
upon the theory of irreversible thermodynamics, they 
propose that the stoichiometry parameter x in (U,Pu)Oz -x 

should vary with the temperature in a thermal gradient 
according to  

(11.92) In x = - + const. 

where Q' is a characteristic heat of transport, the value of 
which depends upon the mechanism responsible for oxygen 
migration. The parameter Q' is not a true heat of transport 
which pertains solely to the Soret effect (see Chap. 5);  
rather, Q' represents the combined effect of the solid-state 
diffusion of oxygen and the vapor migration of all 
oxygen-bearing species contained in the gas phase filling 
cracks and fissures in the fuel. If a mechanism is specified 
(e.g., the Markin-Rand-Roberts COz IC0 model), a nu- 
merical value of Q' can be theoretically determined. In the 

Q' 
RT 

t 0.400 1 c 

Fig. 11.19 Comparison of calculated and experimental 
O/U profiles in urania subject to a temperature gradient. 
[From P.O.  Perron, J. Nucl. Mater., 27: 237 (1968).] 
(a) -, after J .  A. Christensen, USAEC Report BNWL-536, 
1967. - - -, calculated. (b) -, after R. E. Fryxell, USAEC 
Report GEMP-516, 1967. - - -, calculated. 

absence of an acceptable physical model (as in the case of 
hypostoichiometric fuels), Eq. 11.92 can be used as a 
means of correlating experimental results, and the values of 
Q' so obtained can be empirically related to  fuel properties 
and operating conditions. Aitken et a1.I8 have shown that 
the oxygen profiles developed in axial-thermal-gradient 
experiments in hypostoichiometric mixed oxides are satis- 
factorily described by an equation of the form of Eq. 
11.92. Their results permit a correlation between the 
average stoichiometry of the fuel, F, and the heat of 
transport. For 0 < X < 0.02, they find that the redistribu- 
tion measurements are best fitted by a constant value of 
Q' = -125 kJ/mole. For fuel containing less oxygen, 

&'=-- A (for 0.02 <X< 0.1) (11.93) 
R2 

The constant A varies from 0.059 to 0.096 kJ/mole, 
depending on whether barriers t o  oxygen movement (such 
as cracks perpendicular t o  the thermal gradient) are present. 
The latter figure applies to fuel containing a minimum of 
impedances to transport and represents a larger extent of 
redistribution than does the smaller value of A. With the 
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Fig. 11.20 Comparison of experimental oxygen redistribu- 
tion results and the predictions of the Rand-Markin model 
for ( U , P U ) O ~ + ~ .  (From A.T. Jeffs, Canadian Report 
AECL-3690,1970.) 

experimentally determined values of Q' from axial thermal 
gradient experiments, the radial profiles of the oxygen-to- 
metal ratio for reactor fuel pins can be calculated with the 
typical results shown in Fig. 11.21. These curves show the 
same direction of redistribution as predicted by the 
Markin-Rand-Roberts model for hypostoichiometric fuel, 
namely, depletion a t  the hot center and accumulation at 
the cold fuel surface. The fuel is very close to  exact 
stoichiometry a t  the surface (fractional radius of one); in 
the top  curve in Fig. 11.21,, for example, the oxygen-to- 
metal ratio a t  the surface is 1.999999. 

11.6.3 The Bober-Schumacher Model 

Bober and Schumacher' observed that oxygen redis- 
tribution occurs in hypostoichiometric mixed-oxide fuels 
that are fully dense. When no gas pathways along the 
temperature gradient are available, redistribution by trans- 
port in the vapor phase of CO2/CO or any other oxide 
vapors is impossible. They conclude that true thermal 
diffusion in the solid is responsible for the establishment of 
a nonuniform oxygen distribution in the hot, plastic region 
of the fuel characterized by a columnar-grain structure. In 
their model the diffusing species are assumed to  be oxygen 
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Fig. 11.21 Stoichiometry profiles for irradiation at a linear 
power of 500 W/cm with 700°C fuel-iurface temperature 
using heat of transport from experime?&&w-ithout artificial 
barriers. (From E. A. Aitken et al., USAEE Repiort GEAP- 
12254, General Electric Company, 1971.) 

vacancies, which, in ( U , P U ) O ~ - ~ ,  occupy a fraction x /2  of 
the anion lattice sites. Thermal diffusion acts to  drive 
oxygen vacancies toward the hot region of the fuel, but 
ordinary diffusion in the solid limits the extent of 
unmixing. Because the diffusion coefficient of oxygen 
vacancies is quite large at high temperature, steady state is 
attained. The dynamic balance of thermal diffusion and 
ordinary diffusion is described by setting the flux given by 
Eq. 7.58 equal to  zero, which yields 

(1  1.94) 

in the columnar-grain region. Here Q' is the heat of 
transport of oxygen vacancies in the fuel. Bober and 
Schumacher find that for hypostoichiometric mixed oxides 

Q' = -125 k 62 kJ/mole 

which is in good agreement with the value obtained by 
Aitken e t  al.' 

Since the heat of transport is negative, Eq. 11.94 shows 
that the oxygen deficiency, x ,  is largest a t  the high 
temperature end, or oxygen migrates down the temperature 
gradient. Cracks in the fuel beyond the columnar-grain zone 
are considered to be numerous enough to  permit oxygen 
redistribution by the gas-phase transport mechanism of 
Markin, Rand, and Roberts. For hypostoichiometric oxides 
the latter mechanism acts in the same direction as does 
thermal diffusion. The two models are joined a t  the 
columnar-grain boundary in order to produce the complete 

for slightly hypostoichiometric fuel. 
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oxygen distribution in the fuel pin. In strongly hypo- 
stoichiometric fuel, the model must be modified to account 
for the effect of solid-state diffusion in the cool region (see 
Refs. 15 and 16). Curves similar to  those shown in Fig. 
11.21 are calculated by Bober and Schumacher's two-zone 
model. 

All the oxygen redistribution models reviewed in this 
section assume that the average oxygen content of the fuel 
remains unchanged during migration. While this may be a 
valid assumption early in the irradiation period, certain 
fission products accelerate corrosion of the cladding (see 
Chap. 12 ,  Sec. 12.6). Thus the cladding may become a sink 
for oxygen, in which case X in Eq. 11.87 decreases with 
irradiation time. 

11.7 ACTINIDE REDISTRIBUTION 

Actinide redistribution refers to  the unmixing of the 
heavy metals uranium and plutonium in a mixed-oxide fuel 
rod that supports a radial temperature gradient. The term 
actinide is used to describe the migration process since the 
species that actually moves may be uranium, plutonium, or 
both. Figure 11.22 illustrates the extent of the redistribu- 
tion phenomenon under irradiation conditions typical of 
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Fig. 11.22 Plutonium redistribution in a fuel element 
initially containing 20% plutonium uniformly distributed. 
The element was irradiated to  a burnup of 5% a t  a linear 
power of 660 W/cm. (From R. Natesh and D. R. O'Boyle, 
USAEC Report ANL-7669, p. 107, Argonne National Lab- 
oratory, 1970.) 

those expected in an LMFBR. The heavy metal in the fuel 
was initially 20% plutonium, uniformly distributed. The 
redistribution process has caused the plutonium content at 
the edge of the central void t o  increase to  -30%, with a 
corresponding decrease in plutonium at the outer surface. 
The cross-sectional average of the plutonium content is still 
20% since no  plutonium o r  uranium is lost during redistri- 
bution. 

According to  the discussion in Chap. 10, concentration 
of the fissile species near the center of the fuel pin causes 

the temperature at the periphery of the central void to 
increase a t  constant linear power because the heat source is 
displaced further away from the heat sink than it is in a rod 
with uniform fuel composition. Sha, Huebotter, and Lo2 
estimate that the penalty in thermal performance for 
actinide redistribution in this case is -130 W/cm; that is, 
the linear power must be reduced by this amount in order 
t o  keep the temperature of the inside of the central void at 
the melting temperature. A reduction of 130 W/cm in 
allowable linear power represents nearly a 25% decrease in 
fuel thermal performance. 

Actinide redistribution has been attributed to  two 
principal mechanisms: '" 9 * 2  

1. Thermal  diffusion of plutonium (the Soret 
effect).2 12 

2. Vapor migration of gaseous uranium species (prin- 
cipally U 0 3 )  from the hot end to  the cold end via the gas 
phase in cracks or in migrating voids.2 9-35  

If a portion of the fuel has been molten during 
operation, another process, analagous to zone refining, may 
be responsible for redistribution.' 

11.7.1 Thermal Diffusion 

According t o  irreversible thermodynamics, application 
of a temperature gradient to a mixture of plutonium and 
uranium oxides creates fluxes of the atomic species Pu, U, 
and 0. Analyses of this process (Refs. 19, 25, 26, 28) 
assume that only the plutonium component of the fuel is 
affected and take its flux as given by Eq. 7.58: 

Jpu  = -Dpu(% + (11.95) 
RT ar  

This equation is valid only for low plutonium concentra- 
tions. If the atomic fraction of plutonium approaches 1, the 
atom fraction of uranium, which should appear in the 
numerator of the last term, must be considered. This term 
is usually omitted when this process is applied t o  fuel 
elements. 

In Eq. 11.95, Jpu  is the flux of plutonium ions in the 
solid, Cp, is the concentration of plutonium a t  position r 
and time t ,  T is the specified local temperature of the fuel, 
R is the Boltzmann constant, and DpU is the diffusion 
coefficient of plutonium in the solid, which may be 
expressed in the form given by Eq. 7.45: 

-E / R  T Dp, = Doe (11.96) 

The pre-exponential factor Do and the activation energy E 
have been reported as: 

Do = 0.046 cm2 /sec 

Do = 0.34 cm2 /see 

E = 418 kJ/mole (Ref. 36) 

E = 464 kJ/mole (Ref. 34) 

The Q" in Eq. 11.95 is the heat of transport of 
plutonium in the solid. It is not possible to predict this 
quantity theoretically (even its sign) nor to  determine it 
experimentally in anything but a thermal-gradient experi- 
ment. Consequently, Q* is obtained by fitting the measured 
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redistribution in irradiated fuel pins or out-of-pile thermal- 
gradient tests to  the theory. Values of -35 (Ref. 28), -146 
(Ref. 34), and -240 (Ref. 25) kJ/mole have .been deter- 
mined in this fashion. Although there is a* very wide 
discrepancy in the magnitude of Q* determined by various 
investigators, all agree that it is negative; that is, plutonium 
migrates up the thermal gradient and therefore concentrates 
at the hot part of the fuel. 

Alternatively, the Soret effect may be described by the 
thermal-diffusion factor, a, which is related to the heat of 
transport by 

a = - -  Q* 
kT 

(11.97) 

Because of the lack of precise experimental informa- 
tion, it is immaterial whether Q or Q* is considered 
constant (according to  Eq. 11.97, both Q and Q* cannot be 
temperature independent). At temperatures of -2400"C, a 
Q* of -240 kJ/mole corresponds to  cy = 11. 

During the lifetime of a fuel rod in a reactor, the 
thermal-diffusion process probably does not reach steady 
state (which would correspond to  Jp, = 0 in Eq. 11.95).* 
Rather, the evolution of the plutonium-concentration 
profile is governed by combination of Eq. 11.95 with the 
mathematical statement of conservation of plutonium, 
which is given by Eq. 7.6 as: 

(11.98) 

Substitution of Eq. 11.95 into Eq. 11.98 leads to a 
second-order partial differential equation which must be 
solved for the plutonium-concentration profile. The tem- 
perature profile T(r)  is assumed t o  be known (see 
Chap. 10). The solution is subject to  the initial condition 

Cp,(r,O) = CPUO (11.99) 

where Cpuo is the plutonium concentration in the fabri- 
cated fuel. Two boundary conditions are also required. By 
symmetry considerations (the same as those applied to the 
temperature-distribution calculation of Sec. 10.4), we have 

Jp, = 0 at r = ro 

where ro is the radius of the central void. Since the 
temperature gradient is zero at r = ro  (see Eq. 10.51), Eq. 
11.95 shows that zero flux at r = ro is equivalent to: 

*By way of contrast, thermal diffusion of oxygen 
vacancies in the columnar-grain region of the fuel is 
assumed to  attain steady state rapidly (Bober-Schumacher 
model in previous section). The reason for this difference is 
that the diffusion coefficient of oxygen vacancies is many 
orders of magnitude greater than that of the heavy-metal 
cations in the solid. 

Because there is no loss of plutonium a t  the fuel- 
cladding interface either, the second boundary condition is 

J p , = O a t r = R  

where R is the radius of the fuel pellet. If we attempted to  
satisfy this condition by the same method that was applied 
to  the boundary condition a t  the central void (i.e., setting 
the quantity in the parentheses of Eq. 11.95 equal to zero), 
we would find that a large plutonium gradient would be 
required ,to counterbalance the temperature gradient, which 
is not zero a t  r = R. However, the condition of vanishing 
flux is very nearly satisfied because Dp, is extremely small 
a t  the low fuel-surface temperature (if the central void and 
the surface temperatures are 2700°K and 1000"K, respec- 
tively, the plutonium diffusion coefficients at these two 
positions differ by a factor of 10'. '). Thus, the plutonium 
flux a t  the fuel surface is essentially zero no matter what 
plutonium gradient exists at the surface. An appropriate 
boundary condition for use with Eq. 11.98 is obtained by 
noting that, since the diffusion coefficient is so low, the 
plutonium concentration at r = R does not change at all 
during the time scale of the exposure to  the temperature 
gradient; inasmuch as the diffusion is frozen well before the 
outer periphery is reached, R may be approximated by 00 
and the boundary condition becomes 

Cpu(m,t) = CPUO (11.101) 

Equations 11.95 and 11.98 can be solved numerically 
subject to  Eqs. 11.99,11.100, and 11.101. 

It should be noted that both the partial differential 
equation and the boundary conditions just discussed are 
peculiar to  cylindrical symmetry. In the one-dimensional 
axial geometry characteristic of out-of-pile tests of the 
thermal-diffusion process, the Cartesian form of the diver- 
gence must be used on the right-hand side of Eq. 11.98, and 
the boundary condition at the hot end is no longer given by 
Eq. 11.100 (although the argument of zero flux is still 
valid). The computed concentration profiles are quite 
different in these two cases. 

Figure 11.23(a) shows the experimental results 
Beisswenger, Bober, and Schumacher2 obtained in an 
out-of-pile axial-temperature-gradient experiment on a 
mixed-oxide fuel material. The solid line through the data 
points represents the calculated curve in which the heat of 
transport was adjusted to give the best agreement between 
theory and experiment. The value of Q* = -240 kJ/mole so 
obtained was used to  construct the curves shown in 
Fig. 11.23(b) for the cylindrical geometry of a reactor fuel 
pin. Note that the variation of the hottest temperature 
from 2300°C t o  2600°C greatly accelerates the process but 
that in either case steady state is not approached even after 
lo4 hr of operation. The calculated curves of Fig. 11.23(b) 
bear some resemblance to the measured plutonium distribu- 
tion in an irradiated fuel pin shown in Fig. 11.22. However, 
it must be noted that for any process in which plutonium is 
conserved, the radius-weighted areas of the regions between 
the theoretical curve and the horizontal line representing 
the initial uniform concentration must sum t o  zero. This is 
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Fig. 11.23 Plutonium redistribution in mixed-oxide fuels 
due to  a thermal gradient. (a) After 110  hr annealing in an 
axial temperature gradient. (b) Calculated for an LMFBR 
fuel rod with a parabolic temperature distribution (restruc- 
turing not considered). [From H. Beisswenger, M. Bober, 
and G.Schumacher, Plutonium as a Reactor Fuel, Sym- 
posium Proceedings, Brussels, 1967, pp. 273-282, Interna- 
tional Atomic Energy Agency, Vienna, 1967 (STI/ 
PUB/153).] 

a consequence of mass conservation and does not depend 
upon the mechanism of redistribution. 

There is far from unanimous agreement that thermal 
diffusion of the type described above is in fact the only or 
even the major process responsible for actinide redistribu- 
tion. The appeal of this model is due to the relatively 
clear-cut mathematical description of the process provided 
by irreversible thermodynamics.and to the fact that only a 
single constant, Q*, is needed to  completely predict the 
time behavior of the plutonium-concentration profile in the 
presence of a temperature gradient. 

11.7.2 Vapor Transport 

At fuel temperatures in excess of -2OOO"C, the partial 
pressures of the oxides of the heavy metals are large enough 
to sustain significant fluxes of plutonium and uranium 
through a gas phase contained in cracks or voids in the 
solid. Inasmuch as the Pu/U ratio of the equilibrium vapor 
is generally quite different from that of the solid, the ratio 
of the vapor-transport rates of plutonium and uranium is 
not the same as the ratio of these species in the solid, and 
unmixing of the heavy metals along the temperature 
gradient occurs. Figure 11.17 shows that in stoichiometric 
or hyperstoichiometric mixed oxides the dominant vapor 
species is U 0 3 ,  which is present in the gas phase in 
concentrations 2 to  4 orders of magnitude greater than that 
of PuOz. In a temperature gradient, the U03  should 
preferentially evaporate from the hot portion of this type 
of fuel and condense in the cooler regions, resulting in 
plutonium enrichment of the solid at the hot zone. 

Conversely, in highly hypostoichiometric fuel, Fig. 
11.17 shows that PuO is the major gaseous heavy-metal 
oxide. Imposition of a temperature gradient on this fuel 
should cause plutonium to diffuse via the gas phase down 
the temperature gradient, and a plutonium deficiency 
should develop in the hot center of a fuel pin. At an O/M 
ratio of -1.96, the Pu/U ratio of the gas is approximately 
equal to  that of the solid (vaporization is said to be 
congruent when this situation occurs). Even though the 
vapor pressures of the actinide oxides may be large enough 
to  cause significant vapor transport, no unmixing of the 
heavy metals occurs if both the gas and solid phases have 
the same Pu/U ratio. 

These general features of actinide redistribution by 
vapor transport were first outlined by Rand and Markin.6 
The crucial prediction of a change in the direction of 
redistribution at the fuel O/M ratio corresponding to  
congruent vaporization has been confirmed by measure- 
ments of the radial plutonium distribution in irradiated fuel 
pins.37 The sign of the heat of transport, Q*, would have 
to assume negative values for O/M > 1.96 and positive 
values for O / M <  1.96 to explain the change in the 
direction of plutonium migration at O/M = 1.96 by the 
thermal-diffusion mechanism. 

Because of the temperature dependence of the solid- 
state diffusion coefficient of the actinide cations, which 
enters the thermaldiffusion analysis, and because of the 
temperature variation of the actinide-oxide vapor pressures, 
which is important in the vapor-transport model, actinide 
redistribution by either of these mechanisms is restricted to  
temperatures in excess of -20OO0C. This temperature 
roughly corresponds to the outer boundary of the colum- 
nar-grain region in a fuel pin. The fuel in the columnar- 
grain zone is plastic and is generally believed to  be free of 
cracks under operating conditions. However, cooling cracks 
may open up as a result of reactor power changes, 
shutdown or startup, and actinide-vapor transport can 
occur along these cracks until they heal. The gaps between 
individual pellets in a fuel element also provide gas-filled 
pathways suitable for actinide-vapor transport until the 
pellets sinter together. Another form of fissure in the 
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columnar-grain region is the network of interlinked fission- 

The other gas-filled spaces commonly found in reactor 
fuel elements are the pores that have not been removed 
during the sintering of the material prior t o  fabrication. The 
long dimensions of these pores are perpendicular t o  the 
temperature gradient, and the pore width in the direction 
of the temperature gradient is of the order of 1 0  ym. By 
way of comparison, the cracks, fissures, or interconnected 
porosity described in the preceding paragraph can provide 
gas pathways extending continuously along the temperature 
gradient for substantial fractions of the columnar-grain 
radius. 

Meyer, Butler, and O ’ B ~ y l e ~ ~  have proposed a one- 
dimensional vapor-phase diffusion calculation intended to 
apply to  either radial cracks or  migrating pores. However, 
vapor migration in these two geometries appears to be 
rather different,35 and a single calculational model does 
not apply to  both configurations. 

Vapor transport of actinide oxides in a crack such as 
that shown in Fig. 11.18 requires solution of the gas-phase 
diffusion equation for the actinide oxides in two dimen- 
sions because there is a gradient of metal-oxide pressure 
along the temperature gradient and, owing to  the necessity 
of diffusing uranium and plutonium to and from the crack 
surface, in the direction transverse to  the temperature 
gradient as well. The time dependence of actinide redistri- 
bution depends on  the size and number of cracks. 

The efficiency with which a migrating pore unmixes 
uranium and plutonium is easier to  analyze than the vapor 
transport process in a radial When a tempera- 
ture gradient is first applied to  a pore in an initially uniform 
fuel body, the more volatile of the two actinides preferen- 
tially evaporates from the hot side of the pore and 
condenses on the cold side. As a result, the concentration 
of the less volatile component is depleted on the cold side 
of the pore and enriched on the hot side. After this initial 
startup transient, very little additional unmixing occurs as 
the pore moves up the temperature gradient; the initial 
spike of the less volatile oxide on the cold side is left 
behind at the starting point of the pore, and the excess of 
the more volatile component is pushed ahead of the moving 
pore. Figure 11.24 shows the plutonium-concentration 
profiles behind and ahead of a moving pore (the figure 
refers t o  hyperstoichiometric fuel, in which uranium is the 
more volatile of the two heavy metals). The plutonium 
distribution attached to  the moving front face of the pore 
is:35 

4 gas bubbles on grain boundaries (Fig. 15.21). 

q - q o  = A q e x p  --z ( 11.102) ( 2 ) 
where Dp, is the diffusion coefficient of plutonium in the 
solid oxide, z is the distance measured into the solid from 
the front face of the pore, qo is the Pu/U + Pu ratio in the 
solid ahead of the pore, and Aq is the plutonium 
enrichment on the front face. This enrichment is deter- 
mined by the requirement that the ratio of the plutonium 
flux to the total heavy-metal flux across the pore be equal 
t o  g o .  The migration velocity of the pore is denoted by vp 
(for a discussion of pore migration in fuels, see Chap. 14). 
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Each migrating pore carries with it excess plutonium 
equal to the integral of Eq. 11.102 from the pore front face 
outward. Redistribution by pore migration consists of a 
rather uniform depletion of plutonium throughout the 
columnar-grain ,reregio.n and a large enrichment close to  the 
central void where the pores deposit their charges of excess 
plutonium. The negative spikes at  the starting locations of 
each pore (Fig. 11.24) are uniformly distributed because 
the initial porosity is randomly distributed in the fuel. 

The extent of actinide redistribution due to  pore 
migration depends upon the ratio DPu/vp. This ratio is 
rather small (typically -1 pm), and the concentration 
profile in front of each pore extends only a few microm- 
eters into the solid. As a result, the quantity of excess 
plutonium transported by each pore is small. The extent of 
actinide redistribution is also proportional to  the initial 
porosity of the fuel, assuming all voidage to  exist as closed 
pores. If the same initial porosity were distributed in the 

I 
EXCESS PLUTONIUM 
CARRIED BY PORE 

INITIAL POSITION OF I- COLD FACE OF PORE n 
1 PORE MOVEMENT 

Fig. 11.24 Plutonium-concentration profiles in the vicinity 
of a migrating pore. [From D. R. Olander, J. Nucl. Muter., 
49: 35 (1973/74).] 

form of cracks along the temperature gradient, actinide 
redistribution would proceed more rapidly than if heavy- 
metal transport occurred in migrating pores. However, 
lenticular pores may be the only type of gas space available 
for actinide-vapor migration in the high-temperature 
columnar-grain zone of the fuel. 

Redistribution by pore migration ceases as soon as all 
pores have reached the central void: For highly rated fuel 
pins, the restructuring process requires only about 100 hr 
for completion. Thereafter, any heavy-metal migration 
must occur either by vapor transport in temporary cracks, 
which are occasionally opened by power cycling, or by the 
slower process of thermal diffusion, which does not require 
a gas-phase pathway to  accomplish separation of uranium 
and plutonium. 
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11.8 NOMENCLATURE 

A = constant in Eq. 11.93 
A,,Bi = constants in Eq. 11.74 

Co,Cc = constants in Eqs. 11.82 and 11.83 
Cp, = plutonium concentration in the fuel 

Dp, = diffusion coefficient of plutonium in the solid 
D, = gas-phase diffusivity of species i 

Do = pre-exponential factor of the solid-state diffusion 
coefficient 

E = activation energy for solidstate diffusion 
$ = Faraday constant 
K = equilibrium constant 

( 9 )  = gas phase 
AGO = standard-state free-energy change of reaction 

AHo = standard-state enthalpy-change of reaction 
&Go, = oxygen potential of the fuel 

A 5  = partial molar enthalpy of oxygen in the fuel 
Jp, = flux of plutonium in the solid 

(1) = liquid phase 
L = length of a crack in the fuel 
m = stoichiometry deviation from two of the oxides of 

the variable-valence heavy-element in mixed-oxide 
fuel 

N, = atoms of oxygen per molecule of species i 
O /M = oxygen-to-metal ratio in mixed-oxide fuel 
O/U = oxygen-to-uranium ratio in uranium dioxide 

Po = vapor pressure of pure compound 
pI = partial pressure of species i in equilibrium with the 

[Pu"] = fraction of plutonium ions in the +i valence state 
fuel 

(i = 3,4) in the solid 
Q' = heat of transport of oxygen in the fuel 
Q* = heat of transport of plutonium in the fuel 

q = cation fraction of plutonium in mixed-oxide fuel 
(i.e., the Pu/U + Pu ratio) 

q, = plutonium fraction in as-fabricated fuel 
Aq = plutonium enrichment (in excess of q o )  on  the 

hot face of a migrating pore 
R = gas constant 
r = radial position in fuel pin 

ro = radius of the central void 
(s) = solid phase 

AS" = standard-state entropy change of reaction 
A 6  = partial molar entropy of oxygen in the fuel 

t = time 
T = temperature 

[U"] =fraction of uranium ions in the +i valence state 
(i = 2, 4, 5, 6 )  in the solid 

Vp, = valence of plutonium in mixed-oxide fuel 
Vu = valence of uranium in mixed-oxide fuel 

vp = pore migration velocity 
x = deviation of the oxygen-to-metal ratio from 2 
z = distance along the temperature gradient, o r  dis- 

tance ahaad of a migrating pore 

Greek letters 

(Y = the rmal-di ff usi on factor 
A€ = emf of electrochemical cell 

= chemical potential 

Subscripts 

0 = atomic oxygen 
O2 = molecular oxygen 
Pu = plutonium 
U = uranium 

vap = vaporization 
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11.10 PROBLEMS 

11.1 The final step of the sintering process in the 
fabrication of oxide fuel elements for thermal reactors is 
the adjustment of the oxygen-to-uranium ratio by heating 
the element in a controlled atmosphere of hydrogen gas and 
water vapor. 

The stoichiometry of uranium dioxide can be con- 
trolled by contacting the solid with a gas mixture contain- 
ing a well-defined ratio of H z O  t o  Hz.  Near perfect 
stoichiometry, the oxygen potential of U02+. ,  is deter- 
mined by 

A K  = -523 + 6.7 X 104x 

A T  = -121 + 2.8 X 1 0 4 x  

kJ/mole 

J mole-' O K - '  

The standard free energy of formation of water vapor is 
given by 

If the gas contains equal partial pressures of water vapor 
and hydrogen, what is the deviation from exact stoichiom- 
etry, x ,  a t  1500"K? 

11.2 Owing to a processing fault during fuel fabrication, 
the UOz in a Zircaloy-clad fuel rod for a LWR has an O/U 

ratio of 2.05. However, the fuel in this rod contains an 
unusually low level of carbon and hydrogen impurities so 
that none of the usual gases responsible for oxygen 
redistribution are present in the hot fuel element. Assume 
that when the rod is brought to power in the reactor the 
fuel at a particular axial section has center-line and surface 
temperatures of 2500'K and 1000"K, respectively. The 
temperature distribution may be approximated as para- 
bolic, and n o  central void is formed. Oxygen redistribution 
occurs by virtue of a radially independent oxygen-gas 
pressure that permeates the fuel element via cracks in the 
fuel. The partial molar enthalpy and entropy shown in 
Fig. 11.10 can be approximated by 

A& = -272 kJ/mole 

A% = -1OOOx J mole-' OK" 

(a) Determine the constant oxygen partial pressure at  
this particular axial section of the fuel. 

(b) Calculate and plot the O/U ratio as a function of 
fractional radius of the fuel. 

(c) Is the oxygen potential at  the fuel surface sufficient 
to oxidize zirconium? Why would the cladding not suffer 
catastrophic corrosion and early failure under these condi- 
tions? 

11.3 (a) A mixed oxide fuel contains 5 ppm (by weight) 
of carbon impurity. If one-half of the carbon is vaporized 
to form CO and C 0 2 ,  what is the total pressure of these 
gases in the fuel-element design of Fig. 10.4? 

(b) A sample of  UOZ.oos containing 44 ppm (by 
weight) of carbon is heated in a closed container t o  1500°K. 
All the carbon is converted either to CO or  C 0 2  that is 
contained in the gas phase contacting the solid. Calculate 
the stoichiometry of the oxide (i.e., x in UO,..) and the 
Co, /CO ratio in the gas phase (7) after complete equilib- 
rium of the system is reached. Use the oxygen potential 
given in problem 11.1. 

11.4 Calculate the partial pressure of atomic oxygen in 
equilibrium with the mixed oxide ( Uo .8 Puo .2 )O, .9 at 
2241°K. Use Rand-Markin thermodynamics. 

11.5 Consider UOz .z a t  1600'C. 
(a) According to the data of Fig. 11.10, what is the 

equilibrium partial pressure of oxygen over this fuel? How 
does this result compare with the value obtained from 
Fig. 11.6? 

(b) Suppose UOz .z is cooled at  constant oxygen partial 
pressure from 1600°C. At what temperature does a second 
phase precipitate out? What are the compositions of the 
coexisting phases present at  this point? 

(c) Suppose U0z.z  is cooled down from 1600°C to  
800°C in a closed container. What phases are present at the 
lower temperature, and what is the fraction of each phase? 



Chapter 12 

Behavior of Solid Fission Products 
in Oxide Fuel Elements 

Insofar as the materials performance of oxide fuel 
elements is concerned, the behavior of the fission products 
is important for the following reasons: 

1. The chemical state of the fission products (i.e., 
element, oxide, or complex compound) influences the 
availability of oxygen within the fuel rod, which in turn 
controls the oxygen potential of the fuel. This thermo- 
dynamic quantity is of paramount importance in deter- 
mining whether the fuel can react chemically with the 
cladding. Such reactions, if they occur, result in corrosion 
of the metal and consequent weakening of the cladding. 

2. The physical state of the fission products, in conjunc- 
tion with their chemical characteristics, determines the 
volume occupied by these species. If the volume of the 
irradiated fuel is greater than that of the fresh fuel that was 
consumed, the resulting swelling can cause the fuel to  exert 
a contact pressure on the cladding. 

3. A portion of the gaseous fission products (xenon and 
krypton) is not retained in the fuel but escapes to  the 
plenum region of the fuel element. The pressure inside the 
fuel element produced by the released fission gases contrib- 
utes t o  the internal stresses on the cladding. The ratio of 
the volume of the plenum to that of the solid oxide inside a 
fuel element is chosen so that the pressure due to  the 
released fission gases does not become large enough to  
rupture the cladding. 

4. Fission products can affect fuel properties, such as its 
thermal conductivity and melting point, thereby influ- 
encing the thermal performance of the fuel rod. Accumula- 
tion of xenon and krypton in the fuel-cladding gap reduces 
the thermal conductance of the gap, which was originally 
filled with helium. 

The magnitude of the potential problems arising from 
the introduction of fission products into the fuel depends 
on the expected concentrations of the fission products. The 
design bumup of LMFBR fuel is 10%. Since each heavy- 
metal atom that has fissioned produces two fission frag- 
ments, the fuel a t  end-of-life will consist of nearly 20% 
fission products (excluding oxygen) in a complex mixture 
of chemical and physical states. 

12.1 ELEMENTAL YIELDS OF FISSION 
PRODUCTS 

Analysis of the effect of irradiation on fuel perfor- 
mance requires information on the quantities of fission 
products of various types produced. The probability per 
fission of directly forming a particular nuclide is defined as 
the independent fission yield of the nuclide. Since the 
isotopes produced directly from fission are radioactive and 
generally short-lived, they are transmuted to  other ele- 
ments. Because the predominant mode of fission-product 
decay is by beta and gamma emission, the decay process 
does not change the mass number of the species. Thus, 
fission can be considered to  produce decay chains contain- 
ing many nuclides of the same mass number. 

The overall fission yield of a particular nuclide includes 
the contribution due to  beta decay of the precursors in the 
mass chain in addition to  the independent yield of the 
nuclide. The cumulative yield of an isotope zMA is the sum 
of the independent yields of all members of the mass chain 
with atomic numbers less than or equal to  Z: 

where (cy) and (iy) denote the cumulative and independent 
yields, respectively. The cumulative yield of the last 
member of a chain (i.e., the stable member) is the sum of 
the independent yields of all nuclides of the chain and is 
referred to  as the chain yield yA : 

As an illustration of the modes of the fission-product 
decay, Fig. 12.1 shows the mass chains a t  133, 135, and 
137, each of which contains cesium. The figure shows the 
half-lives of the members of the chain and the measured 
cumulative yields a t  various points along the chain. As one 
proceeds down the chain, the cumulative yield increases 
primarily because fission produces later chain members as 
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Fig. 12.1 Decay chains containing cesium (mass numbers 133 ,135 ,  and 137) from thermal-neutron fission 
of 3 5  U. Underlined numbers give the cumulative fission yields. The last yield of the chain represents the 
chain yield. Lower yields for earlier chain members may be  due to  (1) direct formation in fission of later 
chain members, (2) chain branching, or (3)  experimental uncertainty. The last reason accounts for instances 
in which an early chain member has a higher yield than a subsequent member. Where more than one decay 
mode has been observed, the branching ratios are shown on the arrows. Parentheses indicate that the 
nuclide probably occurs in fission but has not been observed. [From S. Katkoff, Nucleonics, 18: 201 
(1 9 60). 1 

abundant chains are seen to  depend very slightly on the 
spectrum of the neutron flux (thermal or  fast) bu t  much 
more significantly on the fissile species (uranium or 
plutonium). In plutonium fission the low-mass-number 
peak is shifted to higher mass numbers compared to 
uranium fission. 

The materials aspects of fuel performance are deter- 
mined by the quantity of a particular chemical element that 
is released by fission, irrespective of the mass chain in 
which the element is located. For  example, from a chemical 
or  material point of view, ’ Cs, Cs, and 7Cs are 
equivalent.* We are concerned with the total quantity of a 
particular element formed after an irradiation time t,,,. The 

80 100 120 140 160 ratio of the number of atoms of a particular chemical 
element present a t  irradiation time ti,, t o  the number of 

Fig. 12.2 Chain yields as a function of number of the heavy-metal atoms that have fissioned is called the elemen- 
,,hain for fast- and thermal-neutron flux spectra and for tal yield of the species. Because of the different half-lives of 

39Pu. [From J. H. Davies and F. T. Ewart, 
J .  Nucl. Muter. ,  41: 1 4 3  (1971).] *The migration of different isotopes of a chemical 

species can differ because of the mobility of the precursors. 

(see Fig. 12.1), which can exhibit very high mobilities in 
the fuel. Thus, because of the 5.3-day half-life of 133Xe ,  
13 3 cs may be found far from the location of the fission 
event that produced the mass-133 chain. Cesium-137, on  
the other hand, would be expected to be produced very 
close to  the position of the fission because its xenon and 
iodine precursors are short-lived. 

MASS NUMBER 

3 5  U and 

well as the first Note that the half-lives of the The precursor Of the cesium isotopes are xenon isotopes 

constituent nuclides in each chain generally become larger 
as the end of the chain is approached. All chains terminate 
in a stable species. 

The chain yields (the last underlined numbers in the 
decay schemes in Fig. 12.1) are plotted in Fig. 12.2 as a 
function of the mass number of the chain. The yields of the 
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the various nuclides in the decay chains, the elemental 
yields can be functions of irradiation time. In a thermal 
flux some fission products have cross sections of sufficient 
magnitude such that removal of the species by neutron 
absorption is competitive with radioactive decay (' Xe 
and ' 3 5  Xe in the decay schemes of Fig. 12.1 are examples 
of such fission products). In these cases the concentration 
of the stable members of the chain depends on the 
magnitude of the thermal flux as well as the irradiation 
time.' In a fast flux, however, neutron absorption by the 
fission products is of no consequence. 

The number of heavy-metal atoms in a unit volume of 
fuel which have been Fissioned during constant power 
operation to time tirr is Ftirr where F is the fission rate per 
unit volume. The elemental yield of chemical species is 
given by 

(12.1) 

where Ni,A is the concentration of chemical element i 
resulting from the decay chain at  m a s  number A .  Because 
two fission products are produced per fission, 

C Y i  = 2 
i 

Computation of the nuclide concentrations will be illus- 
trated for the case of cesium. 

Since irradiation times of the order of months or  years 
are of interest in materials performance, the complex decay 
chains can be simplified by neglecting species with half-lives 
shorter than -1 day. Thus the mass-133 decay chain in 
Fig. 12.1 reduces to  

133. fission + 5.3-day Xe stable Cs 
6.6 

The growth of Xe is governed by 

%= y 1 3 3 F - A x e N ~ e  
d t  

where NXe and A x e  are the concentration and decay 
constant of ' Xe, respectively, and y1 is the yield of 
the mass133 chain. The independent yield of 1 3 3 C s  is 
negligible. This differential equation can be integrated to  
yield 

The tptal concentration of both members of this chain is 
y I  33Ftirr;  thus the concentration of the last member is 
y1 3 3  Ftirr - Nxe .  Or the concentration of cesium due to  
fission into the mass-133 chain is 

Similarly, the mass-135 and -137 decay chains can be 
simplified to 

135. fission + 2.6 x l o 6  year I 'Cs 
6.4 - 

137. fission -+ 30-year ' 

Cs and ' 

Cs 
6.2 

Since the half-lives of Cs are long compared 
to typical irradiation times, radioactive decay of these 
isotopes can be  neglected, and they can be treated as stable 
products. Their concentrations after irradiation time tirr are 

N C s , 1 3 5  = Y135Ft i r r  (12.4) 

- 

and 

N C s , 1 3 7  = Y137Ft i r r  (12.5) 

Substitution of Eqs. 12.3 to 12.5 into Eq. 12.1 results in 

If the irradiation time is several times longer than the 
5.3-day half-life of Xe, the term in parentheses in the 
preceding equation can be  approximated by unity, and the 
cumulative yield of cesium becomes 

Y c S = y 1 3 3  + Y 1 3 5  ' Y 1 3 7  (12.6) 

Computations such as those just described can be per- 
formed for all chemical elements in the fission-product 
mixture. Essentially all elemental yield formulas can be 
approximated by the sums of chain yields as in Eq. 12.6; 
thus the Yi is independent of irradiation time. 

Table 12.1 summarizes the elemental yields for the 
fission of uranium, plutonium, and a typical LMFBR 
mixed-oxide composition. The elements have been col- 
lected into groups that exhibit similar chemical and 
physical behavior in the irradiated fuel. The yields of the 
noble metals ruthenium, technetium, rhodium, and palla- 
dium are nearly a factor of 2 larger in the case of 
plutonium fission than the yields of these elements in 
uranium fission. In compensation the yields of elements 
such as zirconium, molybdenum, and yttrium are 
smaller in plutonium fission than in uranium fission. This 
shift has important ramifications in the chemical behavior 

Table 12.1 Elemental Fission-Product Yields in a 
Fast-Neutron Spectrum 

Elemental yield 
- 

15% 2 3 9 P ~ t  
Chemical group 3 5  U* 3 9  Pu* 85% * 38 U 

Zr + Nb 
Y + rare earths$ 
Ba + Sr 
Mo 
Ru + Tc + Rh + Pd 
Cs + R b  
I + Te 
Xe + Kr 

0.298 
0.5 34 
0.149 
0.240 
0.263 
0.226 
0.012 
0.251 

0.204 0.219 
0.471 0.493 
0.096 0.109 
0.203 0.206 
0.516 0.456 
0.189 0.209 
0.070 
0.248 

*All elements with elemental yields greater than 1% are 
included. The groups shown in the table account for all but about 
2% of the fission products. [Af te r  L. Burris and J. Dillon, Estima- 
tion of  Fission Product Spectra in Discharged Fuel from Fast 
Reactors. USAEC Reoort ANL-5742. Areonne National Laboratorv. - 
June (1957).1 

T J .  H. Davies and F. T. Ewart. J.  Ntrcl. MatPr., 41: 143 (1971) .  
$ Lanthanum, cerium, praseodymium. neodymium, promethium. 

samarium, europium, and gadolinium. 



of irradiated fuel, since the noble metals d o  not combine 
with oxygen, whereas zirconium, molybdenum, and yt- 
trium can chemically bind oxygen released by the destruc- 
tion of the fissile heavy metals uranium and plutonium. The 
elemental yields from fission of the mixed-oxide fuel fall in 
between the yields for pure uranium and pure>.plutonium. 
They are generally closer t o  the plutonium yields than to 
the uranium yields because plutonium is the principal fissile 
species in fast reactor fuel. However, since some fissions 
occur in the fertile 2 3 s U ,  the mixed-oxide yields d o  not 
correspond exactly to plutonium values. 

12.2 PHYSICAL STATE OF THE FISSION 
PRODUCTS 

Macroscopic quantities of fission products are created 
in high burnup fast reactor fuels. Indeed, some solid fission 
products agglomerate into separate phases large enough to 
be seen with the unaided eye. Identification of the 
chemical composition and the  accurate location of the 
fission products along the radius of the fuel element were 
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made possible by the advent of the electron microprobe, a 
sketch of which is shown in Fig. 12.3. In  this device a very 
fine beam of high-energy electrons (-15 kV) is focused on  
a small spot on the surface of a sectioned piece of irradiated 
fuel or  cladding. Typical spot sizes are 1 pm in diameter. 
The high-energy electrons induce transitions in the inner 
electron shells 'of the atoms on  the surface of the sample. 
Filling of these shells produces the characteristic X rays of 
the elements. The spectrum of the X rays is obtained by a 
crystal spectrometer. Identification of the element is 
accomplished by the Ma or MP lines for uranium and 
plutonium and by the La lines for fission-product elements. 
Quantitative determination of the concentrations of each of 
the elements present is made by comparing the intensity of 
the characteristic X-ray peaks with the intensity of a 
standard containing a known quantity of the element in 
question. 

Conventional metallographic and electron-microprobe 
techniques have shown that solid fission products are 
located principally in the following three 

1. The oxide matrix of the original fuel, which 
contains the rare-earth fission products, yttrium, some of 

ELECTRON GUN 3 

SPECIMEN ILLUMINATION 

AND VIEWING 

- - - - - - - - - - - - - 
- - - - - - - - - 

MIRROR OBJECTIVE 

Fig. 12.3 Schematic diagram of the electron microprobe. [After B. T. Bradbury e t  al., Roc.  Brit. Ceram. 
SOC., 7: 311 (1967).] 
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the zirconium, niobium, and part of the molybdenum. 
These fission products are present as oxides which are in 
solid solution in the uranium and plutonium oxides of the 
fuel. 

2. Metallic inclusions in grain boundaries of the colum- 
nar grain region or large metallic ingots within the central 
void. This phase is a homogeneous alloy of the‘noble metals 
ruthenium, technetium, rhodium, and palladium and con- 
tains, in addition, the remainder of the molybdenum. The 
metallic inclusions are shown in Fig. 12.4. This phase has a 
density of -11 g/cm3, and a fabricated alloy of the same 
composition as the inclusions taken from the irradiated fuel 
was observed to melt at 1800 to 1900°C. The accumulation 
of the inclusions in the central void suggests that the small 
metallic particles can migrate up the temperature gradient, 
although the mechanism by which they d o  so is unknown. 

The composition of the metallic inclusions measured by 
the electron microprobe is shown in Table 12.2. The first 
two rows represent analyses of inclusions extracted from 
U02 fuel. The proportions of the elements in the ingots are 
approximately equal to those expected from their elemen- 
tal yields, which suggests that all these fission products have 
agglomerated into the inclusions. The last two rows of 
Table 12.2 show the composition of ingots taken from the 
mixed oxide (Uo,8Puo,2)02. The inclusions contain less 
molybdenum than was found in ingots extracted from 
irradiated U 0 2 ,  in agreement with the reduced molybde- 
num yield compared to  noble-metal yields in fuels contain- 
ing fissile plutonium. The very low molybdenum content of 
the inclusion studied by O’Boyle, Brown, and Dwight,6 
however, suggests that not all of this element is contained 
in the metallic inclusion. The remainder of the molybde- 
num is in the fuel matrix. 

Table 1 2 . 2  Composition of the Metallic Inclusions Found 
in Irradiated Oxide Fuels 

Composition, at. % 

Fuel M o  Ru Tc Rh Pd Ref. 

uoz 60 24 1 6  2 
uo2 55 22 17 6 3 
( U O . ~ P U ~ . ~ ) O ~  43  32 16  7 2 4 
( U ~ . ~ P U O . ~ ) O ~  21 48  17 12  2 6 

3. A separate oxide phase, insoluble in the fuel matrix, 
which contains the alkaline earths barium and strontium, 
the remainder of the zirconium, and occasionally cerium. 
The oxides BaO and SrO are insoluble in the actinide oxides 
primarily because of the large ionic radius of Ba2+ and Sr” 
ions. In the presence of zirconium, however, the stable 
forms of the oxides are the zirconates BaZr03 and SrZr03 ,  
which account for the presence of zirconium in the alkaline 
earth oxide phase. Cerium is observed in this phase because 
it is the stable product of the mass-140 decay chain, which 
includes 12.6-day 40Ba. The half-life of this precursor is 
apparently long enough to  permit this element to enter the 
alkaline earth oxide phase where i t  eventually transmutes to  

Ce. The latter tends to move into the fuel matrix where 
i t  is thermodynamically most stable. The continual produc- 

Fig. 12.4 Agglomerates of noble-metal fission products in 
irradiated mixed-oxide fuel. (a) Metallic inclusions (white). 
[From J. I. Bramman e t  al., J .  Nucl. Mater., 25: 201 
(1968).] (b) Longitudinal section through the bottom end 
of the fuel element showing the fission-product ingots in 
the central void. Arrows indicate small ingots attached to  
the wall of the central void. [From D. R. O’Boyle et al., 
J.  Nucl. Muter., 35: 257 (1970).] 
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tion and removal processes result in a small steady-state 
concentration of cerium in the alkaline earth oxide phase. 
Figure 12.5 shows the locations of this phase. I t  accumu- 
lates at  the boundary between the columnar-grain and 
equiaxed-grain regions of the irradiated fuel, and a solid 
plug of the material has been observedJ in.,the central void. 

4. Other Phases. In addition to the oxide matrix and the 
insoluble metallic and oxide inclusions, fission products are 
located in other phases within the fuel element. The gas 
spaces within the fuel-cladding gap, cracks, and connected 
porosity in the fuel and the plenum contain the fission 
gases xenon and krypton. Another type of metallic inclu- 
sion of the general formula MN3, where M stands for 
uranium o r  plutonium and N denotes rhodium or  palla- 
dium, has been r e p ~ r t e d . ~ . '  This type of intermetallic 
compound is thermodynamically stable enough to  result in 
reduction of the U 0 2  and P u 0 2  to  metals. Finally, as a 
consequence of corrosive attack, some cesium and molyb- 
denum have been found in the grain boundaries of the 
cladding. 

12.3 CHEMICAL STATE OF FISSION 
PRODUCTS IN OXIDE FUELS 

The fundamental questions concerning the chemical 
state of fission products in an oxide fuel element are the 
following: given the plutonium-to-uranium ratio and the 
initial oxygen-to-metal ratio of the fuel and the tempera- 
ture, what chemical compounds are formed by the fission 
products? and where in the fuel element are they located? 
The answers to these questions lie principally in the affinity 
of the fission products for oxygen, which can be expressed 
by the equilibrium oxygen pressure for the reaction 

(12.7) 

where the symbols (FP) and (FP)On denote a 
fission-product element and its oxide, respectively. The 
valence of the fission-product cation in the oxide form is 
2n. For  the purpose of classifying the fission products as 
oxides or  elements, we may take the states of the element 
and the oxide to be pure single components and disregard 
for the moment the possibility that either of these two 
forms might be mixed with the fuel or  with other fission 
products. Such an assumption provides an easily applicable 
but fairly reliable guide to the chemical state of the 
fission-product species. 

By considering the fission products and their oxides to 
be pure substances, we have put them in their thermo- 
dynamic standard states; so the free energy of reaction 
(Eq. 12.7) is equal to the tabulated free energy of forma- 
tion. Furthermore, the oxygen pressure a t  which both the 
element and the oxide coexist is given by applying the law 
of mass action to  Eq. 12.7, which yields 

(12.8) 

where AG& is the free energy of formation of the 
fission-product oxide per mole of oxygen a t  temperature T. 
At 1500"K, for example, the free energy of formation of the 
least stable solid fission-product oxide (PdO) is +50 

kJ/mole of 0 2 ,  whereas that of the most stable one 
(La203)  is -960 kJ/mole of 0 2 .  If Eq. 12.8 is applied, the 
equilibrium oxygen pressure over a mixture of Pd and PdO 
at 1500°K is found to be 50 atm, whereas that over a 
La-La2 O 3  mixture at  the same temperature is 35 orders of 
magnitude smaller. 

Whether or  not a particular fission product is stable as 
an element or an oxide in the presence of the fuel depends 
on the difference between the free energy of formation of 
the fission-product oxide and the oxygen potential of the 
fuel. Reference to Fig. 11.2 shows that the oxygen poten- 
tials of  mixed-oxide fuels are roughly bounded by -170 
and -670 kJ/mole. If the free energy of formation of the 
fission-product oxide is smaller than -670 kJ/mole, the 
element will be capable of removing oxygen from the fuel 
matrix and forming a stable oxide. On the other hand, 
fission products for which AGgp is larger than approxi- 
mately -170 kJ/mole will exist as elements in the fuel 
under all reactor conditions. According to  these qualitative 
arguments, palladium should always be found as a metal 
and lanthanum as an oxide. 

Comparison of the oxygen potentials of the fuel with 
the free energies of formation of fission-product oxides is 
facilitated by use of Figs. 12.6 and 12.7. Figure 12.6 is a 
graph of the oxygen potential A% = R T  In po, for 
mixed-oxide fuels as a function of temperature for various 
valences of uranium or plutonium. The lines in the figure 
were obtained by using the partial molar entropy and 
enthalpy data of Figs. 11.13 and 11.14 in conjunction with 
Eq. 11.14. The upper set of lines represents hyperstoichio- 
metric mixed oxide. The uranium valence, which controls 
the oxygen potential of this type of fuel a t  a given 
temperature, is listed next t o  the lines. Hypostoichiometric 
fuel, in which the plutonium is reduced to a valence less 
than 4, is represented by the lines a t  the bottom. 

Figure 12.7 shows the free energies of formation of the 
fission-product oxides on the same scale as that used for the 
fuel oxygen potential (Fig. 12.6). Some fission products 
have multiple oxidation states (e.g., N b 2 0 5  and N b 0 2 ,  
C e 2 0 3  and Ce02) ,  bu t  only one is shown. 

Comparison of the two plots permits one to decide 
whether a particular fission product is stable as an oxide for 
a particular set of fuel conditions represented by a point on 
Fig. 12.6. If the free energy of formation of the fission 
product in question lies below the fuel oxygen potential, 
the oxide will be formed. If the fission-product point is 
above the fuel point, the former will be present as an 
element. 

Using arguments of this type, one can examine all the 
fission products for the stability of their oxides in the 
presence of the oxides of the fissile species. In most cases 
the decision is rather clear-cut. There is, however, a good 
deal of uncertainty in assigning the valence of the impor- 
tant fission-product molybdenum. The free energy of 
formation of Mooz is very close to that of stoichiometric 
mixed oxide, and this fission product may be present either 
as an element or  an oxide (or both simultaneously). In  
hypostoichiometric fuel the oxygen potentials are low 
enough to reduce Moo2 to molybdenum metal, and the 
high oxygen pressure over hyperstoichiometric fuel favors 
formation of Moo2. For nearly stoichiometric fuel, molyb- 
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P R 0 DUCTS 

Fig. 12.5 Alkaline earth oxide phase in irradiated (U,Pu)02. (a) As small inclusions (gray spots) at 
boundary between equiaxed and columnar grains. [From D. R. O’Boyle et al., J.  Nucl. Mater., 29: 27 
(1969).] (b) As solid plug filling the central void. (From R. N. Duncan et  al., in Proceedings o f  the 
Conference on Fasl Reactor Fuel Element Technology, New Orleans, p. 291, American Nuclear Society, 
Hinsdale, Ill., 1971.) 
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Fig. 12.6 Oxygen potentials of mixed-oxide fuels (taken 
from Figs. 11.13 and 11.14 and Eq 11.14). 

denum is distributed between the fuel matrix (as Moo2) 
and the metallic inclusions (as Mo). I t  thus performs a role 
similar t o  that of a buffer in aqueous chemistry; it prevents 
drastic changes in the oxygen potential of the fuel by 
converting between element and oxide. 

Note that the free energy of formation of cesium oxide 
becomes comparable to the oxygen potential of near- 
stoichiometric fuel a t  temperatures between 500 and 
1000°K. It is thus thermodynamically possible for Cs2 0 to 
form in the coolest parts of the fuel rod, particularly in the 
fuel-cladding gap. 

Table 12.3 summarizes the most probable physical and 
chemical states of the abundant fission products in oxide 
fuels with oxygen-to-metal ratios not too  far from 2.00. I t  
should be  emphasized, however, that the assignments in 
Table 12.3 can be significantly altered if the fuel is either 
highly hyper- or  hypostoichiometric. 

The manner by which the soluble fission-product oxides 
enter the fuel matrix is of some importance. The fission- 
product cations dissolve in the fluorite structure of the 
actinide oxides as substitutional ions; that is, they replace a 
uranium or  plutonium on a normal cation lattice site. When 
a 4+ valence fission product such as Zr4+ enters the lattice 
in this manner, no  change in the electrical neutrality of the 
crystal is involved. However, if the charge on the fission- 
product cation is different from that of the host ions, the 
lattice must somehow be altered to  maintain electrical 
neutrality. 

In  their pure states, the rare earths form oxides of the 
general formula M2 O3 (sesquioxides). Assuming that the 
rare-earth cations keep a 3+ charge when dissolved substitu- 
tionally in the actinide oxide, the crystal can respond to the 
smaller cationic charge in one of the two ways shown in 
Fig. 12.8. This figure shows a perfect U 0 2  lattice and 

possible crystal configurations after replacement of two U4+ 
ions by cations of valence 3+. To maintain the local charge 
balance, an oxygen ion may be removed from the lattice, 
thereby creating an anion vacancy [Fig. 12.8(b)]. This is the 
only manner in which ionic crystals composed of ions of 
fixed valence can adjust t o  the introduction of an impurity 
ion of different'charge (see Fig. 6.8). Alternatively, electri- 
cal neutrality can be maintained without removal of an 
oxygen ion by the oxidation of two uranium ions from the 
4+ to the 5+ state (or by oxidation of one U4+ to U6+). This 
mechanism is shown in Fig. 12.8(c). Whether replacement 
of U4+ by a trivalent cation results in an anion vacancy or 
oxidizes the uranium ion depends on  the prevailing oxygen 
potential. We have seen in Sec. 11.4 that U4+ can be 
transformed into U5+ or U6+ only when the oxygen 
potential of the environment is sufficiently large. When 
AGT? is low, all uranium in the solid remains in the 4+ 
valence state, and the extra negative charges required by the 
replacement of U4' by the trivalent ion (e.g., La3+) is sup- 
plied by the rejection of neutral oxygen to  the environment 
according to 

LNd203,Srn203.and L a 2 0 3  
-1200 1 I I I ,  

~~ 
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Fig. 12.7 Standard free energies of formation of high-yield 
fission products. - - -, extrapolations of data. [From D. R. 
O'Broyle et al., J. Nucl. Mater., 29: 27 (1969).] . / 
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Table 12.3 Probable Chemical and Physical States of Fission Products 
in Near-Stoichiometric Mixed-Oxide Fuel 

Chemical group Physical state Probable valence 

Zr and Nb* 

Y and rare earths? 
Ba and Sr 
Mo 

Ru, Tc, Rh, and Pd 
Cs and Rb 

I and Te 

Xe and Kr 

Oxide in fuel matrix; some Zr in 

Oxide in fuel matrix 
Alkaline earth oxide phase 
Oxide in fuel matrix or element in 

Elements in metallic inclusion 
Elemental vapor or separate oxide 

phase in cool regions of fuel 
Elemental vapor; I may be combined 

with Cs as CsI 
Elemental gas 

alkaline earth oxide phase 

metallic inclusion 

4+ 

3+ 
2+ 
4+ or 0 

0 
1+ or 0 

0 o r  1- 

0 

*Although the most common oxide of niobium is Nb, 0,. the dioxide NbO, has been assumed 
to be  stable in the fuel. The choice of niobium valence is not critical since its elemental yield is 
only 4%. 

?Cerium has a 4+ valence state and may be stable as CeO, in fuels of high oxygen potential. 
This element has also been found in the alkaline earth oxide phase. 

@@a@ @a@@ 
@ @ @ @  @@a@ 
@@@a @ @ @ @  

or 

( C )  

Fig. 12.8 Two-dimensional representation of methods of 
maintaining electrical neutrality when La3+ is introduced 
into UOz. (a) Perfect U 0 2  lattice. (b) Removal of oxygen 
ions. (c) Oxidation of U4' t o  Us' or U6+. 

where 0;- represents a lattice oxygen ion and 0 denotes an 
anion vacancy. The solid solutions prepared by dissolving 
Y z 0 3  in U 0 2  have been found to increase the concentra- 
tion of anion vacancies in the manner predicted by this 
mechanism, which is shown in Fig. 12.8(b). 

At high oxygen potentials the extra electronic charge 
required to accommodate a trivalent ion in place of a U4+ 
ion is supplied by promotion of a nearby U4+ ion to the 5+ 
or 6+ valence state: 

When trivalent rare-earth ions are created in situ by fission 
of uranium, electrical neutrality of the lattice appears to be 
maintained by increasing the valence of the remaining 
uranium ions in the manner shown in Fig. 12.8(c). 

When the system is subject to oxygen potentials that  d o  
not clearly favor either of the extreme responses described, 
a mixture of higher valence uranium ions and oxygen 
vacancies can result from the replacement of U4' by 
trivalent cations. 

The alkaline earth cations Ba2+ and Sr" do  not produce 
analogous oxidation of the heavy-metal cations since these 
fission products form a separate phase rather than dissolve 
in the fuel matrix. 

12.4 EFFECT OF BURNUP ON THE OXYGEN 
POTENTIAL OF THE FUEL 

The fission process produces twice as many atoms of 
fission products as the number of uranium and plutonium 
atoms destroyed. The oxygen atoms in the fuel, however, 
are not affected by the nuclear processes that are a 
consequence of neutron irradiation. Thus, as a result of 
fission, two atoms of oxygen are released for each 
heavy-metal atom destroyed. Some of the oxygen so 
liberated may combine with fission products and form the 
oxides of these elements shown in Table 12.3. Not all the 
fission products accept oxygen, however, and those that do  
may form oxides of a lower oxygen-to-metal ratio than that 
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of the actinide metals (for which the ratio is approxi- 
mately 2). Even though two fission-product atoms are 
produced for every actinide atom destroyed, they are on  
the average not efficient enough in chemically combining 
with oxygen to  use all the oxygen that is released by 
fission. The excess oxygen dissolves in the fuel matrix, 
where it increases the valence of the uranium o r  the 
plutonium; thus, fission can be regarded as an oxidizing 
process. The net effect of bumup is to  render the fuel more 
hyperstoichiometric than the fresh fuel or t o  increase the 
oxygen potential of the fuel. 

The ultimate purpose of analysis of the effect of 
burnup on  the chemical state of the fuel is to permit 
prediction of the evolution of the spatial distribution of the 
oxygen potential, A G O , ,  during irradiation. To accomplish 
this goal, we need the following information: 

1. The decrease in the concentrations of uranium and 
plutonium and the increase in the concentrations of the 
oxygen-consuming fission products as a function of bumup. 

2. The chemical and physical states of the fission 
products, as described in Table 12.3. 

3. The extent of redistribution of oxygen, the heavy 
metals, and the fission products axially and radially in the 
fuel as a function of bumup. 

4. The thermochemistry of the equilibria assumed to 
be established between the fission-product-contaminated 
fuel and the gas phase contained in cracks or  fissures in the 
fuel. 

5. The extent of chemical attack of the cladding, which, 
if i t  occurs, provides a means of removing oxygen and 
perhaps some fission products from the oxide fuel. 

In this section we treat an idealized situation in which 
migration of the fuel constituents, gas so l id  equilibria, 
and fuel-cladding reaction are neglected. The following 
section describes the effects of items 3 through 5. 

__ 

12.4.1 Concentration Changes During 
Burnup 

Figure 12.9 shows a unit volume of unirradiated 
mixed-oxide fuel material that contains N L  atoms of 
uranium and N;u atoms of plutonium. The number of 
oxygen atoms in the fresh fuel is 

(12.9) 

where O/M is the oxygen-to-metal ratio of the as-fabricated 
fuel. The initial cation fraction of plutonium is 

. -0 
(12.10) 

During irradiation a t  constant temperature, none of the 
fuel constituents (oxygen, heavy metals, or fission prod- 
ucts) leave or  enter the region. Fission-product phases (Le., 
the metallic inclusions and the alkaline earth oxide phase) 
are formed as a result of irradiation. Figure 12.9 also 
depicts the state of the fuel after burnup, p. The fraction of 
the initial heavy-metal atoms which remains is given by 

\ 

(12.11) 

and the ratio of plutonium to  total heavy-metal atoms is 

NP u 
q = ~ u  + N ~ ,  

. . . . . . . 

181 

(12.12) 

Combining Eqs. 12.11 and 12.12 gives the number of 
uranium and plutonium atoms remaining after bumup: 

N U  = ( 1  - q ) ( l  -P)(NOU + G U )  (12.13) 

NpU = q(1  -P)& + N;u) (12.14) 

The value of q depends on  the conversion ratio* and its 
variation with burnup. The conversion ratio must be 
obtained from detailed reactor physics calculations. A 
constant conversion ratio of unity (which means that 
Npu = Ngu)  is attained in some core regions of typical fast 
r e a ~ t o r s , ~  in which case q is given by 

go 
q = -  1 - P  

(12.15) 
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Fig. 12.9 A unit volume of mixed-oxide fuel irradiated as 
a constant mass system. 

Following the classification in Tables 12 .1  and 12.3, the 
fission products are collected into groups characterized by 
particular chemical states. The concentration of fission 
product in a particular group present after burnup is 

Ni = Yip ( N b  + N i u )  (12.16) 

where Yi is the sum of the elemental yields of all fission 
products in group i and Ni includes all of group i that has 
been formed in the unit volume of fuel depicted in 
Fig. 12.9 irrespective of the solid phase in which it occurs. 

12.4.2 Partitioning 'of Molybdenum 
As pointed out earlier, the free energy of formation of 

Mooz is so close to  the oxygen potential of nearly 
stoichiometric fuel that  this fission product cannot be  
unambiguously assigned to the elemental or the oxide 
chemical state. Rather, it is distributed between the oxide 
matrix (as dissolved Mooz) and the metallic inclusions (as 

*The conversion ratio is the ratio of the amount of 
* U to  plutonium produced by neutron capture in fertile 

the amount of plutonium consumed by fission. 
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Mo in the solid solution with the noble metal fission 
products) in concentrations that satisfy the equilibrium 

Mo (sol'n in metal) + O 2  = Moo2 (sol'n in fuel matrix) 

Application of the law of mass action to  this equilibrium 
results in 

f 
aM o = exp (7) -AG; , (12.17) 

a E 0  Po ,  

where AGL, is the free energy of formation of Moo2, 
which is given by the equation of the straight line for this 
species in Fig. 12.7 as 

AGKo = -574 + 164(TjlO3) (12.18) 

The enthalpy and entropy of formation are expressed in 
kJ/mole and J mole-' O K  I ,  respectively. The quantities a f ,  
and a:, are the thermodynamic activities of molybdenum 
in the fuel matrix and in the metallic inclusions, respec- 
tively. For the purpose of the present calculation, we will 
assume that molybdenum forms ideal solutions in these two 
phases; thus, the activities can be replaced by the cation 
fraction of Mo in the fuel matrix (yh , )  and by the atom 
fraction of Mo in the metal phase (YE,).* Equation 12.17 
becomes 

f l Y L  ' 
f j------# 

AG;, = RT lnpo, - RT I n k  ,,/ (12.19) 

The oxygen pressure in Eq. 12.19 is governed by the 
equilibrium of reaction Eq. 11.1, for which the criterion of 
chemical equilibrium is 

yh-o" 

A F  = R T  In po, (12.20) 

Attainment of equilibrium within the container depicted in 
Fig. 12.9 requires that the oxygen partial pressures appear- 
ing in Eqs. 12.19 and 12.20 be equal, o r  

The partitioning of molybdenum between the fuel matrix 
and the metallic inclusions can be described by the quantity 
b o ,  which is defined as the fraction of the total 
molybdenum present which is oxidized to  Moo2. In  terms 
of fM , and the concentrations of the other species present, 
the cation fraction of molybdenum in the oxide matrix is 

f ~ M ~ N M O  
y M O  = N U  + Np, + N Y - R E +  fMoNMo + N z r - ~ b  - N B ~ - s ~  

(12.22) 

where Nu and NpU are the concentrations of uranium and 
plutonium, Ny-RE is the sum of the concentrations of 
yttrium and the rare earths, and NM, is the total 
concentration of molybdenum, irrespective of whether it is 
in the fuel matrix o r  in the inclusions. The difference 
between NZr-Nb and NBa-Sr represents the amount of 
zirconium that is dissolved in the fuel matrix. I t  is the total 
amount of zirconium less the amount contained in the 
alkaline earth oxide phase as BaZr03 or  SrZr03 .  

*The activity coefficients of M o  in the noble metal 
alloy and of MOO* in urania have been estimated (see 
Ref. 18). 

Similarly, the atom fraction of molybdenum in the 
metallic inclusions is 

where NNM stands for the sum of the concentrations of the 
noble metals ruthenium, technetium, rhodium, and palla- 
dium. 

The concentrations of uranium and plutonium can be  
expressed in terms of the burnup, 0, and the enrichment, q, 
by Eqs. 12.13 and 12.14, and the concentrations of the 
various fission-product groups are given by Eq. 12.16 in 
terms of their yields. Substituting these equations and 
Eqs. 12.22 and 12.23 into Eq. 12.21 gives 

(12.24) 

The oxygen potential of the fuel in Eq. 12.24 can be 

AGO, = A H o 2  -T  AS,, (12.25) 

where A F  and A 5  can be obtained as functions of 
heavy-metal valence from Figs. 11.13 and 11.14. Although 
the data represented in these graphs were obtained from 
experiments on unirradiated fuel, they probably apply to 
mixtures of the heavy metals and soluble fission products, 
in which the latter act as diluents of fixed charge. 

The determination of the thermodynamic state of the 
irradiated fuel thus reduces to  a problem containing two 
unknowns: the fraction of oxidized molybdenum (fMo) 
and the valence of one of the actinides (Vpu or  Vu).  Note 
that Vp, and Vu are not both unknowns; one or  the other 
is exactly 4 (see Sec. 11.4). The heavy-metal valence is 
needed to compute A% appearing in Eq. 12.24. 

12.4.3 Oxygen Balance 
Equation 12.24 provides only one relationship between 

the two unknowns. The second equation needed to 
completely determine the state of the system is an oxygen 
balance. Despite the fission process the oxygen concentra- 
tion in the region of Fig. 12.9 is given by Eq. 12.9. The 
oxygen can be located in either of the two oxygen-contain- 
ing phases present in Fig. 12.9(b), and the oxygen balance 
can be written as 

NL = N g a - s r  + NL (12.26) 

where N:a-sr is the amount of oxygen per unit volume of 
total fuel chemically bound in the alkaline earth oxide 
phase and Nfo is the oxygen contained in the fuel matrix. 
These quantities are found by charge balances that ensure 
electrical neutrality of the two oxide phases: 

N:a-Sr = 3 N B  a-S r (12.27) 

The factor of 3 in this relation is due to  the fact that each 
alkaline earth atom binds three oxygen atoms when 
zirconates of the type BaZr03 and SrZr03 are present. 

written as 
- -  ~ 
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If the final state of the fuel matrix is such that Vu = 4 
and Vp, < 4, the charge balance on the fuel oxide phase is 

2NL = 4Nu + Vp,NpU + 4 ( N z r . ~ b  - N g a - s ~ )  

+ 3Ny -R E + 4f, (12.28a) 

The analogous charge balance for the c^ase-.,of Vu > 4, 
Vp, = 4 is 

2Nk = V u N u  + 4Np, + 4 (NZr-Nb - N B ~ - s ~ )  

+ ~ N ~ . R E  + ~ ~ M ~ N M ~  (12.28b) 

The fission-product concentrations in these equations 
can be expressed in terms of the burnup and the elemental 
yields by Eq. 12.16, and the uranium and plutonium 
concentrations are given by Eqs. 12.13 and 12.14. Substi- 
tuting these formulas into Eqs. 12.28a and 12.28b and then 
into the oxygen balance of Eq. 12.26 yields for Vu = 4, 
VP, 4 

and for Vu > 4, Vp, = 4 

Simultaneous solution of Eqs. 12.29a or 12.29b and 
Eq. 12.24 yields fM, ,Ed Vu o r  Vp,. To accomplish the 
solution, we take AGO, from Eq. 12.25 and Figs. 11.13 
and 11.14 and relate q to  q, and p by Eq. 12.15. The 
fission yields are those given in Table 12.1 (or an equivalent 
compilation for fuels of initial plutonium enrichments 
different from 15%). Once the valence of the appropriate 
actinide element has been determined, the oxygen potential 
of the fuel can be computed from Figs. 11.13 and 11.14 
and Eq. 12.25. Note that the fission products that d o  not 
combine with oxygen and are not constituents of the 
metallic inclusions [i.e., the elemental gases in Fig. 12.9(b)] 
d o  not influence the oxygen-potential changes due to 
bumup. 

Figure 12.10 shows the results of applying the preced- 
ing calculation to  the mixed-oxide fuel of initial composi- 
tion ( Uo,  8 Puo. , )O,  .9 6. In the early stages of irradia- 
tion, the oxygen potential of the fuel increases linearly with 
burnup, which demonstrates the oxidizing effect of irradia- 
tion. Concurrently, the plutonium valence steadily rises 
from the value in the fresh fuel (given by Eq. 11.15) toward 
the limiting value of 4. During the low-burnup stage, 
essentially all the fission-product molybdenum is present as 
metal. 

At a critical bumup of -5%, the oxygen potential 
abruptly increases by nearly 125  kJ/mole. At this burnup 
all plutonium has been oxidized to  Pu4+, and Fig. 11.10 
shows that, at the point of exact stoichiometry, the oxygen 
potential decreases very rapidly with further oxidation. For 
p>  5% the uranium valence may begin to  rise slightly 
above 4, since the plutonium can no longer respond to  the 
excess oxygen released by fission by increasing valence, The 
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Fig. 12.10 Effect of burnup on the oxygen potential, 
molybdenum oxidation state, and plutonium valence for 
fuel of initial composition (Uo .85Puo .15)01  . 9 6 .  The ef- 
fects of oxygen, heavy metal, and fission-product migration 
and oxygen reaction with the cladding are not considered. 

middle plot in Fig. 12.10 shows molybdenum gradually 
transforms from metal t o  oxide a t  bumups greater than 5%. 

The critical burnup for initially hypostoichiometric fuel 
can be roughly estimated by setting Vp, = 4 and fM = 0 in 
Eq. 12.29a, which gives 

Equation 12.30 predicts a critical burnup of 4.5% for 
(Uo.s5Puo. l  5)01,96, which is somewhat lower than the 
value obtained from Fig. 12.10. 

have 
performed similar computations for ( U 0 . R P ~ 0 . 2 ) O Z - x .  
They found that the critical burnups for initial oxygen-to- 
metal ratios of 1.99, 1.97, and 1.95 were 1.576, 4.8%, and 
6.776, respectively. As expected, the critical burnup de- 
creases for initial oxygen-to-metal ratios close to  2, since 
the plutonium in the fresh fuel contains less Pu3+ at the 
start than fuels that are initially more substoichiometric. 

C. E. Johnson, I. Johnson, and Crouthamel' 
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12.5 FISSION-PRODUCT MIGRATION 

As a result of the steep temperature gradient in the fuel, 
some fission products can move away from the location of 
the fission event that produced them. Loss or  gain of fission 
products from the region of fuel where they were created 
can substantially alter the oxygen-potential profile in the 
fuel and the swelling due to the solid fission products. 
Because of the broad range of physical and chemical 
properties of the fission products, the extent of migration 
and the mechanism by which it occurs are peculiar t o  each 
species. Some can be transported by processes similar t o  
those responsible for oxygen and actinide redistribution, 
namely, vapor migration and thermal diffusion (Chap. 11). 
The mobility of a particular fission product may depend on 
the properties of its precursor in the fission decay chain as 
well as its own properties. Thus, the migration of cesium is 
undoubtedly influenced by the fact that the precursors of 
this species are gaseous xenon isotopes, some of which have 
appreciable half-lives. The precursors of molybdenum, on 
the other hand, are zirconium and niobium isotopes, which 
are not particularly mobile in oxide fuels. 

The fission products that form oxides soluble in the 
fuel matrix (those contained in the first two groups in 
Table 12.3) show little tendency to migrate in the tempera- 
ture gradient.' ' Modest redistribution of cerium in a 
Ce02-U02 mixture observed in an out-of-pile thermal 
gradient test has been attributed to  thermal diffusion 
(Ref. 12  and See. 11.7). 

The fission products in the last three groups of 
Table 12.3 are most probably present in gas phases over or  
in the fuel. After formation as atomic species from fission, 
they rapidly coalesce into bubbles, which migrate up  the 
temperature gradient t o  the central void (Chap. 13) or  
diffuse to grain boundaries, cracks, o r  interconnected 
porosity in the matrix from which they escape to  the gas 
spaces in the fuel element. The rapid diffusion in the gas 
phase permits the volatile elements to distribute uniformly 
within all open spaces in the fuel element. Except for 
cesium and the fission gases xenon and krypton, there is 
little experimental information concerning the movement 
of the volatile fission products because their low yields 
make detection difficult. 

Cesium is among the least volatile and most chemically 
active of the volatile class of fission products. The vapor 
pressure of cesium is 1 atm at 690°C. Because of the high 
yield of this element, substantial pressures (-1 atm) of 
cesium may develop, and the vapors may condense in cool 
regions of the fuel element. Caldwell, Miles, and Ross' 
found cesium on the bottom end cap and in the plenum 
above the fuel column, which demonstrates appreciable 
migration followed by condensation. The process by which 
elemental cesium migrates is simple distillation. Cesium 
produced in the hot fuel is transported by gas-phase 
diffusion and/or convection to surfaces cold enough to  
reduce the cesium vapor pressure below the prevailing 
partial pressure. Hence, cesium condenses on  the cold 
surface. 

At  the interface between the fuel and the cladding, the 
temperatures are low enough (-700°C) and the oxygen 
potential of the nearly stoichiometric fuel is high enough 

that cesium can react with oxygen to  form the oxide by the 
reaction r' 

b (12.31) 1 
2Cs(g) + - 2 O,(g) = CszO(s) 

The oxide of cesium is very much less volatile than the 
element and probably exists as a solid under these 
conditions. 

In addition to CS, 0, formation of other nonvolatile 
compounds of cesium near the fuel surface has been 
proposed. Cesium may react with the oxide fuel to form 
cesium uranate by the reaction' * 1  

2C~(g)  + 02(g) + U O ~ ( S )  = C S ~ U O ~ ( S )  (12.32) 

The analogous reaction of sodium with the fuel to form 
sodium uranate is of importance in assessing the conse- 
quences of entry of the coolant of an LMFBR into a 
defected fuel pin.' -' ' 

Cesium can also react with other fission products. With 
molybdenum the following reaction has been proposed:' 

2Cs(g) + O 2  (g) + Mooz (sol'n in fuel matrix) 

= Cs2Mo04 (liq) (12.33) 

Finally, cesium can react with fission-product iodine 
according to  

(12.34) 

The free energy of formation of CsI is quite negative; 
thus, this reaction should proceed nearly to completion. 
Since the elemental yield of cesium from fission is about six 
times that of iodine, essentially all the iodine should be 
removed from the gas phase. 

The immobilization of cesium as a nonvolatile oxygen- 
bearing compound is important for several reasons: 

1. By providing a sink for cesium a t  the fuel surface, a 
radial concentration gradient of this element can be 
established. Such a gradient causes cesium produced by 
fission to distill from the hot center of the fuel t o  the 
cooler fuel-cladding interface. 

2. If the compound contains oxygen, the oxygen 
balance is altered in a way that reduces the oxygen 
potential (since Cs' binds some of the oxygen released by 
fission). The discussion in Sec. 12.4 assumed cesium to  be 
in the elemental form. 

3. If cesium is effectively removed from the gas phase 
by formation of a uranate o r  a molybdate, there may not 
be sufficient gaseous cesium remaining to  combine all the 
fission-product iodine by Eq. 12.34. 

4. Incorporation of cesium into a solid phase increases 
the swelling of the fuel. 

5. Cesium compounds (particularly Cs20)  appear to 
accelerate corrosion of the stainless-steel cladding. 

All investigations of cesium migration have demon- 
strated that this element accumulates at  the fuel-cladding 
interface. Figure 12.11 shows the radial distribution' of 

37Cs in three fuel pins that had been irradiated to burnups 
ranging from 2.7 to 6.5 at. 5%. The element designated F2R 
contained fuel in the form of high-density pellets (>94% of 
theoretical density). The elements denoted by HOV-15 and 
SOV-6 were fabricated by vibrationally compacting the 
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Fig. 12.11 Radial distribution of I3’Cs in irradiated 
mixed-oxide fuel pins. 0, F2R. A, HOV-15. 0, SOV-6. 
(From C. E. Johnson et  al., in Proceedings o f  the Confer- 
ence o f  Fast Reactor Fuel Element Technology, New 
Orleans, p. 603, American Nuclear Society, Hinsdale, Ill., 
1971.) 

oxide powder in the cladding. They were of lower density 
(80 to  84% of theoretical density) than the pellet fuel. In 
all three cases the concentration of cesium was greater at  
the outer fuel surface than anywhere else along the radius 
of the pin. In the two vibrationally compacted fuel 
elements, the cesium concentration at  the outer surface was 
approximately two orders of magnitude greater than the 
minimum value, which occurred a t  a fractional radius 
between 0.5 and 0.6. The increase in cesium concentration 
near the central void in these two elements may be due to 
pileup of migrating pores that contain gaseous elemental 
cesium. The denser F2R cesium profile does not show this 
upswing near the central void because its higher density 
means that fewer pores are present. In the vibrationally 
compacted fuel material, the cesium is trarisported up and 
down the temperature gradient simultaneously. Movement 
of closed porosity transports cesium from cold to hot 
regions, and diffusion in cracks and interconnected porosity 
moves cesium from hot t o  cold regions. 

The profile of cesium in the pelleted fuel F2R also 
shows increasing concentration toward the surface but  not 
t o  as large an extent as in the other two fuel elements. This 
difference in the cesium migration behavior of the two 
types of fuel is probably due to  the greater amount of open 
porosity along the temperature gradient in the low-density 
vibrationally compacted material compared to  the dense 
pellet fuel. The peak in the cesium concentration in the 
F2R element a t  a fractional radius of 0.7 coincides with a 
circumferential crack in the fuel a t  this location. It appears 
to be a general feature of cesium migration that such cracks 
inhibit cesium movement, and they are always associated 
with high cesium concentrations in postirradiation observa- 
tions. 

The alkaline earth oxide phase also appears to move 
along the temperature gradient. Figure 12.5(a) shows this 
oxide phase as small inclusions in the fuel matrix at  the 
boundary between the columnar-grain region and the band 
of equiaxed grains. The columnar-grain zone on the right of 
this photograph is devoid of oxide inclusions. Visual 
evidence suchaas this suggests either that this phase has 
migrated down the temperature gradient o r  that the 
individual htomic ‘constituents of the inclusion diffused 
from the columnar-grain regions to  the boundary where 
precipitation occurred. On the other hand, Fig. 12.5(b) 
shows this same phase present as a massive plug filling the 
central void, which suggests that the zirconate inclusions or 
the individual atoms have migrated up the temperature 
gradient. Mechanisms for the movement of the alkaline 
earth oxide phase in either direction have not been 
proposed. 

The metallic inclusions containing the noble-metal 
fission products and some of the molybdenum have been 
observed only in the columnar-grain region or  as large 
agglomerates in the central void (Fig. 12.4). The latter form 
suggests migration of the smaller inclusions radially inward. 
Lambert e t  al.” believe that this process is enhanced by 
stress on the fuel due to  constraint by the cladding. 
Whatever the cause of the migration, the large size of the 
ingots in the central void implies that a significant portion 
of the noble-metal fission products and molybdenum can 
be removed from the fuel matrix by migration of metallic 
inclusions. 

Neither the alkali metal oxide phase nor the metallic 
inclusions have been observed in the cool regions of the fuel 
@.e., the equiaxed-grain and as-fabricated zones). Most 
probably the fission products remain trapped in the oxide 
lattice in atomic form because their solid-state diffusion 
coefficients are too small t o  permit coalesence into precipi- 
tates of observable size. 

Because of its buffering action on  the fuel oxygen 
potential (Sec. 12.4), migration of molybdenum has re- 
ceived the greatest experimental attention of all wandering 
fission products.’ Figure 12.12 shows electron micro- 
probe profiles of molybdenum in an irradiated oxide fuel 
element.’ The high spatial resolution of the microprobe 
permitted in situ analysis of the metallic inclusions and the 
fuel matrix separately. Through the columnar-grain region, 
the molybdenum concentration in the fuel matrix decreases 
by about 50% and the concentration in the metallic 
inclusions increases by approximately the same percentage. 
The 8 to  12% molybdenum concentration in the inclusions 
is well below the concentration expected from the relative 
fission yields of this element and the noble-metal group 
(Table 12.1). The concentration of molybdenum in the fuel 
matrix increases by an order of magnitude from the outer 
edge of the columnar-grain region to the fuel surface. The 
data in Fig. 12.12 can be interpreted in several ways: 

1. The high matrix concentration a t  the fuel surface is 
due to migration of molybdenum down the temperature 
gradient followed by trapping of this element in the surface 
layers in the form of an immobile compound, i.e., as cesium 
molybdate according to  Eq. 12.33. This argument assumes 
that MOO’ is sufficiently volatile at  temperatures below 
-1900’K (the temperature of the outer edge of the 
columnar grains) to diffuse a t  an appreciable rate through 
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the gas in cracks or  interconnected porosity. However, the 
partial pressure of Mooz above an oxide containing the 
concentration of molybdenum shown in Fig. 12.12 is only 
-7 X lo9 atm at 1900°K. Experience with oxygen and 
actinide redistribution suggests that a component with such 
a low partial pressure cannot migrate via the gas phase a t  a 
significant rate. 

2. Part of the large molybdenum concentration in the 
equiaxed and as-fabricated regions of the fuel is due to  
elemental molybdenum that has remained in the matrix as 
atoms or  precipitates too small t o  be distinguished as 
metallic inclusions. Note the absence of data on the 
inclusions for fractional radii greater than 0.7. 

3. The molybdenum concentration of the columnar- 
grain region is low because the inclusions have migrated to 
the central void carrying molybdenum with them. The high 
percentage of molybdenum in the fuel matrix near the 
surface represents the concentrations that would be ex- 

pected if no  loss of molybdenum from this region had 
occurred. 

12.6 F UEL-CLADDING INTERACTION 
c 

Corrosive attack of stainless-steel cladding by irradiated 
fuel may be  one of the major performance-limiting phe- 
nomena of an LMFBR. Such interaction weakens a portion 
of the inner wall of the cladding, which is then less able to 
withstand the internal mechanical stresses from the fuel or  
from fission gas pressure. Figure 12.13 shows a section of 
the fuel-cladding interface and the type of thinning attack 
that occurs during irradiation. 

12.6.1 Thermodynamics of Stainless-Steel 
Oxidation 

Whether or not chemical reaction between components 
of irradiated fuel and constituents of the cladding can occur 
at  all is determined by the thermodynamics of the  reactions 
involved. Thermodynamic prediction of fuel-cladding com- 
patibility requires first that the specific chemical reactions 
responsible for the interaction be identified and second that 
the thermodynamic properties of the pertinent reactions be 
known. Table 12.4 lists the oxygen potentials of mixed- 
oxide fuels of compositions near exact stoichiometry and 
the free energies of formation of the major alloy com- 
ponents of stainless steel. The values are shown for 1000°K, 
which is close to  the maximum cladding temperature in an 
LMFBR (see Table 10.2). 

Table 12.4 Thermochemical Properties of Fuel 
and Cladding a t  1 OOO°K 

Mixed-oxide fuel* Stainless-steel components? 

valence k J / m d e  Reaction kJ/mole 
Heavy-metal A T ,  AG", 

4.002 -284 3% 
4.000 -418 kCr + 0 2  = */3cr2o3 -573 
3.98 -561 2Fe + 0 2  = 2Fe0  -393 
3.96 -615 2Ni + 0 2  = 2 N i 0  -293 

*Oxygen potentials taken from Fig. 12.6. 
?A typical stainless steel used in fast reactor fuel-element 

cladding contains 7 4  wt. 9% Fe, 18 wt. % Cr, and 8 wt. 9% Ni. Carbon 
and boron are minor components. 

Table 12.4 shows that, of the three constituents of 
steel, chromium has the greatest affinity for oxygen (i.e., 
this element forms the stablest oxide). Pure chromium 
begins to oxidize at  1000°K when the oxygen pressure 
reaches a value of exp (-573/RT). However, the chromium 
is present in steel at  a concentration of -18 wt. %, and 
oxidation is possible when the oxygen partial pressure 
satisfies the equilibrium of the reaction 

4 2 
-Cr(sol'n in steel) + 02(g)  =-Cr203(s)  3 3 (12.35) 

c When the law of mass action is applied to  this reaction, the 
equilibrium oxygen pressure over stainless steel that con- 
tains some chromic oxide is given by 
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Fig. 12.13 Thinning of the cladding due to  attack by irradiated mixed-oxide fuel. Attack directly opposite 
the pellet interface is less than elsewhere. (From K. J. Perry et al., in Proceedings of the Conference o n  Fast 
Reactor Fuel Element Technology, New Orleans, p. 411, American Nuclear Society, Hindale,  Ill., 1971.) 

potential corresponds t o  a fuel in which the plutonium 
valence is 3.98 or, by Eq. 11.15, when the O/M of a fuel 
containing 20% plutonium is 1.998. If the fuel-surface O/M 
could be maintained just below exact stoichiometry, 
oxidation of the cladding could not take place. The fresh 
fuel for fast reactors is purposely fabricated with an O / M  of 
-1.96 for just this reason. However, even though the 
as-fabricated fuel is substantially hypostoichiometric, the 
temperature gradient and irradiation both act to  drive the 
O/M (and hence the oxygen potential) a t  the fuel surface 
upward The discussion in Sec. 11.6 showed that,  as a result 
of oxygen redistribution, the fuel surface approaches exact 
stoichiometry even though the average fuel O/M is consid- 
erably less than 2.00. In addition, the effect of irradiation 
(Sec. 12.4) is t o  increase the oxygen potential at all radial 
positions in the fuel pin. It appears unlikely that the 
oxygen potential a t  the fuel-cladding interface can be kept 
low enough t o  prevent cladding oxidation throughout the 

where acr is the activity of chromium in the stainless steel. 
For equilibrium between the fuel and the cladding, the 
oxygen pressure in Eq. 12.36 must also be in equilibrium 
with the fuel; so the left-hand side of the equation can be 
equated t o  the oxygen potential of the fuel, A=. For the 
present purpose we assume that the activity of chromium in 
the stainless steel is equal to its atom fraction, or 
acr = 0.18. With the free energy of formation listed 'in 
Table 12.4 for Crz 0 3 ,  Eq. 12.36 becomes 

+2R 1.. r5y 
AG< = -573 - - In (0.18) = %65-kJ/mole at 1000°K 3 , ,  ~.. I> I. 

When the oxygen potential of the fuel surface reaches -565 
kJ/mole, oxidation of the cladding becomes thermody- 
namically possible. Table 12.4 shows that this oxygen 
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entire lifetime of the fuel element. Thus, the integrity of 
the cladding must rely on the kinetics of the chemical 
attack in an environment where oxidation is thermody- 
namically possible. 

The very name stainless steel implies that this type of 
alloy is resistant to oxidation. Even though the thermody- 
namics are unfavorable, metals such as zirconium and alloys 
such as stainless steel resist oxidation because a protective 
oxide coating is formed in the initial stage of &action. In 
stainless steel, for example, a layer of C r 2 0 3  forms on  the 
surface, thereby physically separating the substrate metal 
from the oxidizing medium. Further growth of this layer 
requires that chromium ions diffuse from the metal t o  the 
outer surface of the coating or  that oxygen ions migrate in 
the opposite direction. The rates of both these processes are 
very slow at 1000°K because of the low values of the 
diffusion coefficients of the ions in the oxide layer. 
However, if the coating is breached by mechanical forces or 
is dissolved by a component of the oxidizing environment, 
the base metal is exposed to  rapid attack. 

12.6.2 Observations of Cladding Corrosion by 
Irradiated Mixed-Oxide Fuels 

Two types of  cladding attack of stainless steel by 
irradiated fuel have been observed. The first is corrosion of 
the cladding inner wall and the second is transport of 
cladding constituents into the fuel. 

Figure 12.14 shows that there are two modes of 
corrosive attack. Figure 12.14(a) depicts the form of 
corrosion known as matrix attack, in which the entire body 
of the inner wall of the cladding is converted to  a reaction 
zone containing the oxides of iron, chromium, and nickel. 
Figure 12.14(b) is an  example of intergranular attack. Here, 
corrosion is restricted to  the grain boundaries of the metal; 
the grains of the alloy are not affected. Figure 12.15 shows 
an  electron microprobe profile of various elements through 
a fuel-cladding interface in which matrix attack [Fig. 
l2 . l4 (a) ]  has occurred. It is interesting to  note that the 
constituents of the cladding are not uniformly distributed 
in the reaction zone. Instead, the concentrations of iron, 
nickel, and chromium peak at different positions. The 
reaction zone appears t o  act as a chromatographic column 
that separates the three elements into distinct bands. 
Similar profiles have been observed by other investigators’ 
but not necessarily with the iron, chromium, and nickel 
peaks in the same relative positions as those shown in 
Fig. 12.15. In addition to  the three major components of 
the cladding, the reaction zone contains the fission prod- 
ucts cesium and molybdenum and lesser amounts of iodine, 
tellurium, and palladium. The reaction zone does not 
appear t o  contain the heavy metals uranium and plutonium, 
and neither does the cladding (the plutonium trace in 
Fig. 12.15 is essentially the background level of this 
element in the microprobe). 

The depth of the matrix attack depends on temperature 
and oxygen potential (i.e., fuel stoichiometry). Observable 
penetration of the cladding begins between 500°C and 
600°C. Typical depths of attack are 0.05 to  0.1 mm, or 20  
to  4wo of the cladding thickness (Table 10.2). Figure 12.16 
shows that fuel-cladding reaction is enhanced by high 
temperature and O/M ratios near 2.00. A threshold temper- 

/? 

( a )  MATRIX 

( b )  INTERGRANULAR 

Fig. 12.14 Two types of corrosive attack of type 316 
stainless-steel cladding by mixed-oxide fuel irradiated t o  a 
burnup of 5%. (From K. J. Perry et  al., in Proceedings of 
the Conference o f  Fast Reactor Fuel Element Technology, 
New Orleans, p. 411, American Nuclear Society, Hinsdale, 
Ill., 1971.) 
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Fig. 12.15 Electron microprobe scans across the fuel-cladding interface. (From R. B. Fitts, E. Long, and 
J. M. Leitnaker, in Proceedings o f  the Conference o n  Fast Reactor Fuel Element Technology, New Orleans, 
p. 431, American Nuclear Society, Hinsdale, Ill., 1971.) 
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I I I 
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500 600 700 
MAXIMUM CLADDING TEMPERATURE, ‘ C  

Fig. 12.16 Maximum depth of cladding attack of type 304 
stainless-steel cladding by mixed-oxide fuel. The data 
represent burnups ranging from 7 to 13%. O/M ratios: 0, 
1.94; 0, 1.96; and A, 2.00. [After J. W. Weber and E. D. 
Jensen, Trans. Amer. Nucl. Soc., 14: 175  (1971).] 

ature below which little cladding attack occurs was found 
to be -540°C. This threshold temperature appears t o  be 
due to  kinetic rather than thermodynamic restrictions. 
Below this temperature, cladding oxidation is too slow to 
be observed in typical fuel-element lifetimes, even though 
corrosion may be thermodynamically possible. 

Out-of-pile oxidation tests o n  stainless steels in which 
the oxygen potential is established by conventional means 
(i.e., oxygen gas or water vapor) d o  not show attack as 
extensive as that  which occurs when the cladding is in 
contact with irradiated fuel a t  the same temperature. 
Neither does unirradiated fuel corrode stainless-steel fuel as 
much as does irradiated fuel. Such evidence suggests that 
one or more of the fission products are responsible for 
accelerated oxidation of stainless-steel cladding in irradiated 
fuel elements. A search for fission products in the irradiated 
cladding has revealed that cesium and molybdenum pene- 
trate deep into the cladding along grain boundaries. Figure 
12.17 shows electron microprobe images of the fission 
products in the  cladding of an irradiated fuel pin. Molyb- 
denum and cesium are found in the grain boundaries where 
intergranular attack has occurred. Out-of-pile tests in which 
a variety of fission-product elements and their compounds 
were added t o  simulated fuel pins that were held at  
temperature for times typical of reactor operation have 
shown that only Csz 0 accelerates cladding corrosion.” It 
is believed that cesium oxide dissolves the protective oxide 
coating on  the inner wall of the cladding, perhaps by direct 
reaction between Csz 0 and Crz O 3  t o  form cesium chro- 
mate.23 It is possible that molybdenum is necessary to  
form a low melting liquid electrolyte consisting of 
Csz Moo4 and Moo3 which provides a medium for destroy- 
ing the protective oxide film from the metal and for 
accelerating oxidation by stabilizing cesium as Cs2 0 in 
oxygen potentials where this compound would thermody- 
namically tend to dissociate into elemental cesium (which is 
noncorrosive) and gaseous oxygen.’ ’ 

An important consequence of the oxidation of the 
cladding (aside from the fact that it adversely affects the 
structural properties of this member) is that the process is 
self-regulating. If the stainless steel acts as a sink for 

oxygen, the amount available to the fuel and hence the 
oxygen potential of the latter are reduced. The corrosion 
process tends t o  restore thermodynamic equilibrium a t  the 
fuel-cladding interface. However, the continual production 
of excess oxygen by fission and its transport from the hot 
interior of the fuel pin to the surface by migration of 
volatile fission-product oxides (particularly Csz 0) and 
perhaps COz and CO means that cladding corrosion 
probably does not stabilize at large burnups. 

c 

12.6.3 Transport of Cladding Components 
to the Fuel 

In addition to  intergranular and matrix attack of the 
cladding by the irradiated fuel, migration of the constit- 
uents of the cladding into the fuel has been observed.’ 4 ’ 2 4  

Figure 12.18 shows rivers of pure iron filling cracks 
in the fuel adjacent to the fuel-cladding interface. 
Johnson and Crouthamel’ report that metallic inclusions 
of pure iron have been found as far within the fuel as the 
boundary between the equiaxed- and columnar-grain re- 
gions. Migration of iron over such appreciable distances 
implies that a form of this species more mobile than the 
element or the oxide is present in the fuel element. Johnson 
and Crouthamel’ have suggested that the transport mech- 
anism is similar to the van Arkelbde Boer process which is 
commercially used to  purify metals such as zirconium and 
hafnium. According to  this mechanism, fission-product 
iodine provides the means of volatilizing the cladding 
components according to  the reversible reaction 

where M = Fe, Cr, or Ni and MI2 is the gaseous metal iodide 
of M. Table 12.5 shows the stability and volatility of these 
compounds at 1000°K. The equilibrium of Eq. 12.37 is 
driven to  the right at  low temperature because the heat of 
formation of MI2 is negative; thus formation of the 
diiodide is favored at  the cooler cladding surface rather 
than in the hotter regions of the fuel. The temperature drop 
across the narrow fuel-cladding gap may be large (Table 
10.5). Iodine reacts with the cladding to form the metal 
diiodides, which then diffuse through the gas in the gap to 
the fuel. Here reaction 12.37 is reversed, and the iodide de- 
composes to release the metal. The liberated Iz then diffuses 
back t o  the cladding to  pick up more metal. By means of 
this cyclical process, small quantities of iodine can contin- 
ually transport cladding material across the fuel-cladding 
gap. That only iron is found in the fuel is understandable 
from the information in Table 12.5. The free energy of 
formation of Ni12 is too  high (i.e., this compound is not 
sufficiently stable) t o  be formed in large enough partial 
pressures a t  the prevailing iodine partial pressure to 
transport the metal in significant quantities. Although quite 
stable, CrIz is nearly three orders of magnitude less volatile 
than the other diiodides; thus, the transport of this 
component would also be limited by low gas-phase partial 
pressure. The stability and volatility of Fer,, however, 
appear t o  be adequate for vapor transport by the proposed 
mechanism. These arguments are consistent with the 
observation of only iron in the fuel. 

c 
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SPECIMEN CURRENT 
IMAGE 

a 
CL.ADDING I.D. 

3 

MO LYE DEN U M CO NC E NP RAT I ON 

CESIUM CONCENTRATION -- T E L LU R I U M CON C E NT R AT I 0 N 

Fig. 12.17 Concentration of fission products between grains in regions of cladding subject to intergranular 
attack by irradiated fuel. (From K. J. Perry et  al., in Proceedings of the Conference on Fast Reactor Fuel 
Elenzent l'echno!ogy, New Orleans, p. 411, American Nuclear Society, Hinsdale. Ill., 1971.) 
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Fig. 12.18 Rivers of pure iron in the fuel adjacent to the fuel-cladding interface. (From R. B. Fitts, E. L. 
Long, and J. M. Leitnaker, in Proceedings of the Conference on Fast Reactor Fuel Element Technology, 
New Orleans, p. 431, American Nuclear Society, Hinsdale, Ill., 1971.) 

The major objection to  the iodine transport mechanism 
is that there may not be enough iodine available to  produce 
the quantities of Fe12 necessary t o  transport iron in 
amounts comparable to those contained in the rivers' ' 2  ' 
in Fig. 12.18. Essentially all molecular iodine should be 
consumed by cesium according t o  Eq. 12.34, and thus none 
would be available to  volatilize the iron in the cladding. It is 
possible, however, that CsI might not be stable in the high 
radiation field in which the fuel elements operate; thus its 
radiation decomposition would release iodine for participa- 
tion in the iron transport process.24 However, the same 
arguments could be applied equally well to  the radiation 
stability of Fe12 . For iodine to  be thermodynamically 
freed, some other reaction must remove cesium from the 
gas phase in the fuel-cladding interface. It is possible that 

reactions 12.32 and 12.33 form sufficiently stable cesium- 
metal-oxygen compounds to  decompose CsI and release 
free iodine. The experimental work of Keroulas et 
supports the hypothesis of iron transport by the iodide 
process. 

have suggested an alterna- 
tive cyclical process in which cesium ferrate is formed by 
the reaction 

Fitts, Long, and Leitnaker' 

Fez O 3  + Cs2 0 = 2CsFe02 (sol'n) (12.38) 

and dissolves in a liquid phase that is presumed t o  fill the 
fuel-cladding gap (the presence of such a liquid phase was 
discussed previously in connection with accelerated oxida- 
tion of the cladding). The CsFe02 decomposes at the fuel 
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- Table 12.5 Stability and Volatility of the 
\ Diiodides of the Transition Metals at  lOOO'K 

W d  Free energy Vapor 
of formation, pressure, 

Diiodide kJ/mole atm 
- 

CrIz -109 2.4 
F e12 -67 9.1 x lo-' 
NiIz -8 (-9 x lo-') 

The physicochemical parameter that characterizes solid 
swelling is the vo!ume associated with each atom of fission 
products in their egpected states in the irradiated fuel. This 
volume includes the oxygen atoms associated with the 
fission products (if any) and is referred to as the partial 
volume of the fission product: 

(12.40) volume 
atom of i v, = partial volume of species i = 

side of the interface, and the C s 2 0  returns through the 
liquid to the cladding, where it picks up more iron oxide 
and completes the cycle. This mechanism has the disad- 
vantage of requiring an additional process to explain why 
metallic iron is found as deep in the fuel as the observations 
have shown. 

12.7 FUEL SWELLING DUE TO SOLID 
FISSION PRODUCTS 

Accurate estimation of the dimensional changes of 
ceramic fuels during irradiation is of the utmost importance 
in predicting the mechanical performance of fast reactor 
fuel elements. Fuel swelling due to  replacement of heavy- 
metal atoms by fission-product atoms is commonly consid- 
ered as the sum of a contribution due to fission gases and 
another arising from all other fission products. The former 
is treated separately because the inert gases xenon and 
krypton coalesce into bubbles within the fuel, whereas 
most of the remaining fission products are solids." Fission- 
gas swelling is considered in the next chapter. In this 
section Anselin's' calculation of solid-fission-product 
swelling is summarized. 

Swelling is defined as the fractional increase in the 
volume of the solid with respect t o  the initial volume of the 
as-fabricated fuel, or by 

v-vo 
sol id f p  v" (1 2.39) 

where V" is the volume of a region of fresh fuel and V is 
the volume of this same region after burnup, p. The 
initial volume V" is that shown in Fig. 12.9. The final 
volume V includes all the solid phases shown in 
Fig. 12.9, namely, the oxide matrix, which contains 
soluble fission products, the metallic inclusions, and the 
alkaline earth oxide phase. The gas phase containing the 
volatile fission products (xenon, krypton, and any other 
fission products that can be in gaseous form under the 
irradiation conditions) is not considered to contribute to 
solid swelling. Since the system is assumed closed to  solid 
fission products and fuel, none of these species is permitted 
to move into or  out of the region during irradiation. 

~~ 

*At very low temperatures (<lOOO"C) the fission gases 
may not be  sufficiently mobile in the fuel t o  permit 
coalescence into bubbles, in which case the swelling due to  
ihese species is treated in the same manner as is that due to  
the other fission products. 

With reference to Fig. 12.9, we can write 

V" = vUNG + vpUNiU z vU(N& + N i u )  (12.41) 

where vu and vp, are the volume per molecule of U 0 2  and 
P u 0 2 ,  respectively. Because of the similarity of these two 
actinide oxides, vp, has been assumed equal t o  vu. Note 
that the partial volume of the heavy metal includes the 
oxygen normally associated with each atom in the oxide 
form. 

The final volume of the solid phases in Fig. 12.9 is 

V =  v u ( N ~  + Npu) + viNi (12.42) 

fP 
solid 

If Eqs. 12.13, 12.14, and 12.16 are substituted into Eqs. 
12.41, 12.42, and 12.39, the swelling is foundto  be 

/ 

The elemental yields Yi are those listed in Table 12.1. 
There remains only to estimate the partial volumes of each 
solid species in the irradiated fuel. 

12.7.1 Fuel 
The partial volume of uranium (or plutonium) in the 

fuel can be obtained from the properties of the perfect 
crystalline form of UOz shown in Fig. 3.12. The actinide 
oxides crystallize in the fluorite structure, which contains 
four molecules of U 0 2  or  Pu02 in the unit cell. The 
room-temperature lattice constant of uranium dioxide is 
5.470 8; thus, the partial volume of the heavy metals is 

(5.470 x 
4 vu = 

= 40.93 x lo1 cm3 /molecule of U 0 2  

12.7.2 Soluble Fission Products 
The fission products that form solid solutions with the 

heavy-metal oxides include yttrium, the rare earths, the 
portion of the zirconium not contained in the alkaline earth 
oxide phase as zirconates, niobium, and the fraction of the 
molybdenum present as oxide. The last three are tetravalent 
ions that form oxides of the general formula M 0 2 ,  which 
has the same fluorite structure as the actinide oxides. 
Although the stable crystallographic form of yttrium and 
the rare earths in their pure state is the sesquioxide M2 0 3 ,  
they assume the fluorite structure of the host lattice when 
dissolved in U02.  Figure 12.8 shows that the difference in 
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cation charge is compensated for by oxidation of the 
uranium ions or by formation of anion vacancies. In either 
case the rareearth (and yttrium) oxides can be represented 
by the general formula REOz when dissolved in UOz. 
Crystallographic studies of the urania-rare-earth oxide 
binary systems have shown that the fluorite lattice con- 
stants of the solution can be either larger o r  smaller than 
that of pure U 0 2 ,  depending on the size of the solute 
cation. Lanthanum is the largest of the rare-earth cations 
(in terms of its ionic radius o r  the lattice parameter of the 
pure sesquioxide phase), and addition of lanthana to urania 
increases the fluorite lattice constant. At the other extreme, 
introduction of the smaller yttrium ion into UOz reduces 
the lattice parameter without changing the fluorite struc- 
ture. 

During irradiation the cations of zirconium, niobium, 
molybdenum, the eight rare earths, and yttrium are 
produced in the UOz lattice in quantities proportional to 
their elemental yields. Anselin’ has shown that the 
particular combination of ionic radii and fission yields 
of all the soluble fission products results in cancellation of 
the different size effects. That is, the lattice constant of 
UOz is essentially unchanged as a result of irradiation. This 
theoretical conclusion is supported by measurements of the 
lattice constant of UOz as a function of irradiation, which 
show decreases of less than 0.01 a up to  burnups2 of 15%. 
Therefore, the partial volume of the soluble fission prod- 
ucts is approximately equal to that of pure U 0 2 ,  o r  

V,,luble f p  = 40.93 x cm3 /molecule 

of soluble fission-product oxide 

12.7.3 Metallic Inclusions (Including 
Molybdenum) 

Because of the similar chemical properties of the five 
major components of the metallic inclusions, they can be 
assumed to  mix in an ideal fashion.* That is, the volume of 
the mixture is equal t o  the sum of the volumes of the pure 
phases contained in the alloy. The partial volume of the 
metallic inclusions is given by 

= yTv; (1 2.44) 
i = Mo, RU 
Tc, Rh, Pd 

Vmetallic 
inclusions 

where y y  is the atom fraction of component i in the alloy 
and vo is the atomic volume of pure metallic species i. The 
former is proportional to the elemental fission yield of the 
metal, and the latter can be obtained from crystallographic 
data or  from the density of single crystals of the pure 
metals. The atomic volumes of the five constituents of the 
metallic inclusions (at room temperature) vary from 
15.59 X cm3/atom for molybdenum to  13.57 x 
lo-’ cm3 /atom for palladium. The average atomic volume 
computed by Eq. 12.44 is not very sensitive to  the 

*Although the alloy may be considered ideal from the 
point of view of volume change upon mixing, it is not ideal 
in the behavior of other properties (e.g., partial pressures of 
the components in equilibrium with the alloy do not follow 
Itaoult’s law). 

elemental yields of the five elements, which differ for 
uranium and plutonium fission. For uranium fission the 
partial volume of the inclusions is 

vmetaUic = 14.73 x l oc4  cm3/atom 
inclusions 

12.7.4 Alkaline Earth Oxide Inclusions 
The alkaline earth oxide phase consists of the zirconates 

of barium and strontium. The volumes per molecule of 
BaZr03 and SrZr03 have been established from crystallo- 
graphic data as 72.8 x cm3 and 69.0 x l o q 4  cm3, 
respectively. For a mixture of the two in proportion to 
their yields from uranium fission, the partial volume is 

v alkaline earth = 71.2 x lo7 cm3 /molecule of zirconate 
oxide 

12.7.5 Other Fission Products 
The remaining fission-product groups in Table 12.1 

include the alkali metals cesium and rubidium, the elements 
iodine and tellurium, and the remaining fission products 
that  were not included in the table because of their low 
yields. Anselin’ assumes that all these species are present 
as ionic solids in the irradiated fuel. Cesium and rubidium is 
assumed to  be a singly charged cation that combines with 
oxygen or with the anions 1- and TeZ-, forming CsI and 
Cs2Te until all iodine and tellurium is consumed and then 
combining as CszO. The volumes of these compounds (at 
room temperature) were calculated from the Pauling ionic 
radii of the constituent atoms, which yielded a partial 
volume of 

= 31.1 x lo7  cm3 /fission-product atom 
‘other fp 

For the purpose of our computation, this figure has been 
applied to  the remaining low-yield fission products not 
included in Table 12.1. This group includes germanium, 
arsenic, selenium, bromine, silver, cadmium, indium, tin, 
and antimony. 

12.7.6 Swelling 
The swelling due to solid fission products can be 

calculated by using the partial volumes estimated in Eq. 
12.43. The results are shown in Table 12.6 for uranium 
fission, but AnselinZ6 has shown that the swelling is 
essentially the same for mixed uranium-plutonium oxides. 
The first column in Table 12.6 lists the fission products in 
groups of the same physical state (i.e., with the same partial 
volume), the second column gives the elemental yields, and 
the third column gives the ratio of the partial volume of the 
group to that of pure U 0 2 .  Solid-fission-product swelling in 
oxide fuels is found to be 0.32% per atom percent burnup. 
This figure, however, is subject to large uncertainties for the 
following reasons: 

1. It is based on  the assumption that each region of the 
fuel acts as a closed system for all fission products (except 
xenon and krypton) and the heavy metals. The complica- 
tions introduced by fission-product migration (Sec. 12.5) 
are not considered. The general tendency for the hotter 
regions of the fuel t o  lose fission products by a variety of 

C 
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mechanisms means that the solid swelling calculated in 
Table 12.6 is an overestimate near the fuel center. Con- 
versely, swelling in the zone near the fuel surface where 
some of the volatile fission products condense is underesti- 
mated. 

2. The assignment of the physical and chemical states of 
some of the fission products is subject to  considerable 
uncertainty. For example, in Table 12.6 all the molyb- 
denum was assumed to  exist as metal, where it contributes 
a partial volume approximately one-third that of UO2. Had 
all this element been present in the fuel as soluble Moo2, 
its partial volume would have been equal to that of UOz. 
Transfer of molybdenum from the metallic inclusions to 
the fuel matrix adds 0.240 x (1.00 - 0.36) = 0.15 to the 
solid swelling, which would then be 0.47% per atom 
percent burnup instead of 0.32%. Since the analysis of 
Sec. 12.4 showed that molybdenum transfers from metal to  
oxide as irradiation proceeds, the solid-fission-product 
swelling should also increase with irradiation. 

Table 12.6 Swelling Due to  Solid Fission Products 
in Pure Uranium Dioxide Fuel* 

Fission-product group Yit. v i l v u  .Yivi lvu 

Nb + soluble Z r t  0.149 
Y + rare earths 0.534 
Total soluble fission products 0.683 1.00 0.683 

Mo 0.240 
Ru + T c  + Rh + Pd 0.263 
Total metallic inclusions 0.503 0.36 0.181 

Ba + Sr (as zirconates) 0.149 1.74 0.258 
C s  + Rb + I + Te 0.238 0.76 0.181 
Other fission products 0.027 0.76 0.021 

Total 1.324 

__ __ 

*Solid swelling = 1.324 - 1 = 0.32% per.atom percent burnup. 
?From Table 12.1.  
$Soluble Zr is the rjrconium remaining after fraction in the 

zirconates in the alkaline earth oxide phase has been removed from 
the total Zr yield. 

In Table 12.6, cesium, rubidium, iodine, and tellurium 
have been assumed to  be solids. Recent evidence on  the 
behavior of these fission products (Secs. 12.5 and 12.6) 
suggests that they are more likely to  be present in gaseous 
form over most of the fuel and are incorporated into the 
solid at the fuel surface only if the oxygen potential is 
sufficiently high. Thus, it  would be reasonable t o  exclude 
this category of fission product from solid swelling, which 
would reduce the latter from 0.32% t o  0.14%. 

The best that available knowledge of the physicochem- 
ical states and migration characteristics of the fission 
products allows is a band of solid-swelling coefficients 
between 0.15 to 0.45% per atom percent burnup. In 
initially hypostoichiometric fuel, the lower figure is prob- 
ably appropriate, but, for hyperstoichiometric fuel or 
heavily irradiated fuel of any initial stoichiometry, solid 
swelling is more likely to  be close to  the larger number. 

12.8 NOMENCLATURE 

a h ,  = thermodynamic activity of molybdenum 

a E o  = thermodynamic activity of molybdenum 

acr = thermodynamic activity of chromium in 

in the fuel 

in the metallic inclusions 

stainless steel 
A = mass number 

F = fissions cm13 sec-' 
(cy) M~ = cumulative yield of isotope zMA 

Z 

fMo= fraction of total molybdenum present as 

AGO = standard-state free energy change of reac- 
Mooz in the fuel 

tion 
A T  = oxygen potential of the fuel AG =partial molar enthalpy of oxygen in the 

fuel 
(iyjZMA = independent yield of isotope zMA 

Ni = concentration of element i in the fuel 
No = initial concentration of element i in the 

fuel 
Ni,,., = concentration of element i due to decay 

chain of mass number A 
N F - S r  =oxygen per unit volume of total fuel 

chemically bound in the alkaline earth 
oxide phase 

Nfo = oxygen concentration in the fuel 
O / M  = oxygen-to-metal ratio of the as-fabricated 

p o  = oxygen partial pressure, atm 
fuel 

go = initial plutonium fraction in the fuel 
q = plutonium fraction in the fuel after irra- 

diation 
R = gas constant 

A K  = partial molar entropy of oxygen in the 
fuel 

t = time 
tirr = irradiation time 

T = temperature, O K  

vi = volume per atom of element i in the fuel 
vp = volume per a tom of element i in the pure 

Vp, = plutonium valence in hypostoichiometric 

Vu  = uranium valence in hyperstoichiometric 

( A V / Q 0 l i d  f p  = fractional increase in fuel volume due to 

state 

fuel 

fuel 

solid fission products 
V = fuel volume 

V" = initial fuel volume 
y L o  = cation fraction of molybdenum in the 

y g o  = atom fraction of molybdenum in the 
fuel 

met.allic inclusions 
Y A  = yield of mass A chain 
Yi = yield of element i 
Z = atomic number 

Greek letters 
f i  = burnup 
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Pcrlt = burnup a t  which the plutonium valence 
reaches 4 

hi =decay constant of isotope i 

Subscripts 
Ba-Sr = barium and strontium 

Mo = molybdenum 
NM = noble metals (technetium, rhodium, palla- 

dium, and ruthenium) 
Y-RE = yttrium and rare earths 
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12.10 PROBLEMS 

12.1 Using the following fission-product decay chains 
from 2 3 s U  for mass numbers 90 to 99, compute the 
elemental yield of zirconium after 100 days of irradiation. 

,o.15 3.2-min 9Kr + neutron -* 33-sec . L O  90Kr + 2.7-min 9 0 R b  
90. 1.6-sec (90)Br ' 

--f 28-year "Sr+ 64.3-hr 9 0 Y  --f stable 90Zr  
5-11! 5.77 

91. 10-sec9 'Kr+72-sec  9 1 R b  
3.45 5.43 

0.6~ 31-min 9 1 m Y  -'p:Js 
+ 9.7-hr "Sr/  1 3 stable 91Zr  

5.81 - 5 8 d a y 9 ' Y  / 5.84 

92. 3.0-sec 9 2 K r +  5.3-sec 9 2 R b +  2.7-hr 92Sr  
1.87 

~ 

5.3 - 
+ 3.6-hr 9 2 Y  + stable 92Zr  

6.03 - 

93. 2.0-sec 3Kr 
0.48 - 

" 5 . 6 - s e ~ ~ ~ R b  + 7.9-mi11~~Sr  

-+ 10.3-hr 9 3 y  
- 6.1 

,+ 00 12-year 3mNb 
+ 1.1 x 106-year 93zr< I 

6.45 - - - +  ~ t a b l e ~ ~ N b  

c 
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94. 1.4-sec y4Kr-+  2.9-sec 94Rb  + 1.3-min 94Sr  

+ 20-min 9 4 Y  + stable 9ilZr 
- 5.4 6.40 

95. Short ' Kr + (short Rb)  -+ 40-sec 9 s  Sr + 10-min 9 5  Y 
o.007 

o.02 90-hr 95mNb 
+ 65-day Zr / 1 stable M o  

- 6.2 35day  9 s N b /  6.27 

96. Stable 9 6  Zr 
6.33 

97. (Short 9 7 K r )  --f (short Kb)  + (short Sr) + (short Y )  
<6 x lo-' 

.96 60-sec 7mNb 
+ 17.0-hr Zr stable 9 7 M o  

*73-mi /y7Nb/  6.09 

98. -60-sec 9 8 Z r +  (short "Nb), 
stable 9 8  Mo 

52-min 9 8  Nb / 
0.064 

99. 33-sec 9 9 Z r +  2.4-min 9 9 N b  

o.Oq 6.0-hr 99mr17c 

0.13 2.1 x lO'-year 9 9 T c /  
j 6 6 . 5 - h r  " M O L  I stable Ru  

LQG 

12.2 The insoluble second oxide phase in irradialed fuel is 
formed by diffusion of barium and strontium ions from the 
fuel matrix where they are created by fission to  embryos 
(nuclei) of (Ba,Sr)Zr03. The growth of these nuclei is 
modeled by assuming that the oxide particle is a sphere of 
radiusR surrounded by a spherical annulus of fuel of 
radius%'. The latter is calculated from the density of 
second-phase oxide particles in the fuel. In this unit cell 
approach, there is no transport of the diffusing species 
(barium and strontium) across the outer boundary at %'. 

(a) What is the radius.%if the concentration of second- 
phase oxide particles in the fuel is 1 0 '  /em3? 

(b) The diffusion equation in the annulus for transport 
of barium and strontium ions to  the particle can be taken as 
the steady-state form of Fick's law, since the concentration 
changes slowly with time (i.e., the analysis is quasi- 
stationary). Set up and solve this equation assuming that 
the second-phase particle in the center acts as a perfect sink 
for barium and strontium. 

(c) Using the solution obtained in (b), derive the growth 
law (i.e., the equation for dR/dt) .  The volume of the 
second-phase oxide is 7 x cm3 per molecule of 
(Ba,Sr)Zr03. Determine the ratio R/.%'as a function of 
burnup. By what other reasoning could this result have 
been arrived at? 

(d) Calculate and plot the ratio R/.%and the atom 
fraction of Ba-Sr in the fuel as a function of radial position 
for the following values of the physicochemical constants: 

F = 8 x 10'  fissions sec-' 

N u + p u  = 2.5 x l oz2  atoms/cni3 

12.3 (a) 'The partial molar enthalpy and entropy of cjxygen 
in UOz+x are given by 

- 
4 H O 2  = -272 kJ/mole 

4 c  = -1OOOx J mole-' O K - '  

Express these quantities in terms of the uranium valence 

3 5  U produced only two 
fission products, one which assumed a valence of 3+ in the 
fuel and the other which existed as an element in the fuel. 
What is the oxygen potential of fuel that was initially of 
exact stoichiometry after 5% burnup a t  1000°K? 

12.4 During postirradiation examination of a mixed-oxide 
fuel pin, the molybdenum contents of the fuel matrix and 
of the metallic inclusions are determined by electron- 
microprobe analysis. At a point in the fuel pin where the 
temperature is estimated to  have been 2000°K during 
irradiation, the fuel matrix contains 0.08 mole % Moo2 and 
the metallic inclusions contain 10 at. % Mo. There is 0.01 g 
of metallic inclusions per gram of irradiated fuel. 

(a) Assuming that molybdenum forms ideal solutions in 
both the fuel matrix and metallic inclusions, calculate the 
oxygen potential of the fuel at this position in the fuel pin 
during operation. The standard free energy of formation of 
MoO2, 

VU.  
(b) Suppose that fission of 

is 

4GL0 = -574 + 164(T/103) kJ/mole 

(b) Assuming that all the noble metals produced by 
fission are precipitated into the metallic inclusions, calcu- 
late the burnup of the fuel. Assume that the atomic weights 
of all components of the metallic inclusions are 100. 

(e) Compute the molybdenum content of the metallic 
inclusions that should have been found if no molybdenum 
had been lost from or gained by the unit volume of fuel 
under consideration. 

12.5 It is desired to  calculate the effect of removal of 
oxygen by the cladding on the oxygen potential of 
irradiated UOz. To simplify the analysis, we neglect oxygen 
redistribution in the temperature gradient; the oxygen-to- 
uranium ratio is radially uniform a t  all times. In addition, 
the only fission products created are assumed to  be the two 
used in problem 12.3, and the U 0 2  is initially stoichio- 
metric. The rate of oxygen uptake by the cladding is 
assumed to be proportional t o  the oxygen partial pressure 
a t  the fuel-cladding interface: 

Atonis of 0 removed by cladding - 
kcorrPo, ____- 

Cm*-sec 
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where po is the oxygen partial pressure in atmospheres at  
the fuel-cladding interface and k,,,, is a temperature- 
dependent corrosion rate constant. The temperature at  the 
fuel-cladding interface is 1000°K throughout irradiation. 

(a) Derive the differential equation for the rate of 
oxygen uptake by the cladding as a function of b,urnup. In 
the calculation appropriately modify the oxygen (charge) 
balance of  problem 12.3 to  account for removal of oxygen 
from the fuel by the corrosion process. Express the final 

(b) Assuming that Moo2 forms an ideal solution in the 
fuel, what is the pressure of gaseous Moo2 over the fuel at 
2000"K? The free energy of  Moo2 vaporization is* c 

L I G ; ~ ~ , M , O ,  = 561  - 203(T/103) kJ/mole 

(c) Another possible vapor species is Moo3. If the 
standard free energy of the reaction 

differential equation in terms of the dimensionless quan- 
tities: 

is * 0 = fractional burnup 
X(0) = fraction of oxygen in the fuel that has been 

absorbed by the cladding at  burnup 0 

3 1 
- M002 (s) = -Mo(s) + MoOj (g) 2 2 

AG" = 510 - 194(T/103) kJ/niole 

A = & =  dimensionless corrosion rate, where R is 

the fuel radius and F is the flssjon rate per cubic 

what is the partial pressure of Moo3 over the fuel at 
2000"K? R F  
a 

(b) Numerically integrate-the differential equation pre- 
viously derived for A = t o  determine X(p). Use 
Runge-Kutta o r  any other numerical method that keeps 
errors in bounds. Plot this function. From this result, 
calculate and plot the oxygen potential at the fuel- 

centimeter. ' '3.2.7 In the cuter unrestructured region of an LMFBR fuel 
pin, the fission gases are present as very small bubbles 
(radius <10 8). In this form the fission gases can be treated 
as solid fission products with an atomic volume of 85 A3 in 
computing the swelling. Modify the solid fission-product 
swelling law to include fission gases that are present in the 
fuel in the form previously described. 

cladding interface as a function of burnup. Compare the I 12.8 A mixed oxide pin mm in diameter is 

contained by uure chromium cladding 0.4 mm thick. The resulting curve with that obtained in problem 12.3. - 
12.6 The possibility of migration of molybdenum from 
the hot portion of the fuel t o  the cladding via gas-phase 
transport in cracks depends on  the pressure of the oxides of 
this element. Consider the fuel shown in Fig. 12.10 which 
has been irradiated to 8% burnup and in which the oxygen 
potential is -300 kJ/mole at  the radial location where the 
temperature is 2000°K. At this position -50% of the 
molybdenum _--L-----T- is oxidized -____I I - to - Mooz. 

,------(a) What IS the cationgof molybdenum in the fuel 
matrix? and what is the atom fraction of molybdenum in 
the metallic inclusions? 

oxygen to-metal ratio of the fuel is initially 2.01. The fuel 
rod is heated uniformly to  800°C for a time long enough 
for chemical equilibrium between the fuel and the cladding 
to be achieved. What fraction of the cladding is converted 
to  Crz O3 at equilibrium? 

At 800°C the standard-state free energy of formation of 
Cr2 0 3  is 560 kJ/mole 0 2 ,  and the oxygen potential of the 
fuel is shown in Fig. 11.12. The density of the fuel is 10.9 
g/cm3, and the density of chromium is 7.2 g/cm3. None of 
the three phases present at equilibrium (Cr, C1-203, and 
fuel) is miscible in the others. 

;/ 

\ 

__ 
_- 

@) A third possible molybdenum-bearing gaseous'spe- 
cies over the irradiated fuel is Cs2Mo04 (cesium molyb- A 

date). Assuming that the pressure Of gaseous cesium Over 
' the fuel is 10- atm, what is the partial pressure of cesium ' I  

molybdate at  2000°K as determined from the following I 
* thermochemical data: . - # ,  L 

1: I 

Mo(s) + 2Cs(g) + 202 (g) = Cs2 Moo4 (s) 
7' 0 

. * *  , 
- --- *. -! ' 6 "1 

I 

, I AG" = -1668 + 541(T/103) kJ/mole 
_ - -  - 

and the vapor pressure of solid CSZ Moo4 is given _ _  by 
- 

8 .  

In P"(atm) = 15.14 - 32.3/(T/103) 

c 
*R. P. Burns et al., J .  Chem. Phys . ,  32: 1563 (1960). 



Chapter 13 

Swelling Due to Fission Gases 

13.1 INTRODUCTION 

Among the myriad phenomena that occur simulta- 
neously in a nuclear fuel element under irradiation, none 
has so frustrated the designer, so challenged the experimen- 
talist, or so intrigued the theorist as the behavior of the 
fission products xenon and krypton. The unique status of 
these noble gases among the hundreds of other fission 
products generated in the fuel is due to  (1) their virtually 
complete insolubility in the fuel matrix and (2) the fact 
that their normal pure state is a gas rather than a solid. 
Property (1) means that, i f  a t  all kinetically possible, xenon 
and krypton will be rejected from the fuel matrix. The 
consequence of property (2) is that the rejected gases 
either are completely released from the fuel and contribute 
to the gaseous atmosphere within the fuel pin or  they are 
precipitated as small pockets of gas within the fuel body 
proper. Either route is detrimental to fuel performance; if 
the gas is released from the fuel, the pressure within the 
fuel pin is correspondingly increased, and the cladding is 
subjected to stresses that can ultimately result in failure. In 
addition, the extent to which the fission gases are freed 
from the fuel determines in large part the potential hazard 
of a reactor core in the event of an accidental cladding 
breach, which can occur either a t  the reactor site or during 
transportation of the spent fuel to a reprocessing plant. 

On the other hand, if the fission gases are retained in 
the fuel, they nearly always precipitate as bubbles. Inas- 
much as the density of the gas in such bubbles is 
considerably lower than that of the solid fuel, gas atoms 
residing in bubbles occupy more volume than either the 
fissile atoms they replaced or  fission-product atoms that 
segregate as solid phases (e.g., the noble metals). The 
precipitation of fission gases thus leads to swelling of the 
fuel to a larger degree than the volume expansion that 
would occur if the xenon and krypton had remained 
dispersed on  an atomic scale in the fuel matrix (in which 
case they can be  treated as other solid fission products by 
the methods outlined in Chap. 12). Swelling adversely 
affects fuel performance because it promotes fuel-cladding 
contact, and the resultant stress on the cladding can shorten 
its lifetime. In addition, the bubbles of low-conductivity gas 
decrease the thermal conductivity of the fuel in the same 
manner as the fabricated porosity (Chap. 10) and thereby 

lead to fuel temperatures higher than exhibited by fully 
dense fuel a t  the same heat rating. 

Swelling and release are complementary phenomena. A 
piece of fuel that releases a large portion of its fission gases 
exhibits low swelling because there is little gas remaining in 
the fuel to form bubbles. Conversely, complete retention of 
the fission gases in a section of fuel is usually accompanied 
by significant swelling. These effects can be illustrated by 
examining the behavior of the fission gases as a function of 
radial position in a fuel rod. Near the cool periphery of the 
fuel, the fission gases are quite immobile in the solid 
(because of the low temperature), and, consequently, they 
are not released in large quantities, and the expansion they 
cause is comparable to  that of other solid fission products. 
In this region both release .and swelling are low. At 
intermediate radial positions in the fuel (corresponding 
roughly to the region of equiaxed-grain growth), release is 
appreciable, but large swelling can occur because a signifi- 
cant fraction of the gases is retained in the fuel as bubbles. 
In the hot inner columnar-grain region, nearly all fission 
gases are released as soon as they are formed, and the 
swelling is quite small. 

Concern with the fate of fission-produced gases in 
nuclear fuels dates from the late 1950s. At that time 
theoretical analyses of fission-gas behavior were quite 
simple, as befitted a generation of reactors in which fission 
density, burnup, and fuel temperatures were too low to 
produce the complex series of phenomena that are now 
recognized as occurring in modern highly rated fuels. The 
swelling of uranium metal due to xenon and krypton was 
simply considered in the same manner as that of all other 
solid fission products.' The release of fission gases from 
U02 was treated by classical solid diffusion theory, in 
which the gases diffused as atoms from the fuel matrix to a 
surface that communicated with the gaseous environment 
within the fuel pin. It soon became obvious that the 
diffusion medium could not be considered to  be the entire 
fuel pellet-release rates predicted on  this basis were far 
too low. To account for this descrepancy within the 
framework of the diffusional release model, the fuel body 
w& regarded as being composed of many small spheres with 
the spaces between the spheres large enough to permit easy 
escape of the gas.* The size of these equivalent spheres was 
adjusted to produce agreement between diffusion theory 
and experiment. In many cases the diameters of the 

199 



200 FCrl~.iDAMb'ATTAL ASPEC'L'S O F  NITCLEAR X E A C T C K  FlTEL ELEMENTS 

equivalent spheres so determined weje comparable to the 
size of tile grains i n  the polycystdline fuel compact, which 
led lo the supposision that grain boundaries represented 
easy escape paths for the fission gases that reached them by 
atomic diffusion within the grains. Just how easy it is for 
fission gases to escape from the fuel once they have reached 
the grain boundaries is still a matcer of much dispute, but a t  
least the equivalent-sphere modification of the-conventional 
diffusionai release mode! demonstiated that the micro- 
structure of the fuel is intimately related to the behavior of 
the fission gases. 

Closer examination of the release curves showed signifi- 
cact departures from ordinary diffusion theory, even when 
the adjustable equivalent-sphere concept was applied. This 
led to  the notion that the migrating fission-gas atoms could 
be temporarily t r a p p d  a t  a variety of natural or radiatioii- 
produced defects within the fuel matrix. Quantitative 
formulation of the diffusion-trapping process introduced a 
number of parameters characterizing the traps,3 but the 
shape of the release curves could be rationalized by this 
t h e ~ r y . ~  

It is possible to observe small bubb!es of xenon and 
krypton in irradiated fissile materials. Figure 13.1 shows 
the distribution of bubbles produced in thin wafers of U 0 2  
by bombardment with krypton ions produced by an 
accelerator. The bubbles were produced by annealing the 
specimens after bombardment for about one-half hour at  
1500°C. Following irradiation and annealing, the specimens 
were reduced to a thickness between 500 and 2000 a by 
electropolishing to permit examination by transmission 
electron microscopy. Similar evidence of bubble formation 
in reactor-irradiated nuclear fuels has been obtained. 

It was recognized that fission-gas bubbles could act as 
very efficient traps for the atomically dispersed fission-gas 
atoms.' Once nucleated, the bubbles were thought t o  
simply grow in place by absorbing all the xenon and 
krypton produced by fission. In 1963, however, Barnes and 
Mazey6 observed that bubbles of accelerator-injected 
helium in copper migrated bodily through the solid. Since it 

Fig. 13.1 Inert-gas bubbles in U 0 2 .  [From R. M. Cornel1 
and G. H. Bannister, h o c .  Brit. Ceram. SOC., 7: 355 
(1967).] 

was reasonable to  expect that the fission gases could do the 
same thing in U 0 2 ,  experimental and theoretical studies of 
the effect of bubble migration and coalescence on  swelling 
and gas release were initiated.7 It was also realized that, 
although bubbles in a solid could move about in a random 
manner (e.g., by a form of Brownian motion), the steep 
temperature gradient in a fuel rod provided a much more 
significant driving force for biased bubble migration.' The 
role of the fuel microstructure was demonstrated by the 
deduction that crystal defects such as dislocations and grain 
boundaries can effectively pin and immobilize gas bubbles 
smaller than calculable critical sizes that can be estimated 
with fair a c c ~ r a c y . ~  

The ability of irradiation to redissolve fission-gas 
bubbles was demonstrated experimentally by Whapham' 
in 1966. He showed that bubbles produced by irradiation 
followed by high-temperature annealing could be com- 
pletely dispersed in the solid by another low-temperature 
irradiation. Thus, modeling of fission-gas behavior was 
confronted with another distinct physical process, re- 
solution (sometimes called dynamic solubility), which had 
to be treated in quantitative analyses. 

This historical survey is summarized in Table 13.1, 
which lists the individual phenomena that must be ac- 
counted for to quantitatively describe the behavior of 
fission gases in nuclear fuels. The ultimate goal of analyses 
of fission-gas behavior is to predict the following quantities 
as a function of position in the fuel element and irradiation 
time: 

(1) The concentration of gas atomically dissolved in the 
fuel matrix. 

(2) The number of bubbles in a particular size range 
(the bubble-distribution function) in the matrix, on  disloca- 
tion lines, and on grain boundaries. 

The sum of 1 to 3 must be equal to the total amount of gas 
generated by fission in the unit of fuel under consideration. 

The quantitative model should be capable of predicting 
items 1 to 3 under steady-state, slow transient (power 
change), and rapid transient (accident) conditions. The 
variables that govern the rates of the individual processes 
listed in Table 13.1 are summarized in Table 13.2. 

Given the large number of variables that are likely to 
affect fission-gas behavior and the variety of elementary 
processes that must be considered simultaneously, it is not 
surprising that a comprehensive model of fission-gas release 
and swelling from operating fuel rods has not yet been 
developed. Even if the analytical tools were fully devel- 
oped, some of the basic input data to the computation, 
such as fission-gas diffusivity and the heat of transport for 
matrix and surface thermal self-diffusion, are simply not 
known to an accuracy that would permit computational 
results to be considered quantitative. In view of this state of 
affairs, the approach of most investigators has been to 
concentrate on a small portion of the total problem to see 
how well the results of a modest but tractable analysis agree 
with experimental data. The tendency has been to consider 
the problem from two points of view. 

One school emphasizes the role of processes dependent 
on  atomic migration of the gas atoms in the fuel. Such 
calculations are primarily concerned with diffusion to 

c 

(3) The amount of gas released from the fuel. 
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Table 13.1 Individual Physical Processes 
that Contribute to the  Behavior of 

Fission Gases in Nuclear Fuels 

1. 

2. 

3. 

4. 
5. 

6.  

I .  

8. 

9. 

~ 

Production of the gases xenon and krypton by fission. 
The rate of production and the total a,mount pro- 
duced a t  a particular irradiation time are 'important. 

Nucleation of gas bubbles, either homogeneously by 
chance encounters of wandering gas atoms or hetero- 
geneously on fission-fragment tracks or dislocation 
lines. 

Growth of gas bubbles by atomic migration of fission- 
gas atoms to existing bubbles. Bubble growth can be 
affected by the availability of vacancies to permit the 
bubble to expand as gas is accumulated and by the 
effects of surface tension and the stress state of the 
surrounding fuel matrix, which determine the stable 
size of the bubble. 

Re-solution of the gas atoms within the bubble. 
Migration of the bubbles, either as a random-walk 

process in the absence of directed forces acting on the 
bubble or as biased motion when such forces are 
present. The forces that act on  gas bubbles in solids 
are generally believed to  be those due to  the 
temperature or stress gradients, or restraining forces 
due to  dislocations and grain boundaries. The former 
forces always cause the bubble to move in a particular 
direction. The forces due to  crystal defects can act 
either to pin the bubble if the defects are immobile or 
t o  drag the bubbles if the defects are themselves in 
motion (i.e., dislocations move along glide planes in 
the crystal in response to mechanical stresses, and 
grain boundaries move in the process of grain 
growth). 'rhus, bubble motion can occur by disloca- 
tion-line sweeping or grain-boundary sweeping. 

Coalescence of bubbles moving either in a random or  
directional fashion. 

Interaction of bubbles with the crystal defects (disloca- 
tions and grain boundaries). 

Release of the fission gases, either to external surfaces 
such as the central void, cracks in the fuel, or the 
fuel-cladding gap or t o  internal surfaces such as grain 
boundaries. When the bubbles o n  grain boundaries 
become sufficiently large and numerous, they can link 
up and release gas to one of the external surfaces. 

Release of fission gas by direct flight of the energic 
fission fragments out of an external surPace. This 
mode of release is small and is significant only at  low 
temperatures. 

surfaces from which escape can occur. The processes of 
trapping during diffusion are treated in detail. Fission-gas 
bubbles, if they are considered at  all, are generally regarded 
as one of many possible trapping sites for migrating atoms. 
Such approaches lend themselves to a better description of  
release rather than of swelling. 

The second school concentrates on  the role of bubble 
growth and migration and on the interactions of bubbles 
between themselves and with structural defects. The results 
of such analyses tend to produce swelling, rather than 
release, predictions. 

It has been only recently that comprehensive swelling 
and gas-release calculations have been advanced; yet even 
the most sophisticated of these do  not consider all the 

pertinent elementary processes simultaneously. Perhaps 
because of its relatively recent discovery, the phenomenon 
of radiation re-solution has been accorded the least atten- 
tion in computations aimed at  predicting fuel-element 
performance. Fuel cracking, because of its unpredictability, 
is also quite' difficult to model quantitatively, 

The discussion of fission-gas behavior here is divided 
roughly according to the two schools of thought described. 
This chapter deals primarily with the phenomena occurring 
within the fuel body proper and does not consider 
movement of the fission gases over distances needed for 
release. The fuel is treated as an infinite medium in the 
same spirit as many problems in reactor physics are 
analyzed in the infinite-medium approximation. Chapter 14 
describes the kinetics of fuel restructuring, which can be 
treated by some of the same tools that have been developed 
to predict fission-gas behavior. Chapter 15 explicitly con- 
siders the flow of fission gases to  surfaces from which 
escape from the fuel is possible. 

13.2 GENERAL CONSIDERATIONS 

In this section the formulas common to most fission-gas 
behavior models are summarized. 

13.2.1 Rate of Fission-Gas Production 
Table 13.3 shows the yields of the isotopes of xenon 

and krypton resulting from fission of 2 3 8 U  and 239Pu.  
Only the stable or very long lived isotopes (e.g., *' Kr) are 
important in fuel swelling and gas release that causes a 
permanent pressure rise in the fuel pin. The short-lived 
isotopes marked with a dagger in Table 13.3 decay to 
solid fission products very quickly on  the time scale of 

Table 13.2 Variables Affecting 
Fission-Gas Behavior 

Temperature 
Temperature gradient 
Matrix stress 
Matrix-stress gradient 
Fission rate 
Irradiation time or burnup 
Fuel properties 

Vapor pressure 
Surface tension 
Coefficients of thermal surface and bulk diffusion 
Creep strength 

Fission-gas properties 
Nuclear yields 
Equation of state 
Diffusion coefficient in the solid fuel 
Diffusion coefficient of the gaseous fuel 

Dislocation density 
Grain size 
Restructuring 
Crack pattern 

Fuel microstructure 

The condition of the fuel element, which determines the 
temperature profile and the state of stress in the fuel 
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Table 13.3 Isotopes of Xenon and 
Krypton Released in Fission* 

Percent yield 
Isotope Half-life 238U 2 3 9 P u  

8 3 K r  Stable 0.4 0.3 
8 4 K r  Stable 0.85 0.5 

8 5 m K r t  4.4 hr 1 .3  
8 6 K r  Stable 1.4 0.8 
' K r t  78 min 2.5 

Total stable krypton yields 2.8 1.7 

' 3 ' X e  Stable 3.2 3.8 
I 3 ' X e  Stable 4.7 5.3 
1 3 3 X e t  5.3 day 6.6 6.9 
1 3 4 X e  Stable 6.6 7.5 
' 3 5 X e t  9.2 hr 5.5 
' 3 6 X e  Stable 5.9 ~ 6.6 

Total stable xenon yields 20.4 23.2 

Kr Stable (10.6 years) 0.1 5 0.13 

K r t  2.8 hr 3.5 __ 

*From S. Katcoff, Nucleonics, 18: 201 (1960). The 
yields for the stable products represent chain yields; the 
yields of short-lived isotopes are cumulative yields up to  the 
particular isotope. Plutonium-239 yields are for thermal 
neutrons, whereas those for U are for Kast neutrons. 

?Short-lived fission product. 

reactor operation. The sum of the yields of the stable 
xenon and krypton isotopes is between 0.23 and 0.25. The 
more recent summary of fission-product yields presented 
by Meek and Rider' also shows that the total yield of the 
stable fission gases is about 0.25 for both uranium and 
plutonium. Since xenon constitutes the largest part of the 
fission gas, the total cumulative yield of stable Xe + Kr will 
be denoted by Y,, and assumed to  be independent of 
irradiation time. The rate of production of fission gases in a 
unit volume of fuel is then Yx,F fission-gas atoms sec-' 
c m 3 ,  where F is the fission rate density (fissions sec-' 
c m 3  ) . 

The complete van der Waals equation of state contains 
another constant arising from the attractive forces. This 
term is small enough to  be neglected for xenon. 

Alternatively, the equation of state can be written in 
terms of the compressibility factor (see Eq. 9.14): 

(13.2) 

Harrison' has tabulated the compressibility factor of 
xenon as a function of temperature and pressure. Combina- 
tion of Eqs. 13.1 and 13.2 shows that the van der Waals 
parameter B is not constant but varies with temperature 
and pressure according to 

(13.3) 

In most analyses, however, B is taken to  be a constant equal 
to  85  A3 /atom. 

The critical constants for xenon are 
Tcrit = 289.7"K 
Vcrit  = 200 A3 /atom 
pcrit = 58  atm 

13.2.3 Mechanical Force Balance on the Bubbles 
Figure 13.2 shows a gas-filled bubble of radius R 

embedded in a solid medium that is subject to uniform 
hydrostatic stress u. If the solid is in compression, u is 
taken to be positive. At equilibrium in this system, the gas 
pressure acting to expand the bubble is just balanced by the 
hydrostatic stress in the solid and the surface-tension forces 
that tend to  contract the bubble. From the analysis of 
Chap. 8 [see Eq. 8.12 and Fig. 8.9(b)],  the surface-tension 
force is 2y/R, where y is the surface tension of the solid. 
For the equilibrium bubble the force balance takes the 
form 

p = - + o  2Y 
R 

or, i f  there is no stress in the solid, 

(13.4) 

/ / I  
13.2.2 Xenon Equation of State 

The extent of fuel swelling caused by the fission gases is 
strongly dependent on the equation of state of the gas in 
the bubbles. Although the noble gases can be safely 
considered to  be ideal for nearly all applications, the gas 
pressure within the small bubbles in a nuclear fuel can be 
very large, and deviations from the perfect-gas law must be 
considered. 

The van der Waals equation of state is most commonly 
used to  describe the thermodynamic state of fission xenon 
in the bubbles. It can be written as 

SOLID UNDER HYDROSTATIC STRESS u 

R +SURFACE / /  TENSION y 

G 
/ /  GAS PRESSURE 

p (k- B) = kT (13.1) /~~ P 

where p is the pressure of a gas of molecular density p g  a t  
temperature T. The constant B can be regarded as express- 
ing the volume occupied by the atoms proper, or, more 
precisely, it is a reflection of the short-range repulsive 
forces in the interatomic potential between xenon atoms. 

Fig. 13.2 Gas-filled bubble in mechanical equilibrium with 
a solid under hydrostatic stress. 
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(13.5) 

have shown that fission-gas bubbles in 

2Y 
P = K  

Kulcinski et  al.' 
uranium metal respond to  changes in external hydrostatic 
stress in a manner consistent with Eq. 13.4. 

There are important instances, however, in which the 
equilibrium relations of Eqs. 13.4 and 13.5 are not valid. 
For example, the bubbles in the fuel may be able to 
accumulate gas atoms more rapidly than the bubble can 
expand to  satisfy Eq. 13.4 or  13.5. For small bubbles the 
mechanism by which bubbles expand is by an inflow of 
atomic vacancies from the bulk of the solid. Vacancies and 
interstitials are produced copiously in irradiated fissile 
materials. However, if the flow of vacancies to  the bubble is 
not great enough to  provide the volume increase needed to 
compensate for the increasing number of gas atoms 
collected by the bubble, an excess pressure can develop. 
Nonetheless, the forces acting on  the interface must always 
be in mechanical equilibrium or  else the bubble surface 
would accelerate according to Newton's law. The force 
balance at  the interface is maintained by the radial stress 
component at  the interface, which in the case of the 
nonequilibrium bubble is not equal t o  the hydrostatic stress 
far away from the bubble. The mechanical balance that is 
always satisfied is 

P = - 27 + orr(R) (13.6) 

where o,,(R) is the radial component of the stress tensor a t  
the bubble surface. The equilibrium bubble is one in which 
a,,(R) is equal to the bulk hydrostatic stress. When a 
pressure excess (or deficit) develops in the bubble, there 
will be stress gradients in the vicinity of the bubble. The 
stress field around nonequilibrium bubbles can be calcu- 
lated by elasticity theory14 provided that the stresses do  
not exceed the yield point of the solid. Although any 
imbalance between the interface and bulk stresses is 
relieved by vacancy flow for small bubbles, large bubbles 
can attain mechanical equilibrium with the surrounding 
solid by plastic d e f ~ r m a t i o n . ~  

Another important exception to the equilibrium bubble 
case occurs when there is little or  no  gas in the enclosure, in 

R 

or,  i f  the solid is stress-free, 

(13.8) 

The surface tensions of the common nuclear fuels U, 
UOZ, and UC are not well known. Most analyses assume 
y = 1000 dynes/cm, although recent measurements' on  
U02  suggest that y may be closer to 600 dynes/cm. The 
temperature dependence of y is unknown. Using y = 1000 
dynes/cm, the group (kT/2y) in Eqs. 13.7 and 13.8 is 
0.7 8' a t  1000°K and 1.4 A' at 2000°K. In view of the 
large uncertainty in y, we take the following estimate to be 
valid at  all temperatures of interest in reactor fuel opera- 
tion: 

(13.9) 

Figure 13.3 shows a plot of the gas density according to Eq. 
13.8 with the surface-tension term given by Eq. 13.9. For 

1 o3 

m . 
0% 

10' I I I 1 1 
1 10' 102 1 o3 1 o4 

R ,  

Fig. 13.3 Density of xenon gas in a spherical bubble 
imbedded in a stress-free solid of surface tension of 
1000 dynes/cm. 

which case the bubble is properly termed a void. Mechan- 
ical equilibrium a t  the surface of a void is maintained by a 
slight contraction of the surface, which places the solid near 

bubbles with a radius smaller than about 10 8, the gas 
behaves as a constant-density condensed phase for which 

(13.10) - = 85 - 
pg atom 

For comparison the atomic volume of uranium atoms in the 

1 A3 the interface in tension relative to the stress in the bulk 
material. The behavior of voids in metals will be treated in 
detail in Chap. 19. 

13.2.4 Number of Gas Atoms in a Bubble 

All fission-gas swelling models require a relation speci- 
fying the number of gas atoms contained in a bubble of a 
given radius. In most analyses the bubble is assumed to  be 
in mechanical equilibrium with the bulk solid surrounding 
it; thus, the density of the gas within the bubble can be 
obtained by replacing the pressure in Eq. 13.1 by the value 

& given by Eq. 13.4, which yields 
-1 

(13.7) 

fuel can be computed as follows: In U 0 2  the uranium 
atoms form a face-centered cubic sublattice with a room- 
temperature lattice parameter of 5.47 a [see Fig. 3.12(b)]. 
Since there are four atoms per conventional unit cell of the 
fcc structure (Chap. 3), the volume per atom of uranium in 
U 0 2  is: 

(13.11) A3 

U atom 41 ~ 

Thus the density of the gas in very small bubbles is nearly 
half that of the uranium atoms in the fuel matrix. 
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For bubbles with radii greater than about 1000 8, the 
correction for nonideal gas behavior is small, and 

The number of gas atoms contained in a bubble of 
radius R is 

m = ( F ) p g  

or,  using pg given by Eq. 13.8, 

4nR3 /3  
B + (kT/2y)R 

m =  

(13.13) 

(13.14) 

The limiting cases corresponding to Eqs. 13.10 and 13.12 
are 

(13.15) m = (+) (for R < 10 A) 

= (q) (g) (for R > 1000 A) (13.16) 

13.2.5 Swelling Due to Gas Bubbles 

Consider 1 cm3 of fresh fuel that contains no bubbles. 
Now insert N' bubbles of radius R into this volume of solid, 
and the final volume is 1 + (4nR3/3)N'. The volume 
increase is (4nR3 /3)N'. Measurement of bubble densities 
determines N, the number of bubbles per unit of total 
volume (solid plus bubbles), not N', which is the number of 
bubbles per unit volume of solid. The relation between N 
and N' is 

N 
1 - (4nR3 /3)N 

N' = ( 1  3.17) 

The fractional swelling due to the gas bubbles is defined as 
the volume increase per unit volume of fresh (Le., solid) 
fuel, or 

V 1 - (47rR3/3)N 

If the fractional swelling is small, Eq. 13.18 reduces to 

av = (qqN 
V (13.19) 

Equation 13.19 supposes that all bubbles are of the 
same size. In general, however, the solid contains bubbles of 
different radii, and the density of bubbles is described by 
the bubble distribution function: 

N(R) d R  = number of bubbles per unit of total volume 
with radii in the range R to R + dR 

We have not distinguished between bubbles in the fuel 
matrix (intragranular bubbles), bubbles present on disloca- 
tion lines, and bubbles located on  grain boundaries (inter- 
granular bubbles). 

f l  The total bubble density is given by 

N = N(R) dR 

and the volume swelling by 

7 - 4; 4- R3 N(R) dR 

13.2.6 Overall Gas Balance 

(1 3.20) 

(13.21) 

In the infinite-medium approximation, all the fission 
gas generated in a unit volume of fuel remains there. 
Assuming a constant rate of gas-atom productior? by fission, 
the overall balalrce can be written as 

Yx ,F t=  C +  M (13.22) 

where t = the irradiation time, C = gas atoms/cm3 dispersed 
atomically in the matrix, and M = gas atoms/cm3 contained 
in bubbles. 

In Eq. 13.22 the distinction between a unit of total 
volume (bubbles+ solid) and a unit of solid volume has 
been neglected. The bubbles are assumed to occupy only a 
small fraction of the total volume. The quantity M is given 

M = mN (for uniform size bubbles) (1 3.23) 

= Jo" m(R) N(R) dR 

(for a bubble distribution) (13.24) 

where m(R) is the number of gas atoms contained in a 
bubble of size R, as given by Eq. 13.14, 13.15, or  13.1.6. 

13.3 MIGRATION OF ATOMIC-SIZE DEFECTS 

In this section and the following two sections, we 
review the theoretical methods for predicting the rates of 
those elementary processes which, singly or  in various 
combinations, determine the kinetics of many of the 
phenomena listed in Table 13.1. 

The fission process creates vacancies, interstitials, and 
fission-gas atoms, which, in the early stages of their 
lifetimes, exist as entities of atomic size. Understanding the 
rates at  which these species migrate in the solid is crucial to 
rational prediction of overall fission-gas behavior in nuclear 
fuels (whether or  not the migration of the atomic defects 
actually controls the kinetics of the more complex pro- 
cesses of which they are a part). 

13.3.1 Vacancies and Interstitials 
Vacancies and interstitial atoms are created by the 

collision of energetic fission fragments with atoms of the 
solid crystalline lattice. If the collision transfers sufficient 
energy to  the struck lattice atom, the latter will be knocked 
far enough from its original site that it will not immediately 
drop back into its original position. The vacant-site- 
interstitial-atom pairs created by energetic collisions are 
known as Frenkel pairs. Although vacancies and interstitials 
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are constantly being created by thermal processes. radiation 
produces them in a nonequilibrium fashion. 

The lattice atom dislodged by a passing fission fragment 
is called the primary knock-on. Because the fission- 
fragment energy is so high, the energy of the primary 
knock-on is large enough to  create additional displacements 
when it collides with other lattice atoms. In this manner 
each fission fragment creates a cascade of displaced atoms 
and vacant lattice sites left behind by the removal of the 
atoms. We define the efficiency of such a process by the 
yie!d of Frenkrll pairs: 

d 

Y,i = 

\ 

number of stable Frenkel pairs per fission event (13.25) 

The qualification “stable” means that vacancy-interstitial 
pairs that are created so close to each other that  they 
immediately recombine are excluded. Theoretical estima- 
tion of Yvi is deferred until Chap. 17 .  Suffice it here to say 
that Y,, is believed” t o  be about l o4  for U 0 2 .  This 
number can be compared to  the yield of fission-gas atoms, 
which is -0.25. The rate of production of vacancies and 
interstitials is YvlF  per second per unit volume of fuel.” 
Equal numbers of both types of defects are created by 
irradiation. 

The vacancies and interstitials created by fission migrate 
through the lattice by a random-walk process. They lose 
their identity as separate species when they encounter other 
objects with which they can combine (e.g., a dislocation 
line, a bubble, a free surface, o r  a grain boundary). They 
can also recombine with each other, thereby reconstituting 
the perfect lattice. The rate of migration of vacancies and 
interstitials can be described by diffusion coefficients 
(Chap. 7). The relationship between the diffusion coeffi- 
cient and such atomic parameters as jump frequency and 
jump distance depends on the lattice structure and, for 
interstitials, on the type of interstitial site that is occupied 
(e.g., octahedral, tetrahedral, o r  split-interstitial sites in the 
cubic lattice; see Sec. 6.2). In a binary compound, such as 
UOz , the point-defect diffusion coefficients also depend on  
whether the defect is on  the anion or cation sublattice. In 
common with most analyses of the mobility of radiation- 
produced defects in nuclear fuels, we shall ignore these 
mechanistic details and express the diffusion coefficients 
for vacancies and interstitials as follows: 

For vacancies (see Eq. 7.44), 

n,=X?v,exp (:) - exp ( ii) (13.26) 

*Similar terms can be used to  describe the rate of 
production of vacancy-interstitial pairs in a metal irradi- 
ated by fast neutrons. In  this situation Y,, is interpreted as 
the number of Frenkel pairs generated by each primary 
knock-on; F denotes the rate a t  which the latter are created 
per unit volume. Irradiation effects in metals will be 
considered in Chap. 17. Defect production by fast neutrons 
in the fuel, however, is small compared to the production 
rate due to  fission fragments. 

and for interstitials, 

D~ = exp (:) - exp ( - ‘:) (1.3.27) 
RT,  

where X is the jump distance, u is the tibration frequency of 
the defect in its equilibrium position. and s* and E+ are the 
entropy and energy of motion, respectively. Numerical 
constants of order unity reflecting the particular lattice 
structure and the diffusion mechanism in the preceding 
equations have been set equal to unity. It is common 
practice to approximate the jump distance by the lattice 
constant a, or  a reasonable value such as 3 A. Sinii!arly, the 
vibration frequencies are given approwirnately by 

The entropies and energies of motion for defects in UOz 
are not known. However, some idea of their relative 
magnitudes can be obtained by examining the ana1ogo:is 
values for copper: 

C S  = 80 kJ/mole s*, = 40 J mole-’ ’K ’ 
ET = 20 kJ/mole sf = 0 

The activation energy of interstitial motion is much smaller 
than that of the vacancy; so the former is comiderably 
more mobile than the latter. The same relative mobililies 
probably characterize vacancies and interstitia!s in UO? as 
well. 

13.3.2 Xenon in UO, 
According to  the classical atomic picture of diffusion 

reviewed in Chap. 7,  atomically dispersed xenon in UOz 
might be expected to m o w  as an interstitial atoni or by a 
vacancy mechanism on either the oxygen or irranium 
sublattices. However, it does neither. The neutral xenon 
atom is much too large to  have any significant mobility if it 
were wedged into any of the interstitial sites in the U 0 2  
lattice. If It were to move by a vacancy mechanism, its 
diffusion coefficient would be given by 

D x e  = hZXex,w (1 3.28) 

where Dxe = t h e  xenon diffusion coefficient 
Axe = t h e  jump distance of a xenon atom in the 

lattice 
w = u X e  exp (sge/R) exp (-$,/RT), which is the 

jump frequency of a xenon atom in a particu- 
lar direction 

x, = the site fraction of vacancies in the sublattice 
on  which the xenon is assumed t o  migrate 

If xenon diffused by a vacancy mechanism, the diffusion 
coefficient could be altered simply by controlling the 
concentration of vacancies on the sublattice by doping the 
UOz with ions of valence different from 4+. The prevailing 
type of atomic disorder in UOz consists of vacancies and 
interstitials on  the oxygen sublattice. Thus, the introduc- 
tion of trivalent cations by doping IJOz with a sesquioxide 
M 2 0 3  produces oxygen vacancies in excess of the thermo- 



206 FUNDAMENTAL ASPECTS OF NUCLEAR R E A C T O R  FUEL ELEMENTS 

dynamic equilibrium value for pure UOz [see Chap. 1 2  and 
Fig. 12.8(b)]. Conversely, addition of a soluble compound 
such as N b z 0 5  should decrease the oxygen vacancy 
concentration. The site fraction of oxygen vacancies in 
doped UOz can be computed with the kenke l  equilibrium 
expression, Eq. 6.37; and from this result the vacancy 
concentration on the uranium sublattice can be obtained 
from the Schottky equilibrium, Eq. 6.34. In general, doping 
of UOz with a trivalent ion should increase the diffusion 
coefficient of a species that migrates by a vacancy 
mechanism o n  the oxygen sublattice but should decrease 
the diffusion coefficient if migration occurs o n  the uranium 
sublattice. Just the opposite should occur when a penta- 
valent impurity is added to  U 0 2 .  Matzke’ has shown that 
such effects are indeed observed for the self-diffusion of 
U4’ in doped UOz (U4’ diffuses by a vacancy mechanism 
on  the uranium sublattice). However, there was no effect of 
doping on  the xenon diffusion coefficient in the same 
material. Thus, xenon diffusion in UOz is independent of 
the concentration of either uranium o r  oxygen vacancies in 
the lattice. The only conclusion that can be drawn from 
these studies is that xenon does not diffuse by a classical 
single-vacancy mechanism in U 0 2 .  By elimination the only 
mechanism by which single xenon atoms can move about in 
UOz is as a complex of constant size, the simplest of which 
is a xenon atom bound to one uranium vacancy and two 
oxygen vacancies (to maintain electrical neutrality).” 
Similar mechanisms have been offered t o  explain rare-gas 
diffusion in other ionic crystals.’ 

During fission xenon fission fragments come to rest in a 
region of the lattice that is especially rich in vacancies. 
These vacancies (and interstitials) are produced in the 
fission spike that occurs in the last stages of slowing down 
of the fission fragment. Consequently, there does not 
appear to be any difficulty in forming the complex. Once 
formed, the mobility of the complex is unaffected by the 
concentration of vacancies in its vicinity. This has been 
demonstrated experimentally for vacancies produced by 
doping and should be equally true for vacancies produced 
by irradiation. For species that diffuse by a true vacancy 
mechanism (not the complex mechanism proposed for 
xenon), radiation increases xv in Eq. 13.28, and the 
diffusion coefficient should be enhanced by the presence of 
radiation-produced vacancies.’ * However, radiation- 
enhanced diffusion of xenon in UOz would not be 
expected since the complex carries with it all the vacancies 
it needs to  migrate. Thus, it appears to be incorrect to 
invoke radiation-enhanced diffusion of fission gases in U02 
in developing theories of various processes pertaining to  
fission-gas behavior, as some investigators have done.’ 7 ’ 2  

Despite the large effort devoted to measuring the 
diffusion coefficient of the fission gases in UOz , no  sound 
set of values is yet available. Many measurements were 
made without considering the effect of trapping o n  the 
release curves (see Sec. 13.1) o r  the influence of stoichi- 
ometry,  and the results range over three orders of magni- 
tude at  a particular temperature.’ The diffusion coeffi- 
cient of xenon in UOz used in many model calculations of 
the type described in this chapter is due t o  Cornell.25 He 
measured D,, by following the growth of individual gas 
bubbles in UOz with an electron microscope. His results are 

C probably freer from the problems associated with trapping 
than those of other investigations. The diffusion coefficient 
obtained by Cornell is given by 

Dxe= 2.1 x em2 /sec (13.29) exp 

the activation energy is given in kJ/mole. 

13.4 REACTION RATES OF ATOMIC-SIZE 
DEFECTS 

In the preceding section it was shown that the motion 
of crystal defects small enough to be appreciably mobile in 
the crystal lattice could be described as a random-walk 
process. When one of these wandering species encounters an 
object in the crystal to which it is strongly bound, one or 
both of the partners in this collision can be considered to 
have disappeared from the solid. This section describes the 
rates of such processes by analogy to chemical reaction-rate 
theory. Since the rate is proportional to the concentrations 
of each of the interacting species, we can write 

Rate of reaction between species A and B 

= kABCACB reactions sec-’ cm13 (13.30) 

where CA and CB are the volumetric concentrations of 
species A and B in the solid (in units of particles/cm3) and 
kAB is the rate constant of the reaction with units of 
cm3 jsec. Reaction can occur between types of particles that 
are both mobile (e.g., combination of two vacancies o r  two 
fission-gas atoms). Or, in a certain temperature range, one 
of the particles can be mobile and the other stationary. 
Such an approximation is commonly applied to recombina- 
tion of vacancies and interstitials; the mobility of inter- 
stitials is generally much greater than that of vacancies; so 
the latter can be considered fixed in the lattice. Reactions 
between mobile point defects and stationary line defects 
(dislocations) can also be treated by reaction-rate formal- 
ism. 

To determine the rate constant, we assume that there 
are no macroscopic gradients of the concentrations of 
either of the reaction partners. If one of the reacting 
partners is large compared to an atomic-size reactant (e.g., a 
gas bubble accumulating gas atoms o r  vacancies) or  if one 
of the species is a strong sink, a concentration gradient on  
the point defects may be established in the vicinity of the 
stationary defect. In such cases the rate of the overall 
process is governed by the rate of diffusion of the mobile 
species to the stationary sink. Such diffusion-controlled 
kinetics are considered in the next section. Reactions 
proceeding in the absence of diffusional limitations are 
called reaction-rate controlled. The term “rate-controlled 
jumping” has also been used to describe reaction-rate- 
limited processes.’ 

13.4.1 Vacancy-Vacancy Reaction 

cancy can be written 
The reaction between two vacancies to form a diva- 

k V ”  v + v - v 2  (1 3.31) 
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We consider here only the forward reaction. The rate at 
which divacancies dissociate can be obtained from knowl- 
edge of the forward rate constant and the vacancy- 
divacancy equilibrium (Sec. 6.4) since the ratio of forward 
and reverse rate constants must equal the thermodynamic 
equilibrium constant. The rate of divacancy formation has 
been treated by Damask and Dienes,' and their analysis is 
followed here. 

The rate of divacancy formation can be written 

Rate of divacancy formation/cm3 = P,, C ,  (1 3.32) 

where C, is the concentration of monovacancies. Since a 
divacancy is formed when two single vacancies occupy 
nearest neighbor lattice sites, the coefficient 

P,, = probability per second that another 
vacancy jumps into a site that is nearest 
neighbor to a particular vacancy 

The probability P,, depends on  the crystal structure. The 
method of calculating it for the fcc lattice is shown in 
Fig. 13.4. Here, we center attention on a particular vacancy 
that is located between the upper and lower unit cells on 
the left of the drawing. The nearest-neighbor sites that 
result in divacancy formation if they are occupied by 
another single vacancy are marked with crosses. Since the 
12 nearest-neighbor sites on  the fcc lattice are all equiva- 
lent, we need only calculate the probability 

P, = probability per second that another vacancy 
jumps into one of the nearest-neighbor positions 
surrounding the particular vacancy 

from which P,, can be obtained from 

P,, = 12P, (1  3.3 3) 

The probability P, is proportional to (1) the number of 
sites surrounding the chosen nearest-neighbor site from 
which another vacancy could jump, (2) the probability that 
one of these lattice positions is occupied by a vacancy, and 
(3) the jump frequency of a vacancy in a particular 
direction. Figure 13.4 shows that each nearest neighbor to 
the chosen vacancy has seven nearest neighbors from which 
a jump could occur. (The other five nearest neighbors are 
excluded either because they are the original vacancy or 
one of its nearest neighbors). The arrows in the drawing 
indicate the seven possible jumps. The probability that any 
one of these seven sites in fact contains a vacancy is 
assumed to be equal to the probability that any site in the 
lattice contains a vacancy, namely, t o  the vacancy site 
fraction x,. Finally, the rate at  which a vacancy jumps to a 
particular adjacent site is given by the quantity w, which 
can be estimated from absolute rate theory (Sec. 7.5). Thus 

P, = 7x,w (1 3.34) 

The vacancy-site fraction can be written in terms of the 
volumetric concentration as 

@ VACANCY 

@ NEAREST NEIGHBOR TO THE VACANCY 

0 OTHER LATTICE SITES 

Fig. 13.4 Diagram for computing the rate of divacancy 
formation in a face-centered cubic lattice. 

x, = C,R (1 3.35) 

where 1/R is the number of lattice sites per unit volume. 
Substituting Eqs. 13.33 through 13.35 into Eq. 13.32 
yields the rate: 

Rate of divacancy formation/cm3 = 84wRC: (13.36) 

Comparison of this equation with Eq. 13.30 shows that the 
rate constant for vacancy-vacancy combination is 

k,, = 84wR (13.37) 

The jump frequency can be related to the vacancy diffusion 
coefficient by Eq. 7.29: 

D, = a i w  (13.38) 

where a, is the lattice parameter. Combining the two 
preceding equations yields 

84RD, 
a0 

k", =2 (13.39) 

Although Eq. 13.39 has been derived for the interaction of 
two vacancies, the same formula is obtained for the 
reaction between any impurity species that occupies a 
substitutional position in the fcc lattice (D, in Eq. 13.39 
need only be replaced by the diffusivity of the impurity). 
Relations similar to Eq. 13.39 can be  derived for other 
lattice types, but the numerical factor o n  the right-hand 
side, which is called the combinatorial number, depends on 
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the crystal structure. Combinatorial numbers represent the 
solid-state analog of the cross sections that describe 
reaction rates when nonlocalized particles, such as gas 
molecules or neutrons, are involved. 

As will be seen in Sec. 13.6, the rate of reaction 
between two mobile species A and B is given by 
(kAB + kBA)CACB, where kA, is the rate constant calcu- 
lated on  the assumption that species B is immobile and kB A 

is obtained by the same calculation with A immobile. In the 
case just considered, the vacancy in Fig. 13.4 was assumed 
to  be stationary. When account is taken of its mobility, the 
rate constant of Eq. 13.39 should be multiplied by a factor 
of 2. 

The derivation of the divacancy formation rate was 
presented in detail not because the value of this rate 
constant is of particular importance in analyzing fission-gas 
behavior in solid nuclear fuels but because it represents one 
of the few cases in which the geometry and range of the 
interaction can be accurately specified. 

13.4.2 Vacancy-Interstitial Recombination 

The method described for vacancy-vacancy encounters 
can be applied to the recombination reaction 

kvi  v + i --+ null (1 3.40) 

where “null” denotes a perfect lattice site. If it is assumed 
t.hat the vacancy is stationary and the interstitial is mobile 
and that recombination occurs only when an interstitial 
atom jumps into an interstitial site that is nearest neighbor 
to the vacancy, the recombination rate constant for 
octahedral interstitials in the fcc lattice is 

(13.41) 

Such a computation, however, is in error for two reasons. 
First, the stable interstitial probably does not occupy either 
an octahedral or tetrahedral interstice in the fcc lattice 
(Fig. 6.2). Rather, a split interstitial (Fig. 6.4) is believed to  
be formed. In copper the stable configuration is a [ loo ]  
split interstitial.2 Second, recombination can spontane- 
ously occur even if the split interstitial is further removed 
from the vacancy than the nearest-neighbor distance. 
Surrounding each vacancy is a rather large sphere of 
influence, which, if entered by an interstitial, inevitably 
results in spontaneous recombination. Figure 13.5 shows a 
region on  the (100) plane of copper in the center of which 
a [ l o o ]  split interstitial resides. Gibson et aL2 have shown 
that a vacancy on any one of the lattice sites marked with a 
cross will spontaneously annihilate the split interstitial. The 
dashed line in the figure delineates the area of the (100) 
plane surrounding an interstitial in which unstable sites are 
located. When one expands such a diagram from two to  
three dimensions, it becomes obvious that there are many 
more positions surrounding an interstitial (or a vacancy) 
from which recombination can occur than just the 1 2  
nearest-neighbor sites. The net effect of this large sphere of 
influence is to replace the combinatorial number 48 in 
Eq. 13.41 by a much larger number, which leads t o  the rate 
constant 
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Fig. 13.5 Stability of Frenkel pairs in the (100) plane of 
copper. The dashed line separates stable from unstable 
vacancy sites. [After Gibson et al., Phys. Rev., 120: 1-22? 
( 1960). ] 

(13.42) 

where the combinatorial number for recombination, ziV, is 
of the order of 500. 

13.4.3 Interaction Between Migrating Fission-Gas 

The rate at which migrating fission-gas atoms encounter 
each other during their random walk on the lattice is of 
considerable importance in fission-gas behavior analyses. A 
pair of adjacent xenon atoms is believed to  be a relatively 
stable entity (see problem 6.1) and is often taken to  be the 
nucleus from which gas bubbles subsequently grow. Thus, it 
is important t o  be able to  estimate the rate constant for the 
reaction 

Atoms 

(13.43) 

where g represents a mobile fission-gas atom in the solid 
and g, is a diatomic cluster. In most analyses that use this 
elementary step, dissociation of the di-atom by thermal 
processes is not considered. However, radiation can reverse 
this reaction (Eq. 13.43). 

C 
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Because atomically dispersed xenon migrates as a 
complex containing the xenon atom and several vacancies, 
the analysis that was used for vacancies is not applicable 
(although at  least one paperZ9 has simply used the 
vacancy-vacancy analysis and replaced the vacancy concen- 
tration by the concentration of matrix xenon atoms and D, 
by D x e ) .  Just as in the case of vacancy-interstitial 
recombination, the sphere of influence surrounding xenon 
atoms in the lattice in which a stable diatomic cluster can 
be formed is probably much larger than the distance 
between nearest neighbors. The most reasonable approach 
appears t o  be to accept the form of the rate constant 
formula as computed by the vacancy-vacancy interaction 
problem but allow for a larger combinatorial number. Thus, 
kll would be 

(1 3.44) 

where zll is a combinatorial number probably much larger 
than 84. The rate of formation of diatomic gas clusters is 
then 

Rate of formation of diatomic gas clusters/cm3 

= kllCz (13.45) 

13.4.4 Interaction Between Xenon Atoms and 
Atomic-Size Traps 

Theories of the effect of trapping o n  the mobility of 
fission gases in ceramic materials often attempt to account 
for the immobilizing effect of encounters between a 
migrating gas atom and a structural defect of atomic size, 
which can be an  impurity atom, a small damage area rich in 
radiation-produced vacancies and interstitials, or another 
fission-gas a tom.z6  The rate of gas-atom trapping can be 
expressed by 

Rate of trapping of fission-gas atoms/cm3 

= kgtrCtC (1 3.46) 

where Ct is the concentration of point traps, C is the 
concentration of atomically dispersed fission gas, and kgtr 
is the rate constant for the gas-atom-trap interaction. By 
analogy to Eq. 13.44, the rate constant can be expressed 

(1  3.47) 

where zgtr is a combinatorial number representing the 
number of trapping sites surrounding each trapping center. 

The trapping rate can also be expressed by2 

Rate of trapping of fission-gas atoms/cm3 

-___ - DxeC (13.48) 
LZ 

3 The quantity L is termed the diffusion trapping length for 
the following reasons. If there are Ct trapping centers per 
unit volume of the solid and each offers zgt sites for 
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trapping a gas atom, then there are zgtCt trapping sites per 
unit volume. The fraction of all lattice sites o n  which 
trapping can occur is therefore zgtCts;2. Since the jumping 
of the gas atoms on the lattice is a random-walk process, 
the probability that an  atom lands on  a trapping site in any 
particular jump is also zgtCtR. The number of jumps 
required for a newly created gas atom to reach a trap is just 
the reciprocal of this probability, or 

j = (zgtCtfL)-' (1 3.49) 

According t o  random-walk theory (Eq. 7.16), the relation 
between the mean square distance covered by a diffusing 
atom in j jumps is 

L' = ja2, (13.50) 

where the length of a diffusive jump has been taken as the 
lattice constant. Combining Eqs. 13.49 and 13.50 yields 

This formula is equivalent to those derived by Kelly and 
Matzke3' and Ong and Elleman" if the combinatorial 
number is set equal to 6 and 3, respectively. Equations 
13.48 and 13.51 give the same reaction rate as Eqs. 13.46 
and 13.47. 

13.4.5 Interaction of Migrating Point Defects 
with Dislocations 

Because of the unique nature of the stress fields in the 
neighborhood of a dislocation line, this type of crystal 
imperfection is an efficient sink for many atomic defects. 
The edge dislocation, for example, places the solid beneath 
the extra sheet of atoms in Fig. 8.4 in tension and creates a 
region of compression above the glide plane. Vacancies are 
attracted by the compressive stress field and interstitials by 
the tensile stress field. A vacancy o r  interstitial that  
approaches a dislocation line in the course of a random- 
walk process can be permanently captured by the line. 
When capture occurs, the dislocation climbs, in opposite 
directions for vacancy and interstitial capture. Similarly, 
any impurity species that acts as a point center of stress in 
the crystal can be strongly bound to a dislocation line. Thus 
the dislocation line acts as a nearly perfect sink for 
vacancies and interstitials" and as an efficient trap for 
fission-gas atoms. Fol!owing the model of Bullough and 
Per r i r~ ,~ '  we derive the rate of reaction of the dislocations 
and vacancies. The method is applicable to  all point defects. 

By analogy to the sphere of influence surrounding a 
vacancy or interstitial in the recombination process, we 

*Dislocations are not quite perfect sinks for vacancies 
and interstitials in the sense that they never release these 
species to the bulk crystal. If this were so, the equilibrium 
concentration of vacancies and interstitials would be zero. 
One mechanism by which the thermodynamic concentra- 
tion of these point defects is maintained in a crystal is by a 
balance between their capture and emission rates from the 
dislocation network. 
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visualize a cylinder of influence around each dislocation 
line. If a vacancy hops onto a Lattice site within this 
volume, capture is certain. The cylinder of influence is 
considered to  be composed of zvd atomic sites on each of 
the parallel crystal planes intersected by the dislocation line 
(Fig. 13.6). The extent of this region is often called the 
capture radius of the dislocation line. If the spacing 
between atomic planes in the lattice is approximated by the 
lattice spacing a,, there are zvd/a0 capture sites per unit 
length of dislocation line.* Letting Pd be the density of 
dislocation lines in the crystal (in units of centimeters of 
dislocation line per cubic centimeter of solid), we have 
zvdpd/ao capture sites per unit volume. We can now use the 
analysis developed for the interaction of fission-gas atoms 
with point traps. In place of the number of trapping sites 
per unit volume zgtCt, the density of capture sites around 
dislocations is used. Making this replacement in Eq. 13.51 
and approximating s2 by a:, we find the diffusion length 
for vacancy capture by a dislocation to  be 

(1 3.52) 1 L2 =- 
ZvdPd 

or, the capture rate is 

Rate of vacancy capture by dislocations/cm3 

= D v z V d ~ d C v  (13.53) 

The analogous expression for interstitial capture is 

Rate of interstitial capture by dislocations/cm3 

= DiZidpdCi (13.54) 

In metals zvd and Zid are very nearly but not quite 
equal. The dislocation line has a slightly greater affinity for 
interstitials than vacancies, perhaps by a few percent. This 
seemingly minor difference in a calculation full of order-of- 
magnitude estimates may not a t  first appear significant, but 
it will be shown in Chap. 19 that  it is just this slight 
imbalance in capture rates which allows voids to grow in 
metals. In treating the Frenkel-pair removal by dislocations 
in the fuel, however, zvd and zid are usually assumed to be 
equal. 

For trapping of fission-gas atoms by dislocations, the 
rate is 

Rate of capture of fission-gas atoms by dislocations/cm3 

where Zgd is the appropriate combinatorial number for the 
gas-atom-dislocation interaction. 

*This statement does not apply to dislocation loops, 
which are circular dislocations resulting from the condensa- 
tion of excess interstitials in the solid. Here, the attachment 
sites are restricted to jogs on  the loop, which can be much 
less densely spaced than the capture sites on a straight edge 
dislocation. 

REGION CONTAINING 
zvd UNSTABLE SITES 

I----DISLOCATION LINE 

a UNSTABLE SITES 

0 STABLE SITES 

Fig. 13.6 Schematic of the capture sites around a disloca- 
tion line. 

13.5 DIFFUSION-LIMITED REACTIONS 

The preceding section described methods of calculating 
the rates of several elementary processes involving defects 
in crystals with the supposition that the concentrations of 
the two reactants were everywhere uniform. This treatment 
of reaction-rate controlled kinetics is entirely analogous to 
the way in which the rates of ordinary homogeneous 
chemical reactions are analyzed. However, interaction 
between a cloud of point particles and a collection of 
widely spaced, efficient sinks more closely resembles the 
fluid-solid systems that occur in the field of heterogeneous 
chemical kinetics. In particular, if  the reaction rate between 
the point particles and the discrete sinks is very rapid, the 
surface of the sink can become starved of reactant particles 
because of kinetic limitations t o  the rate at  which they can 
be transported from the bulk crystal to the reacting surface. 
The overall process should therefore be considered as 
composed of two steps in series: the first is the diffusional 
process involved in transporting point particles from the 
bulk to the surface, and the second is the reaction of the 
particles with the discrete sink. 

If reaction occurs on every collision of the two 
reactants, the question of whether the kinetics are dif- 
fusion-limited o r  reaction-rate-limited depends primarily on 
the relative sizes of the two interacting species. If both are 
mobile atomic-size particles, diffusion limitations are not 
significant. If one particle is small and mobile and the other 
is large and stationary, the kinetics are likely to be diffusion 
limited. Between these two limiting situations, there can 
exist a transition region in which both diffusion and 

c 
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reaction proceed at  comparable rates. The growth of 
fission-gas bubbles is one example where mixed kinetic 
control can be significant. The bubble is first formed as a 
two-atom cluster by the random encounter of two mi- 
grating gas atoms. The rate of this process clearly does not 
involve long-range concentration gradients, o r  it is free of 
diffusional limitations in the sense described. However, the 
two-atom complex eventually reacts with another gas atom 
to form a tri-atom complex, and so on. At some cluster 
size, a concentration gradient of gas atoms begins to  
develop in the vicinity of the growing sphere. As the bubble 
gets larger and larger, the gas-atom concentration at the 
surface becomes progressively smaller. Eventually, growth 
of the bubble is completely dictated by the rate of 
diffusion of gas atoms down the concentration gradient 
between the bubble surface, where the concentration is 
close to  zero, and the bulk solid, where the gas-atom 
concentration is maintained by the fission process. In  the 
course of its growth from a nucleus to  a full-fledged bubble, 
the kinetics of gas-atom absorption by the cluster passes 
successively through a regime of reaction-rate control, a 
transition region, and finally to  diffusion control. Similar 
arguments apply to voids in metals that grow by vacancy 
accumulation. 

The rate at  which dislocation lines capture vacancies or 
interstitials can be reaction-rate or  diffusion controlled. 
However, in distinction to gas bubbles or  voids, which grow 
as they accumulate point particles, dislocations d o  not 
change size as they capture vacancies or interstitials; they 
respond by moving by climb. The criterion for determining 
whether capture kinetics at  dislocations is reaction-rate or 
diffusion controlled is controlled more by the spacing of 
the dislocations than their size. 

1*11$ 

13.5.1 Diffusion to Spherical Sinks 
We consider first the case of C, spherical objects per 

unit volume each of radius R which are accumulating a 
particular type of point defect that is present in the solid 
between the spherical sinks. The rate of transport of the 
point defects to the spheres by diffusion is most easily 
treated if only a single sphere is considered. A unit cell, or 
capture volume, surrounding each sphere is defined as the 
portion of the solid that can be associated with each sphere. 
As in the analogous case of electrons in a metal (see 
Eq. 4.4), the entire volume could be divided into C, 
identical polyhedra each containing one sphere a t  its center 
in order t o  reproduce (on an average basis) the system of 
solid plus spheres. For ease of computation it is convenient 
to approximate each polyhedron by a sphere with a radius 
chosen to  satisfy the requirement that the C, cells occupy 
the entire volume. Thus the radius .% of the capture 
volume around each sphere is defined by 

(13.56) 

The idealized geometry is depicted in Fig. 13.7. 
The diffusion equation for the point defects is to be 

solved in the annular spherical shell R < r < 9 .  The 
concentration o f  point particles at radial position r in the 
capture volume at  time t is denoted by C(r,t). The choice of 
the capture volume implies that there is no net flux of 

point defects across the boundary at  r =.%: which supplies 
the following boundary condition for the diffusion 
equation . 

( 1  3.57 a) 

The point-defect concentration at  the surface of the sphere 
is specified: 

C(R,t) = CR (13.57b) 

The value of CR depends on the particular process. If the 
spheres represent gas bubbles and the point defects are 
fission-gas atoms, the complete insolubility of the latter in 
the solid is equivalent t o  setting CR = 0. If the sphere is a 
gas bubble or  a void and the point defects are vacancies or 
interstitials, CR is the thermodynamic equilibrium con- 
centration of these defects under the stress conditions 
characteristic of the bubble (or void)-solid interface. For 
the purpose of this analysis, CR is taken to be a specified 
time-independent quantity. 

The particles are assumed to be created uniformly 
within the capture volume. We further assume that there 
are no sinks for this particle other than the sphere in the 
center. The concentration C(r,t) is determined by solution 
of the diffusion equation in spherical coordinates with a 
volumetric source term representing production of the 
point defects within the capture volume 

(13.58) 

where D is the diffusion coefficient of the particles and YF 
is the rate of creation per unit volume. In the case of 
vacancies and interstitials, an additional term representing 
recombination should be included on the right-hand side of 
Eq. 13.58. Discussion of this complication is deferred until 
later. Two special cases of Eq. 13.58 are of interest and are 
discussed in the next two sections. 

SPHERICAL \ 
SINK 

Fig. 13.7 The unit cell for computing the diffusion-con- 
trolled rate of point-defect absorption by spherical sinks. 
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In- Pi1 e Be h au io r 
When the solid is irradiated at temperatures sufficiently 

high for appreciable point-defect mobility, loss of particles 
t o  the spherical sink is at least partially compensated by 
production within the capture volume, and the con- 
centration a t  any point in the capture volume changes 
rather slowly. In this case we can neglect aC/& on the left 
of Eq. 13.58 to first approximation. This simplification is 
called the quasi-stationary approximation, and with it the 
diffusion equation becomes 

(13.59) 

The solution of Eq. 13.59 subject to the boundary 
conditions provided by Eqs. 13.57(a) and 13.57(b) is 

C(r) = C, +- 6D 

In many practical cases the radius of the capture 
volume is much larger than that of the sink, and Eq. 13.60 
takes on  the general shape shown in Fig. 13.8. The form of 
the curve suggests an additional approximation. The con- 
centration is changing rapidly only in a region close to the 
surface of the sphere and approaches a constant value well 
before the outer radius of the capture volume is reached. 
This behavior suggests that the capture volume can be 
divided into the two regions shown in Fig. 13.8. In region 1 
diffusion is the most important factor in Eq. 13.59, and the 
source term can be neglected. In region 2 the relative 
magnitudes of the two terms are reversed. For region 1 we 
can write 

1 d 2 d C  
r2 dr(r 
- (13.61) 

to which the boundary condition of Eq. 13.57(b) still 
applies but Eq. 13.57(a) is replaced by 

C(-) = C ( m  (13.62) 

where C ( 8 )  is a concentration to be determined by 
matching the solutions in regions 1 and 2. Because this 
concentration is approached at short distances from the 
surface, the capture volume can be considered to  be an 
infinite medium as far as the diffusion process in region 1 is 
concerned. The solution to Eq. 13.61 with the appropriate 
boundary conditions is 

The flux of particles at  the surface of the sphere is 

J = -D($) R (13.64) 

Using Eq. 13.63, the flux is 

D[ c( - CR ] 
R J = -  (13.65) 

A minus sign appears in Eq. 13.65 because the flux is 
positive if  in the +r-direction. 

The rate at  which point defects are absorbed by the 
sphere is 

Rate of absorption by sphere 

=.-(4nRZ)J= 4nRD IC(%) - C , ]  (13.66) 

The concentration C(.%) is determined from the pro- 
duction rate of point defects in the capture volume (regions 
1 and 2) in conjunction with the condition of no net flow 
over the boundary a t  r = .%. The latter requires that all the 
point defects produced in the capture volume be absorbed 
by the sphere, o r  

% (,%’3 - R 3 ) Y F  = 4nRD[C(,%’) - C,] (13.67) 3 

If R3 is negligible compared to 3,” the preceding balance 
yields 

(13.68) 

O R  r a 
Fig. 13.8 Solution of the diffusion in a spherical shell with 
a uniform volumetric source. 

The agreement between the two-region approximation and 
the complete solution (both in the quasi-stationary ap- 
proximation) can be seen by setting r = 6? and R/bi Q 1 in 
Eq. 13.60, which then reduces to Eq. 13.68. 

The two-region approximation is not a particularly 
valuable approximation method in this case because 
Eq. 13.59 can be solved without difficulty. However, the 
possibility of decoupling the diffusion phenomena occur- 
ring close to absorbing sinks from the source term 
uniformly distributed in the solid provides a major simpli- 
fication when the solid contains a variety of sinks of point 
defects and when nonlinear processes such as recombina- 
tion occur. 
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Equation 13.66 can be put into the form of a rate 
constant so that the diffusion-controlled kinetics can be 
compared to  the reaction-rate-controlled expressions de- 
rived in the previous section. We assume for simplicity that 
C ( g )  S CR in Eq. 13.66 and denote C(.%) by C, with'the 
understanding that this parameter represents the average 
concentration of point defects in the medium. To obtain 
the total rate of diffusion-controlled absorption of point 
defects by the spherical sink, we multiply Eq. 13.66 by the 
number of sinks per unit volume, C,, which yields 

Rate of absorption by spherical sinks/cm3 

= 4nRDCtC (1 3.69) 

Or, the rate constant for diffusion-controlled reaction of 
point particles and a perfect spherical sink of radius R is 

k = 47rRI) (13.70) 

1'1 should be empnasized that Eq. 13.70 is based on two 
major simplifications. The first is the quasi-stationary 
approximation, which permits the time derivative in 
Eq. 13.58 to  be deleted. The second is that the radius of 
the spherical sink is small compared to the distance 
separating the sinks, which permits the source-sink terms 
in the diffusion equation to  be decoupled from the 
concentration gradient term. If the condition R/.%'< 1 is 
not satisfied, the complete solution presented by Ham3 
must be used. 

The similarity between the two-region approximation 
and the boundary-layer approximation of fluid mechanics 
should be noted. 

Postirradiation Annealing 
In this application of Eq. 13.58, an initial concentration 

of fission-gas atoms is generated in the solid by irradiation 
at low temperature where particle mobility is too low to 
permit appreciable absorption by sinks. Next, the tempera- 
ture is increased to a value at  which the gas atoms are 
mobile. Small bubbles are nucleated, and these act as sinks 
to remove the remainder of the gas in solution. During 
annealing, the  gas-atom concentration in the capture 
volume surrounding each gas bubble is governed by 

(13.71) 

The boundary conditions y e  given by Eqs. 13.57a and 
13.57b. As a result of this initial low-temperature irradia- 
tion, a uniform distribution of gas atoms is created, which 
provides the initial condition for Eq. 13.71: 

C(r,O) = C, = YxeFti,, (13.72) 

To attack this problem in an analytic manner, we can 
invoke the two-region approximation. It is assumed that 
diffusional processes dominate in the region close to the 
sphere surface, but, because this region is quite thin, the 
quasi-stationary approximation can be applied to it. The 
inherent time dependence of the postirradiation anneal is 
maintained in region 2 ,  but here the diffusional phe- 
nomenon is ignored. 

Let m be the number of gas atoms in the bubble a t  any 
time during the anneal. The radius of the bubble in terms of 
m can be obtained from the discussion of Sec. 13.2. To 
simplify this analysis, we assume that (1) the bubble is in 
equilibrium with the bulk solid, (2) the bulk solid is 
stress-free, and (3) the gas in the bubble behaves ideally. 
Under these three conditions, m is given by Eq. 13.16: 

(13.16) 

The rate of change of the number of gas atoms in the 
bubble is equal to the rate of absorption by the sphere, 
which in the quasi-stationary, two-region approximation, is 
given by Eq. 13.66 

dm - 
d t  

_ _  47iRDx e C (13.7 3) 

where the gas concentration at the bubble surface has been 
set equal to zero and C is the average concentration of 
matrix gas atoms at time t. Since the gas initially in the 
capture volume either remains there or  enters the bubble, 
an overall gas-atom balance yields 

(C, - C) = m 
47T3 

3 (13.74) 

where the bubble radius has been neglected compared to,%. 
Bubble growth ceases when all the gas has precipitated 

into the bubble, and none remains in the lattice. The final 
bubble radius can be determined by equating Eqs. 13.16 
and 13.74 and setting C = 0 and R = Rf ,  which yields 

(1 3.7 5) 

The time rate of change of the bubble radius is obtained as 
the simultaneous solution of Eqs. 13.16, 13.73, and 13.74. 
The solution has been developed by S ~ e i g h t ~ ~  and by 
M a r k ~ o r t h , ~  and the latter treatment is followed here. 

First differentiate Eq. 13.16 with respect to t and 
equate to  Eq. 13.73, which yields 

(13.76) 

Next substitute Eqs. 13.16 and 13.76 into Eq. 13.74 and 
eliminate C, with the aid of Eq. 13.75. The bubble growth 
rate is then given by 

d R -  3Dxe (.: - $) (1 3.77) 

which can be integrated with the initial condition R = 0 at 
t = 0 t o  give 

This set of equations cannot be solved as readily as at first 
appears because the bubble radius R is a function of time. 
The radius R depends on the number of fission-gas atoms 
contained by the bubble; so the time rate of  change of R 
must be coupled to  the particle flux at  the surface, J. 

d t  2 , g 3  
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(1 3.78) 

The major source of inaccuracy in this formula is the 
assumption of ideal-gas behavior. Equation 13.16 is valid 
only for large bubbles; yet, at  the start of the anneal, the 
bubbles are very small, and nonideal-gas behavior must be 
considered. This deficiency can be remedied by using 
Eq. 13.14 in place of Eq. 13.16 in the calculation. 
Although an exact solution is no longer possible, S ~ e i g h t ~ ~  
has given an approximate solution for the case of the 
van der Waals equation of state. The modified form of 
Eq. 13.78 which results from gas nonideality correction has 
been applied by Cornell" to measure the diffusivity of 
fission gases in U 0 2 .  Figure 13.9 shows photomicrographs 
of an area of a thin film of irradiated U02 during annealing 
at  1300°C. The increase in bubble size with time is clearly 
evident. Use of the radius-time information obtained from 
such pictures in conjunction with the modified form of 
Eq. 13.78 yielded the diffusion coefficient given by 
Eq. 13.29. 

13.5.2 Diffusion to Dislocations 

be considered as line sinks for vacancies and interstitials 
that are present in the bulk solid. The diffusion problem 
governing the rate at which the point defects are captured 
by the network of dislocations can be solved in the 
quasi-stationary t wo-region problem previously applied to 
spherical sinks. The calculation must be performed in 
cylindrical rather than spherical symmetry, however. If the 
diagram of Fig. 13.6 were examined from a direction 
parallel to the dislocation, a picture similar to that shown in 
Fig. 13.7 would be seen. However, in the case of disloca- 
tions, the radius of the sink is taken as the capture radius of 
the dislocation, Rd,  and the radius of the spherical capture 
volume is replaced by the radius of a cylindrical capture 
volume. If the dislocation density is pd cm/cm3 and we 
imagine that the dislocations are arranged as parallel lines 
on a simple square configuration, pd dislocation lines 
intersect each unit area perpendicular to the array. Thus, 
the analog of Eq. 13.56 for the present case is 

c 

( n . P ) p d  = 1 (13.79) 

which defines the radius of the cylindrical capture volume 
surrounding each dislocation. - 

When deformation-induced dislocations in the crystal Proceeding as in the analysis of the diffusion of point 
are widely spaced (i.e., low dislocation density), they can defects t o  spherical sinks, we first consider the quasi- 

Fig. 13.9 The growth of gas bubbles after annealing for the indicated time in hours a t  1300°C. [From 
R. M. Cornell, Phil. Mug., 19: 319 (1969).] 
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stationary diffusion problem with a homogeneous source in 
the capture volume. The calculation is illustrated for 
vacancies, for which the diffusion equation is 4 

D. r q r % ) =  dr  -Yv,F + kv,CvCi. + (13.80) 

The vacancy-interstitial recombination term on the right 
of Eq. 13.80 requires that the vacancy-diffusion problem be 
solved simultaneously with that of the interstitials. Because 
of the recombination term, the coupled equations are 
nonlinear. For the present purposes the complications 
caused by recombination can be circumvented by replacing 
the local value of kv,CvCi by its volume averaged value, 
which renders the right-hand side of Eq. 13.80 a constant 

(YF),ff = YviF - kviCvCi (1 3.81) 

where the bar over the last term denotes the  average 
value over the capture volume. Using (YF),,, as the source 
term in Eq. 13.80 and the boundary conditions 

Cv(Rd) = c R , j  (13.82) 

and 

(13.83) 

the vacancy-concentration profile around the dislocation is 
given by 

We now compare this result with the solution of the 
source-free diffusion equation: 

(1 3.85) 

Equation 13.82 provides one boundary condition to Eq. 
13.85. However, the outer boundary of the capture volume 
cannot be approximated by infinity as it could in the case 
of spherical sinks (Eq. 13.62). This distinction is inherent in 
the difference between spherical and cylindrical geometry. 
There is no  steady-state solution to  the diffusion equation 
from a line sink of nonzero radius to an infinite medium 
with a specified concentration at .large distances from the 
sink. A solution t o  the analogous problem in spherical 
symmetry, however, does exist and is given by Eq. 13.63. 
For the dislocation problem, the boundary condition at 
r =  $? is t akenas  

The rate of vacancy absorption per unit length of disloca- 
tion line is 

Rate of capture/cm = -(2.rrRd)J 
i. 

The rate of production of vacancies (less recombination) 
within a unit length of dislocation capture volume is 

Rate of production/cm = n(.%" - R i )  (YF),ff (13.90) 

Since all vacancies produced within the capture volume of 
the dislocation are assumed t o  be captured by the latter, 
Eqs. 13.89 and 13.90 can be equated and solved for CV(,%), 
which for Rd/,%I@ 1 yields 

In comparison, the correct solution for the concentra- 
tion at  the outer boundary of the capture volume is given 
by Eq. 13.84 at r = 3%'. 

In obtaining Eq. 13.92, we have assumed ,%/Rd to be 
large compared to unity, but we see that, for the solution 
of the two-region approximation to be identical t o  the 
exact solution, the  logarithm of ,%/Etd must also be much 
larger than unity. This is a much more stringent require- 
ment than.%/Rd > 1; so the analog of the two-region model 
for dislocations will, in general, not be as accurate as it is 
for spherical sinks. Nevertheless, the great simplification 
afforded by use of Eq. 13.89 in analyses involving complex 
microstructures justifies acceptance of a minor loss of 
accuracy in the mathematical treatment. 

The rate of vacancy capture under diffusion-controlled 
conditions by all dislocations in a unit volume is obtained 
by multiplying Eq. 13.89 by the dislocation density, setting 
C,(,%) = C , ,  the average vacancy concentration in the 
matrix, and neglecting C R d  compared to  C,: 

Rate of vacancy capture by dislocations/cm3 

cv =C,(e%?) (13.86) 

The solution of Eq. 13.85 subject t o  the boundary 

A similar formula can be  derived for interstitial capture by 
dislocations. 

13.5.3 Mixed-Rate Control conditions given by Eqs. 13.82 and 13.86 is 

Equation 13.93 can be compared with the capture rate 
deduced from the assumption of complete reaction-rate 
control, namely Eq. 13.53. The mechanism that controls 
the capture rate depends on the relative magnitudes of zvd 

cV(e%) - cRd ] I ~ ( ~ , R ~ )  In(r/Rd) (13.87) 

The flux of vacancies to the dislocation line is 



21 6 FUNDAMENTAL ASPECTS OF NUCLEAR REACTOR FUEL ELEMENTS 

andi2n/ln(%'/Rd).'If both are of comparable size, the overall 
rate can be obtained in a manner identical to that used to  
determine the overall heat flux in a heat-transfer problem 
with series resistances. The rate of capture in the mixed 
regime is 

Rate of vacancy capture by dislocations/cm3 

Estimates of the two terms in the denominator of 
Eq. 13.94 can be obtained by considering zvd as the area of 
a circular region of radius Rd divided by the number of 
atoms per unit area Fig. 13.6. For the (100) plane of the 
fcc lattice, for example, the latter is 2/a; atoms per cm2,  
where a, is the lattice constant. Thus 

2 n R i  

a0 
zvd = 2 

If we take Rd = 6 a and a, = 3 8, we find 

ZVd 24 

and for a dislocation-line density of 10' cm-' 

Thus the reaction-rate term Z,d in Eq. 13.94 is an order of 
magnitude smaller than the diffusion term, and the capture 
rate of vacancies by dislocations is nearly completely 
diffusion controlled. Since the dislocation-line density 
enters only as the logarithm in the denominator of 
Eq. 13.94, no  reasonable values of pd (i.e., .%) will render 
the process reaction-rate controlled. 

D e s p i t e  these arguments reaction-rate-controlled 
capture of vacancies and interstitials by dislocation lines has 
been used t o  describe void growth in  metal^.^^'^^ There 
are two cogent reasons for such an application. First, the 
dislocations in a real crystal are not lined up  in neat parallel 
arrays as assumed in the diffusion model. Rather, the 
defected crystal consists of a tangle of dislocations created 
by stress-induced deformation of the matrix intermingled 
with dislocation loops produced by condensation of irradia- 
tion-produced defects (mainly interstitials)." Second, the 
very capture process causes the dislocations to move (by 
climb); thus the line sinks assumed in the diffusion analysis 
do not even stay in one place. Movement at  constant size in 
the case of dislocations can be compared with the result of 
gas-atom capture by spherical bubbles, where the sphere 
remains stationary but increases in size. Movement of the 
dislocation lines by climb means that they will capture 
more point defects than if  they were stationary and all 
transport was by diffusion. Under such conditions, it may 
be reasonable to consider point-defect trapping by disloca- 

have analyzed the capture 
rate of the closed interstitial loops and have developed a 
transition regime rate expression similar to Eq. 13.94, 
which applies t o  straight dislocation lines. 

- 
*hailsford and Bullough' 

tions as being due to  a homogeneous distribution of 
trapping sites, which is the basis of the reaction-rate- 
controlled model of capture. 

A series-resistance formula similar t o  Eq. 13.94 can be 
derived for spherical sinks. When the capture kinetics are 
controlled by the rate at  which point defects enter the 
trapping sites around the sink, the rate constant can be 
expressed by Eq. 13.47. The combinatorial number can be 
approximated by the number of lattice points on the 
surface of the sphere. The area occupied by one lattice site 
is approximately equal t o  the square of the lattice constant, 
and the number of trapping sites on the surface of a 
spherical sink of radius R is 4nR2 /a;. Using this for zgtr in 
Eq. 13.47 yields the rate constant 

4 n R 2 R D  4nR'D -~ k =  
a: a, 

(13.95) 

where the atomic volume has been approximated by a:. 
In complete diffusion control, on the other hand, the 

rate constant is given by Eq. 13.70. The reciprocals of 
Eqs. 13.70 and 13.95 can be added to give the resistance 
due to series steps of diffusion and surface attachment. The 
overall rate constant is 

(13.96) 

For large spheres, a,/R + 0 and the rate constant reduces 
to  that given by considering diffusion only. Equation 13.96 
indicates that reaction-rate limitations to the capture 
kinetics of perfect spherical sinks is appreciable only if the 
sphere radius approaches the size of the lattice constant. 

13.6 RATE CONSTANTS FOR BUBBLE 
COALESCENCE 

The significance of coalescence of fission-gas bubbles in 
nuclear fuels lies in the volume increase that accompanies 
this phenomenon. The sensitivity of fuel swelling to bubble 
agglomeration can be appreciated by the following simple 
calculation. Suppose a section of fuel initially contains N 
bubbles with m gas atoms each. The swelling due t o  these 
bubbles is given by Eq. 13.19 where the bubble radius is 
related t o  m by Eq. 13.16 (assuming that the bubbles are 
large). Now suppose that each of the bubbles collides and 
coalesces once with another bubble, resulting in N / 2  
bubbles each containing 2m gas atoms. If R, and Rf denote 
the initial and final radii of the bubbles, the fractional 
increase in fuel swelling is 

Using Eq. 13.16, the initial and final radii are related by 

from which the increase in swelling due to coalescence is 
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This calculation shows that an approximately 40% increase 
in swelling results from a single generation of bubble- 
bubble collisions and coalescence. 

In a solid free from gradients of temperature or 
mechanical stress, gas bubbles move about in a random 
fashion as d o  particles in a colloidal suspension. As in any 
random-walk process, this motion can be characterized by a 
diffusion coefficient for the bubbles, D,. Later we will 
derive the  theoretical expression for Db based on various 
mechanisms of atomic motion on  or  near the bubble 
surface. In this section we accept the existence of a 
bubble-diffusion coefficient and use it t o  compute bubble 
collision rates. 

If the solid is subject to stress or  temperature gradients, 
random motion of the bubbles is negligible compared to  the 
biased motion due to  the potential gradients. The bubbles 
all migrate in the direction of the gradient but with speeds 
vb that depend on  bubble size. 

When two bubbles collide, coalescence into a single 
final bubble invariably occurs because a single bubble has a 
lower surface energy than that of the two original bubbles. 
First, the collision must be defined. If two nearby bubbles 
exert an attractive force on  each other before their surfaces 
actually touch, the collision cross section will be larger than 
that based on the sum of the bubble radii. Willis and 
Bullough3* have shown that a small attractive force does 
exist between two bubbles provided that at least one of 
them is not in equilibrium (i.e., Eq. 13.4 is not satisfied). 
The interaction is due to  the elastic stress field established 
by a bubble with a pressure excess (or deficit). Two bubbles 
in mechanical equilibrium, however, are not aware of each 
other's presence until physical contact is made. Hence, a 
collision is considered to occur when the centers of two 
bubbles are separated by a distance equal to the sum of the 
radii. 

The sequence of events following the initial collision 
has been analyzed by N i ~ h o l s . ~ '  In the first stage, the two 
bubbles sinter together into a single bubble having the same 
volume as that of the original pair. The radius of the 
coalesced bubble at  the end of this stage is 

(R:I3 = R: + R; 

where R1 and R2 are the radii of the two bubbles before 
collision. If the two bubbles were in mechanical equilibrium 
with the solid before collision, it can be seen that the radius 
R'f is less than that required for the single combined bubble 
to  be  in mechanical equilibrium. As a result, the bubble a t  
the end of the first stage exhibits a pressure excess, which is 
relieved by increasing the volume of the bubble by 
absorption of vacancies from the bulk. This second stage of 
volume adjustment ceases when mechanical equilibrium is 
reestablished, or  when the final radius satisfies Eq. 13.16: 

4nR: 2y 
m, + m2 = (& 

Since the original bubbles were also in mechanical equi- 
librium, m, and m, are related to R ,  and R2 by Eq. 13.16. 
Thus, the final radius of the coalesced volume adjusted 
bubble is 

R?* = R: + R; (13.97) 

which states that the surface area of a bubble population 
undergoing collision and coalescence but at  all times in 
mechanical equilibrium with the solid remains constant. 

To quantitatively describe the rate at  which coalescence 
occurs in a solid containing a distribution of bubbles, we 
must first determine the rate constants for collisions 
between bubbles of different sizes. In the absence of biased 
migration (Le., for random bubble motion), the collision 
rate can be described by the theory developed by Chan- 
dresekhx4' for analysis of coalescence of colloidal par- 
ticles. Suppose that C, is the bubble distribution function, 
where 

C, = number of bubbles containing m gas atoms/cm3 

We first calculate the rate of collision of particles of radius 
R with each other as a consequence of their Brownian 
motion. We pick one bubble and assume it to be fixed in 
space in an infinite medium initially containing a uniform 
distribution of similar bubbles in random motion. The 
stationary bubble is located at  the origin of a spherical 
coordinate system, and the spherical surface at  r = 2R is 
assumed to be a perfect absorber. Because of the presence 
of this sink, a concentration gradient of the moving bubbles 
is established in the vicinity of the fixed bubble. If the 
concentration of the moving bubbles at time t and at a 
distance r from the fixed bubble is denoted by w(r,t), the 
diffusion equation that must be satisfied is 

(13.98) 

which is subject t o  the initial condition: 

w(r,O) = C, (for r > 2R) (13.99) 

and the boundary conditions: 

w(2R,t) = 0 (13.100) 

W(",t) = c, (13.101) 

The solution t o  Eqs. 13.98 through 13.101 is 

w(r,t) = C, (1 - F + ( F ) e r f [ z - ] \  2( Db t) ?i (13.102) 

The rate at  which bubbles arrive at  the surface r = 2R (i.e., 
the rate of collision of moving bubbles with the fixed 
bubble) is given by 

Rate of collision of moving bubbles with the fixed bubble 
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Note the resemblance between Eq. 13.103 and Eq. 13.66, 
which gives the rate of absorption of atomic defects by a 
spherical sink of radius 2R. Equation 13.66 is just the 
steady-state (t  = 03) counterpart of Eq. 13.1G3. 

Now we relax the restriction that the particle at  the 
origin be stationary and allow it too to move ,in random 
motion as the other bubbles. The fundamental connection 
between diffusion theory and the random-walk problem is 
the probability distribution given by Eq. 7.23, which gives 
the probability that a particle starting from the origin at  
t = 0 will, after time t, be located in a volume element d 3 r  
aL a distance r from starting position. To treat the problem 
in which the origin of the coordinate system is itself in 
random motion, we consider the relative displacement a t  
time t of two particles that started together a t  time zero. 
The probability distribution of the relative displacements is 
given by the following integral of the product of the 
distributions of the individual particles: 

where r is the vector relative displacement at  time t ,  r1 is 
the vector displacement of the first particle, and r2 = r ,  + r 
is the vector displacement of the second particle. The 
probability distribution function pt is given by Eq. 7.23; so 
the preceding integral becomes 

The integral in this equation can be evaluated by con- 
sidering the fixed vector r as defining a direction in space to 
which the variable directions of the vector r1  are referred 
and with one end as the origin of a spherical coordinate 
system. The differential volume d3r1 is 2nr: d r ,  d ( m s  O,), 
where O 1  is the polar angle between r and r l  . The quantity 
Irl + rI2 can be evaluated in terms of r ,  , r, and 8 ,  by the 
law of cosines and the integration over r l  and O 1  
accomplished. The result is 

exp(-r2 /8Dbt) 

( 8TDb t) '' (13.104) P t ( 4  = 

On comparing this distribution of relative displacements 
with the corresponding result for displacement of a single 
particle from a fixed origin (Eq. 7.23), we can see that the 
relative displacements follow the same distribution law but 
with an apparent diffusion coefficient twice as large as the 
particle diffusivity. Therefore the form of Eq. 13.103 
appropriate to collisions between a single moving bubble 
and the other moving bubbles in the medium is 

Rate of collision of moving bubbles with a moving bubble 

Finally, the collision rate in a unit volume is obtained by 
multiplying Eq. 13.105 by the density of bubbles of size m, 
C,, which yields 

n Rate of collision between bubbles containing m atoms/cm3 

Equation 1 3 ~ 1 0 6  can be generalized to give the collision 
rate between bubbles containing i and j atoms. If the 
concentrations of bubbles of these sizes are Ci and Cj, 
respectively, the collision rate is 

Rate of collision between bubbles of size i and size j/cm3 

= 4n(Ri + Rj) (Dbi + Dbj) 

CiCj (13.107) 
Ri + Rj 

X + [n(Dbi f Dbj)t]' 

All analyses of bubble coalescence in nuclear fuels (with the 
exception of that  of Ref. 41) omit the second term in the 
braces on the grounds that the migration distance between 
collisions is usually large compared to  the bubble radii. 
Omitting this term and expressing the collision rate in terms 
of the rate constant defined by 

Rate of collision between bubbles of size i and size j/cm3 

= kijCiCj (13.108) 

we have 

kij = 4n(Ri + Rj) (Dbi + Dbj) (13.109) 

To derive an expression for the coalescence rate 
constant when biased migration predominates, we need 
consider only relative bubble motion in the direction of the 
potential gradient. Coalescence occurs when a bubble 
overtakes or  is overtaken by one of a different size that has 
a different velocity. Consider one bubble of size j moving 
with velocity vbj in a particular direction in a medium 
containing Ci bubbles of size i also moving in the same 
direction as the j bubble but  with speed vbi. For simplicity, 
the size-j bubble can be regarded as fixed in position and 
the size4 bubbles moving with a speed vbi - v b j  (see 
Fig. 13.10). In a time interval At, all size-i bubbles whose 
centers lie in a cylindrical volume of radius Ri + Rj and 
length (vbi - Vbj) At  will collide with the size-j bubble. 
Hence the rate at  which size-i bubbles coalesce with a single 
size-j bubble is 

Or, if there are Cj bubbles of size j per unit volume, the i-j 
collision rate per unit volume is given by Eq. 13.108, where 
the rate constant is 

Equation 13.108 and either Eq. 13.109 or 13.110 con- 
stitute the basic formulas from which the evolution of the 
bubble-distribution function due to  either random or  biased 
bubble motion can be followed as a function of time. We 
defer consideration of the bubble conservation relations 

c 



SWELLING DUE TO FISSION GASES  21 a 

DIRECTION OF BUBBLE MIGRATION 

Fig. 13.10 Diagram for computing the coalescence rate for 
biased bubble motion. 

and the fuel-swelling models based on coalescence until the 
discussion of the mechanisms that govern the bubble 
diffusion and migration velocity in potential gradients. 

13.7 BUBBLE RE-SOLUTION 

The name re-solution has been given to the phe- 
nomenon by which fission-gas atoms present in bubbles in 
the fuel are driven back into the matrix by irradiation. By 
reducing the fraction of the gas held in bubbles and 
increasing the fraction that is atomically dispersed, re- 
solution acts t o  alleviate swelling but t o  enhance gas release 
by mechanisms that involve diffusion of gas atoms from the 
solid t o  surfaces from which escape is possible. Because irra- 
diation prevents complete precipitation of fission-gas into 
bubbles, the gas appears to have a nonzero solubility in the 
solid. This type of solubility is often called dynamic Solu- 
bility to distinguish it from the  equilibrium thermodynamic 
solubility of fission gases in fuel materials, which is essen- 
tially zero. If the re-solution phenomenon is to be incorpo- 
rated into analyses of fission-gas behavior, it is necessary to 
quantitatively describe the rate at  which gas atoms in a 
bubble are returned t o  the matrix. This rate depends 
linearly on the  number of fission-gas atoms present and the 
fission rate and also on  the physics of the interaction 
between energetic particles and the gas atoms in a bubble. 
In this section we develop the rate equations for the 
re-solution process. Coupling of re-solution with other 
processes, such as nucleation or bubble growth, will be 
considered later in this chapter. 

A number of physical pictures purporting to  represent 
the re-solution process have been a d ~ a n c e d . ~  2-4 

The model proposed by Ross42 attributes re-solution to  
the occurrence of a thermal spike in the vicinity of a gas 
bubble. A thermal spike is an extremely hot region in the 
track of a fission fragment produced by the intense local 
heating of the  solid during slowing down of the fragment. a The thermal disorder created by the spike completely mixes 
the matrix atoms with the fission-gas atoms in the affected 
bubble, and, after the temperature transient has decayed, 

the gas atoms are considered to be frozen into the solid as 
atomically dispersed particles. 

Whapham" proposed a mechanism by which fission 
fragments passing close by a bubble blast off chunks of fuel 
from the inner surface and deposit the blown-off material 
on the opposite surface of the bubble. Some of the gas 
atoms in the bubble can be trapped beneath the deposited 
material and thereby returned to the matrix. Blank and 
M a t ~ k e ~ ~  have investigated the properties of the pressure 
pulse created by the thermal spike of a fission fragment and 
have deduced the conditions for bubble destruction. 

believes that a bubble is entirely destroyed 
(i.e,, the gas atoms within it are redissolved) whenever a 
fission track intersects the bubble. This model can be 
expressed in analytical form with the aid of Fig. 13.11. The 
solid is assumed to  contain C, bubbles/cm3, each con- 
sisting of  m gas atoms. The bubble radius R is related to  the 
number o f  gas atoms by Eq. 13.14 or,  for the small bubbles 
to  which the model was intended to apply, by Eq. 13.15. 
The distance travelled by a fission fragment during slowing 
down from birth energy is denoted by pf f ,  which is about 
6 p m  (6000 8) in most nuclear fuels. Turnbull proposes 

Turnbu1I4 

r TRACK 

Fig. 13.11 Diagram for calculating the re-solution parame- 
ter by Turnbull's method. [After J. A. Turnbull, J .  Nucl. 
Mater., 38: 203 (1971). J 

that all gas bubbles that are touched by the fragment are 
destroyed. Thus, all bubbles within the volume nR*pff are 
redissolved by the fission fragment. The cylindrical collision 
volume around the fission track contains IrR'pffC, 
bubbles, and, since 2F fission fragments are created per unit 
volume and per unit time, the re-solution rate is given by 

Gas bubbles destroyed cm-3 sec-' = b'C,n (13.111) 

where 

b' = 2nR2pffF sec-' (13.112) 

is the probability per second that a bubble in the fuel is 
destroyed. It is also called the re-solution parameter. 

The re-solution mechanisms proposed by Ross:' 
Whapham,' T ~ r n b u l l , ~ ~  and have in common the 
feature of partial o r  complete destruction of a bubble by a 
single fission fragment. They can be described as macro- 
scopic models. On the other hand, and 
Manley4 have proposed models in which re-solution 
occurs one gas atom at a time rather than en bloc. These are 
microscopic models of the process. We review Nelson's 
derivation of re-solution by fission fragments. 
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The total flux of fission fragments in the fuel is the 
number of fragments crossing a sphere of unit cross- 
sectional area per second (this is the definition of the total 
flux of any type of particle). Consider a differential volume 
element dV a distance x from the unit sphere (x must be 
less than the range of the fission fragments). The rate of 
generation of fission fragments in dV is 2FdV, and their 
angular distribution is isotropic. Therefore, the probability 
that a fission fragment created in dV crosses the unit sphere 
is equal to the solid angle subtended by the unit sphere 
from dV,  or  t o  1 /4nx2.  The total flux is obtained by 
integration over the entire sphere of radius pff with the unit 
sphere at  its center. Thus, 

2 F  dV Total fission-fragment flux = 

radius !.qf 

or, taking dV = 4nx2 dx, the total fission-fragment flux is 

Let the energy spectrum of the fission-fragment flux be 
denoted by $(Eff), where Epf is the energy of a fission 
fragment at  some point in its slowing-down process. Fission 
fragments are uniformly distributed in energy between their 
birth energy (EEax = 67 MeV for the heavier fragment) t o  
zero energy. Therefore the fission-fragment-flux spectrum is 

2FPff. 

(1 3.11 3) 

The fission-fragment-gas-atom interaction is assumed 
to consist of Coulomb collisions. The differential cross 
section for transferring energy in the range from T to  
T + d T  from a fragment of energy Eff  to a stationary gas 
atom of the same mass and charge number is (see 
Eq. 17.37) 

(1 3.114) 
nZ4e4 d T  

Eff T2 
o(Eff,T) d T  = __ - 

where Z is the atomic number of the gas atom (or fission 
fragment) and e is the electronic charge. Since the masses of 
the fission fragments and the gas atoms in the bubble have 
been assumed equal, the maximum possible energy trans- 
ferred in a collision is equal t o  the energy of the fission 
fragment. Let Tmin be the minimum energy which a struck 
gas atom must acquire to  be considered redissolved. The 
cross section for transferring energy in excess of Tmin is 
given b y  

Or, using Eq. 13.114 and neglecting l / E f f  compared to 
l /Tmin ,  we obtain the following cross section: 

The minimum energy that a fission fragment must have to  
redissolve a gas atom in a head-on collision is Tmin. The 
total rate of collisions that transfer energy in excess of 
Tmin to  the gas atoms in a bubble is 

Collisions sec-' bubble-' P 

Division of this equation by m gives b, the probability per 
second that a gas atom in a bubble receives an energy 
greater than Tmin by a Coulomb collision with a fission 
fragment. Using the flux spectrum and cross section given 
by Eqs. 13.113 and 13.115, respectively, the re-solution 
parameter is 

= 2u(EEaX,Tmin) In(-)pffF ,zax sec-' (13.116) 
T m i n  

where o(E;laX ,Tmin) is the energy-transfer cross section for 
a fission fragment of birth energy (given by Eq. 13.115 
with Eff  = ER""). It can be shown that the result obtained 
by M a n l e ~ ~ ~  is the same as Eq. 13.116 except that  the 
logarithmic term is missing. This discrepancy arises because 
Manley did not integrate over the energy spectrum of the 
fission-fragment flux. 

The re-solution parameter of Eq. 13.116 is independent 
of the gas density within the bubble but varies nearly 
inversely with the minimum energy for re-solution. If we 
set Z = 54 (xenon), ,Eax = 67 MeV, and pff = 6 pm, 
Eq. 13.116 yields b = 1.1 X lo-'  'F for Tmin = 1 keVand 
4.1 x lo-' 'F for Tmin = 300 eV. These values of Tminare  
considerably larger than the energy that a normal lattice 
atom needs to receive to be permanently displaced (in most 
solids, Tmin = 2 5  eV). The reason for the larger value 
required to  redissolve a gas atom from a bubble is that the 
gas atom must be driven through gas in the bubble and still 
have enough energy to  be implanted sufficiently deep in the 
solid so that it has little chance of migrating quickly back 
into the bubble. 

Even for Ed = 300 eV, the calculated re-solution param- 
eter is a t  least an order of magnitude smaller than the values 
inferred from the experiments of Whapham.' Conse- 
quently, Nelson4 has estimated the re-solution parameter 
on the basis of collisions of the gas atoms in the bubbles 
with the cascade of energetic secondary knock-ons rather 
than with the fission fragments proper. Because of the 
detailed knowledge of collision cascades which this calcuh- 
tion requires, we postpone the derivation until the subject 
of radiation damage is treated (Sec. 17.1.1). The results of 
such a calculation, however, predict re-solution parameters 
that  are an order of magnitude or so larger than the values 
obtained from collisions between fission fragments and gas 
atoms, thus putting theory and experiment in qualitative 
agreement. 

According to  the microscopic model of re-solution, the 
rate a t  which gas atoms are driven from a bubble containing 
m atoms is 

Gas atoms redissolved sec? bubble-' = bm (13.117) 

Note that Turnbull's b' (Eq. 13.112) and Nelson's b 
(Eq. 13.116) differ only by the cross-section term. In  



Turnbull’s b‘ the cross section is the actual projected area 
of the bubble, n R 2 ;  whereas in Nelson’s b it is a true 
microscopic energy-transfer cross section, D(EE ax ,T,,,) 
In (EZaX/T,,,). This difference reflects the physical 
models of re-solution on which the parameters b’ and b are 
based. Turnbull’s model supposes that bubbles are com- 
pletely destroyed by a single encounter with a fission 
fragment; whereas in Nelson’s model the bubble is gradually 
consumed by loss of individual gas atoms. This distinction 
can be illustrated by considering the fate of a group of 
uniform-size fission-gas bubbles in a solid under irradiation. 
Suppose that the interior of the solid could be observed 
while re-solution is in progress. If Turnbull’s model were 
correct, we would see occasional bubbles disappearing (in 
the way soap bubbles pop), but those still present would 
not change size. According to  Nelson’s mechanism, how- 
ever, none of the original bubbles would completely 
disappear during irradiation. They would all gradually 
shrink in size as gas atoms were driven out of them. Thus, 
l/b‘ is the mean lifetime of a bubble, but l /b  is the mean 
lifetime of a gas atom in a bubble. 

Care must be exercised in applying the re-solution 
parameters in fuel-behavior calculations because the form 
of the term representing re-solution can depend on whether 
the macroscopic or microscopic model of the phenomenon 
is used. However, in the expressions for the rate a t  which 
single gas atoms appear in the matrix as a result of 
re-solution from all bubbles in a unit volume of fuel, the 
parameters b’ and b can be used interchangeably. Consider 
the case of a solid containing N bubbles/cm3 each with m 
gas atoms. Using Turnbull’s model, the total re-solution rate 
is the product of the bubble destruction rate given by 
Eq. 13.111 and the number of gas atoms per bubble, o r  

Gas atoms returned to matrix 
from bubbles cm-3 sec-’ = b‘ Nm (13.118) 

Using the microscopic model, the total re-solution rate is 
the product of the rate of gas-atom reinjection per bubble 
(Eq. 13.117) and the number of bubbles per unit volume, 
or 

Gas atoms returned to  matrix 
from bubbles cm-3 sec-’ = bmN (13.119) 

Thus, if we are not concerned with the effect of re-solution 
on the bubble-distribution function (Le., the size spec- 
trum), the re-solution rate can be expressed by 

Re-solution rate = bM or b’M gas atoms 
redissolved cm-3 sec-’ (13.120) 

where M = mN is the total number of gas atoms/cm3 
contained in bubbles. 

Another case in which the two resolution models are 
physically identical is that  of di-atom cluster destruction. 
Here, removal of a single atom is equivalent to destruction 
of the cluster. If there are C2 di-atom clusters per unit 
volume, the rate a t  which they are destroyed is given by 

Di-atom destruction ratejcm3 = b;C2 

in Turnbull’s model, where b; is the re-solution parameter 
for a bubble the size of a di-atomic cluster. I n  Nelson’s 
model, 

Di-atom destruction rate/crn3 = 2bC2 

The factor of 2 appears here because there are (2C2) gas 
atoms/cm3 in di-atom clusters, and the probability per unit 
time of redissolving any one of them is b. Since each 
displacement of one atom destroys the two-atom cluster, 
the destruction rate is the product of these two quantities. 
Numerical values of bi and 2b can be compared. If we set 
m = 2 and B = 85 A3 in Eq. 13.15, the radius of a two-atom 
cluster is found to be 3.4 8, and from Eq. 13.112, 
Turnbull’s re-solution parameter b; is 4.4 x lo-’ * F sec-’: 
Using Ed = 300 eV, Eq. 13.116 predicts 2b = 0.8 x 10.’ F 
sec-’ . However, applying Nelson’s microscopic re-solution 
theory to collision cascades instead of just fission fragments 
increases the value of the re-solution parameter by approxi- 
mately an order of magnitude, which then makes 2b 
comparable t o  b;. 

The preceding expressions for the re-solution param- 
eters are valid as they stand only for small bubbles. In  
Turnbull’s model it is unreasonable to expect that a very 
large bubble can be completely destroyed by a single fission 
fragment. In  Nelson’s model a gas atom may not be driven 
out of a large bubble even if  it receives the specified 
minimum energy by collision with an energetic secondary 
knock-on or a fission fragment. If the collision occurs near 
the center of a large bubble, there is a nonnegligible 
probability that the struck gas atom suffers a large-angle 
collision with another gas atom before escaping, thereby 
losing the necessary energy to become implanted firmly in 
the adjacent solid. Nelson45 estimates that when the 
bubble is small enough so that the density of gas within it is 
equal to the reciprocal of the van der Waals constant 
(Eq. 13.14), only those gas atoms within a distance d of 
about 15 a from the bubble surface can be redissolved by 
above-threshold collisions. As the bubble size increases, the 
gas density decreases, and the escape distance increases 
according to 

Expressing the gas density by Eq. 13.8, the fraction of the 
bubble radius from which escape is possible is 

R 

The re-solution efficiency, defined as the fraction of the gas 
atoms in a bubble which are susceptible to re-solution, is 9 

R 3  - (R - d)3 
R3 %e = 

combining the two preceding equations yields 
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The re-solution efficiency approaches unity as R + 15 a 
and also approaches a limiting value as R -+ 00. The latter 
can be obtained by setting B = 85 A3 and (kT/2y) = 1 A2 
in Eq. 13.121, which gives v,,(R + 00) = 0.44. The general 
form of the re-solution rate in Nelson's model is given by 
the product of the re-solution efficiency and Eq. 13.117, or  
by 

Gas atoms redissolved bubble-' 
sec-' = qre(R) bm (13.122) 

- Nucleation------+ 1- Growth- 

I 

/ I  
i.' 

where R and m are related by Eq. 13.14. 

13.8 NUCLEATION OF FISSION-GAS 
BUBBLES 

Sections 13.4 through 13.7 were devoted to  developing 
the rate constants that govern the kinetics of the elemen- 
tary processes occurring in irradiated fuel materials. These 
single-step processes can occur simultaneously in the solid 
to produce more-complex processes that are manifest as 
observable gas bubbles and fuel swelling. Two of the most 
important of these complex processes are nucleation and 
growth of gas bubbles. In  reality these are not distinct 
phenomena but merely different stages in the evolution of 
the bubble-distribution function during irradiation. In 
many cases it is possible to examine nucleation and growth 
as if they were separate events, even though there is no 
clear demarcation between them. The analysis is consider- 
ably simplified by this approach because certain elementary 
steps are important in nucleation but not in growth and 
vice versa. Theories of fission-gas-bubble nucleation are 
reviewed in this section, and subsequent growth is treated 
in the following section. 

Nucleation refers to the formation of clusters of 
fission-gas atoms that are stable enough to  survive and 
ultimately grow into observable bubbles. Because of the 
thermodynamic insolubility of xenon and krypton in solid 
fuels and because of the significant binding energy of small 
clusters of these species in the solid, a stable cluster 
probably consists of no  more than two to four fission-gas 
atoms. If clusters of this size form in the  fuel by chance 
encounters of wandering gas atoms, the process is called 
homogeneous nucleation. If gas-atom trapping and cluster 
formation take place on defects in the crystal which bind 
individual atoms strongly or which for other reasons are 
particularly conducive to bubble formation, nucleation is 
said to be heterogeneous. Some of the clusters formed by 
either of these methods are capable of accumulating more 
gas atoms before they are destroyed by radiation. The 
stable clusters of fission-gas atoms are called bubble nuclei. 

13.8.1 Horn ogeneous Nucleation 
We first consider homogeneous nucleation. It is as- 

sumed that the stable nucleus of a bubble consists of a 
diatomic cluster of gas atoms. Provided that the fuel 
temperature is sufficiently high for the atomically dispersed 
fission-gas atoms to be mobile, the nucleation process 
begins as soon as irradiation starts. During the nucleation 

period newly created fission-gas atoms are much more 
likely to meet another single gas atom and form a new 
nucleus than they are of joining an existing di-atomic 
cluster. The concentration of bubble nuclei increases during 
this period until the density of nuclei is so large that new 
gas atoms have a higher probability of reaching an existing 
nucleus and causing it to grow than of forming new nuclei. 
The time (or burnup) at  which this balance point is reached 
is called the nucleation time. It separates the regions of 
nucleation and growth. Thereafter, the concentration of 
diatomic clusters decreases with time owing to  accumula- 
tion of gas atoms. Figure 13.12 shows in a schematic 
manner how the concentrations of gas atoms and of clusters 
of two and three gas atoms behave with irradiation time. 

I I 

z 
W 

" 0  1, 

IRRADIATION TIME, sec 

Fig. 13.12 Variation of matrix gas atom and two- and 
three-atom clusters during irradiation. 

The nucleation time t, is defined as that time a t  which the 
concentration of diatomic clusters, C 2 ,  passes through a 
maximum, or 

(13.123) 

The nucleation density is defined as the total concentration 
of clusters containing two or  more gas atoms at time t,: 

N = C z c + C 3 , + . . .  (13.124) 

where Ci, is the number of clusters containing i gas atoms 
present in the solid at  time t,. For t > t, it is assumed that 
the  N clusters/cm3 grow and perhaps coalesce but that no 
new clusters are formed. Although a spectrum of cluster 
sizes can be present at  t,, the way in which t, is defined 
means that di-atoms constitute the most abundant size 
clusters. 

The formation of clusters by collisions between mi- 
grating gas atoms with each other or  with existing clusters 
and the re-solution of clusters by radiation can be expressed 
in the form of the eauations: 
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g + gm + g m + l  (13.125) 

where gi represents a cluster of i fission-gas atoms and m is 
the largest cluster size considered in the calculations. 

The forward processes in Eq. 13.125 represent the 
addition of single gas atoms to  existing clusters. The reverse 
reactions represent the removal of gas atoms from a cluster 
by microscopic re-solution. (Re-solution by complete de- 
struction of a cluster would be written as gi + ig. Nuclea- 
tion in the presence of macroscopic re-solution will be 
discussed later.) 

In most nucleation analyses reaction between clusters, 

g i + g j + g m  ( i + j = m )  (13.126) 

is not considered. Coalescence reactions are neglected not 
because they are insignificant but because analysis of 
nucleation in the presence of coalescence is at present 
intractable (an approximate treatment will be considered 
later). 

I t  is assumed that Eq. 13.125 expresses the only 
elementary processes occurring in the fuel. In addition to  
coalescence diffusion due to concentration gradients, trap- 
ping of gas atoms by defects other than clusters, and 
migration due to  external forces are neglected. The kinetic 
equations representing the balance on single gas atoms in a 
unit volume of fuel is 

- klmCCm + 2(2C2)b + . . . + mC,b (13.127) 

where C = concentration of single gas atoms 
Yx,F = creation of single gas atoms by fission 
2k1,C2 = rate a t  which gas atoms disappear by formation 

of di-atomic clusters (two atoms are consumed 
for each di-atomic cluster) 

k12CC2 = rate of formation of triatomic clusters from 
di-atoms and single atoms 

b = the  probability per unit time that an atom is 
redissolved 

mC, = t h e  total number of gas atoms contained in 
m-size clusters in a unit volume 

mC, b = rate at  which single gas atoms are returned to  the 
matrix by re-solution from size-m clusters 

The re-solution term for m = 2 is multiplied by an 
additional factor of 2 because collision of an energetic 
particle with one atom in a diatomic cluster redissolves 
both partners. 

The conservation statement for di-atomic clusters is 

and for clusters of m gas atoms 

The total balance on  all gas generated in a unit volume 
of fuel yields 

Y,,Ft = C + 2C2 + . . . + mC, (13.130) 

or 

dCm (13.131) Y x , F = - +  d t  2 2  + .  . . + m __ d t  
. dC dC 

Equations 13.127 through 13.129 satisfy Eq. 13.131. 
The rate constants for the forward reactions are given 

by the formulas of Secs. 13.4 and 13.5. Because of the 
small size of the clusters involved, the rate constants are 
more likely to be reaction-rate controlled rather than 
diffusion limited. The rate constant kll is given by 
Eq. 13.44. Those representing attachment of single gas 
atoms to  clusters in reaction-rate theory are given by 

( 1  3.132) 

where zli represents the combinatorial numbers for the 
particular reactions. They represent the number of sites 
surrounding a cluster from which a gas atom can attach to 
the  cluster in a single jump. 

With the rate constants and the  re-solution parameter b 
known, calculation of the growth of clusters t o  give curves 
such as those shown in Fig. 13.12 requires numerical 
solution of Eqs. 13.127 through 13.129 with the initial 
conditions: 

C(0) = C2(0) = . . . Cm(0) = 0 (13.133) 

Subject to two rather drastic simplifications, analytical 
solution is possible. The first approximation consists of 
neglecting all clusters containing more than two atoms. 
Setting C3 = . . . Cm = 0, the rate equations reduce to 

_-  dc - Yx,F - 2kllC2 - k12CC2 + 4bC2 d t  
(13.134) 

- -  dC2 - kllC2 - k12CC2 - 2bC2 ( 1  3.135) 
d t  

- -  dC3 - k12CC2 
d t  (13.136) 

Equations 13.134 through 13.136 satisfy Eq. 13.131 for 
m = 2. 

The second simplification is t o  consider that, in 
addition to Eq. 13.123, the time rate of change of the 
single gas-atom concentration is zero at t = t,, or 

_ -  dC2 - kllC2 - k12CC2 - (2Cz)b + (3C3)b (13.128) 
d t  ( $ ) t c  = O 

(13.137) 
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This simplification is similar t o  the quasi-stationary ap- 
proximation used in connection with diffusion-controlled 
trapping at  large sinks. I t  does not mean that dC/dt is 
absolutely zero a t  the end of nucleation (which it is not), 
but that this term is small in magnitude compared to  the 
individual terms on  the right-hand side of Eq. 13.134. This 
approximation is similar t o  the stationary intermediate 
approximation used in homogeneous chemical kinetics. 

Setting the left-hand sides of Eqs. 13.134 and 13.135 
equal to zero and appending the subscript “e” onto C and 
C,, the concentration of single gas atoms and diatomic 
clusters a t  the end of the nucleation period ( t  = t,) is found 
t o  be 

(13.138) 

(13.139) 

The solution to Eq. 13.138 is plotted in Fig. 13.13. 
Asymptotes occur at  large and small values of the param- 
eter 

Since klz and kll both depend linearly on D X e ,  which 
increases rapidly with temperature, the preceding group 
becomes large a t  high fuel temperatures. The re-solution 
parameter b is directly proportional t o  F (Eq. 13.116); so 
the group is large a t  low fission-rate densities. Both these 
factors tend to-render growth by addition of a gas atom a 
more important mechanism for removing diatomic clusters 
than re-solution. In this limit the ordinate of Fig. 13.13 
becomes proportional t o  the square root of the abscissa, 
which leads to the solution: 

x 
c, = ( Y S )  (13.140) 

The corresponding value of the critical di-atom concentra- 
tion is 

(1 3.14 1) 

These two formulas were first obtained by Greenwood, 
Foreman, and Rimmer.’ These investigators took the rate 
of addition of single gas atoms to the nuclei t o  be diffusion 
controlled, and Eq. 13.70 was used for kl,. Diffusion 
control does not seem likely if the critical cluster is in fact a 
di-atom, but Greenwood, Foreman, and Rimmer’ regarded 
the nucleus to be a small bubble greater than 10 a in 
radius. 

The nucleation time is given by applying Eq. 13.130 at 
t = t,: 

Harrison47 has applied Eq. 13.141 to predict swelling in n ~. 

UC and U. 
At the opposite limit of low temperature and high 

fission rate density, re-solution predominates, and the slope 
of the curve of Fig. 13.13 approaches ‘ h .  For this case the 
solutions are 

c c =  (-)” 2bYx,F 
3k11k12 

(13.142) 

and 

(13.143) 

The nucleation time is again given by (C, + 2C2,)/Yx,F. 
Nelson4’ has given a different formula that supposedly 
represents .re-solution-dominated nucleation. His result, 
C Z c  = Yx,F/2b, does not follow from any rational simpli- 
fication of Eqs. 13.134 through 13.136. 

The only work in which Eqs. 13.127 through 13.129 
were solved numerically is that of Eyre and Bullough,29 
who, however, did not include re-solution in the model. 
Because the equations were solved without approximations, 
the auxiliary condition (dC/dt)tc = 0 was not used. The 
time dependencies of the concentrations of clusters con- 
taining up to five gas atoms were computed until Cz passed 
through a maximum, a t  which point the total number of 
clusters containing two to five atoms was computed to  give 
the nucleation density. Eyre and Bullough determined the 
rate constants from Eq. 13.132 in conjunction with the 
combinatory numbers used by de Jong and Koehler4’ for 
vacancy-annealing calculations. The values are z I  I = 84, 
z1 = 12. For clusters of four and five atoms, 
the combinatory numbers were assumed to be proportional 
to the cluster size and were given by z1 = 18. 
We have indicated in Sec. 13.4 that use of the vacancy- 
vacancy reaction combinatory numbers for determining the 
rate of collision of fission-gas atoms probably underesti- 
mates the rate of this reaction. The derivations of 
z I 2  . . . z 1 5  is not given either by Eyre and Bullough29 or 
by de Jong and Koehler,48 nor can the source of these 
numbers be found in the literature. 

Eyre and Bullough’s calculations were made for ura- 
nium carbide, for which a fission-gas diffusion coefficient 
with an extraordinarily low preexponential factor was 
employed. To allow for a potentially large underestimate of 
D, e ,  Eyre and Bullough tested preexponential factors 
larger than the experimental value by 10’ and lo4  in the 
computation. 

The results of Eyre and Bullough’s numerical calcula- 
tions and the two limiting cases of the approximate analytic 
solution discussed earlier are shown in Table 13.4 for two 
temperatures. The calculated nucleation densities drop by 
some two orders of magnitude as the temperature is 
increased from 650°C to  1300°C. This prediction is in 
direct contradiction to  the experiments of Cornell; in 
which the bubble concentration was found to  decrease by 
only a factor of about 3 over the  same temperature range. 
The range of nucleation densities shown in the table 
brackets the experimentally determined value of - 10’ 

= 20, and z1 

= 15 and z l  

c 
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Fig. 13.13 The homogeneous nucleation function (with re-solution). 

Table 13.4 Homogeneous Nucleation in Uranium Carbide* 

650°C 1300°C 

Method C,, atoms/cm3 N,  nuclei/cm3 t,, sec C,, atoms/cm3 N, nuclei/cm3 t,, sec 

Numerical? 

Analytic$ 
n = 5, b = 0 50 X 10' 80 x 105 10 x l o 1  2 x  103 

controlled 1.6 X 10' 6.5 X 10" 2.1 x 105 1.4 X 10' 5.4 x l o 1  1.8 x 103 

controlled 13 X 1 0 l 8  0.9 x 10)  2.3 x 105 2.1 x 10' 2.4 X 10' 1.0 x 103 

diffusion 

Analytic$ 
resolution 

*Constants used in the calculations: 
Y,,F = 6.6 X 10' 
R = 3.0 X 10.' 
D,, = 1.7 X 
b = 8 X sec-' 

gas atoms em-' sec? 
cm3 /uranium atom 

exp [-920/R (T/103 ) ]  cm2 /sec 

?Results taken from Figs. l b  and 2 of Ref. 29. 
$Analytic solutions: Eqs. 13.140 and 13.141 for diffusion controlled; Eqs. 13.142 and 13.143 for re-solution controlled. 

bubbles/cm3. The large nucleation densities obtained by 
Eyre and Bullough are due to the substantial contribution 
of clusters containing more than two atoms (N/C2 , = 25 at 
650°C and 3 a t  13OG"C). Comparison of the last two rows 
of Table 13.4 shows that the primary effect of re-solution is 
to increase the concentration of single gas atoms and 
decrease the concentration of nuclei, which reflects the 
ability of re-solution to  maintain high dynamic gas solu- 
bility. Predicted nucleation times are quite short compared 
t o  the period over which the fuel is irradiated. At 1300°C 
nucleation is complete in less than, 1 hr. 

13.8.2 Heterogeneous Nucleation 

The nucleation theory proposed by Turnbul14 is based 
on the observation that all electron microscope studies of 
fission-gas bubbles in fuel materials that had been irradiated 
above 700°C have shown that the bubbles lie in straight 

lines. Figure 13.14 shows such a micrograph. On the basis 
of this information, Turnbul14 proposed that the bubbles 
spontaneously nucleated on  the tracks of fission fragments. 
The nucleation sites are believed to  be sections of a fission 
track that are especially rich in vacancies created by a large 
energy transfer collision between the fragment and a lattice 
atom (Le., a displacement spike). The excess vacancies tend 
t o  collect into a void close to the track. If the concentra- 
tion of fission gas is sufficiently high, these voids will 
contain a few fission-gas atoms. The voids shed vacancies 
and shrink until they are in mechanical equilibrium with 
the gas pressure balanced by the surface tension. Turnbull 
estimates that each nucleus contains about four gas atoms 
(and therefore has a radius of approximately 5 .& at 
mechanical equilibrium). Each fission track nucleates about 
five gas bubbles, a figure that is consistent with Fig. 13.14. 
Nucleation occurs only if the matrix gas concentration is 
greater than about 10' gas atoms/cm3 (which corresponds 
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Fig. 13.14 Micrographs showing intragranular fission-gas bubbles. Note how many of them lie in straight 
lines. [From J. A. Turnbull, J.  Nucl. Muter., 38: 206 (1971).] 

to a burnup of 0.04%). If the gas-atom concentration is less 
than this value, not enough gas is trapped in the voids 
resulting from the displacement spikes to stabilize the 
voids. The nucleation density can be determined from the 
gas balance: 

For the Same value of the gas-atom production rate used in 
Table 13.4. the nucleation ' t ime in Turnbull's model is 

1.5 X l o 5  sec, which is of the same order of magnitude as 
the values of t, predicted by the homogeneous nucleation 
models a t  650°C. 

The bubble-density calculation based on Turnbull's 
model will be considered in the following section, inasmuch 
as nucleation, re-solution, and growth must be considered 
simultaneously. 

Heterogeneous nucleation on dislocation lines has not 
been treated quantitatively in the literature. Qualitative 
comparisons of this type of nucleation and tiomogeneous 
nucleation can be found in Refs. 6 apd '29. 
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13.9 GROWTH OF STATIONARY RUBBLES 
On completion of the nucleation stage, bubbles grow by 

absorbing the fission gas that is continually behg  generated. 
To analyze the growth process, we neglect for the moment 
all random or directed motion of the bubbles; increase in 
bubble size due to  coalescence is considered later in this 
chapter. In this section only growth by the diffufsive, flow of 
single gas atoms and single vacancies to the '  bubble is 
treated. Neglect of bubble migration and the consequent 
enlargement by coalescence is probably an acceptable 
restraint for small bubbles that, although quite mobile in a 
perfect crystalline lattice, are easily immobilized by binding 
to  a variety of crystal defects. 

The nucleation process has supplied the irradiated solid 
with N very small bubbles a t  the end of a period t,, which 
is so short compared to  fuel irradiation times that it can be 
taken to  be zero for the purpose of growth calculations. We 
also assume that the bubbles all have the same initial radius 
Ro a t  the start of the growth stage. As growth proceeds, the 
number of bubbles per unit volume does not change, but 
the radius of each increases. 

The calculation of the time rate of change of the bubble 
radii has been performed only under restricted conditions. 
Current analyses invoke one or  more of the following 
simplifying assumptions: 

1. All gas is contained in bubbles, none in the matrix. 
2. Re-solution is neglected. 
3. All bubbles are of the same size. 
4. Bubbles are in mechanical equilibrium with the solid. 
5. One of the limiting cases of the gas equation of state 

(Le., the dense-gas or the ideal-gas limit) is applicable. 

In Sec. 13.5 a simple model of bubble growth during 
postirradiation annealing was considered. This analysis used 
assumptions 2 through 5. In this section we are interested 
in the practical problem of bubble growth under constant 
fission-gas generation rates (i.e., steady-state in-pile be- 
havior). 

13.9.1 The Simplest Growth Model 

For  illustrative purposes we first discuss the bubble- 
size-time relationship for the unrealistic case represented 
by simultaneous observance of all five of the preceding 
assumptions. According to assumption 1, the overall gas 
balance of Eq. 13.22 reduces to  

YxeFt  = mN (13.144) 

where N is the constant bubble density and m, the number 
of gas atoms in each bubble, is given by 

47rR3 /3 
B + (kT/2y)R 

m =  (13.14) 

For simplicity the solid has been assumed to be  unstressed. 
If Eq. 13.14 is substituted into Eq. 13.144, a cubic equa- 
tion that can be  solved for R(t)  is ~ b t a i n e d . ~ '  If we assume 
that the ideal-gas law applies, the following result is 
obtained 

r) 
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and the swelling is given by Eq. 13.19: 

' [(kT/2y) Yx,Ft]' 
(13.146) ( x ) N = ( $ )  4 lR3  NW 

v 
Equation 13.146 predicts that th? swelling increases as the 
3/2 power of the burnup (p  = FtR) .  I t  also shows that 
swelling decreases as the nucleation density increases. A 
given quantity of precipitated gas is held at  higher pressures 
(and consequently smaller volume) if it is dispersed as many 
small bubbles rather than a few large ones. This behavior 
arises because surface-tension restraint on bubble size is 
more effective for small than for large bubbles. For  a 
bubble density of 1 0 l 7  c m 3  in U 0 2  at 10% burnup, 
Eq. 13.145 predicts a bubble radius of -38 a and 
Eq. 13.146 gives a fractional swelling of I- 2.3%. 

13.9.2 Allowance for Gas Remaining in the 
Matrix 

Markworth4 ' has treated the bubble-growth problem 
with assumption 1 relaxed but with 2 through 5 retained. 
Because the gas is now permitted to  partition between the 
bubble and the solid, the kinetics of gas-atom absorption by 
the bubble must be included in the analysis. The problem is 
quite similar to the growth of bubbles during postirradia- 
tion annealing (Sec. 13.5). Equations 13.16 and 13.73 of 
that analysis apply to  the present case, but the gas-atom 
balance is now given by Eq. 13.22. The following equations 
must be solved simultaneously: 

dm _ -  - 4nRDxeC 
dt 

(13.16) 

( 13.7 3) 

YxeFt  = C + mN (13.147) 

These three equations can be combined to  yield a non- 
linear, first-order differential equation for R as a function 
of t. The equation is of the Riccati type, and solutions in 
terms of Bessel functions are available. The extent t o  which 
the relation between R and t differs from the simple form 
given by Eq. 13.145 depends on the dimensionless time (or 
burnup) parameter: 

When 7 = 1 ,  the residual gas held in the matrix results 
in a bubble radius about one-half the value given by 
Eq. 13.145. If we take the same parameters used in the 
calculation illustrating use of Eq. 13.145 and assume 
DXe = 2 X lo-' cm2/sec (from Eq. 13.29 at  1500'K) and 
F = 8 x 10' sec-' , the computed value of T 

a t  10% burnup is 85. At this value of the dimensionless 
fissions 
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time, essentially all the gas is contained in the bubbles, and 
their radius is accurately given by Eq. 13.145. Thus, simply 
relaxing assumption 1 does not materially alter the swelling 
predictions of the stationary bubble model. Markworth4 9 a  
has demonstrated that the existence of a critical tempera- 
ture of - 1000°C below which swelling in uranium carbide 
is not observed experimentally is a natural consequence of 
the preceding growth model. 

13.9.3 Bubble Growth with Re-solution 
The next step in bubble growth analysis is to  relax 

assumptions 1 and 2 simultaneously. Since the primary 
effect of re-solution is to  maintain high matrix gas 
concentrations, we expect that bubble sizes in the presence 
of re-solution will be lower than those predicted by the 
calculation just described. Growth of stationary bubbles by 
gas-atom diffusion in the presence of radiation-induced 
re-solution has been considered by Nelson:’ Pati,” and 
Marlowe.” In  place of the ideal-gas limit used in the 
preceding analyses, these investigators assume that the 
bubbles are small enough for the opposite limit, Eq. 13.15, 
to apply. They also assume that the rate constants 
describing bubble growth are completely diffusion con- 
trolled and take k as given by Eq. 13.70. The simultaneous 
use of the dense-gas equation of state and diffusion-limited 
growth kinetics immediately presents an inconsistency: the 
former is valid only for small bubbles (R < -10  A) ,  
whereas the latter is applicable only when the bubble radius 
is much larger than the lattice constant (say R > -10 8). 
This inconsistency could be resolved by using the complete 
gas equation of state Eq. 13.14 and the rate constant for 
mixed control Eq. 13.96, but the mathematics would be 
considerably complicated. 

To demonstrate that homogeneous nucleation and 
growth depend on the same elementary processes, we derive 
the governing equations €or growth from the basic kinetic 
expressions given by Eqs. 13.127 through 13.131. 

Since the bubbles are much larger in the growth stage 
than during nucleation, the single-atom balance cannot be 
cut off a t  some arbitrary upper size, but should be written 
as 

_-  dC - Yx,F - 2kllC2 - 
dt  

+ 2C2 b + ( 2 mCm) b (13.148) 

Because the contribution of growth or re-solution of 
diatomic clusters during the growth stage is small, the 
second and fourth terms on the right-hand side of 
Eq. 13.148 can be neglected. 

The total concentration of bubbles is 
m 

N =  C, 
m=2 

and the total number of gas atoms held in 
m 

M =  1 mc, 
m= 2 

(13.149) 

bubbles is 

(13.150) 

The average rate constant is 

2 k,,Cm 

c c, 
(13.15 1) 

- k =  

m=2 

Substituting Eqs. 13.149 through 13.151 into Eq. 13.148 
yields the following form of the single-atom gas balance: 

_-  dC - Y,,F - kNC + bM 
d t  (13.152) 

The rate constant for diffusion-controlled absorption of gas 
atoms by a bubble of radius R is given by Eq. 13.70 as 

k = 47iRDx e ( 1  3.153) 

thus, Eq. 13.151 becomes 

47iDx, 2 RC, 
( 13.154) m=2 - 

k =  c c, 
m=2 

The ratio of the sums on the right of Eq. 13.154 is the 
mean radius of the bubble distribution, and the average rate 
constant can be expressed by 

- 
k = 47rRDx, (1  3.155) 

Hereafter, the bar over k and R will be omitted. 
The total gas balance given by Eq. 13.131 can be 

treated in the same manner as the single atom gas balance 
to yield 

(13.156) 
. dC dM 

Yx,F= - +  - 
d t  d t  

which, when combined with Eq. 13.152, yields 

- -  dM - kNC - bM 
dt  (13.157) 

As noted in Sec. 13.7, the re-solution parameter in 
Eqs. 13.152 and 13.157 can be expressed by either micro- 
scopic or macroscopic models. 

Because the average bubble radius appears explicitly in 
the rate constant k of Eq. 13.155, Eqs. 13.152 and 13.157 
contain three dependent variables, M,  C, and R.  The matrix 
gas concentration can be expressed as a function of M and t 
by use of Eq. 13.22. The bubble radius can be expressed in 
terms of M by noting that the number of gas atoms in an 
average bubble is given by 

(1 3.15 8) 
47rR3 13 - M 

B N  
_ _ _ _ -  

which can be solved to  yield 

(1 3.15 9) 
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An equation giving the time rate of change of the of M, and hence g is a function (albeit weak) of fb. In this 
average bubble radius can be obtained by eliminating C 
from Eq. 13.157 by Eq. 13.22 and expressing M and its 
time derivative in terms of R by use of Eq. 13.158. When 
these substitutions and Eq. 13.155 for k are used in 
Eq. 13.157, the growth law is 

case the trapping probability should be written 

g =  kN 

= 4nRDx,N 

dR DXeBYxeFt  4 bR 
-= --nDxeNR2 -- (13.160) 
dt R 3 3 

= (4nN)’ Dxe(3BYxeFt)’ f: 

(13.167) 

Marlowe’ ’ has discussed solutions to  this equation with the 
initial condition When this equation is used for g in Eq. 13.166, the fraction 

of the total gas trapped in bubbles is the function of time 
R,(t,) = 3.4 a (13.161) (or burnup) given by 

where R(t,) is the radius of a diatomic cluster and t, is the 
nucleation time. Markworth’ l a  has analyzed the effect of 
re-solution on the growth rate of bubbles obeying the 
ideal-gas law instead of the dense-gas limit t o  which 
Eq. 13.160 applies. 

Alternatively, an equation in the variable M can be 
obtained by first substituting Eq. 13.22 into Eq. 13.157, 
which becomes 

(13.162) -- dM - kNYxeFt  - (kN + b)M 
dt  

Instead of attempting to  obtain the complete solution 
to  this differential equation, we examine the quasi- 
stationary solution obtained by setting dM/dt equal t o  
zero: * 

(13.163) 

In terms of the fraction of the gas contained in bubbles, 

M f -__  
- YxeFt  

Eq. 13.163 is 

kN 
f b  = kN+b  

( 13.164) 

( 1  3.165) 

(13.168) l P f b  = b 
f! (47~N)% Dxe(3BYxeFt)g 

The influence of irradiation parameters on the fraction 
of the fission gas held in bubbles can be seen by examining 
the components of the right-hand side of Eq. 13.168. When 
this term is large, fb is small, and re-solution effectively 
maintains the gas in dynamic solution. Since b increases 
linearly with F ,  the right-hand side of Eq. 13.168 varies as 
FW/DXe,  which shows that re-solution effects are impor- 
tant at  high fission rates and low temperatures (where Dxe 
is low). These trends are in the same direction as the effects 
that F and T have on the way re-solution influences 
homogeneous nucleation (Sec. 13.8). 

Figure 13.15 shows the solution to  Eq. 13.168. The 
quasi-steady-state fraction of gas contained in the bubbles is 
plotted against the time-dependent quantity on  the right of 
the equation. Analytical forms for large and small values of 
the abscissa are shown on  the graph. A more illustrative 
application of the same formula is shown in Fig. 13.16, 
where fb is plotted as a function of burnup for several fuel 
temperatures. The parameters needed in the computation 
are listed in the figure caption. The fission-gas diffusion 
coefficients used in preparing the curves were taken from 
Cornell (Fig. 9 of Ref. 23). These values of Dxe were 
obtained experimentally by measuring the fraction of the 
gas in the bubbles in irradiated U 0 2  and back-calculating 
Dxe by a method similar t o  that used here to proceed in 

The product kN is often denoted by g, and Eq. 13.165 is 1 .o I I I I 1  I l l 1  I I 1 1 l 1 1 1  
written as 

- 
(13.166) 

The parameter g is useful when traps for gas atoms other 
than gas bubbles are present, in which case it is referred to 
as the probability per unit time of trapping a gas atom at a 
crystal defect of any sort. 

g fb =- 

g + b  - 
fb  f b = i - e  

0.4 - 

0.2 - 

However, Eq. 13.166 sloughs over the fact that if the 0 I I I I I I l l 1  
gas-atom traps are restricted to gas bubbles, k is a function 0.1 1 10 

b 
e =  (4nN12’3 Dxe (3BYx, it)”3 

*This condition, called equilibrium trapping, is ex- Fig. 13.15 The effect of re-solution on bubble growth in 
amined in Chap. 15. the quasi-stationary approximation. 
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Fig. 13.16 Effect of re-solution on  gas precipitation during 
irradiation: F = 4 X 10' sec-' ; b = 5 X sec-' ; 
and N = 2 x 10 '  

the  other direction (i.e., given DXe,  find fb ) .  Cornell 
obtained diffusion coefficients of 1.0 X lo-' 7, 1.6 x lo-' 7 ,  

and 1.1 x lo-'' cmz jsec at  temperatures of 900°C, 
12OO0C, and 1500"C, respectively.* 

are essentially the 
same as those shown on Fig. 13.16. The major conclusion 
drawn from analysis of re-solution effects on bubble growth 
is that the temperature is the primary variable affecting the 
fraction of gas which precipitates during irradiation. At  
high temperatures re-solution is ineffective in maintaining 
gas in solution because the fission-gas diffusion coefficient 
is large enough to return gas to the bubble as soon as it is 
ejected by collision with an energetic fission fragment. At 
the lower temperatures a much larger fraction of the gas is 
atomically dispersed in the matrix. This effect is not 
predicted by the calculations of Markworth reviewed 
earlier, in which re-solution was not considered. A substan- 
tial portion of the fuel in an LMFBR operates a t  tempera- 
tures below 12OO0C, where re-solution can drastically 
influence gas release and swelling, generally by reducing 
swelling and enhancing gas release. 

The calculations reported by Patis 

*The apparent lack of an activation energy between the 
lowest temperature figures was attributed by Cornell to the 
radiation enhancement of the diffusion coefficient. A 
theory of this effect due to Speight was cited. This 
theory,52 however, is simply that due to Dienes and 
Damask,' a which is applicable only when diffusion occurs 
by a classical vacancy mechanism. Since it was shown in 
Sec. 13.3 that  such a mechanism is highly unlikely in UO, , 
Cornell's explanation of the non-Arrhenius behavior of the 
diffusion coefficients deduced from his bubble-growth data 
is suspect. 

13.9.4 Growth of Nonequilibrium Bubbles n 
All analyses of bubble growth discussed in this section 

have assumed that the bubbles were in mechanical equilib- 
rium with the surrounding solid or that Eq. 13.5 was 
satisfied a t  all times. Mechanical equilibrium is usually 
maintained by flow of vacancies to  the bubble to provide 
the additional volume needed t o  accommodate the simul- 
taneous influx of gas atoms. Whether or not Eq. 13.5 is 
satisfied depends on  the relative rates a t  which irradiation- 
produced point defects and gas atoms are absorbed by the 
bubble. 

A bubble of radius R can be regarded as the absence of 
(4nR3/3)/R matrix atoms, where R is the volume per atom. 
Or, since a missing atom is a vacancy, an empty sphere of 
radius R can be thought of as consisting of 

m, =- 4nR3 l3  vacancies (1 3.169) a 
I t  is of interest t o  determine the number of vacancies that 
must be acquired by a bubble containing m gas atoms in 
order that mechanical equilibrium be established. The 
number of gas atoms in a sphere of radiusR which is in 
mechanical equilibrium is given by Eq. 13.14. The number 
of vacancies per gas atom in an equilibrium bubble is 

(13.170) 
m 

If we take kTj27 = 1 A 2 ,  B = 85 A 3 ,  and R = 4 1  A3 (for 
UOz),  Eq. 13.170 requires that for equilibrium bubble radii 
of 10, 100, and 1000 8, there be -2, -6, and 27 vacancies 
per gas atom, respectively. The vacancy supply problem 
becomes more acute as the bubble enlarges. 

The time rate of change of the volume of a bubble is 
equal to the difference in the rates a t  which vacancies and 
interstitials are absorbed and t o  the volume carried by each 
of these point defects. The absorption rates are given by 
Eq. 13.66, and the volume associated with both vacancies 
and interstitials is approximately equal to the atomic 
volume a. Thus, 

or the growth law is 

Here CVR and CiR are the concentrations of vacancies and 
interstitials a t  the bubble surface, and C, and Ci are the 
point-defect concentrations in the bulk solid. 

I t  is commonly assumed that the point-defect 
concentrations a t  the bubble surface are given by 
equilibrium thermodynamics. If a bubble were in 
mechanical equilibrium with an unstressed solid, the 
vacancy concentration at  the bubble surface would be given 
by Eq. 6.12. This formula was derived with the assumption 
that there was no pressure on the solid so that the enthalpy 
of vacancy formation could be replaced by the vacancy 
formation energy. In  the case of a bubble that is not in 
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mechanical equilibrium, this approximation is no longer 
correct because a mechanical stress equal t o  p - (2y/R) acts 
on  the solid a t  the bubble surface (see Eq. 13.6). 

To account for the effect of stress on the 
thermodynamic equilibrium of vacancies, consider a solid 
subject to a uniform pressure P. The equilibrium vacancy 
fraction in the solid is given by Eq. 6.12 in which h, is 
retained: 

. 

x:"(P) = exp(  2 ) e x p  (-2) (13.172) 

The thermodynamic relation between enthalpy and energy 
is 

h, = E ,  + Pv, (1 3.173) 

where P is the system pressure and v, is the volume change 
of the system (the solid body) due t o  the production of one 
vacancy by moving an atom from the interior t o  the surface 
and is approximately equal t o  the atomic volume R. Thus, 
the equilibrium vacancy fraction in a solid under pressure P 
is 

X,"~(P)  = exp (:) exp (- cG)exp (-E) (13.174) 

The product of the first two terms on the right is the 
equilibrium vacancy fraction for zero pressure; thus, 
Eq. 13.174 is equivalent t o  

x : ~  (P) = (0) exp - - ( 3 ( 13.175) 

If we use the  relation between volumetric concentration 
and site fraction (C, = x,/R) and identify P with the excess 
pressure in the bubble, the thermodynamic vacancy 
concentration a t  the bubble surface is given by 

where C:q is the thermodynamic equilibrium vacancy 
concentration for a stress-free solid: 

Similar arguments can be applied to the calculation of the 
interstitial concentration at the bubble surface, the only 
difference being a change in the sign of the volume term v,. 
The result is 

CiR = Cfq exp [k$ (p - ?)] (13.178) 

where 

(1 3.1 7 9) 

si and ei being the interstitial entropy and energy of 
formation, respectively. 

The bulk concentrations of the point defects, C, and 
C,, are determined by balances o n  these species in the bulk 
solid. We follow Wiedersich's' method slightly simplified 
for clarity. 

Vacancies and interstitials are created by thermal 
processes (e.g:, shedding by dislocations) at  rates given Py 
Gtq and G f q ,  respectively, and by radiation a t  a rate Y,,F. 
The balance is maintained by the removal of the point 
defects by recombination and by absorption a t  sinks. The 
bubbles proper, free surfaces, grain boundaries, and 
dislocation lines can act as sinks and sources of point 
defects, but only dislocation lines are important in most 
nuclear materials. We will assume that dislocations are the 
primary sinks for vacancies and interstitials and that only 
bubbles and dislocations are present in irradiated solid. 

I n  the absence of radiation, the equilibrium 
concentrations of point defects are determined by equating 
the rates of production by thermal processes t o  the rates of 
removal by recombination and dislocation capture: 

G:" =ki,C:qCfq + Z,DvpdC~q (13.180) 

Here ki, is the rate constant for vacancy-interstitial 
recombination (Eq. 13.42), and the last term on the right 
represents the capture of point defects by the dislocation 
network in the solid. The capture rates are of the form 
given by Eq. 13.94, where 

_ =  1 -+  1 In (*%/Rdi) (1 3.183) 2n zi Zid 

Because of the nature of the stress field surrounding 
dislocation lines, Rdi can be slightly larger than Rdv (see 
problem a t  end of chapter). In general, Zi exceeds Z, by a 
few percent. 

Under irradiation the point-defect balances become 

Y,ik + G:q = kivC,Ci + &D,pdC, 

Y v i i  + Gfq = ki,C,Ci + ZiDipdCi 

(13.184) 

(13.185) 

We have assumed that the  thermal production rates and the 
dislocation density are unaffected by irradiation. If 
Eq. 13.180 is subtracted from Eq. 13.184 and Eq. 13.181 
from Eq. 13.185, the following equations result: 

Y v i i  = kiv(C,Ci - C,eqcpq) + Z,D,pd(C, - c:") (13.186) 

Y,iF = kiv(CvCi-CC,eqCfq) + ZiDipd(C,-CCfq) (13.187) 

Values for Yvi, Z,, Zi, D,, and Di can be estimated by 
the methods outlined earlier in this chapter. If the entropy 
and energy of the point defects are known, (2,'" and Cfq 
can be obtained from Eqs. 13.177 and 13.179. Equations 
13.186 and 13.187 can then be solved for the steady-state 
vacancy and interstitial concentrations in the irradiated 
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solid. In the sc.Jtion the approximation Z, = Zi can be 
made without affecting lhe calculated values of C, and Ci 
appreciably (this approximation cannot be made in the 
final calculation of the growth rate, however). The general 
nature of the solution is illustrated by Fig. 13.17, which 
shows Wiedersich's results for irradiation of nickel. We have 
retained the original ordinate and abscissa labels but have 
indicated the values of the other parameters of:thelsolution 
(defect production rate or F and source efficiency or 
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( a )  

matter what the dose rate or the microstructure of the 
solid. The analogous curves for interstitials [Fig. 13.17(b)] 
do  not show the concentration minimum until very high 
temperatures because the equilibrium concentration of 
interstitial atoms in most solid lattices is extremely low 
owing to the large energy of formation in Eq. 13.179. 

The extremely large supersaturation of point defects 
caused by low-temperature irradiation can lead to  
enhancement of the diffusion coefficient of species that 

0 6  1 0  1.5 2.0 

103/T. O K - '  

( b )  

Fig. 13.17 Steady-state point-defect concentrations in an irradiated solid. --, high defect production rate. 
-----, low defect production rate. The upper and lower curves for each defect production rate represent small 
and large dislocation densities, respectively. [After H. Wiedersich, Radiat. E f f . ,  12: 111 (1972).] 

dislocation density) in qualitative terms. Our aim is t o  show 
the general features of the solution, which should be similar 
for metals and ceramic fuels, such as UOz . 

Figure 13.17(a) shows that the radiation-produced 
vacancy concentration is high at low temperature where the 
diffusion coefficients are small and the removal processes 
are therefore slow. As the temperature is increased, 
recombination and capture by dislocations become more 
rapid and the concentration of vacancies falls. I t  begins to  
rise again at high temperature because of the rapidly in- 
creasing rate of thermal production of point defects. The 
vacancy supersaturation* is enhanced by high defect 
production rates and low dislocation-line density (or, in 
general, low sink efficiencies), but the thermal equilibrium 
line is approached at  sufficiently high temperatures no 

*Supersaturation is defined as Cv/Ctq. 

migrate by a vacancy mechanism.' In a radiation field the 
diffusion coefficient is still given by the first equality of 
Eq. 7.28, but the site fraction of vacancies is no longer 
equal to the equilibrium value. Rather, x, is obtained by 
calculations such as those which produced Fig. 13.17(a). 
Note that radiation does not alter the diffusion coefficient 
of the vacancies proper (or of the interstitials); only the 
diffusivity of atomic species that migrate by the vacancy 
mechanism (Sec. 7.4) is affected. 

Comparison of Eqs. 13.186 and 13.187 shows that the 
steadystate vacancy and interstitial concentrations in the 
irradiated solid satisfy the following equation: 

ZvDv(Cv - Ctq)  = ZiDi(Ci - C f q )  (13.188) 

The surface concentrations CVR and CiR given by 
Eqs. 13.176 and 13.178 and the bulk point-defect balance, 
Eq. 13.188, can now be used in the growth law, 
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d_R- A i t  & (13.194) Eq. 13.171. In  using Eqs. 13.176 and 13.178, we can use 
the approximation ex N_ 1 + x because the argument of the dt  R4 R2 
exponentials is quite small compared to  unity. Thus, 
Eq. 13.171 becomes w h e r e  A ,  = 3C22D,C:qYxe 6/4nN and A2 = 

( 2y/kT)a2  DvC;q are constants. Greenwood, Foreman, and 
Rimmer’ obtajned an approximate solution to Eq. 13.194 
with the initial condition R(0) = 0: 5 dt = R [I), (1 -?)(.,, - CGq) + $ (p - 2) 

The first term in the brackets represents the effect of the 
supersaturation of irradiation-produced defects on growth. 
This effect is often referred to as a chemical stresss4 
because it produces bubble growth like a mechanical force. 
Since Z,/Zi. is always less than unity, the chemical-stress 
term always causes bubble growth when the solid is 
supersaturated with vacancies (Le., C, > C:,). The 
difference C, - C:, can be obtained from such graphs as 
Fig. 13.17. 

The second term in the brackets of Eq. 13.189 is the 
mechanical component of the growth due to  the pressure 
imbalance p - (2y/R). 

Equation 13.189 cannot be integrated until the gas 
pressure p is related to bubble radius. If the gas density in 
Eq. 13.1 is expressed in terms of m and R by Eq. 13.13 and 
m is written as M/N, where N is the total bubble 
concentration, the gas pressure can be written 

(13.190) kT 
= (4nR3 /3)(N/M) - B 

which, however, simply exchanges the unknown p for 
another unknown, M. The latter is determined by 
Eq. 13.157, where C is removed by Eq. 13.22: 

-= dM 4nRDxeN(Yx,Ft - M) - bM (13.191) 
dt  

The increase in the bubble radius as a function of time 
is obtained by solving Eqs. 13.189 through 13.191 
simultaneously with appropriate initial conditions ,for R 
and M. Although, the full solution of this problem has not 
been reported, limiting cases have been examined. 

Greenwood, Foreman, and Rimmer’ assumed Z, = Zi 
and neglected the interstitial flux term because of the 
smallness of Cf“,  whereupon Eq. 13.189 reduces to  

(p - g) & D,Czq (13.192) 

In addition, p was determined’by assuming all gas to  be 
i n  the bubbles (M = Yxe6 t ) ,  re-solution was not 
considered, and the gas was assumed to  be ideal. These 
assumptions reduce Eq. 13.190 to the following explicit 
function of R and t :  

(13.195) 

where Req(t)  is the radius that would be obtained at time t 
if the bubble had been in mechanical equilibrium through- 
out its lifetime (Eq. 13.145). The second term in 
Eq. 13.195 accounts for the reduction in bubble size due to  
the inability of vacancy diffusion to supply the volume 
increase required’ by the bubble to maintain mechanical 
equilibrium. That is, there is a small but significant pressure 
excess, p - (2y/R) > 0, at  all times during the growth stage. 
If the chemical-stress term in Eq. 13.189 had been retained, 
however, the bubble could grow more rapidly than under 
conditions of mechanical equilibrium, and a pressure deficit 
could develop. The chemical-stress term is responsible for 
the growth of voids in irradiated metals, where p 2y/R. 

A bubble-growth formula similar t o  Eq. 13.189 has 
been derived by Gulden and Kaae.” They included the 
stress state of the solid in which the bubble is embedded. 
The net effect of including external stress is, as in Eq. 13.4, 
to replace [ p  - (2y/R)] by [p  - (2y/R) - u]  (u is positive 
if the solid is in compression). This modification of the 
growth law follows by noting that, when the bulk solid is 
subject to  a hydrostatic stress, the equilibrium vacancy and 
interstitial concentrations in Eqs. 13.180 and 13.181 
should be written as C,“q exp (--Ra/kT) and Cyq 
exp (QujkT),  respectively. 

Harrison’’ has considered the form of the bubble- 
growth law in the absence of chemical stress. He has shown 
that, for the case of a general triaxial mechanical stress state 
of the solid (as opposed to  simple hydrostatic stress), u 
should be interpreted as the mean normal stress [i.e., 
(oxx + uyy  + 0,,)/3]. He also shows how the growth rate is 
affected when the stresses around the bubble are large 
enough to  cause plastic deformation (yielding). 

-13.9.5 Bubble-Size Distribution During Growth 
In the bubble-growth analyses discussed up to this 

point, all restrictive assumptions listed at the beginning of 
this section have been removed except for the requirement 
that all bubbles be of the same size. If the nucleation 
process produces bubbles of the same size, all bubbles will 
grow at the same rate provided that the only processes 
operating on  the bubbles add or remove one atom a t  a time. 
Gas-atom diffusion to the bubble and microscopic re- 
solution are such processes.* However, when the bubbles 

*Markworth and Baroodys have determined the shape 
of the bubble distribution in the postirradiation annealing 
situation analyzed by Speight3 (see Sec. 13.5). They show 
that the variance of the distribution at time t is propor- 
tional to  the variance of the initial distribution. If the latter 

YXe6kTt 
’= 4nR3N/3 

When Eq. 13.193 is substituted into Eq. 13.192, the growth 
law is 

(1 3.193) 
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are subject to processes that change the bubble size in a 
discontinuous manner, a bubble-size distribution develops 
during the growth stage. Two important processes in this 
category are coalescence and macroscopic ;e-solution. We 
analyze here the bubble distribution that occurs when the 
nucleation and re-solution models proposed by Turnbul14 
are coupled with growth of the bubbles by absorption of 
matrix gas atoms. 

When, as in the present instance, we wish to describe 
the size distribution of bubbles in the presence of macro- 
scopic re-solution, the coriservalion statement for clusters 
containing m gas atoms is no longer correctly given by 
Eq. 13.129, which is valid only if re-solution removes single 
atoms of gas from the bubble. If an entire bubble can be 
destroyed by a single re-solution event, we must replace 
Eq. 13.129 by 

dG = k,,m-lCm-lC - k,,C,C - b’C, (13.196) 
dt 

Inasmuch as m can be large, we first convert the bubble 
distribution function in this equation from discrete to  
continuous form. The coefficient of C in the first term on 
the right can be written as 

kl,,.lC,n-l = k,C, -- - (k,C,) (13.1.97) 
dm 

Thus Eq. 13.196 becomes a partial differential equation: 

(k,C,)C - b’C, (13.198) a 
a t  am 

Instead of the function C,, we now rewrite Eq. 13.198 in 
terms of the bubble distribution function N(R), where 
N(R) dR = number of bubbles per unit volume with radii in 
the range R t o  R + dR. The relation between the two 
distributions is 

dm 
N(R) = C, - dR (13.199) 

For small bubbles, m is related to R by Eq. 13.15, and 
Eq. 13.199 becomes 

(13.200) 

is zero (Le., uniform bubbles initially), the bubble dis- 
tribution function remains a delta function during growth. 
During in-pile growth with microscopic re-solution, the 
variance a t  time t is the product of the initial variance of 
the distribution and a decay te rm,56a  exp (-bt). Thus, an 
initially nonuniform distribution becomes narrower because 
of re-solution, but an initially uniform distribution (i.e., 
zero variance) remains uniform during growth. 

Substituting Eq. 13.200 into 13.198 and noting that 

dm - 47rR2 
dR B 
_ _ _ _  

we have 

a t  C - b’N(R) (13.201) 

If we use Eq. 13.112 for the re-solution parameter and 
Eq. 13.153 for the rate constant and set the time derivative 
in Eq. 13.198 equal to  zero, the steady-state bubble 
distribution satisfies the equation 

m(R) = - [ ( M ) R 3  - k] N(R) (13.202) 
dR DX,BC 

To provide a boundary condition for Eq. 13.202, we 
must consider the nucleation process. According t o  Turn- 
bull’s4 model, CY bubbles containing mo atoms (and having 
a radius R o )  are heterogeneously nucleated on each 
fission-fragment track. The steady-state balance on clusters 
of size m, is 

%F= k l m o C m o C +  bbCmo (13.203) 

where klmo is the rate constant for absorption of single gas 
atoms by the nuclei and bb is the re-solution parameter for 
bubbles of this size. When C m o  is converted t o  N(Ro) by 
use of Eq. 13.200 and klmo and bb are expressed by the 
appropriate formulas, the result is 

(13.204) 
4 d R 0  

N(Ro)  = 2Dx,BC + B p T F Z  

Speight” first derived (and integrated) Eq. 13.202, al- 
though he neglected t o  include the second term in the 
denominator of Eq. 13.204. In addition, Speight set Ro = 0 
in the integration, a deficiency that has been removed by 
M ~ n t i . ’ ~  Integration of Eq. 13.202 without either of these 
simplifications yields 

N(R)  =( 2DxeCB + BpffFRO 
&FRO 

x exp {-(‘FpffR‘) 2Dx e BC [($I - l]} (13.205) 

The matrix gas concentration required in this equation is 
given by 

C = YxeFt  -$“ m(R) N(R) dR (13.206) 
RLl 

where t is the irradiation time and m(R) is given by 
Eq. 13.15. The total bubble density is the integral of 
Eq. 13.205: 

n 
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where s is the coefficient in the exponential term of u Eq. 13.2059 
(1 3.208) 

The bubble distribution function is extraordinarily sensitive 
to  the parameter s. For s < y4, the distribution function 
exhibits a maximum a t  

RO 
Rrn,, = - (4s) lA 

For s > y4, N(R) is a monotonically decreasing function of 
R for R > R o .  The width of the distribution is a function 
of s alone. If this parameter is small, the distribution is 
broad, and bubbles of fairly large size are predicted. For 
s = 0.01, for example, the maximum of the distribution 
occurs a t  R = 11 8. For s = 1 and Ro = 5 8, N(R) is 10% of 
N(R,) at  R = 5.4 8. 

The irradiation conditions that control the bubble 
distribution are contained in the grouping of parameters 
FDx,/C. This parameter depends on the fission density, 
temperature, irradiation time, and the fraction of the gas in 
solution (the last of these can be determined by combining 
Eqs. 13.205 and 13.206). Let us assign the following values 
to  the constants in Eqs. 13.207 and 13.208: 

The first term on  the right of Eq. 13.207 becomes 

(nfhcr FR: - 2.2 x (6/DxeC) - 1.7 x io -22  + 2.6 x ( F / D ~ , c )  

and the dimensionless coefficient s is 

s = 6.9 x lo-' ' (-) F 
DxeC 

At small values of 6 /DXeC (i.e., less than -lo9 cm-2), the 
total bubble density obeys the limiting form 

N =  1 . 6 ~  1013 ( - D;ec)% (13.209) 

For  l?/DxeC > lo1 cm-2, Eq. 13.207 reduces to  

( 13.2 10) 

The bubble density passes through a maximum of 7 X 10' 
a t  F/Dx,C - 10'  cm-2. 

At  low fission densities and high temperatures, l?/Dx,C 
is small and so is the coefficient s. The bubble distribution 
is broad and the  total bubble density is low because many 
of the nuclei have escaped re-solution and have grown to 

appreciable size. At  the opposile limit of high fission 
density and low temperature, F/Dx,C and s are large. The 
distribution is very narrow and the total bubble density is 
low because few bubbles survive re-solution by fission 
fragments. 

The total bubble density N predicted by Eq. 13.207 is 
comparable to the nucleation densities determined from 
homogeneous nucleation models (Table 13.4). Because of 
the maximum in the total bubble density previously 
mentioned, however, Eq. 13.207 does not exhibit the 
extreme temperature sensitivity of the homogeneous 
nucleation calculations. In addition, N of Eq. 13.207 is not 
a nucleation density in the sense that it represents the 
bubble density developed during a nucleation period which 
is followed by a growth period. In  the Turnbull-Speight 
model, there is no separation whatsoever between nucleation 
and growth. Both processes occur simultaneously along 
with re-solution. 

All characteristics of the bubble distribution (e.g., total 
density and mean size) vary only slowly with irradiation 
time as a result of the dependence on C given by 
Eq. 13.206. That is, the bubble distribution function of 
Eq. 13.205 is a quasi-stationary distribution. The mean life 
of a bubble in the irradiation environment is a good 
measure of the time required to attain the quasi-steady- 
state distribution. The mean bubble lifetime is equal to the 
reciprocal of the re-solution parameter b ' ,  or about 4 to 
40 hr. Therefore, the irradiation parameters that govern 
the bubble distribution function (specifically fission density 
and temperature) are those characteristic of the last dag' of 
irradiation.' 

Swelling due to precipitated gas can be obtained by 
substituting Eq. 13.205 into 13.2:. Unless F/D,,C is very 
small, the swelling predicted from this model i s  extreme!).- 
low. 

13.10 MIGRATION MECHANISMS AND 
GROWTH OF MOBILE BUBBLES 

In the previous section, we examined the ways by 
which stationary bubbles grow by exchanging gas atoms 
with the solid. In these analyses only the gas atoms were 
permitted to  move, the bubbles being treated as stationary 
repositories of precipitated gas. In this section we will 
describe what happens when the bubbles are allowed to 
move and consequently to  collide and coalesce. 

There are two types of closed pores found in ceramic 
nuclear fuels. The pores formed by precipitstion of fission 
gases from solution are usually quite small (radii < 5000 8) 
and contain a gas consisting mainly of xenon a t  high 
pressure. The other type of closed pore results from 
incomplete densification of the fuel during manufacture. 
These fabrication pores are usually large (radius > 1 pm) 
and contain a low-pressure gas that is composed primarily 
of helium used as a cover gas during fuel-element assembly. 
Pore migration in solids has been thoroughly reviewed by 
N i c h ~ l s . ~  , 3  In  this discussion only those processes affect- 
ing fission-gas bubble motion are considered. The behavior 
of the fabrication porosity will be considered in Chap. 14. 
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13.10.1 Atomic Mechanism of. Bubble Mobility 
Due to Surface Diffusion 

Surface diffusion is an important mechanism by which 
bubbles in nuclear fuels move both randomly and under the 
influence of a driving force. Molecules of the matrix solid 
are in constant motion on the inside surface of the bubble. 
A net displacement of a large number of these surface 
molecules is manifest as a much smaller displacement of the 
entire bubble. The motion of the surface molecules can be 
random or in a particular direction (dictated by the 
direction of a macroscopic potential gradient applied to the 
fuel body). When the motion of the surface molecules is 
random, the resulting bubble motion is also random and is 
in fact a form of Brownian motion. When the surface 
molecules move in a particular direction, the bubbles move 
in the direction of the potential gradient that is acting on 
individual surface molecules. 

13.10.2 Random Bubble Motion 
In the absence of a driving force, the molecules of the 

matrix material randomly hop over the inner surface of the 
bubble. The macroscopic parameter describing this process 
is the surface self diffusion coefficient, D,, which is related 
to the parameters characterizing the molecular motion by 
the Einstein equation (Sec. 7.7): 

(7.62) 

where A, is the jump distance on the solid surface and I?, is 
the total jump frequency of a molecule on the surface. The 
bubble, on the other hand, executes random motion in 
three, not two, dimensions; thus, the Einstein equation 
describing its average motion is 

(13.211) 

where hb and r b  are the jump distance and jump frequency 
of the bubble, respectively. 

The jump distance of a bubble is the displacement of 
the bubble which occurs when one atom on its surface 
moves a distance A,. This quantity has been derived by 
N i c h o l ~ , ~  Gruber,' and Greenwood and Speight6 for 
spherical bubbles. Figure 13.18 shows how the same result 
can be obtained by considering a cubical bubble. The 
original position of the bubble is shown as the dashed 
figure. If all the matrix molecules in the shaded portion on 
the right are transported to  the shaded area on the left, the 
bubble is thereby moved by a distance Ax from left to  right 
and occupies the region of the solid square. The number of 
matrix molecules that have moved from right to  left in this 
process is 12Ax/n ,  where is the atomic volume of the 
matrix. Each atom hopped l/h, times to  move from the 
right-hand face to the left-hand face of the cube. Or, to 
displace the bubble by a distance of Ax, a total of l3 
Ax/s2X, individual molecular jumps on the surface must 
have occurred. The distance the bubble moves in each jump 
of a single surface molecule is 

Fig. 13.18 Diagram for determining the jump distance of a 
bubble due to  individual jumps of molecules on its inner 
surface. 

Ax !2A, =- A -  
i3 AX/RA, i3 

where l3 is the volume of the bubble, which can be replaced 
by 47rR3 / 3  to  convert from a cube to a sphere. The atomic 
volume can be approximated by the cube of the lattice 
constant, R * a:, and the bubble jump distance is therefore 

(1 3.212) 

The bubble jump frequency is the rate at which all 
molecules on  the inner surface of the bubble hop. If the 
area occupied by a surface molecule is approximated by a:, 
the number of molecules on the inner surface of a bubble 
of radius R is 4nR2 /a;. Since each of these molecules 
jumps rs times a second, the frequency of the discrete 
bubble jumps is 

rb = (F) 4nR2 rs 
(13.213) 

Substituting Eqs. 13.212 and 13.213 into Eq. 13.211 and 
using Eq. 7.62 yields 

(13.214) 

Or, expressing the surface-diffusion coefficient in the form 
of Eq. 7.45, 

3a:D0, exp (-E,/kT) 
(1 3.2 15) 

2 n ~ 4  
Db = 

where Do, is the preexponential factor for surface self- 
diffusion of the matrix solid and E, is the activation energy 
for this process. Robertson6 ' and Maiya' have reviewed 
the available measurements of surface self-diffusion of - 
U 0 2 .  Maiya recommends the equation 

r 
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The activation energy of 450 kJ/mole is -80% of that for 
UOz vaporization (Table l l . l ) ,  which is expected since 
surface migration involves a hop that is just short of 
vaporization (the elementary steps of surface hopping and 
vaporization are analogous to  excitation and ionization, 
respectively, of the outer electrons of an atom). The 
preexponential factor, however, is abnormally large. In 
Chap. 7 i t  was shown that the preexponential factor for a 
normal volume diffusion process should be a2v exp (s*/k), 
and the same reasoning can be applied to surface migration. 
Since a,, 'v 3 8 and v N_ 10' sec-' , unless the entropy of 
activation is very large, the preexponential factor Do, 
should be -0.01 to  0.1 cm' /sec. Possible reasons for the six 
order-of-magnitude discrepancy in the case of surface 
diffusion on  UOz are discussed by Robertson.6 

Equation 13.214 predicts that small bubbles should be 
very much more mobile than larger ones. The two studies 
of bubble migration during isothermal annealing of UOz do 
not support the R-4 size dependence of the theoretical 
value of D,,. Cornell and Bannister6' find that Db is 
directly proportional to  R' , or that the larger bubbles are 
more mobile than the smaller ones. Gulden63 showed that 
the mobility varied as R-3. These results suggest either that 
surface diffusion is not the mechanism responsible for 
bubble motion in UOz or that the small bubbles followed 
in these two studies (40 8 < R < 140 8) were immobilized 
by interaction with defects in the matrix. We shall analyze 
the volume-diffusion mechanism of bubble motion later 
and also show that bubbles of radii less than 5 0 0 8  are 
pinned by dislocation lines. Other crystal defects, too small 
to  be observed by an electron microscope, could very well 
immobilize bubbles in the 1 0 0 - 8  size range. 

13.10.3 Directed Bubble Migration in a 
Temperature Gradient 

Of the many possible forces that can induce directed 
motion of bubbles, the large temperature gradient in a fuel 
element appears to be the most influential. We consider 
here the case in which the temperature gradient causes 
preferential motion of the molecules in a particular 
direction along the inside surface of the bubble by the 
process of surface thermal self-diffusion described in 
Sec. 7.7. This form of directed bubble motion was first 
analyzed by Shewm0n.6~ Similar treatments have been 
given by other investigators.'.' t 6  

We derive the velocity of the cubical bubble shown in 
Fig. 13.19(a). If the bubble were not present, a temperature 
gradient dT/dx would exist in the solid at this point. 
Because the bubble is small, dT/dx is approximately 
constant. The gas in the bubble has a thermal conductivity 
less than that of the solid, and introduction of the bubble 
perturbs the temperature profile in the manner shown in 
Fig. 13.19(b). Let the temperature gradient within the 
bubble be denoted by (dT/dx)b and assume that the four 
cube faces parallel to  the x-axis experience this gradient. 
The flux of surface molecules along these faces is given by 
Eq. 7.64: 

- DIRECTION OF MOLECULAR MOTION 

I 

T 

t 
-BUBBLE- 
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Fig. 13.19 Bubble migration in a temperature gradient. 
(a) Flow of surface molecules across faces parallel to the 
temperature gradient. (b) Temperature profiles in the solid 
and through the bubble. 

where Q$ is the heat of transport for surface thermal 
self-diffusion and C, is the density of molecules in the plane 
of the surface. The units of J, are molecules sec? per 
centimeter of length perpendicular to the direction of flow. 
Since there are four  faces each of width 1,  the rate at  which 
molecules are transported from lhe hot face to the cold 
face is 415, molecules/sec. We assume that these molecules 
are rapidly distributed over the two faces perpendicular to 
the x-axis; so the cubical shape is retained during migration. 
In a time interval At, 415, At molecules are transported 
from the hot face to  the cold face, or the displacement of 
the cube in this time interval is 

The minus sign appears in this relation because the cube is 
displaced in' the opposite direction from that of the surface 
molecules. By combining the two preceding equations, we 
find a migration velocity given by 

(7.64) The surface concentration of matrix molecules can be 
approximated by C, = l / a i  and by a:. The geometry can 
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be converted from a cube to  a sphere of radius R by 
replacing the length of the cube side by the sphere 
diameter. Finally, the temperature gradient within the 
bubble can be expressed in terms of the unperturbed 
temperature gradient in the solid. The latter is equal to  the 
average temperature gradient in the porous body as 
determined by the methods reviewed in Chap. 10. The 
relation of (dT/dx)b to  dT/dx is obtained by solution of 
the heat-conduction problem of an inclusion placed in an 
infinite medium of a different thermal conductivity. For a 
spherical pore containing a substance of much lower 
thermal conductivity than that of the surrounding solid, the 
gradients depicted by the slopes of the solid and dashed 
lines in Fig. 13.19(b) are related byG5 

3 dT (E), = 
( 13.21 8) 

Substituting C,R = a,, 1 = 2R and Eq. 13.218 into 13.217 
yields the bubble migration velocity: 

3D,Qga, dT 
kT2R dx vb = ____ -- ( 13.2 19) 

The heat of transport for surface thermal self-diffusion 
on UOz has not been measured. I ts  sign must be positive, 
however, since bubbles migrate up the temperature 
gradient, as predicted by Eq. 13.219 for QZ > 0. Estimates 
of QZ include assuming it equal t o  the activation energy for 
self-diffusion 450 kJ/mole and assuming it to be 73 of the 
heat of vaporization (QZ = 380 kJ/mole). 

As an example of the magnitude of the bubble 
migration velocity, consider a 200-i% diameter bubble at  
2000'K in a temperature gradient of 4000"K/cm. From 
Eq. 13.216 the surface diffusion coefficient is 5 X 
cm2 /sec. Taking a, = 3 a and QZ = 415 kJ/mole, we find 
the velocity predicted by Eq. 13.219 is 3 X cmlsec, or 
8 cm/month. At this rate the bubble could traverse the 
radius of a fast reactor fuel rod in a little more than a day 
(in applying Eq. 13.219 to  actual fuel elements, however, 
we must take the temperature variation with radius into 
account). 

The inverse dependence of the migration velocity on 
bubble radius has been qualitatively verified by Cornel1 and 
Williamson.6 

The migration velocities of gas bubbles and solid 
inclusions in mixed-oxide fuel was measured by Michels, 
Poeppel, and N i e m ~ k . ~ ~  The bubbles they examined had 
radii ranging from 1 to 5 p m .  Their migration velocities 
were higher than those predicted from Eq. 13.219 by 
factors of 2 to 5, and no relationship between bubble radius 
and velocity was observed. It is possible that the migration 
process for these large bubbles was not the surface-diffusion 
mechanism on which Eq, 13.219 is based. I t  will be shown 
in Chap. 14 that a mechanism based on transport of matrix 
molecules by molecular diffusion in the gas from the hot to 
the cold face of a bubble predicts migration velocities 
exceeding those computed from the surface-diffusion 
mechanism when the bubble radius is greater than 1 to 10  
Pm. 

Michels, Poeppel, and Niemark6 ' also observed that 
solid inclusions migrated up the temperature gradient with 
velocities that decreased as the size of the inclusion 
increased, in accord with the surface-diffusion mechanism. 
Inclusions cannot migrate by the vapor-transport mecha- 
nism because the space inside the cavity in the solid is filled 
with a solid rather than a gas. 

13.10.4 General Treatment of Bubble Mobility 
Nicholsg *39 has developed a general analysis of bubble 

mobility that can be applied to any force acting on a 
bubble or to  any microscopic mechanism by which bubble 
motion occurs. Such a formalism permits 4, to  be obtained 
if vb is known, or vice versa, and thereby makes it 
unnecessary to calculate each of these parameters in 
apparently independent ways, as we have done for random 
and thermal-gradient migration by the surface-diffusion 
mechanism in the preceding discussion. 

Mobility is defined as the velocity attained when a unit 
force is applied. When applied to  a bubble, we have 

V b  = MbFb (13.220) 

where Mb is the bubble mobility and Fb is the force on the 
bubble. The latter can be directly related to  a macroscopic 
potential gradient, as in the case of the stress gradient 
discussed later. Alternatively, the force on the entire bubble 
can be related to  the forces on individual molecular species 
which are actually responsible for bubble motion. The 
importance of mobility is that it can be related to  the 
bubble diffusion coefficient by the Nernst-Einstein 
equation: 

4, (1 3.22 1) M -- 
- kT 

Equation 13.221 can be derived as follows. Consider a 
species that undergoes ordinary diffusion according to  
Fick's laws and a diffusivity D. When placed in a closed 
system in which a force F acts upon this species, a 
stationary state is established in which the tendency to 
move in one direction due to the external force is just 
balanced by the motion in the opposite direction due to  
diffusion. This stationary state is described by the con- 
dition of zero net flux 

where v is the drift velocity established by the force F and 
C is the concentration of the species as a function of 
distancex. Since v and F are related by Eq. 13.220, the 
preceding condition can be written as 

(13.222) 

c The stationary state just described can also be considered as 
a system in thermodynamic equilibrium. The presence of a 
force F in the x direction means that the potential energy 
varies with x according to  
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F=--_P dE 
dx  (13.223) irreversible thermodynamics (Sec. 7.6). The force f is iden- 

tified by writing Eq. 7.46 in the form: 

Because the system is in thermodynamic equilibrium, the 
concentration C must vary with position according to  the 
Boltzmann law* 

(-3 C = constant x exp 

Taking the derivative of this equation with respect to x and 
using Eq. 13.223 shows that 

dC FC 
dx  kT 
-_ = - (13.224) 

Equating the right-hand sides of Eqs. 13.222 and 13.224 
and appending the subscript b to the symbols for 
application to bubble motion results in Eq. 13.221. 

If the force on the bubble is known, combination of 
Eqs. 13.220 and 13.221 provides the following relation 
between vb and 4, : 

The first term in the parentheses is the force due to  the 
gradient of the chemical pote,itial. The second term is the 
force due to  the temperature gradient. According to  
Eq. 7.57, the ratio L1 /L, defines the heat of transport; 
so from the preceding relation we have 

(13.227) 

The force on the bubble due to  surface diffusion in the 
temperature gradient is obtained by combining Eqs. 13.226 
and 13.227 and using Eq. 13.218 to  convert the tempera- 
ture gradient in the sphere to  that in the bulk solid, 

Fb = (F)? (g) (13.228) 

4, Fb 
vb =-- kT 

I f  Eqs. 13.214 and 13.228 are substituted into Eq. 13.225, 
the migration velocity formula of Eq. 13.219 is recovered. 

13.10.5 

(13'225) 

In  some cases, however, a microscopic model provides a Bubble Migration by Volume Di f fus ion  
prediction of the forcef acting on the individual atomic 
species that are ultimately the source of bubble mobility. 
The connection between the microscopic force f and the 
macroscopic force Fb can be obtained with the help of 
Fig. 13.18. When the bubble moves a distance Ax  in one 
direction, l2 A x / a  atoms have been transported a distance 1 
in the opposite direction. If the force acting o n  each of the 
moving atoms is f ,  the work required to  effect this transfer 
is (I2 Ax/C?.) (1)f = 13f Axla.  Considering the bubble as an  
entity, the work required to move it a distance -Ax against 
a force Fb is -Fb Ax. (The minus signs are present because 
the bubble moves in the opposite direction from that of the 
atoms). The work required is the same whether it is 
calculated by considering movement of the atomic species 
or  of the bubble proper; so the preceding two expressions 
for the work can be set equal to each other. Noting that l3 
is the bubble volume, which can be written as (47rR3)/3 for 
a spherical bubble, and approximating the atomic volume C?. 
by a:, we arrive a t  the relation: 

( 1  3.226) 

If migration is due to surface thermal self-diffusion, the 
forcef can be obtained by applying the methods of 

*Reif6 * applies similar arguments to determine the 
variation of the density of air as a function of altitude 
above the earth's surface. I n  this case the force is -mgand 
the potential energy is mgz, where m is the mass of a 
molecule of air, g is the acceleration of gravity, and z is the 
altitude, The density varies according to the law of 
atmospheres, namely, p ( z )  = p ( 0 )  exp (-mgz/kT). 

A bubble which is in mechanical equilibrium with the 
surrounding solid and which is not gathering gas atoms 
from the matrix has no tendency to  change size by a net 
gain or loss of vacancies. However, vacancies present in the 
adjacent solid continually enter the bubble, and the latter 
constantly reemits vacancies to  the matrix. At equilibrium 
the vacancy absorption and emission rates are equal. An 
analogous dynamical balance of particle fluxes occurs when 
a solid is in contact with its saturated vapor; here the rates 
of condensation and evaporation are equal, and there is no 
net flux across the solid-vapor interface. 

Just as in the case of the random motion of matrix 
molecules on  the inside surface of the bubble, the exchange 
of vacancies between the bubble and the nearby solid can 
cause the entire bubble to  undergo Brownian motion. This 
mode of random bubble migration is termed the volume- 
diffusion mechanism because it is due to vacancy 
movement from one position on the bubble surface to  
another by diffusion in the surrounding matrix. As in all 
random-walk processes, the bubble diffusion coefficient is 
expressed by Eq. 13.211, and, as in the case of the 
surface-diffusion mechanism considered earlier, the jump 

&distance and the jump frequency of the bubble must be 
obtained by analyzing the motion of the point defects 
responsible for bubble displacement, namely, vacancies.* 

We first determine rb, the jump frequency of a bubble, 
for the volume-diffusion mechanism. The bubble undergoes 
a small displacement every time a vacancy arrives a t  the 

*In principle, interstitials could cause the same random 
bubble movement as d o  vacancies. However, the concen- 
tration of interstitials in most solids is so low that their 
influence is negligible compared to that of the vacancies. 
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surface from the bulk or, conversely, when a surface 
vacancy jumps back into the solid near the bubble.* Since 
these two rates are equal for the equilibrium bubble, we can 
determine the bubble jump frequency by calculating either 
of them. The rate a t  which vacancies enter a bubble is equal 
to the rate constant for point-defect capture by a perfectly 
absorbing sphere times the concentration of vacancies in 
the solid in the vicinity of the surface. Since the bubble is 
in equilibrium, there is no  vacancy concentration gradient 
near the surface. Consequently, the appropriate rate con- 
stant for the vacancy capture process is given by Eq. 13.95, 
and the vacancy concentration is that a t  thermodynamic 
equilibrium, Eq. 13.177. Therefore, the bubble jump 
frequency is 

rb = (-) 4nR2 D, c:q 
a0 

where D, is the vacancy diffusion coefficient. The product 
DvC:q can be expressed as Dvx:q/fl =Dvx:q/a:, where 
x , " ~  is the equilibrium site fraction of vacancies in the solid. 
Recalling that D,X:~ is the volume self-diffusion coefficient 
of the atoms of the solid (compare Eqs. 7.28 and 7.29), we 
can write 

where Dvol is the self-diffusion coefficient 
composing the solid. Combining the above 
gives 

4nR2 Dvol 
r, = 4 

a, 

of the species 
two equations 

(13.229) 

The bubble jump distance required in Eq. 13.211 for 
the volume-diffusion mechanism is somewhat more difficult 
to obtain than the corresponding quantity in the surface- 
diffusion model. We follow here the derivation due to 
Kelly.6 

The argument leading to  Eq. 13.212 is valid in the 
present case; so the bubble jump distance can be expressed 
by 

(13.230) 

In the case of the volume-diffusion mechanism, the 
characteristic distance moved by a vacancy each time a 
displacement of the bubble occurs is not the vacancy jump 
distance in the normal diffusion process of this species in 
the solid. Rather, the appropriate distance is that of the 
following process: a surface vacancy jumps back into the 
bulk and then, by a random-walk process, hops about in the 
solid until it is recaptured by the bubble. The characteristic 

*A surface vacancy refers to an empty lattice site 
in the crystal plane that forms the bubble surface or to a 
kink site on an atomic ledge on the surface (see Fig. 5 of 
Ref. 14). 

distance required on the right-hand side of Eq. 13.230 is 
the root-mean-square distance between the point on  the 
surface where the vacancy enters the solid and the point on 
the surface where it is recaptured by the bubble. This 
process is illustrated in Fig. 13.20. The initial hop places 
the vacancy one jump distance from the bubble surface; 
from this point it executes random hopping, uninfluenced 
by the presence of the bubble, until by chance i t  
encounters the bubble. For simplicity, we assume that the 
initial jump ou t  of the surface and all subsequent vacancy 
jumps are those characteristic of normal vacancy diffusion 
in the solid, Le., of a length equal approximately to  a lattice 

R 
IN IT IAL JUMP OF 
VACANCY OUT OF 
SURF ACE 

Fig. 13.20 Typical trajectory of a vacancy emitted from, 
then recaptured by, the bubble. The random walk is 
assumed to start from point P. 

constant, a,. We also assume that every vacancy that 
reaches the bubble surface is captured (Le., that the 
vacancy condensation coefficient is unity). The net result 
of a particular sequence of steps is movement of the 
vacancy by a chord length h, from one point on  the surface 
to another. 

To calculate the root-mean-square value of A,, we 
should apply the method of random-walk theory outlined 
in Sec. 7.3. However, because the present application deals 
with a particle migrating on a lattice close to  a perfectly 
absorbing spherical surface, the random-walk analysis is 
much more complicated than in the infinite-medium case 
considered in Chap. 7. Fortunately, the random walk can 
be equally well described as a diffusion process (Chap. 7); 
so a diffusion calculation can be used in place of the 
statistical analysis of the random walk. 

The corresponding diffusion problem is one in which a 
point source placed a distance a, from the surface of a 
perfect spherical absorber of radius R continuously emits 
one vacancy per unit time. Kelly6 has solved this problem, 
but here we will just indicate the method. The diffusion 

n 



SWELLING DUE TO FISSION GASES 241 

equation is V C, = 0, where V2 denotes the Laplacian in 
spherical coordinates r and-0 (the system is azimuthally 
symmetric) and Cv(r,O) is the vacancy concentration at  
radial position r > R and polar angle 0 (Fig. 13.20) due to  
the continuous unit point source. Solution of steady-state 
diffusion equation is based on the boundary condition (for 
a perfect sink) Cv(R,O) = 0. Having found the concentration 
profile of vacancies outside the sphere, we can determine 
the vacancy flux to  the bubble surface a t  polar angle 0 by 
the usual formula: 

Jv(0) = -D, (2) 
R 

Since the point source emits one vacancy per unit time, 
Jv(0) is equivalent t o  the probability that the vacancy 
emitted a t  point P in Fig. 13.20 is recaptured within a unit 
area around a point on the surface a t  a polar angle 0 from 
the source direction. From the geometry of the diagram in 
Fig. 13.20, the surface displacement of the vacancy after 
the process is complete is 

h: (0)  = 2R2 ( 1  - COS 0 )  

The mean-square surface displacement follows from 

where dA, = 2nR2 sin 0 d0 is the area of an annular strip on 
the surface between 0 and 6' + do. Kelly has evaluated the 
preceding integral, but a simple limiting result is obtained 
for the not too restrictive condition Ria, % 1 (i.e., a 
reasonably large bubble), Correcting an arithmetical error 
of a factor of 2 in Kelly's limiting form, the mean surface 
vacancy displacement is given by 

z= 2Ra0 (13.231) 

Substituting Eq. 13.231 into Eq. 13.230 gives the bubble 
jump distance; when Xb and the expression for rb given by 
Eq. 13.229 are used in Eq. 13.211, we have the desired 
bubble diffusion coefficient for the volume-diffusion 
mechanism, 

(13.232) 

The same formula has been given by N i ~ h o l s , ~ '  who 
used different expressions for hb and r b  than those 
obtained in this study. Although the formulas presented by 
Nichols for these two quantities are consistent in the Sense 
that when combined according to  Eq. 13.211 they give 
Eq. 13.232, no physical basis for either the bubble jump 
distance or frequency is given. 

Comparison of Eq. 13.232 with Eq. 13.214 derived for 
the surface-diffusion mechanism shows that the former 
depends on bubble size according to R" and the latter 
varies as R4.  Whereas the surface self-diffusion coefficient 
of U 0 2  (or whatever the fuel material) is required in the 
surface-diffusion model, the volume-diffusion mechanism 
depends on the lattice self-diffusion coefficient of one of 

the atomic species in the solid. In  a binary compound, such 
as U 0 2 ,  the slowest moving species is the U4+ ion, the ' 
self-diffusion coefficient of which is:' 

DV",' = 4 x exp (-g) (13.233) 

Having determined Db of a bubble rendered mobile by 
virtue of vacancy motion in the surrounding solid, we can 
obtain the migration velocity in a thermal gradient from the 
Nernst-Einstein equation. The force on  each vacancy due 
to the temperature gradient is 

(13.234) 

where QZ is the heat of transport for vacancy diffusion. 
The force on the bubble is given by inserting this relation 
into Eq. 13.226. The migration speed in a temperature 
gradient is then found from the force Fb ,  the bubble 
diffusivity given by Eq. 13.232, and the general relation 
between these two quantities, Eq. 13.225. The connection 
between the temperature gradient that should be used in 
Eq. 13.224 and in the bubble velocity formula and the 
macroscopic temperature gradient is not as easily obtained 
as it was in the case of migration by the surface-diffusion 
mechanism. Nichols3' shows that for migration by the 
volume-diffusion mechanism the two are equal provided 
that the thermal conductivity of the bubble is negligible. 
The final expression for the migration velocity in a 
temperature gradient when bubble mobility is due to the 
volume-diffusion mechanism is 

(13.235) 

The vacancy heat of transport is often assumed to be equal 
t o  the activation energy of uranium-ion self-diffusion. 

13.10.6 Bubble Migration in a Stress Gradient 
Random motion of a bubble in a solid is determined 

solely by the bubble diffusion coefficient 4,, which in turn 
depends on  the bubble jump distance and the bubble jump 
frequency. These two quantities must be determined by 
considering the jump distance and jump frequency of the 
atomic species that are assumed t o  be  responsible for 
bubble mobility. We have previously calculated bubble 
diffusion coefficients for the mechanisms of surface 
diffusion and volume diffusion. 

Given the bubble diffusivity, we can compute the 
velocity of a bubble due to an external force Fb from 
Eq. 13.225. Calculation of F, is independent of the 
calculation of Db. We have shown in the preceding sections 
how Db due to surface and volume diffusion can be 
coupled with the force due t o  a thermal gradient to obtain 
bubble velocities for this particular driving force in combi- 
nation with bubble diffusivities due to  each of the two 
atomic mechanisms. 

In this discussion we calculate the force that is exerted 
on a bubble when it is present in a solid containing a stress 
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gradient and compare it to the force due to a temperature 
gradient. To calculate the force due to temperature 
gradient, we had to  determine the force f on the individual 
species first and then obtain Fb by Eq. 13.226. In the case 
of a stress gradient, the force o n  the bubble can be 
calculated without having to consider the response of the 
atomic species to  the external potential gradient. The force 
on a bubble in a stress gradient has been determined by 
Bullough and Perrin,' Martin,7' Eyre and Bullough," 
and Leiden and We summarize the first two 
analyses. 

Consider a bubble placed in an isothermal solid that 
supports a gradient of hydrostatic stress in the x direction. 
The bubble is assumed to be in mechanical equilibrium with 
the solid at the local hydrostatic stress, and the gas in the 
bubble is assumed to obey the ideal-gas law. As the bubble 
moves from position x t o  x + dx,  the stress environment 
changes from o to u + (da/dx)dx. During this displacement 
the bubble radius changes from R to  R + d R  SO as t o  
maintain mechanical equilibrium at all times. The work 
done by the bubble during the displacement d x  is equal to 
the negative of the corresponding change in the Gibbs free 
energy. Since the work can be expressed as the product of 
the force on the bubble and the displacement dx, Fb is 
given by 

F, = -dx dGb (T = constant) (13.236) 

where dG, is the change in the Gibbs free energy of the 
entire system (bubble plus solid). It is the sum of three 
terms: 

1. The change in the free energy of the contained gas, 
dG,. 

2. The change in the free energy of the system due to a 
change in the surface area, dG,. 

3. The change in the strain energy of the solid, dEsollcl. 

When a bubble containing a fixed number of gas atoms 
contracts or expands isothermally, both the volume and 
pressure change. The freeenergy change of the gas is 

dG, = V d p  = d(pV) - p dV 

where V = 4 n R 3 / 3  is the bubble volume. If the gas is ideal, 
pV is a constant, and 

dG, = -p dV = -p(4nR2 dR)  (13.237) 

The free-energy change in the system due to  the increase or 
decrease in the surface area of the bubble A = 4nR2 is given 
by 

dG, = y d A  = y(8nR dR)  (1 3.238) 

Equation 13.238 is the definition of the surface tension. 
Adding Eqs. 13.237 and 13.238 yields 

dG, + dG, = -4nR' p -- d R  (13.239) ( 2) 
For bubbles in mechanical equilibrium, the local stress, 

gas pressure, and bubble radius are related by Eq. 13.4: 

2-Y 
p--F = 

Combining this equation with the ideal-gas law yields 

( 0  +%)(q) = mkT (13.240) 

Since the right-hand side of Eq. 13.240 is constant during 
bubble migration in the stress gradient, taking the diffexen- 
tial of the equation yields 

R2 - d R  
d o  3 o R +  47 

(13.241) 

The differential d R  can be written as 

or 

d R = -  (13.242) 

Substituting Eqs. 13.4 and 13.242 into Eq. 13.239 yields 

(I 3 2 4  3) dG,+dc,=--- 4nR40 d o  
dx  dx  3 u R +  4 y d x  

The contribution to dG, due to the change in the strain 
energy of the solid as the bubble moves is computed as 
follows: The elastic-energy density at  a point in the solid 
subject t o  a hydrostatic stress u is given by (see Appen- 
dix):  

U' 
E,, =- 2K 

(A.27) 

where K is the bulk modulus of the solid. The total strain 
energy stored in the solid is the integral of Eel over the 
entire volume. Assume that the equilibrium bubble is 
created by moving matrix molecules from the region to  be 
occupied by the bubble to  the outer surface of the solid, 
which is taken to be unstressed. The spherical void is now 
filled with sufficient gas to produce a pressure that satisfies 
Eq. 13.4. The change in the stored energy of the solid arises 
only from the first step. Because material is removed from a 
region where the stress is u t o  the stress-free surface, the 
elastic energy of the solid containing the bubble is given by 

where E&lid is the elastic energy of the solid before the 
void is introduced. The change dEsolid is computed by 
taking the differential of Eq. 13.244, which is 

dEsolid = -__ 2naR3 (2R + 3a 2) d o  
3K 

or, using Eq. 13.241 for dR/do ,  the equation becomes 

3 o R + 8 y  d o  
-=-- dEso l ld  2naR3 ( )(-) (13.245) 

dx 3K 3 u R + 4 y  dx  

The force on the bubble is obtained by taking the negative 
of the sum of Eqs. 13.243 and 13.245: 
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3 n R +  8Y da (13.246) 
Fb = - 3oR 4nR40 + 47 (1- 6RK ) d y  

Because the compressibility of most solids is so low 
(K n. 10'  ' dynes/cm2),  the last term in parentheses is very 
small compared to unity even for extremely small bubbles. 

Aside from the sign of the last term in the parentheses, 
Eq. 13.246 was first obtained by Bullough and Perrin.14 
Martin7 performed the Same calculation as described using 
the van der Waals equation of state (Eq. 13.1) instead of 
the ideal-gas law. However, he applied Eq. 13.237 t o  the 
nonideal gas and used the van der Waals equation only to  
modify Eq. 13.240. When correctly done, the nonzero term 
d(pV) should be included in dG,. 

Two limiting cases of Eq. 13.246 are of interest. For 
small bubbles and low stresses, 3aR < 4y. and we have 

(13.247) 

Alternatively, for large bubbles subject t o  high stress, 
47 <c 3oR, and Eq. 13.246 reduces to 

Fb=-(3)- 4nR3 d a  
dx 

(13.248) 

Equations 13.246 to 13.248 show that the bubble always 
moves down the stress gradient, o r  t o  regions of lower 
stress. Equation 13.246 can be applied to  tensile-stress 
fields by setting a equal t o  a negative number. The 
magnitude of the tensile stress must be smaller than the 
value that renders the denominator of Eq. 13.246 equal to 
zero. For tensile stresses in excess of this critical value, the 
bubble cannot be in equilibrium with the solid. 

The relative magnitudes of the forces due to  stress and 
temperature gradients can be evaluated by taking the ratio 
of Eqs. 13.247 and 13.228 

where k is the Boltzmann constant. Let us evaluate this 
ratio for the following values of the variables in Eq. 13.249: 

R = 100 a = 

a: = R = 4 x cm3 
u = lo4 kN/m2 = lo8 dyneslcrn' 
du /dx  = l o 9  dynes/cm3 
T = 2000°K 
dT/dx = 4000"K/cm 
Q$ = 415 kJ/mole (Q,*/kT = 25) 
y = lo3  dyneslcm 

cm 

Using these values in Eq. 13.249 shows that the stress 
gradient exerts a force o n  the  bubble that is only -1% of 
that due to the  temperature gradient. Stress-gradient 
migration does not appear to be an important means of 
causing bubble motion within bulk fuel material, but, in 
regions of locally high stress gradients, this force can be 
significant. The large stress gradients of an edge dislocation, 
for example, can be effective in driving bubbles to the 
dislocation lines where they are pinned. 

3 

13.10.7 Bubble Growth by Coalescence 
In Sec. 13.9 we considered models of bubble growth in 

which the only means of enlargement was by diffusion of 
single gas atoms from the matrix to  the bubbles. Another 
mechanism of growth is by coalescence, which occurs if the 
bubbles are mobile in the solid and move either in a random 
fashion or  under the influence of a driving force. Since 
coalescence is an efficient means of  making large bubbles 
from small ones, it can profoundly affect the swelling of 
nuclear fuels. 

The first theory of swelling by coalescence was pub- 
lished by Greenwood and Speight6' in 1963. Their 
calculation involved many simplifications to enable analytic 
expressions for the mean bubble radius and the bubble 
density as a function of time to be obtained. Grubers9 
extended the work of Greenwood and Speight by solving 
the relevant conservation equations without approximation 
on  a computer. Both these pioneering studies concentrated 
on the coalescence phenomenon. Other important processes 
that undoubtedly occur along with coalescence, such as 
growth by absorption of single gas atoms and resolution, 
were neglected. Both calculations also made the following 
assumptions: 

1. The gas in the bubble obeys the ideal-gas law. 
2. The bubbles are in mechanical equilibrium with an 

unstressed solid. 
3. The bubbles migrate randomly by the surface- 

diffusion mechanism or  in a biased manner with velocities 
determined by a combination of the surface-diffusion 
mechanism with the temperature-gradient external force. 

The Greenwood-Speight Model 

Greenwood and Speight6 ' considered only random 
migration of bubbles. Their analysis can be applied to two 
situations: 

1. Growth by coalescence for a fixed number of gas 
atoms (postirradiation annealing). 

2. Growth by coalescence for constant production rate 
of gas atoms (in-pile behavior). 

In the  postirradiation annealing case, the solid at  t = 0 
contains No bubbles/cm3 each of radius R, and no gas in 
solution. As time progresses, N decreases and R increases 
due to coalescence. All bubbles are assumed to be charac- 
terized by a mean radius. No attempt is made to determine 
the  bubble-distribution function. 

The number of gas atoms in each bubble is given by 
Eq. 13.16: 

Because the total quantity of gas is fixed and none is in 
solution, m and N are related by the material balance 

mN = moNo = M = constant (13.250) 

Combining Equations 13.16 and 13.250 provides the 
following relation between bubble radius and bubble 
density: 
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3MkT 1 
= (F) RZ (13.251) 

The kinetics of coalescence when only random move- 
ment occurs is described by Eq. 13.108 in which the rate 
constant is given by Eq. 13.109. Since all bubbles are 
assumed to be of the same size, we can set Ci = Cj = N in 
the former and R, = R, = R and Dbi = Dbj = Db in the 
latter. Since two bubbles disappear and one larger bubble is 
produced at each collision, the time rate of change of the 
bubble density is equal to  the collision rate, o r  

dN 
dt 
- =-4R(2R) (2Db)N2 = - 16TRDbN2 (13.252) 

If D b  is eliminated by use of Eq. 13.214 and R is expressed 
in terms of N by Eq. 13.251 the kinetic equation becomes 

dN = - 24aiD, (&)'N% 
dt 

Integrating this equation with the initial condition 
N(0) = N o  yields 

After several generations of coalescence, the condition 
N < No applies, and the first term on the right-hand side of 
the equation can be neglected. If N is expressed in terms of 
R by Eq. 13.251, the final result is 

a:D,MkT ''5 '/s 
R = 1 . 4 8 (  ) (13.253) 

To apply the analysis to the in-pile situation in which 
gas is created at  a constant rate by fission, we replace 
Eq. 13.250 by the material balance: 

YxeF t  = mN (13.254) 

Note that the concentration of dissolved gas (C in 
Eq. 13.22) has been neglected. When combined with Eq. 
13.16, Eq. 13.254 yields 

3YxeFkT t ' = (  8ny )R' (13.255) 

Equation 13.255 is based on  the assumption that all the 
fission gas is contained in bubbles of uniform size R. This 
restriction i s  obviously incorrect since newly generated 
fission gas is injected into the lattice as single atoms and 
becomes bubbles only after a period of growth by 
coalescence or absorption by existing bubbles. However, if 
the simplification of uniform bubble size is accepted, the 
kinetic equation for the bubble density is 

16nRDb N2 ( 1 3.25 6) dN - Y x e F  
dt m 
- -  ~- 

where the first term on  the right represents the rate at 
which new bubbles are. created by fission. According to  
Eq. 13.254, this term is equal to N/t .  In accord with the 
uniform-size requirement, the new bubbles must be formed 
with the same number of atoms as all the other bubbles in 
the fuel and have the current value of the radiusR. The 
second term on the right accounts for loss of bubbles by 

coalescence. It was the only term in the kinetic equation 
for the postirradiation annealing situation. Substitution of 
Eq. 13.214 for Db and elimination of R by use of 
Eq. 13.255 yield the differential equation 

(1 3.257) 

where 

is a constant. 
The initial condition for Eq. 13.257 is N(0) = 0. The 

differential equation can be solved by use of a trial solution 
of the form N = At". The initial condition is automatically 
satisfied, and the constants A and n can be found by 
substituting the trial solution into the differential equation, 
which reduces to  

nAt"-' = Atn-1 -aAy2t2t(7n-3)/2 

In order for the exponents of t in all terms to  be the same, 
n must be equal to  y5; for the coefficients of the t terms to 
satisfy this equation with this value of n, A must be 
The solution N = (Y5a)%tt'/" can be used with Eq. 13.255 to  
determine the following formula for R(t): 

( 1 3.2 5 8) 

which is very close to the result that would have been 
obtained simply by replacing M in Eq. 13.253 by Yx,Ik. 
Greenwood and Speight6' derived Eq. 13.258 in a different 
manner from the way it was obtained here, but the only 
difference in the formulas for R(t) is that the constant on 
the right is (9Z/16n) (where Z is a combinatorial number 
of order 12)  instead of the value of 1.28 in Eq. 13.258. 

The volume swelling in all uniform-size bubble models 
is equal to  (4nR3 /3)N, or, with N given by Eq. 13.255 and 
R by Eq. 13.258, 

V 

To illustrate the potent effect of coalescence on fuel 
swelling, let us evaluate AV/V using the following numeri- 
cal values for the parameters involved: a, = 3 8 ,  
D, = 8 x cm2/sec, Yx,F = 2 x 10l3 cm-3 sec-', 
(kT/2y) = 1 A*,  and t = 3 X l o 7  sec (which corresponds to a 
10% burnup for the fission density employed). These values 
lead to  a predicted swelling of 165%. Although swelling of 
this magnitude could not be attained because of gas release 
from interconnected bubbles, the calculation indicates that 
coalescence is a major factor influencing swelling in 
irradiated fuels. By way of comparison, the swelling 
predicted by the stationary bubble model (Eq. 13.146) at 
the same burnup is 2.3%. This model employed all the 
assumptions inherent in Eq. 13.259, the only difference 
being the phenomenon of coalescence. 

Gruber's Method 
The major significance of Gruber's5 computer calcula- 

tions of bubble coalescence is that they are exact. In 
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contrast to the approximate Greenwood-Speight analysis, 
Gruber does not simplify the conservation equations for 
tractability. He studied two cases: (1)growth by random 
migration coalescence for a fixed number of gas atoms and 
(2) growth by biased-migration coalescence for a fixed 
number of gas atoms. 

Since the first case was also treated by the Green- 
wood-Speight method, the accuracy of this analysis can be 
tested. The only difference between cases 1 and 2 in 
Gruber's work is that the coalescence rate constant in 1 is 
given by Eq. 13.109, and for case 2 it is given by 
Eq. 13.110. The bubble conservation equations are the 
same in both cases. 

The time rate of change of the concentration of bubbles 
containing m gas atoms is obtained by counting all 
collisions that produce or destroy bubbles of this size. The 
loss rate is determined as follows. All collisions between a 
size-m bubble and any other bubble remove a bubble from 
the size-m class. The loss rate due to  these collisions is 

Rate of destruction of size-m bubbles/cm3 

= (1 + Gjm)kmjC,Cj (13.260) 
j=1 

where 6,, is the Kronecker delta (S jm = 0 if j # m, 6,, = 1 
if j = m). Its presence in Eq. 13.260 is needed to account 
for the removal of two bubbles by  a single collision 
between size-m bubbles. The k m j  is the rate constant for 
coalescence between bubbles containing m and j gas atoms 
(Sec. 13.6). 

The rate of production of size-m bubbles arises from all 
collisions of smaller bubbles in which the number of gas 
atoms in the product bubble is m. This rate can be 
expressed by  

Rate of  production of size-m bubbles/cm3 

=' (1 + 6ij)kijCiCj (13.261) 2 
i+j=m 

The factor of one-half and the Kronecker delta in this 
expression are necessary to avoid counting collisions twice. 
For example, if m = 10, the collisions that produce bubbles 
of this size are 1 + 9 ,  2 + 8 ,  3 + 7 ,  4 +  6, and 5 + 5 .  
However, the summation in Eq. 13.261 f o r m  = 10 includes 
1 + 9 ,  2 + 8 ,  3 + 7 ,  4 + 6 ,  5 + 5 ,  6 + 4 ,  7 + 3 ,  8 + 2 , ' a n d  
9 + 1. The Kronecker delta adds another 5 + 5 entry and 
the factor y2 removes one of the 5 + 5 terms and the last 
four combinations in the list, thus resulting in the correct 

j = l  

-2 (1 + Gjm)kmjC,Cj (13.263) 
j=l 

Equation 13.263 is in reality a set of a large number of 
coupled nonlinear differential equations. However, the 
calculation can be cut off at a manageable size i f  the 
coalescence time is small enough that very few bubbles have 
grown to  very large sizes. Gruber used the initial condi- 
tions: 

Cm(0) = M 
C, (0) = 0 (for m > 1) (13.264) 

(for m = 1) 

That is, aU gas is initially present as single atoms in the 
matrix. Solution of Eqs. 13.263 and 13.264 with kij a 
known function of i and j (these indices represent the 
number of gas atoms in the colliding bubbles) determines 
the time-dependent distribution function Cm(t). From 
these computations the kth moment of the distribution 
function, defined by  

m 

(1 3.265) 
1 
M (mk) = - mk c, (t) 

m=l 

can be computed as a function of time. The zeroth moment 
gives the total bubble density: 

m 

N = (rn')M = C,(t) (1 3.266) 

The first moment is the total number of gas atoms in the 
fuel divided by M, which is unity 

m= 1 

Since the ideal-gas law and mechanical equilibrium have 
been assumed, the radius of a bubble containing m atoms is 
given by Eq. 13.16. The mean radius of the bubble 
distribution function is 

or 
counting. 

Rate of production of size-m bubbles/cm3 
(1 3.268) 

We first consider Gruber's calculation of coalescence 
driven by random migration, for which the rate constant is 
given by  Eq. 13.109. Substituting Db as a function of R 
from Eq. 13.214 and R in terms of i and j from Eq. 13.16 
gives the rate constant for use in Eq. 13.263: 

- 3kT '(m%) 
(81r-y) (mO) 

R =  __ Alternatively, Eq. 13.261 can be written as 

m-1 

=' (1 + 6i~m/~)km-i, iCm-iCi (13.262) 2 
j=1 

where the Kronecker delta applies only i f  m is even. 

statement for size-m bubbles is 
Combining Eqs. 13.260 and 13.262, the conservation k,, = 6a:D, (%)'(is + js) (i ' + j-') (13.269) 
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The constant term on the right of this equation can be 
eliminated from the conservation equations by use of a 
dimensionless time defined by* 

-(13.270) 

Incorporating the total concentration of gas M into the 
definition of T means that the concentrations appearing in 
Eq. 13.263 are now relative to M, and the solution provides 
the dimensionless bubble concentration C, /M as a function 
of dimensionless time r .  By proceeding in this fashion, we 
have no  parameters in the numerical solution. 

Figure 13.21(a) shows the bubble distribution function 
for three values of the dimensionless time. (The initial 
distribution is a delta function at m = 1). Gruber found 
(empirically) that for aU but short times the curves of 
Fig. 13.21(a) could all be collapsed onto a single curve if 
the distribution function is expressed in the form 

NUMBER OF GAS ATOMS PER BUBBLE (m)  

l a )  - - 
3 

0 
T 0.15 
- 

where C* is a universal distribution curve that is a function 
of the variable m ~ - ’ ~  only and not of m and T separately. 
The grouping of these variables in the manner shown in 
Eq. 13.271 is called a similarity transformation and has 
many parallels in problems of heat conduction and fluid 
mechanics. Baroody7 has exploited this sei€-preserving 
feature of the distribution function to  deduce accurate 
analytical computational methods for the postirradiation 
annealing coalescence problem. It  is not known if similarity 
solutions could be obtained when continuous gas produc- 
tion (in-pile coalescence) occurs and when other processes 
in addition to coalescence influence the distribution func- 
tion. 

The universal distribution function for postirradiation 
annealing by random coalescence is shown in Fig. 13.21(b). 
It can be used to determine the moments of the distribu- 
tion function needed to compute properties such as the 
mean radius. Substituting Eq. 13.271 into Eq. 13.265 
yields 

-. 
2 
E 
LU 
> I 1  j ,  

2 4 6 8 z 0 - J ‘  
3 0  

Fig. 13.21 Evolution of the bubble distribution function 
during postirradiation annealing. Random bubble migra- 
tion. (a) The dimensionless size distribution for various 
dimensionless times. (b) The universal distribution function 
for random coalescence. [After E. E. Gruber, J .  Appl. 
Phys., 38: 243 (1967).] 

If this equation is now substituted into Eq. 13.268 and r is 
replaced by use of Eq. 13.270, we arrive at the growth law: 

The second sum can be approximated by an integral 
1 3.2 7 3) 

R =  1.32( azD,MkT ) liitlii 
The analogous formula obtained by the approximate 
method of Greenwood and Speight, Eq.13.253, is in 
remarkably good agreement with Eq. 13.273. 

The physical situation to  which the preceding analysis 
applies is identical t o  that for the growth problem analyzed 
in Sec. 13.5. Both are cases of postirradiation annealing 
with the gas initially atomically dispersed. However, the 
mechanisms of growth are very different in the two models; 
Speight’s analysis34 assumes that the bubbles are immobile 
and grow only by diffusion-controlled absorption of gas 
atoms remaining in the matrix. The growth law for this 

where u = m f Y .  The integrals can be evaluated numerically 
from the universal distribution function for any desired 
value of k. For example, 

*Gruber’s dimensionless time contains a slightly differ- 
ent constant because of the way he described the bubble 
diffusivity Db. 
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model is given by Eq. 13.78. In the case just discussed, on 
the other hand, all growth is attl‘ibuted to coalescence, and 
the growth law is given by Eq. 13.273. The two predictions 
of the mean bubble radius as a function of annealing time 
are displayed in Fig. 13.22. All parameters in the growth 
equations are the same except for the diffusion coefficients 
and the bubble densities. In the single-atom absorption 
model, the pertinent diffusion coefficient is that of 
fission-gas atoms in the matrix, D X e ,  whereas in the 
coalescence model the kinetics of growth are controlled by 
the surface self-diffusion coefficient of UOz , D,. These two 
diffusivities have been evaluated at 2000°K from 
Eqs. 13.29 and 13.216, respectively. 

The bubble density required for computation of R(t) 
by Eq. 13.78 has been chosen as 10’ ’ ~ m - ~ ,  which is rather 
low compared to  the predictions of the nucleation models 
discussed in Sec. 13.6. However, a larger bubble density 
would have reduced the limiting bubble radius below the 
value shown on  the plot and increased the discrepancy 
between the two calculated curves. In the coalescence 
model, on the other hand, the upper limit t o  the size of the 
bubbles is very large. In principle, coalescence continues 
until all the gas in the entire volume of fuel is contained in 
one enormous bubble. The initial gas content of the solid 
was taken to be that generated by a preannealing burnup of 
-0.1% in both cases. 

Figure 13.22 shows a very large difference between the 
predictions of the immobile and mobile growth models. 
The immobile model is probably the more realistic of the 
two theories, since the quite reasonable fission-gas diffu- 
sivity formula given by Eq. 13.29 was obtained from the 
single-atom absorption model of bubble growth. The reason 
that the coalescence model does not adequately describe 
the growth of small bubbles is probably because it 
overestimates bubble mobility. Small bubbles do not 
migrate with the ease predicted by the surface-diffusion 
mechanism because they are immobilized by various defects 
in the solid. Nonetheless, large bubbles can become 
detached from common crystal defects by an external 
driving force; so coalescence in the matrix must be 
considered a t  some stage in the lifetime of irradiated fuel. 
Gruber’s work is valuable because it represents a benchmark 
calculation of the coalescence phenomenon to which other 
approximate treatments, designed for incorporation into 
computations dealing with the full range of bubble behavior 
in irradiated fuels, can be compared for assurance of 
computational accuracy. 

Gruber’s calculations represent exact solutions to physi- 
cal situations that are too idealized to adequately represent 
actual fuel performance. In addition to  assuming a constant 
total gas content rather than allowing for a constant rate of 
gas-atom production, phenomena such as nonideal-gas 
behavior, resolution, and bubble pinning are ignored. In 
addition, the sums in Eq. 13.263 start from j = 1, which 
implies that single atoms and clusters of a few gas atoms 
behave like gas bubbles. Single-atom reactions with bubbles, 
however, should be treated by rate constants appropriate to 
such interactions (Sec. 13.8) and not by coalescence rate 
constants. Furthermore a di-atom is not a bubble. At what 
size a group of precipitated gas atoms transforms from a 
cluster that migrates as an overly large atomic species to a 
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Fig. 13.22 Comparison of bubble growth during postir- 
radiation annealing predicted by the single-atom absorption 
and coalescence models at 2000°K. Dxe = 2.1 X 
c m 2  / s e c ;  D, = 5 x cm*/sec; N = 10’’ ~ m - ~ ;  
Co = M = 10’ ’ atoms/cm3; kT/27 = lo-’ cm2;  and 
a: = 4.1 x cm3. 

true bubble for which the diffusion coefficient is accurately 
represented by the surfacediffusion mechanism is not 
known. 

Gruber’ ’ also considered growth during postirradiation 
annealing in the presence of an external driving force, 
which he took to be a temperature gradient. The only 
change from the random-motion calculation previously 
discussed is the replacement of the rate constant of 
Eq. 13.109 by that of Eq. 13.110. The migration velocities 
required by the latter are given by Eq. 13.219. In the 
biased-migration case, it is essential to  start with some 
spread of bubble sizes. If all bubbles were initially of the 
same size, all would migrate in the same direction at  the 
same speed, and no overtaking collisions would occur. A 
distribution of the form shown in Fig. 13.20(a) for a short 
annealing time during which random migration predomi- 
nated was used as initial condition for the biased-migration 
problem. As in the case of random migration, the evolution 
of the bubble distribution function was calculated, and its 
moments were used to  determine average parameters, such 
as the mean radius and volume swelling. The volume 
swelling predicted by the biased-migration model is more 
than an order of magnitude greater than that computed 
when only random migration takes place. If Gruber’s 
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method had been applied to in-pile coalescence, it is 
probable that the swelling would have been correspondingly 
larger than that predicted by the Greenwood-Speight 
random-migration analysis (case 2). Since the swelling given 
by Eq. 13.259 is already unrealistically high, values of 
AV/V predicted by biased migration would be unbelievably 
large. Reasons for the failure of pure coalescence models 
are connected to  pinning by dislocations and neglect of 
re-solution. 

Other Coalescence Calculations 
Recent studies have set out  to remedy the drastic 

oversimplification of the actual physical situation in a 
reactor fuel inherent in models based solely on  coalescence 
of freely migrating bubbles. Such attempts involve bubble 
conservation equations that are much more complex than 
Eq. 13.263. For example, if single-atom absorption by 
bubbles and macroscopic re-solution occur simultaneously 
with coalescence, the bubble conservation equation is given 
by a combination of Eqs. 13.130 (wherein the last two 
terms are replaced by b’C,) and Eq. 13.263: 

dCtIl  = kabs 
dt 1 ,m-,CC,.I - k ~ ~ ’ C C ,  - b’C,n 

m- 1 

- (1 + S j m ) k ~ ~ * C , C j  (13.274) 
j=2 

where krks is the rate constant for single-atom absorption 
by a bubble of m atoms (Eq. 13.70) and kGoal is the 
coalescence rate constant (Eq. 13.109 or 13.110). Equation 
13.274 assumes that a cluster of two gas atoms migrates as 
a bubble. 

Since Eq. 13.274 contains a term representing return of 
gas atoms to  the matrix (the resolution term), it is no 
longer permissible to  assume that all the gas is contained in 
the bubble population, as Greenwood and Speight6’ and 
Gruber’ have done in their pure coalescence analyses. 
Rather, the set of bubble equations must be coupled to  the 
total gas balance (Eq. 13.131): 

m 

Y x , 6 t = c +  mC, (1 3.275) 

As shown by Eq. 13.197, the first term on  the right of 
Eq. 13.274 can be expressed in terms of the derivative of 
kl,C, with respect to  m. The sums in Eqs. 13.274 and 
13.275 can be approximated by integrals over the distribu- 
tion function (see Ref. 73). Consequently, the conservation 
equations can be reduced to a pair of coupled integro- 
differential equations, the solution of which presents all the 
difficulties encountered in solving the Boltzmann equation 
in gas kinetic theory or in neutron-transport theory. 

Although Eqs. 13.274 and 13.275 include single-atom 
growth, re-solution, and coalescence, they are missing two 
important phenomena. They are valid only in the infinite- 
medium approximation when spatial gradients of the 
concentrations of single atoms and bubbles are negligible. If 

m= 2 

gas release by transport of either of these species to surfaces 
from which escape can occur is possible, Eq. 13.274 should 
contain a term representing bubble diffusion in a concentra- 
tion gradient, v - (DbmVCm),  for random migration and a 
convective term accounting for transport of bubbles in and 
out  of a unit volume by biased migration,V(vbmCm). If gas 
transport out of a unit volume of fuel occurs, the total gas 
balance given by Eq. 13.275, which is applicable only to  an 
infinite medium, must be replaced by a single-atom balance 
of the type given by Eq. 13.128. The latter must also be 
supplemented with a diffusion term of the type Dx,V2C. 

The bubble conservation equations should also contain 
terms representing the rates of capture and release of 
bubbles by dislocations and grain boundaries. The effect of 
grain boundaries can be accounted for in boundary condi- 
tions that reflect the behavior of these internal surfaces as 
sources and sinks of bubbles. Dislocations are probably best 
treated as homogeneous sources o r  sinks in the solid. A 
complicating feature of grain boundary and dislocation 
capture and release of bubbles is that release occurs at a 
discrete size, thereby introducing a singularity in the m 
dependence of the distribution function. 

A code GRASS (gas release and swelling subroutine) 
that purports t o  account for all these phenomena has been 
described by Li et and PoeppeL7’ These papers deal 
in quantitative fashion only with the coalescence aspect of 
the model. Coalescence kinetics are based on  Chandrese- 
khar’s rate constants, but, instead of Eq. 13.263, conserva- 
tion equations are written for ranges of bubble sizes. The 
attractive feature of this approach is the substantial 
reduction in the number of interconnected differential 
equations, which permits application of coalescence theory 
to practical systems where the bubbles may be large. The 
procedure resembles the multigroup methods used in 
neutron slowing-down theory. However, the calculation is 
still approximate. In contrast to the Greenwood-Speight 
theory, where approximations were made in the basic 
bubble conservation equations, Li et al.74 maintain the 
correct conservation principles, but the mathematical solu- 
tion is approximate. The multigroup conservation equations 
were not derived by averaging Eq. 13.263 over ranges of 
bubble sizes, and it does not appear that they can be so 
obtained. Unfortunately, the calculational procedure was 
not tested on  a system (such as the postirradiation 
annealing situation) for which accurate numerical results 
are available. The method of treating the other processes in 
the GRASS code was not quantitatively explained; so it is 
not possible to  tell how the complicated coupling of the 
bubble and single-atom conservation equations was 
handled. 

Dollins and O ~ k e n ~ ~  have attempted to modify 
Gruber’s results to account for re-solution during irradia- 
tion. To do  this, they started from a picture of the life 
history of a bubble very similar t o  the one subsequently 
analyzed quantitatively by Turnbull: namely, nucleation 
by fission fragments, growth, and destruction by fission 
fragments. In place of growth by single-atom absorption in 
the Turnbull model, Dollins and Ocken assumed bubble 
growth to  occur solely by coalescence. On the basis of the 
supposition that re-solution converts all bubbles in the path 
of a fission fragment to single gas atoms in the matrix, 
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Dollins and Ocken argue that Gruber’s postirradiation 
annealing results (which used single gas atoms as the initial 
condition) could be used. They assumed that, following 
passage of  a fission fragment through a region of fuel, the 
redissolved gas atoms formed bubbles that grew by 
coalescence until another fission fragment traversed the 
same region and destroyed them. The time interval between 
successive passages of a fission fragment through a particu- 
lar region of fuel was taken to  be the reciprocal of the 
re-solution parameter, l / b .  The bubble distribution at the 
end of one of these periodically repeated growth stages was 
determined by substituting the mean bubble lifetime l / b  
for the annealing time t in Gruber’s results (i.e., in 
Eq. 13.273 and the corresponding formula for AV/V). 

Several features of this approach are subject to  ques- 
tion. First, the assumption that a region of fuel just after 
passage of a fission fragment consists of single gas atoms in 
solution ignores the nucleation aspects of Turnbull’s model, 
according to  which fission fragments heterogeneously nu- 
cleate about five small bubbles a t  the same time that 
existing bubbles are destroyed. The initial condition on  the 
coalescence problem should consist of single gas atoms in 
solution and 5-8 radius bubble nuclei. 

Second, although the model of Dollins and Ocken is 
based on macroscopic re-solution (i.e., destruction of entire 
bubbles by a re-solution event), they employed the re- 
solution parameter based on  the microscopic model of this 
process (which visualizes return of one gas atom at  a time 
to  the matrix). Although the magnitudes of the bubble 
lifetimes l / b  and l / b ’  are not very different (4 to 40 hr), b‘ 
is a function of bubble size and not a constant 
(Eq. 13.112). This feature of macroscopic re-solution is 
responsible for the development of a bubble distribution 
function, as shown at the end of Sec. 13.9. 

Finally, the Dollins+lcken model does not directly 
confront the conservation equations that govern the pro- 
cess. To account for the combined effect o f  coalescence 
and re-solution to  the same accuracy as Gruber has treated 
the pure coalescence problem, Eqs. 13.274 and 13.275 
would have to  be solved. Whether grafting of the re-solution 
part of Turnbull’s model to  Gruber’s postirradiation calcula- 
tions produces an accurate description of what actually is 
occurring is simply not known. Assessment of the validity 
of the Doll insOcken model will be possible only when the 
exact calculation is performed. 

13.11 PINNING OF BUBBLES BY 
DISLOCATIONS AND GRAIN 
BOUNDARIES 

The bubble growth and swelling models based on 
random or biased migration and coalescence which were 
discussed earlier assumed that the bubbles moved in a 
perfect crystalline lattice. However, reactor fuels contain a 
variety of crystal defects, ranging from clusters of vacancies 
or interstitial loops produced by fission-fragment damage 
and precipitates of impurity species (principally solid 
fission products in highly irradiated fuels) to naturally 
occurring faults, such as dislocation lines and grain bound- 

aries. Our discussion of bubble pinning is restricted to the 
last two. 

There is nearly always a sizable reduction in system 
energy when a free, gas bubble becomes attached to  a 
crystal defect. As the bubble approaches a defect, the 
interaction energy increases until the two objects are joined 
together, at which point the strength of the attachment is 
called the binding energy of the bubble t o  the defect. For 
dislocations the physical origin of the interaction energy is 
the reduction in the elastic energy contained in the stress 
field of the dislocation line by the bubble. Quantitative 
estimates of gas-bubble binding energies with precipitate 
particles have been presented by Nelson,77 and disloca- 
tion-bubble interaction energies have been treated by 
Weeks et al.78 

The gradient of the interaction energy when the bubble 
and the dislocation line are separated a given distance is the 
force of the attraction at  that point. This force is akin to  
the force o n  a bubble in a stress field in the matrix 
discussed in the preceding section. For a bubble to  be 
removed from a dislocation, the maximum value of the 
restraining force must be overcome by an external driving 
force acting on  the bubble. A driving force such as that due 
to  a temperature gradient increases rapidly with bubble 
radius at fixed temperature (Eq. 13.218). The restraining 
forces due to the bubble-defect interaction are generally 
less sensitive to  bubble size than are the driving forces. 
Thus, the defects in the solid serve to  temporarily trap 
freely migrating bubbles; a small bubble that interacts with 
a defect remains trapped until it has grown to  a size that 
permits the temperature gradient force to  tear it from the 
defect. Bubble growth while the bubble is pinned takes 
place by absorption of single gas atoms from the matrix or 
by coalescence with other gas bubbles which are migrating 
along the defect or  which impinge on the trapped bubble 
from the matrix. When the critical size for pull-off is 
reached, the bubble again moves unimpeded through the 
matrix until it encounters another defect for which the 
critical size for detachment is larger than that on the defect 
that the bubble just left. The pinning-growth-detach- 
ment-recapture sequence is repeated until no defect in the 
solid binds the bubble strongly enough to prevent it from 
migrating right out  of the fuel (i.e., to  open porosity or 
cracks within the fuel body or to  the central void). 

The critical size a t  which a bubble can pull free from an 
obstacle occurs when the driving force due to  the tempera- 
ture gradient is equal to the restraining force due to the 
bubble-defect interaction. The stress-gradient driving force 
is generally much weaker than the temperature-gradient 
force, and only the latter will be considered in the 
following discussion. As previously mentioned, the restrain- 
ing force can be determined if the interaction-energy- 
separation-distance relation is known. An easier method, 
due to Nichols: considers the restraining force to arise 
from the stretching of the dislocation line or grain 
boundary as the bubble is pulled away by the thermal- 
gradient force. Dislocations and grain boundaries are 
visualized as an elastic string or a membrane characterized 
by a line tension T~ and a surface tension Ygb, respectively. 

Figure 13.23 shows a bubble tugging at  a dislocation 
line and causing the latter to  deform so that the ends 
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Fig. 13.23 Stretching of a dislocation line by a bubble 
subject t o  a force due to the thermal gradient. The 
dislocation line is assumed to  be perpendicular to  the force 
on the bubble. 

terminate in the bubble at an angle @ (measured from the 
direction of the temperature driving force). The force 
balance 011 the bubble takes the form 

F b  = 27d Cos @ (1 3.27 6) 

The maximum value of the restraining force occurs when 
the angle is zero, at which point the line can no longer 
hold the bubble. The critical bubble radius for detachment 
is obtained by substituting Eq. 13.228 for Fb and setting 
qb = 0 in Eq. 13.276. Solving the resulting equation for the 
bubble radius yields 

Rd =[nQZ (1/T) a: Td (dT/dx) 1% (13.277) 

In Sec. 8.3 we showed that the line tension of a 

Td = Gb2 (8.10) 

where G is the shear modulus of the solid and b is the 
Burgers vector of the dislocation (b  is approximately equal 
t o  a lattice constant). For most materials' Td is approxi- 
mately dynes. Weeks and S ~ a t t e r g o o d ~ ~  have analyzed 
the dislocation stretching model in greater detail using 
more-accurate line tension expressions for screw and edge 
dislocations than that given by the preceding formula (e.g., 
Eq. 8.9 for a screw dislocation); however, since the critical- 
radius equation contains the line tension to the one-third 
power, modest changes in Td do not affect the calculated 
critical bubble radii significantly. Using 7d = dynes, 
a i  = L2 = 4.1 x 
ergs/molecule), T = 2000 OK, and dT/dx = 1000 OK/cm, 
Eq. 13.277 gives a critical radius of 700 8. The critical 
pull-off radius depends not only o n  the temperature and 
temperature gradient but also o n  the angle that the 
dislocation line makes with the direction of the tempera- 
ture gradient. Equation 13.277 assumes that these two are 
perpendicular. 

dislocation is approximately given by 

cm3,  Q,* = 415 kJ/mole (7 X 

The restraining force on a bubble due to a stretched 
grain boundary can be determined with the aid of 
Fig. 13.24. The force opposing Fb is the product of the 
grain-boundary tension Ygb, the circumference of the circle 
of contact, 27rRsin$, and the factor giving the force 
component in the direction of the temperature gradient, 
cos @. The equilibrium condition is 

Fb = 27rRTgb Sin @ COS @ = 7TRygb Sin 24 (13.278) 

The right-hand side or' Eq. 13.278 attains a maximum value 
at  @ = 45". Using this value of the angle and substituting Fb 
from Eq. 13.228 yield the critical bubble radius for grain 
boundary pull-off: 

Rgb = [ 2Q,* ( l/T)g(dT/dx) a"Y 1% (13.279) 

Bullington and Leggett" have shown experimentally 
that the average diameter of the gas bubbles found on grain 
boundaries in irradiated fuel is approximately equal to that 
predicted by Eq. 13.279. 

Fig. 13.24 Interaction of a grain boundary and a bubble 
subject to a force perpendicular to  the plane of the grain 
boundary. 

The grain-boundary tensions in U 0 2  and UC are 
estimated to  be -300 dynes/cm. using this value of Tgb 

and the same numerical values of the other quantities in 
Eq. 13.279 as were employed in the illustrative calculation 
of Rd, the critical radius for grain-boundary detachment is 
of the order of 4000 8. 

The preceding formulas for the critical radii for bubble 
pull-off from dislocations and grain boundaries are based on 
a thermal-gradient driving force coupled with bubble 
mobility due to the surface-diffusion mechanism. We can 
also compute the force on a bubble due to the same driving 
force but for bubble migration by the volume-diffusion 
mechanism. In this case Fb is obtained by using Eq. 13.234 
in 13.226, which produces a relation similar to Eq. 13.228 
except that the factor 2 is replaced by 4 / 3  and QZ is 
replaced by Qf.  

Figure 13.25 shows graphs of the critical pull-off radii 
and migration velocities for bubbles in UOz and UC under 
typical operating conditions.' ' The radii at which detach- 
ment occurs were obtained from Eqs. 13.277 and 13.279 
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Fig. 13.25 Migration velocity as a function of radius for 
bubbles in U 0 2  and UC for typical temperatures and 
t e m p e r a t u r e  g r a d i e n t s .  ( a )  U O z :  T = 2000°K, 
d T / d x  = 1 0 0 0 " K / c m .  ( b )  UC: T = 2 0 0 0 " K ,  
dT/dx = 200"K/cm. [After R. W. Weeks, R. 0. Scattergood, 
and S. R. Pati,J. Nucl. Muter., 36: 223 (1970).] 

residual retarding forces o n  the bubbles when the bubbles 
are just slightly larger than the  size needed for pull-off.80 
Figure 13.25 shows the  pinning radii for bubbles on  
dislocation Lines and grain boundaries since these are the 
most obvious defects in the solid. However, other defects 
present in irradiated fuel can also temporarily immobilize 
bubbles smaller than 10008,  which is the approximate 
critical radius for dislocations. Smaller bubbles can be 
pinned by impurity precipitates and various irradiation- 
produced clusters in the solid. If these binding sites were 
included in the graph (they have not yet been analyzed 
quantitatively in the literature), we would expect t o  see 
more vertical lines dropping from the free-migration veloc- 
ity lines a t  small radii. 

The most interesting aspect of the two plots in 
Fig. 13.25 is the difference between U 0 2  and UC. Bubble 
detachment for a particular type of defect occurs at 
approximately the same size for both materials, but the 
magnitudes of the free-migration velocities are nine orders 
of magnitude greater in UOz than in UC. This large 
difference is a direct consequence of the higher thermal 
conductivity of UC compared to U 0 2  which, for a specified 
linear power of the fuel rod, reduces the maximum fuel 
temperature and temperature gradient in the UC fuel 
element by comparison with the UOz fuel pin. The graphs 
also show that, whereas volume diffusion is unimportant in 
free bubble migration in U 0 2 ,  it appears to be the 
dominant mechanism for bubble mobility in UC. 

13.12 THE BUBL CODE 

So far in this chapter, the first two of three stages 
required in a model of swelling and gas release applicable to  
in-reactor fuel performance have been discussed; The first 
stage, covered in Secs. 13.2 through 13.6, consists of 
quantitative descriptions of the rates of the elementary 
steps that ultimately are responsible for gross fission-gas 
behavior. The second stage combines the elementary steps 
into distinct processes, such as nucleation, growth, and 
migration. In the third stage the processes of the second 
stage are assembled to provide a calculational tool for 
predicting the fate of the fission gases in a realistic fuel 
operation situation.* 

By the time the third stage of fission-gas behavior 
analysis is reached, the calculations are usually too com- 
plicated to be written in simple analytical form giving, say, 
the gas swelling and release from a portion of a fuel pin as a 
function of all the variables listed in Table 13.2. At the 
present time, two computer simulations of fission-gas 
behavior have been reported. These are the GRASS 

and the BUBL  ode.*^*^^ Neither of these 
progr-?ls is a comprehensive model in the sense that all 

(with appropriate modifications when based on the 
volume-diffusion mechanism), and the bubble velocities in 
free migration in the thermal gradient were calculated by 
Eqs. 13.219 and 13.235 for the surface and volume- 
diffusion mechanisms, respectively. The rounded knees o n  
the curves as the  critical radii are approached are due to 

4 
*Fuel modeling is not complete after the third stage. In 

a fourth stage fission-gai behavior is coupled with the 
mechanical and chemical behavior of the components of a 
fuel pin to provide a description of the performance of the 
entire fuel element. Finally, the large-scale mechanical 
interaction of the fuel assemblies and of the entire core 
must be considered. 
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pertinent parameters and potential processes are accounted 
for. As mentioned earlier, the GRASS code appears t o  
emphasize bubble coalescence in the fuel matrix, relying 
principally on the coalescence rate constants described in 
Sec. 13.6 coupled with the bubble conservation equations 
derived in Sec. 13.10. The BUBL code, the basic outlines of 
which were described by Nichols in a 1966 r e p ~ r t , ~  is based 
almost entirely on the biased-migration and bubble-pinning 
phenomena described in the two preceding sections. Warner 
and Nichols” believe that these two processes, when 
coupled with a realistic description of the microstructure of 
the fuel, are sufficient to explain much of the available 
experimental data on gas swelling and release in operational 
situations. Re-solution, bubble growth by gas-atom absorp- 
tion, and bubble nucleation are completely ignored. 
Coalescence is treated, but only as it occurs on dislocations 
or  grain boundaries. Bubble coalescence in the matrix of 
the solid is neglected. Even with this limited number of 
basic processes selected for incorporation into the BUBL 
code, solution of the governing conservation equations 
(e.g., those discussed at  the end of Sec. 13.10) was found to  
be so complicated that the calculation is performed by 
Monte Carlo techniques. 

A region of fuel is represented by a number of cubical 
grains, each of which is subdivided into cubical dislocation 
volumes. The sizes of these two basic units of the 
microstructure of  the solid are determined from actual 
grain size and dislocation density measurements on uranium 
dioxide fuels. Fission-gas atoms are produced in the fuel 
matrix contained in the dislocation volumes. All gas atoms 
enter the calculation as small bubbles of uniform, pre- 
scribed radius at a rate dictated by the assumed size and the 
fission rate. These bubble nuclei bombard the dislocation 
lines bounding the dislocation volume at  random positions 
along the lines and with no lag time between generation of 
gas atoms by fission and impingement on the lines in the 
form of small bubbles. Because nucleation is assumed to be 
very rapid compared to other processes, a description of 
nucleation kinetics is not needed. The small bubbles are 
pinned to  the dislocations because their radius is less than 
the critical pull-off radius (Eq. 13.277). However, bubbles 
on dislocation lines grow by coalescence when they are 
struck directly by a bubble nucleus arriving from the matrix 
or  when an adjacent bubble has grown sufficiently large (by 
the same mechanism) to  overlap its neighbor. When a 
bubble on the dislocation line attains the critical detach- 
ment radius for this defect, it is released and moves in free 
migration up the temperature gradient until it encounters a 
grain boundary. During transit from a dislocation line to a 
grain boundary, the bubble does not change size; in-transit 
bubbles neither collide with other bubbles nor grow by 
absorbing gas atoms in the solid through which they move. 

The same cycle of bombardment, growth by coales- 
cence, and release when the critical size is attained occurs 
on the grain boundaries. Bubbles large enough to become 
detached from grain boundaries again move through the 
matrix under the influence of the temperature gradient. 
This time, no defect can stop them; they plow right 
through dislocations and grain boundaries in their path 
until they reach a fissure in the fuel where the gas enclosed 
in the bubble is released to  the fuel element. The cracks 

that permit escape of the gas are assumed to occur 
approximately every ten grains. 

In the BUBL code the processes outlined in the 
preceding paragraph are followed as functions of irradiation 
time. At a particular time the fraction of gas released is 
determined by the ratio of the amount of gas that has 
passed through the complete sequence and arrived at the 
escape cracks to  the total quantity of fission gas produced 
up to  that time. The swelling is computed by adding up the 
volumes of the four classes of gas bubbles in the fuel, 
namely, 

1. Bubbles trapped at dislocations. 
2. Bubbles in transit from dislocations to grain bound- 

3. Bubbles trapped at  grain boundaries. 
4. Bubbles in transit from grain boundaries to release 

aries. 

(i.e., t o  cracks or interconnected porosity in the fuel). 

In the early stages of irradiation, both release and 
swelling are low because the “pipeline” has not been filled 
up. As time progresses, the concentration of gas bubbles in 
each of the four categories listed sequentially attain steady 
values. When the bubbles in the four categories have 
achieved constant concentrations, the entire process is at 
steady state; the gas release approaches loo%, and the 
swelling becomes constant. Although the time-dependent 
portion of the history cannot be described analytically, a 
relatively straightforward calculation permits determination 
of the limiting value of the swelling when the steady state is 
reached. This particular aspect of the BUBL code is 
described as follows. 

The model of the fuel microstructure is shown in 
Figure 13.26. Dislocation lines f i l l  each grain in a regular 
cubical network. Segments of dislocation line of length Xd 
form the edges of the dislocation volumes. Since there are 
12  edges to the cube and each edge is shared among 4 
adjacent dislocation cubes, the solid contained within each 
small cube is associated with a length 3xd of dislocation 
line. Since the volume of each cube is X i ,  the length of a 
side of a dislocation volume is related to  the dislocation 
density of the matrix by 

cm of dislocation line 
Pd = 3xd dislocation cube 

or, the characteristic length is 

( 1  3.280) 

At 2000°K the dislocation density in UOz is -lo8 
and from Eq. 13.280 the length of a side of the dislocation 
cube is 1.2 pm. A typical grain size in U 0 2  (X,) is 1 0  pm; 
so each grain contains about 1000 dislocation cubes. Cracks 
perpendicular to the temperature gradient are assumed to  
occur approximately every tenth grain, or with a spacing 
(X,) of 1 0 0  pm. 

13.12.1 Bubbles Trapped on Dislocations 

c We first compute the rate at  which bubble nuclei 
bombard each segment of dislocation line. Assume that the 
nuclei contain ml gas atoms and have a radius R1 given by 
Eq. 13.16. Since there are three dislocation segments of 
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Fig. 13.26 Fuel microstructure model for the BUBL code. [After H. R. Warner and F. A. Nichols, Nucl. 
Appl. Technol., 9: 1 4 8  (1970).] 

length Xd associated with a volume of X i  of fuel, the rate 
at  which bubble nuclei impinge on each segment is 
Yx,F(X:/3)/ml. The reciprocal of this expression is the 
average time between collisions .of a bubble nucleus with a 
segment xd of dislocation line: 

3m I 
to =- 

Y,,FX:, 
(1 3.281) 

Bubbles are detached from the dislocation line when 
they have attained a radius Rd given by Eq. 13.277. The 
number of gas atoms contained in the released bubbles is 
given by Eq. 13.14: 

47rRi/3 
md = (1 3.282) 

We now determine the steady-state distribution func- 
tion of bubbles pinned t o  the dislocation lines. These 
bubbles are assumed to  grow only by coalescence. 
Figure 13.27 shows four distinct coalescence sequences that 

B + Rd (kT/2?) 

result from bombardment of the dislocation by bubble 
nuclei from the matrix. The diagram shows four views of 
the dislocation line starting from the moment of impinge- 
ment to the completion of the particular coalescence 
sequence. The four solid circles on the top of the drawing 
depict the bubble nuclei about t o  contact a dislocation line 
containing a variety of sizes of trapped bubbles. Sequence a 
on the left illustrates a normal coalescence; the nucleus 
strikes a bubble on the line, and after coalescence a new, 
enlarged bubble is formed. Sequence b shows a case in 
which the impinging nucleus coalesces with a trapped 
bubble, but, as enlargement of the combined bubble takes 
place, overlap with a neighboring bubble occurs, and 
another coalescence event is triggered. This type of interac- 
tion is termed secondary coalescence. In c the arriving 
nucleus simultaneously touches two bubbles on the line, 
and a large bubble is formed from these three participants 
in the multiple collision. In d no coalescence occurs, and 
the bubble nucleus is simply trapped by the dislocation 
line. The secondary and multiple coalescences represented 
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Fig. 13.27 Dislocation bombardment sequences. (a) Normal coalescence. (b) Secondary 
(c) Multiple coalescence. (d) N o  coalescence. 

by sequences b and c in Fig. 13.27 become significant when 
the bubble density on the dislocation line is high. For 
simplicity in the subsequent analysis, we will not consider 
these events and assume that, when a bubble nucleus strikes 
the dislocation line, either a normal coalescence or  no 
coalescence results. 

Since each bubble on the dislocation line grows only by 
coalescence with bombarding nuclei, the number of gas 
atoms in any of the trapped bubbles must be an integral 
multiple of m l ,  the number of gas atoms in a bubble 
nucleus. Therefore, we can define the size of a trapped 
bubble by the number of bubble nuclei it contains, which is 
an integer denoted by n. The size parameter is restricted to 
1 < n < n d ,  where nd = md/m,  is the number of bubble 
nuclei contained in the bubble of critical size for pull-off 
from the dislocation. The distribution function of bubbles 
trapped on  a dislocation segment is 

number of bubbles on  a dislocation 
fd(n) = segment of length xd which contains n 

bubble nuclei 
(13.283) 

We will refer t o  a trapped bubble containing n bubble 
nuclei as an n-type bubble. The radius of an n-type bubble, 
R,, is given by solution of the cubic equation, 

The distribution function is obtained by formulating 
the rates of appearance and disappearance of n-type 
bubbles by collisions of the trapped bubbles with the 
incoming nuclei. The rate of removal of n-type bubbles 
from a segment Xd of dislocation is obtained as follows: If 

TIME 

1 

coalescence. 

the center of an impinging nucleus is within a distance 
R, + R1 on either side of the center of an n-type bubble, 
coalescence occurs. If there are fd(n) n-type bubbles on a 
length Xd of dislocation line, the fraction of this length on 
which collisions of nuclei and n-type bubbles can occur is 
2(R, + Rl)fd(n) /Xd.  Since one bubble nucleus strikes the 
segment Xd every to sec, the removal rate of n-type bubbles 
is 

Probability/sec of coales- 2(R, + R~ fd (n )  
cence of an n-type bubble = (13.285) 
with a bombarding nucleus xd to 

The n-type bubbles are produced by collisions of 
bubble nuclei with trapped (n - 1)-type bubbles. The rate 
of this process is given by Eq. 13.285 with n replaced by 
n -  1. At steady state the rates of removal and formation 
of n-type bubbles are equal, o r  

(R, + RI)fd(n)  = (R,-i + R,)fd(n-  1)  (13.286) 

Equation 13.286 can be converted to differential form by 
setting 

d R n  
Rn-I R, -~ 

dn 

dfd 
fd(n - 1) = fd(n) 

dn 

which. when substituted into Ea. 13.286 vields f- 
b 

fd (13.287) 
dR,/dn 

dn R, + R I  -(dR,/dn) 



SWELLING DUE TO FISSION GASES 255 

the integral of which is 

4 fd(n) fd(l) 

preceding expression by an integral, the rate of production 
of trapped bubble nuclei is 

Probability/sec of formation of a type-1 bubble 
on the dislocation segment of length xd 

dR,/dn 
(13.288) [-In R, + R1 - (dR,/dn) dn]  

='[I--$ J n d ( R n + R , ) f d ( n ) d n  (13.293) 
to  1 To streamline the solution, we introduce the dimension- 

less constant 
At steady state Eq. 13.293 can be set equal to Eq. 13.285 
wherein n = 1. This balance can be solved for fd(I) ,  which 
is 

f , ( l )  =-  lXd  - - - l n d ( [  + 1) fd(n) dn (1 3.294) 

Substituting Eq. 13.292 into the preceding integral and 
assuming g > 1 ,  we obtain f,(l): 

(13.289) 6 = -  B - 27 
R1 kT 

and the dimensionless bubble size 

4 R i  2 (13.290) 

If Eq. 13.284 is divided by the same equation with n = 1, 

' = -  Rn 
R1 

we have 

(13.291) 

The bubbles released from the dislocation by the force due 
to the temperature gradient contain a large number of 
nuclei. For a critical pull-off size of 500 8, for example, the 
critical-size bubble contains -lo6 gas atoms. If the number 
of gas atoms in the bombarding nuclei is -10, nd - 10'. 
Thus, for most of the bubble size range, the integral in 
Eq. 13.288 can be approximated by 

(13.295) 

The swelling due to bubbles trapped on  the dislocation 
lines is 

"d 

The denominator represents the volume of solid associated 
with the segment xd of dislocation line in terms of which 
the distribution function is defined. We can change the 
independent variable from n to ( using Eq. 13.291 and, on  
substituting Eq. 13.292 for the distribution function and 
Eq. 13.295 for f d ( l ) ,  obtain 

= l n i  (g) dn = l'F= In ( 

For n = l o 3  this approximation agrees with the exact 
integral, using 6 = 15 and Eq. 13.291 to describe [ as a 
function of n, t o  within 5%. Equation 13.288 can therefore 
be satisfactorily represented by 

( 1  3.292) 

To determine fd ( l ) ,  the number of bubble nuclei 
trapped (uncoalesced) on the dislocation segment, we 
formulate the following balance: The rate of removal of 
trapped nuclei from the type-1 category to  type-2 bubbles 
by coalescence with impinging nuclei is given by Eq. 13.285 
with n set equal to unity. A trapped bubble nucleus is 
produced every time a bombarding nucleus does not 
coalesce with a bubble already on  the line. The rate of this 
process depends on the fraction of the line segment X, on 
which the event depicted by Fig. 13.27(d) can occur, which 
is 

fd(l) fd(n) = - 
t 

Unoccupied fraction of dislocation line 

n= 1 

Dividing this expression by to gives the rate of formation of 
trapped bubble nuclei. Approximating the sum in the 

The integral on the right of this equation can be evaluated 
analytically. Since Rd /R l  is usually considerably larger than 
6 ,  the latter can be neglected in the integrand, and 
Eq. 13.296 reduces to 

where nd and 6 have been replaced by Eqs. 13.291 and 
13.289, respectively. 

13.12.2 Bubbles in Transit from Dislocations 
to Grain Boundaries 

Each dislocation segment of length X, releases one 
critical-size bubble (of radius Rd)  every t, sec, where, by 
analogy to  Eq. 13.281, 

( 1  3.298) 
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Since each dislocation cube contains three dislocation 
segments, each element of volume X; emits 3/td critical- 
size bubbles per second. Or, the grains can be considered to 
contain a uniform volumetric source of these bubbles of 
strength: 

3 bubbles of radius Rd sd = __ (13.299) 
t d X i  cm3 sec 

The concentration of these bubbles as a function of 
distance along the temperature gradient between grain 
boundaries (denoted by x) is defined by fd-gbO() (there is 
no size distribution of the in-transit bubbles-all have a 
radius Rd). 

We formulate the balance on migrating bubbles in an 
elementary volume within the grain of unit cross-sectional 
area perpendicular t o  the temperature gradient and of 
thickness dx. The input from the cool side of the volume 
element due to  bubble migration up the temperature 
gradient is fd-gb(x) Vbd, where Vbd is the migration velocity 
of bubbles of radius Rd in the temperature gradient at 
point x (Vbd is given by Eq. 13.219 with R = Rd) .  The rate 
of production of critical-size bubbles within the volume 
element is Sd dx. Neglecting the change in bubble velocity 
over the length dx, the flux of bubbles out of the volume 
element is [fd-gb + (dfd.,b/dx)]vbd. At steady state the 
sum of the first two contributions to  the balance equals the 
outflow, or the bubble conservation equation is 

dfd-gb  
"bd 7 = Sd (1 3.300) 

which, when integrated with the boundary condition 
fd.gb(0) = 0 (x = 0 represents the cool face of the grain 
under consideration), yields 

(13.301) 

The number of critical-size bubbles increases linearly 
with distance along the temperature gradient within each 
grain. This profile is repeated at  each successively hotter 
grain because the bubbles arriving at  the hot side of a grain 
are trapped there. The total number of critical-size bubbles 
within the entire grain is obtained by integrating 
Eq. 13.301 from x = 0 to x = X, and multiplying by the 
area of a grain, xZ, 

Number of critical-size bubbles per grain 

The fractional swelling due to this class of in-transit 
bubbles is obtained by dividing the total volume of bubbles 
by the volume of a grain, which gives 

d-gb 

2rrRiX, 
=- (13.303) 

tdX;Vbd 

f- 
13.12.3 Bubbles Trapped at  Grain Boundaries 

The cool side of each grain boundary perpendicular to 
the temperature gradient is bombarded by bubbles of radius 
Rd. The rate of arrival of these bubbles at the grain 
boundary is given by the flux vbdfd.gb(Xg) times the area 
of the grain boundary X i .  The reciprocal of this product is 
the time between arrivals of the bombarding bubbles 

=!(5)3 td (13.304) 1 ta = 

Vbdfd-gb(Xg)X2 xg 

The incoming bubbles coalesce with bubbles already pinned 
to the grain boundary and cause growth of the latter. 
Detachment from the grain boundary occurs when the 
bubbles have attained a radius Rgb given by Eq. 13.279, at  
which point they contain 

477R;b 
mgb =- (2) gas atoms (13.305) 

(these bubbles are large enough to  justify application of the 
ideal-gas law). 

Coalescence events of the type shown in Fig. 13.27 for 
the dislocations occur on the grain boundary as well. In the 
latter case, however, the bombarding bubbles contain md 
gas atoms each and arrive every t, sec. Furthermore, the 
zone of coalescence is two-dimensional rather than one- 
dimensional. Secondary and multiple coalescence events are 
neglected. 

The distribution function of grain-boundary bubbles is 
obtained in a manner analogous to that described by the 
number of bombarding bubbles it contains. Thus, we let n 
be the number of bubbles of the pull-off size from 
dislocations contained in a bubble on the grain boundary; n 
varies from 1 to ngb ,  where ngb = mgb/md,  and is related to 
the radius of the trapped bubble by 

4nR: 
nmd = __ (2) 3 (13.306) 

The size distribution of bubbles on an area X i  of grain 
boundary is defined by 

fgb(n) 

(13.307) 
number of bubbles on a grain boundary 

= area X i  containing n bombarding bubbles 

The distribution function at  steady state is obtained by 
equating the rates of formation and removal of type-n 
bubbles. The two-dimensional analog of Eq. 13.285 is 

Probability/sec of coalescence of an 
n-type bubble with a bombarding bubble 

*g La 

The rate of formation of n-type bubbles is given by the ,--- 
same expression with n replaced by n - 1. When these two 
rates are equal, we have 

(Rn + Rd)' f,b(n) = + Rd)' fgb(n - 1 )  (13.309) 
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which leads t o  the differential equation 

dfgb 

dn 

fgb (13.310) 
= - {  2(Rn + Rd)  (dRn/dn) - (dR,/dn)' 

[Rn + Rd - (dRn/dn)12 

or, in integrated form 

where 

(13.312) 

Using Eq. 13.306 for all values of n, the relation between ( 
and n is 

n = E' (1 3.31 3) 

Substitution of Eq. 13.313 into the integral of Eq. 13.311 
yields 

fgb(n) = fgb(l) 

The integral can be evaluated analytically. The relative 
distribution function is shown in Fig. 13.28 for 1 < n < 10. 
For n > 1 0  the following asymptotic form is satisfactory: 

(n > 10) (13.315) 
2.5fgb 

n' fgb(n) = 

The value of the distribution function for n = 1 is obtained 
as in the case of dislocation bubbles. Using Eqs. 13.312 and 
13.313 to  express R, in terms of n, we have 

- lngb [(n)% + 112 fgb(n) dn  (1-3.316) 

The integral in the second term is obtained numerically for 
the range 1 < n < 1 0  and analytically for 10 < n < ngb. 
The result is 

\ Combining Eqs. 13.316 and 13.317 and neglecting the last 
Y 9$ two terms in Eq. 13.317 yield 

32.1 + 7.8 In(ngb) fgb (1) = (1 3.318) 
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Fig. 13.28 Distribution function of bubbles trapped a t  a 
grain boundary. 

The distribution of bubble sizes on grain boundaries 
predicted by the preceding analysis can be compared with 
the experimental results of Bullington and Leggett.8 Their 
measured values of the intergranular bubble density as a 
function of bubble size are shown on Fig. 13.29. The 
cut-off at small diameters is due to  experimental difficulties 
in observing small bubbles. I f  we assume that these data 
represent the end of the bubble distribution where 
Eq. 13.315 is valid, the variation of the bubble density with 
size can be determined theoretically. First, we must change 
variables from n to (which is proportional to bubble 
diameter) in Eq. 13.315, which is accomplished by the 
transformation 

= constant x x 2,$ 

= constant x 1-3 

The dashed line on Fig. 13.29, which has a slope of -3, 
shows that the radius dependence of the theoretical model 
is quite acceptable. No attempt has been made to  predict 
the absolute magnitude of the distribution function; the 
theoretical line in Fig. 13.29 was matched to  the data at 
one bubble size. 

The swelling due to bubbles trapped on the grain 
boundaries is given by 
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Fig. 13.29 Intergranular bubble density as a function of 
bubble diameter. T = 1600°K. dT/dx = 1600"K/cm. (After 
D. C .  Bullington and R. D. Leggett, in Plutonium 1970, 
W. N. Miner (Ed.), p. 545, American Institute of Mining, 
Metallurgy & Petroleum Engineers, New York, 1971.) 

The solid volume associated with one side of the repre- 
sentative grain boundary cube is X i .  Of the six faces only 
two are perpendicular t o  the temperature gradient, and 
each of these shares its bubbles with an adjacent grain. 
Using Eqs. 13.314 and 13.315 to evaluate the integral and 
expressing f g b ( l )  by Eq. 13.318 yield 

5(ngb)W - 9 (y)gb =($)(%) [32.1 + 7.8 In(ngb) ] (13.319) 

13.12.4 Bubbles in Transit from Grain 
Boundaries to Release 

To determine the swelling due to  the last type of 
bubble in the fuel, consider the column of grains between 
cracks from which escape occurs (Fig. 13.26). Each grain 
boundary perpendicular t o  the temperature gradient re- 
ceives a bubble containing md atoms every t, sec 
(Eq. 13.304). Gas is released from the grain boundary at  

the same rate but in bubbles containing mgb atoms. The 
time between detachment of successive bubbles of the 
critical size for pull-off from the grain boundary is thus 

(13.320) 

The bubbles travel from the point of release to  the 
escape crack at  a velocity vbgb given by Eq. 13.219 with 
R = Rgb. We wish to determine the number of bubbles in a 
column of grains between escape cracks. Since each grain 
boundary emits critical-size bubbles at a rate of l / t g b  per 
second and the bubbles are not trapped by other grain 
boundaries they encounter while migrating, the rate at  
which bubbles flow past a grain boundary is M/tgb, where 
M is an integer denoting the position of the grain boundary 
relative to the escape crack in the direction opposite to the 
temperature gradient (starting from the cool end of a 
column of grains, M = 1 ,  2 , .  . . , XJX,). The number of 
critical-size bubbles in grain M is the flux divided by the 
migration velocity multiplied by the thickness of the grain 
in the direction of the temperature gradient, or 

(13.321) Number of bubbles in grain M = - 

Summing Eq. 13.321 over all grains between escape cracks 
gives 

MX, 
b b V b g b  

Number of critical-size bubbles 
in column between escape cracks 

The volume of each bubble is 4nR&, 13, and the volume of 
the solid fuel in the column between release points is X,X:. 
Approximating the sum in Eq. 13.322 by the integral, we 
obtain the volume swelling due to  this category of bubbles: 

Table 13.5 illustrates the application of the analysis on 
which the BUBL code is based to a typical LMFBR oxide 
fuel pin. According to Table 10.4 and Fig. 10.24, the 
temperature of 2000°K chosen for the table implies that 
the location considered in the example is in the middle of 
the equiaxed-grain region of the fuel. We note, however, 
that the temperature gradient used in Table 13.5 
(103"K/cm) is nearly an order of magnitude smaller than 
that obtained from Fig. 10.24. Most studies of thermal- 
gradient bubble migration use the smaller figure, which a t  
least gives conservative results for swelling when applied to 
LMFBR fuel designs. The microstructural parameters are 
those used by Warner and Nichols,' and the bubble nuclei 
that bombard the dislocation lines have been assumed to 
contain 1 0  gas atoms. The critical radii and migration 
velocities of bubbles detached from dislocations and grain 
boundaries were taken from Fig. 13.25. 
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Table 13.5 Gas-Swelling Predictions of 
the BUBL Code 

Operating conditions T = 2000°K 
dT/dt[ = 1000"K/cm 
Y,,F = 2 X 10' gas atoms 

cm-3 sec-l 
Microstructure Xd = 1.7 x cm 

( p d  = 108 cm-' ) 
X, = cm 
X, =lo - '  cm 
kT/27 = 1 A' 
B = 8 5 A 3  
m, = 10 gas atoms ( R ,  = 6 A )  
t o  = 0.3 sec (Eq. 13.281)  

Other constants 

Bubble nuclei 
Characteristic times 

td = 1.2 X 10' sec (Eq. 13.298)  
tgb = 3.3 x 10' sec (Eqs. 13.304 

and 13.320)  
Parameters of critical-size 

bubbles [from 
Fig. 13.25(a)]  

Pull-off from dislocations Rd = 1000 A 
md = 3.9 x l o 6  
vbd = 4 x 10.' cm/sec 

Pull-off from grain Rgb = 4000 a 
boundaries %b = 6.7 x 10' 

V b g b  = 1 x 10.' cm/sec 
Swelling 

Class of bubble: Swelling, % Equation 
Trapped on  dislocations 1.2  13.297 
In-transit, dislocations to 

grain boundaries 0.03 13.303 
Trapped on  grain boundaries 0.9 13.319 
In-transit, grain boundaries 

t o  release __ 4.1  13.323 
Total gas swelling 6 .2  

The total swelling at  steady state is calculated to  be 
6.2% for this particular example. ?'he total reflects only 
swelling due to  fission gases. Swelling due solid fission 
products (Sec. 12.7)  should be added to the gas swelling. 

The bubbles in-transit from grain boundaries t o  release 
constitute two-thirds of the gas swelling. Inasmuch as 
(Av/v),,-, varies inversely as the migration velocity of 
critical-size bubbles, this contribution to  the gas swelling is 
sensitive to  the accuracy of all the parameters that enter 
into Eq. 13.219, of which the surface diffusivity is the least 
well established. At temperatures lower than 2000"K, the 
swelling due to  the bubbles in transit t o  release would 
increase greatly owing to the rapid reduction of Vbgb due to 
the large activation energy of surface self-diffusion of U 0 2 .  

Another parameter that significantly affects the swell- 
ing due to large bubbles is the stress state of the solid. The 
parameter (AV/V),, is decreased to the extent that tgb in 
the denominator of Eq. 13.323 is increased. Combination 
of Eqs. 13.298, 13.304, and 13.320 shows that tgb  is 
directly proportional to the number of gas atoms contained 
in the bubbles released from grain boundaries, mgb. This 
quantity was computed from Eq. 13.305, which assumed a 
stress-free solid. If Eq. 13.4 is used in the ideal-gas law 
rather than Eq. 13.5, mgb is increased by the factor 
1 + (Rgbu/2y), where u is the hydrostatic stress in the fuel. 

The critical radius Rgb is unaffected by stress (Eq. 13.279). 
If we take a typical stress level of 15,000 kN/m2 and 
Rgb = 4000 8, the number of gas atoms in the bubbles 
detached from grain boundaries is about four times greater 
than the number in an unstressed fuel. Thus, tgb is 
increased fourfold, and (AV/V),,., is reduced by the same 
factor. 

Nichols and Warners3 have modified the BUBL pro- 
gram to  remove the unrealistically high swelling predicted 
for temperatures in the neighborhood of 1600°K. They 
added a third trapping site (of unspecified nature) which 
pins the bubble nuclei and releases bubbles of a size less 
than the critical radius for dislocation pull-off. 

In an attempt to account for cracking and bubble 
link-up effects, we assume that 25% of the gas bubbles 
which attain the critical size for detachment from grain 
boundaries are released a t  the grain boundary rather than 
joining the last in-transit class, which contributes most t o  
the swelling. This alteration is comparable to  reducing X, in 
Eq. 13.333. Contrary to  the dislocation density and grain 
size, which are reasonably well known in UOz ,  about all 
that can be ascribed to the crack spacing X, is that it must 
be larger than the grain size and smaller than the fuel 
radius. For that matter, the very existence of uniformly 
spaced fissures perpendicular t o  the temperature gradient 
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has not been demonstrated experimentally, nor is such 
proof likely to  be forthcoming. The crack pattern created 
under irradiation is certainly quite different from the fuel 
morphology seen in postirradiation photomicrographs. 

The possibility of substantial gas escape from grain-edge 
openings and interlinked grain boundaries (and, corre- 
spondingly lower swelling from bubbles in transit in the 
grains than predicted by BUBL) has been demonstrated by 
replica electron microscopy of fracture surfaces of irra- 
diated fuel. Michels et  found that in the transition 
region between the equiaxed-grain zone and the inner 
portion of the columnar grains, fission-gas bubbles were 
present almost exclusively on grain boundaries. Since the 
smallest bubbles observable by this technique are about 500 
a in radius, bubbles originating from dislocations may have 
been present but undetected. However, the absence of the 
large bubbles predicted to pull off grain boundaries is 
significant. Michels and coworkers believe that the lack of 
intragranular gas bubbles supports the concept of extensive 
short-circuiting of gas from interlinked grain boundary 
bubbles directly to the central void or to fissures from 
which escape can occur. This mechanism of release elimi- 
nates or substantially reduces the number of fourth- 
category bubbles in the BUBL code, with the result that 
predicted fuel swelling should be lower and gas release (in 
the transient period before saturation is achieved) should be 
enhanced by comparison with calculations that rely solely 
on thermal-gradient migration for gas movement out of the 
fuel body. 

Finally, t o  simulate interaction of in-transit bubbles 
with incoming ones, the BUBL code now requires migration 
equal to the bubble diameter before a detached bubble is 
placed in the in-transit category. The more difficult problem 
of correctly accounting for bubble coalescence in the  matrix, 
however, has not been included in the BUBL code modifica- 
tions. In its present form BUBL implies a rather unrealistic 
matrix bubble-distribution function consisting of two delta 
functions, one a t  Rd and the other at Rgb. No observation 
of irradiated fuel has shown such a bubble distribution. Al- 
lowing for coalescence between these two classes of migrat- 
ing bubbles in the calculation would lead to  a more realistic 
bubble-distribution function, although peaks at  the  critical 
radii for pull-off from the various defects in the fuel would 
probably still be  present. However, inclusion of coalescence 
in the matrix requires an analysis of the  type described by 
Gruber’ and would greatly complicate the  calculation. 
Moreover, by providing another mechanism for making 
large bubbles from small ones, the predicted swellings 
would undoubtedly increase rather than decrease. In 
addition, one would expect that bubbles trapped on defects 
would be bombarded by all types of migrating bubbles (and 
bubble nuclei) and not just those detached from the defect 
with the next lowest bubble pull-off radius. 

I t  appears certain that re-solution will eventually have 
to  be included in BUBL to  correctly predict low- 
temperature swelling. 

13.13 NOMENCLATURE 

a, = lattice constant 
b = microscopic re-solution parameter 

n b‘ = macroscopic re-solution parameter 
B = constant in van der Waals equation of state 
C = concentration (number per unit volume); when 

unsubscripted, C denotes the concentration of 
gas atoms dispersed in the fuel matrix 

CR = point-defect concentration at the surface of a 
bubble 

C, = concentration of bubbles containing m gas 
atoms 

C,, = concentration of bubbles of size i at end of 
nucleation period 

C, = density of atoms on the surface 
d = distance from bubble surface at  which re- 

D = volume diffusion coefficient of particle in solid 

Do , = preexponential factor for surface self-diffusion 

solution of a gas atom can occur 

D, = surface self-diffusion coefficient 

D, = bubble diffusion coefficient 
Dvol = volume self-diffusion coefficient 

e = electronic charge 
E,, = fission-fragment energy 
E, = activation energy for surface self-diffusion 

f = force on an atom; distribution function of 
bubbles pinned to  defects in solids 

Fb = force on  a bubble 
F = fissions cm-3 sec-’ 

fb = fraction of fission gas contained in intragranular 
bubbles 

g = trapping parameter 
G = Gibbs free energy 

J = flux of particles t o  surface of defect 
J, = flux of atoms on  a surface 
k = Boltzmann’s constant; rate constant 
K = bulk modulus 

1 = length of a side of a cubical bubble 
L = diffusion trapping length 

Geq = production rate of defects by thermal processes 

L,, = coefficients of forces in irreversible thermo- 
dynamic expression of fluxes 

m = number of gas atoms in bubble 
M = gas atoms per unit fuel volume which are 

contained in bubbles; mobility 
N = total number of bubbles per unit volume of fuel 

N(R) d R  = number of bubbles per unit volume with radii in 

n = number of bubble nuclei in a bubble trapped on 

p = gas pressure in a bubble 
pt = probability distribution in random walk 
P = external pressure 

Q* = heat of transport 
r = radial position 

R = radius of a gas bubble; gas constant 

the range R to  R + d R  

a defect 

Rd = radius of the core of a dislocation; critical radius 
for bubble pull-off from a dislocation line 

Rgb = critical radius for bubble pull-off from a grain 
boundary 

,%= radius of capture volume associated with a 
bubble or  dislocation c 

s = given by Eq. 13.208; entropy of formation 
s* = entropy of  motion 
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Sd = rate of bubble pull-off from dislocations 

t,,, = irradiation time 
t, = nucleation time 
ta = mean time between bubble arrivals on a grain 

boundary 
to = mean time of bubble nuclei impingement on a 

dislocation line 
td = mean time between bubble detachments from a 

dislocation line 
tgb = mean time between bubble detachments from a 

grain boundary 

t = time 

T = temperature; energy transferred in a collision 
T,,, = minimum energy transfer for gas-atom resolu- 

tion 
vb =bubble velocity 
V = volume 

w = concentration of moving bubbles; jump fre- 

x = site fraction; distance 

AV = volume increase due to  gas bubbles 

quency 

xd = length of side of dislocation cube 
X, = length of side of representative grain 
X, = distance between cracks along the temperature 

Y,, = yield of vacancy-interstitial pairs per fission 
gradient 

Yx,  = total cumulative yield of stable xenon and 

z = combinatorial number; compressibility factor 
Z = atomic number; effective combinatorial number 

krypton per fission 

Greek letters 
01 = number of bubbles nucleated heterogeneously 

on a fission-fragment track 
0 = burnup 
y = surface tension 

y g b  = grain-boundary tension 
6 = constant, Eq. 13.289 

E = energy of formation 
F I j  = Kronecker delta 

E* = energy of motion 
Pd = dislocation density 
p, = density of gas in a bubble 
s2 = atomic volume of uranium atoms in fuel 
4 = angle between dislocation line and bubble axis; 

6 = polar angle in spherical coordinates 
u = hydrostatic stress (positive in compression) 

o,,(R) = radial-stress component at  bubble surface (sur- 

flux 

face traction) 
X = j u m p  distance 
v = vibration frequency 
q = dimensionless bubble size, Eq. 13.290 or 13.312 

vre = re-solution efficiency 
r = total jump frequency 
p = chemical potential 

pff = fission-fragment range 
4: = dimensionless bubble radius 

Td = line tension of a dislocation 
".- , - dimensionless time, Eq. 13.270 

Subscripts ,- 

A,B = species involved in a reaction in the solid 
b =bubble 

crit = critical state 
d = dislocations 

d-gb = in traniit, dislocation to  grain boundary 
eq = equilibrium bubble 

gb = grain boundary 

gd = reaction between gas atom and dislocation 
gt = reaction between gas atoms and trap 

i = interstitial 
id = reaction between interstitial and dislocation 
i,j =bubble  sizes 
11 = reaction between single gas atoms 
n = number of bubble nuclei in a bubble trapped on 

0 = initial 
s = surface 
t = trap 
v = vacancy 

f = final 

gb-r = in transit, grain boundary to release 

a defect 

vd = reaction between vacancy and dislocation 
Xe = xenon and krypton 
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13.15 PROBLEMS 
13.1 As a result of a particular irradiation history, a 
section of fuel contains N fission-gas bubbles per cubic 
centimeter of size Ro ,  and the concentration of atomically 
dispersed gas in the matrix of the fuel is Co. This piece of 

c 
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bubbles are the equilibrium values correspondillg to zero 
applied pressure and a solid-gas surface tension of 7 
dynes/cm. Assume the bubbles are allowed to migrate in a 
random manner.and make one collision with any other 
bubble. If bubble coalescence occurs at  each collision, what 
is the swelling of the fuel (expressed as AV/V) due to this 
process? 

13.5 self-diffusion i n  u r a n i u m  metal occurs by the va- 
cancy mechanism and is given by 

DU = x,a;v exp (-g) 
where x, is the fraction of vacancies, a,, is the lattice 

uranium metal. 
(a) What is the self-diffusion coefficient of uranium in 

the absence of radiation? The formation energy of vacan- 

(b) During irradiation vacancy-interstitial pairs are 
created by fission fragments with a yield YVi. The only 
means of destruction is by recombination. What is the 
steady-state vacancy fraction x., for a fission rate F? What is 

fuel is now inserted in a reactor. The gas bubbles initially 
present in the fuel tend to grow by absorption,of gas atoms 
newly created by fission, but re-solution tend-s.. tq .increase 
the concentration of gas in solution. 

brium 
with the fuel (stress-free), derive the growth law (dR/dt) for 
this case. Assume that the bubbles are small enough to be 
approximated by the dense-gas limit of the xenon equation 
of state and that coalescence or  migration of the bubbles 
does not occur. Neglect gas release from the fuel. 

(b) Write the growth law in dimensionless form, with 
77 = R/Ro being the dimensionless bubble radius at  dimen- 
sionless time T = bt. What dimensionless constants govern 
the growth process? 

(c) Numerically solve the dimensionless differential 

(a) Assuming that the bubbles are always in'eq 

equation for dq/dT. Comment on the shape of the curve. constant, and is the migration energy vacancies i n  
_ _  . 

Use the following constants in the solution: 1 J ;;-.:.; , : 

yxe = O.21G3 , -. 

i, i JI, zr 
I ',._ 

bubbles/cm3 
gas atoms/cm3 

b = lo-' sec-' 

B = 85 A3 
Dxe = cm2/sec F = 10 fission sec cies in uranium metal is E,. 

N = 1.3 X 10' 
Co = 5.2 X 10' Ro = 20 A 

Plot the swelling (AVjV) as a function of time. 
the uranium self-diffusion coefficient in this radiation field? 

(c) The energy of motion of interstitials is ET. Sketch 13.2 (a) What is the root-mean-square distance travelled in 

motion in U 0 2  a t  14OO0C? 
40 days by a diameter undergoing Brownian the variation of In D, vs, 1/T when the fission density is 

known, and identify significant portions of the curve. 
(b) Under the same conditions, how far does the bubble 

migrate up  a temperature gradient of 2000"C/cm in 40 
days? 

In both calculations assume bubble mobility is governed 
b y  t h e  s u r f a c e - d i f f u s i o n  mechanism and take 
Q: = 415 kJ/mole. 

13.3 A common method of developing fission-gas bubbles 
for viewing in an electron microscope is to irradiate the fuel 
specimen a t  low temperature and then anneal at high 
temperature. During the low-temperature irradiation, the 
fission-gas atoms are essentially immobile i n  the fuel, and 
no bubbles form. A uniform concentration of Co gas atoms 
per cubic centimeter results from the irradiation. During 
annealing the gas-atom mobility is sufficient for nucleation 
to occur homogeneously. 

(a) Write the equations that, when solved, completely 
describe the time dependence of the concentration of the 
atomically dispersed gas remaining in solution and the 
concentration of di- and triatomic clusters. Make sure that 
the kinetic equations are consistent with the overall gas 
balance. 

(b) Using, the dimensionless concentrations O 1  = C/Co 
and 8 ,  = C2/C0 and the dimensionless time T = Cok, t, 
numerically solve the system of differential equations. 
Assume kl 2 = k l  I /2. 

(c) What is the nucleation time for an initial gas-atom 
concentration of 10' atoms/cm3 and a xenon diffusion 
coefficient of cm2/sec? What fraction of the initial 
gas remains in solution and exists as di- and triatom clusters 
a t  this time? 

13.4 Equal numbers of two groups of fission bubbles are 
present in a fuel element. The radii of the two groups are r l  
and rz = 0.5r1, respectively, and the pressures within the 

13.6 Consider a region of fuel that contains a uniform 
distribution of small bubbles. The bubble density is N 
bubbles per cubic centimeter, and all bubbles are of radius 
R. In addition to the small bubbles, there is one large 
bubble of radius R* in the fuel medium. In both the single 
large bubble and the small bubbles, mechanical equilibrium 
is maintained by a balance of gas pressure and surface 
tension. Assume the ideal-gas law applies to both types of 
bubbles. If the radius of the large bubble exceeds a critical 
value, the large bubble can spontaneously and continuously 
grow by gobbling u p  the small bubbles in the fuel around it. 
This phenomenon is known as breakaway swelling. T o  
calculate the critical radius, suppose that the large bubble 
increases in radius from R* to R* + dR* and that in so 
doing it acquires the gas that was formerly in the small 
bubbles that occupied the spherical shell of thickness dR* 
outside the large bubble. By comparing the number of gas 
atoms acquired by the large bubble in the expansion to the 
number of gas atoms it needs to  acquire to maintain 
mechanical equilibrium at the new radius, determine the 
critical radius of the large bubble. At what swelling (AV/V) 
does breakaway occur if R* = 10R? 

13.7 The preferential bias of dislocations for interstitials 
compared to vacancies is due to the interaction of the 
compressive stress field around an hterstitial in the lattice 
with the elastic stress field of the dislocation. A vacancy 
does not produce a stress field of its own and hence does 
not interact with the stress fields of dislocation. In the case 
of interstitials, the interaction of the stress fields produces a 
nonrandom drift of the point defects toward the disloca- 
tion. The interaction energy between the interstitial and the 
dislocation can be expressed as a function of radial distance 
from the dislocation core, V(r). 
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(a) Using the Nernst-Einstein equation, what is the 
drift velocity of the interstitial due to the interaction 
energy V(r)? Use vector notation. 

(b) In vector notation what is the interstitial flux due to 
the simultaneous presence of a concentration gradient and 
the drift velocity? 

(c) In vector notation what is the species conservation 
(continuity) equation for interstitials near a dislocation? 

(d) For the present case, cylindrical coordinates are 
appropriate and the interaction is given by: V(r) = -B/r, 
where B is a constant. What is the appropriate form of the 
steady-state continuity equation derived in C? Using the 
substitution 

show that the differential equation for U(r) is 

1 A d U O  9 + (; - p)x = 

where A = B/kT. 
(e) In a stress-free solid, the point-defect concentration 

at  the core of the dislocation (r = R d )  is the thermal- 
equilibrium value, which for interstitials is essentially zero. 
Assume that the interstitial concentration at  the boundary 
of the capture volume around each dislocation (r  = ,%') is 
specified as C,. Solve the diffusion equation of part,D for 
J f ,  the flux of interstitials to a unit length of dislocation 
line, for the case A = 0. 

(f) Solve the equation of part f for A/Rd = 0.1 and 
A/,% s 0 (i.e., the dislocation-interstitial interaction is 
restricted to regions close to the dislocation). Comparing 
this solution with that obtained in,,& characterize the drift 
effect by an increase in the dislbcation core radius for 
interstitials (i.e., calculate the core radius Rdi at which the 
drift-free solution gives the same flux as does the solution 
with A/Rd = 0.1). 

(8) How much larger is the Z, of Eq. 13.183 than the Z, 
given by Eq. 13.182 if zId = zvd = 24, the dislocation 
density of the solid is 10' cm-', and the dislocation core 
radius is 6 A? 

13.8 Consider a parallel beam of fission fragments imping- 
ing on and passing through a bubble of radius R in the fuel. 
From geometrical considerations prove that the average 
chord length of the fission-fragment paths in the bubble is 
equal t o  4R/3. 

13.9 The phenomenon of re-solution of intragranular 
fission-gas bubbles was first demonstrated by the following 
experiment: A piece of fuel was irradiated a t  low tempera- 
ture for time t l .  The sample was then removed from the 
reactor and given a high-temperature anneal of sufficient 
duration to  precipitate all the fission gas generated in the 
low-temperature irradiation into bubbles. The density N 
and radius R1 of the bubbles were determined by electron- 
microscope observation. The specimen was then returned to 
the reactor for another low-temperature irradiation of 
duration t 2 .  after which the size and density of bubbles 
were again measured. For the irradiation conditions tabu- 
lated at  the end of this problem, determine the following: 

Q 
(a) The concentration of fission gas in solution at  the 

end of t l  (the irradiation temperature is so low that 
fission-gas atoms cannot diffuse). 

(b) The radius of the bubbles following the anneal. 
Assume that the bubbles are in mechanical equilibrium with 
the solid and that the ideal-gas law is applicable. 

(c) The swelling of the fuel piece after the anneal. 
(d) If the re-solution parameter is b = 2 x lo-' F sec-' , 

what is the radius of the bubbles after the second 
irradiation? 

(e) The swelling of the fuel piece after the second 
irradiation. 

(f) The concentration of fission gas in solution at  the 
end of t 2 .  

The irradiation conditions are 

F = 5 x 10' fissions sec-' t ,  = l o 6  sec 
t 2  = i o 5  sec N = 10' bubbles/cm3 

(unchanged by the 
second irradiation) 

13.10 Each time a fission fragment intersects a gas bubble 
part of the bubble surface is blasted from one side of the 
bubble to the other (see attached sketch). The bubble 
radius is R,  and the range of fission fragments in the solid is 
p. The fission density in the solid is F fissions cm-3 sec-l . 

f REDEPOSITED UO2 

FISSION-GAS 
BUBBLE 
(RADIUS R)I 

3 b U L V t U  
b m  ATOMS (Am) 

\LU02 EJECTED BY 
FISSION FRAGMENT 

(a) Derive the equation giving the frequency with which 
a bubble is pierced.by fission fragments. Assume that the 
bubble density is low enough so that the average distance 
between bubbles is much larger than the fission-fragment 
range in the solid. 

(b) Each time a fission fragment passes through a 
bubble, Am atoms of gas become trapped in the re- 
deposited solid. This gas is assumed to  be returned to the 
solid as single atoms and is therefore redissolved. Calculate 
the re-solution parameter b (i.e., the probability per second 
of a gas atom's being returned to  the solid) according t o  
this mechanism. Assume that the fission gas in the bubble 
obeys the ideal-gas law and that the bubble is in equilibrium 
with a surface tension y. 



Chapter 14 
Pore Migration and 

Fuel Restructuring Kinetics 
14.1 INTRODUCTION 

In addition to the fission-gas bubbles discussed in the 
preceding chapter, ceramic fuels contain another type of 
gas-filled cavity. This second type of gaseous inclusion is 
commonly termed a pore, and it differs from the bubble in 
the following ways. 

Whereas bubbles are usually small (less than about 1 pm 
in radius), pores are quite large, their smallest dimension 
generally exceeding 1 pm. Bubbles are filled almost exclu- 
sively with gaseous fission products, but pores contain 
preponderant quantities of helium, which is used as a cover 
gas during fuel preparation and fuel-element fabrication. 
Small amounls of gases arising from impurities in the fuel 
(e.g., CO and COz from carbon contamination) can also 
contribute to the gas phase within a pore. As irradiation 
proceeds, the pores accumulate fission gases as well, either 
by diffusion of these species to the pore or by the sweeping 
action of a pore in motion. Thus, the gas mixture within a 
pore consisls primarily of helium with smaller amounts of 
C 0 2 ,  CO, and perhaps H 2 0  and quantities of xenon and 
krypton which increase with burnup. 

The pressure of the gas within a bubble is large. As 
described in Chap. 13, the gas pressure is generally suffi- 
cient to maintain mechanical equilibrium between the 
bubble and the surrounding solid. When balanced by the 
restraint due to surface tension, the gas pressure inside a 
200-A-diameter bubble, for example, is -300 atm. For a 
typical pore of an equivalent diameter of 2 0 p m ,  on the 
other hand, the gas pressure required to  maintain mechani- 
cal equilibrium is about 3 atm (in excess of the pressure or 
hydrostatic stress in the fuel). The pores are initially filled 
with helium a t  1 atm pressure, or zero excess pressure; so, 
when the fuel is brought to operating temperature, the 
pores have a tendency t o  shrink in order to restore 
mechanical equilibrium. Shrinkage occurs by emission of 
vacancies lo the bulk solid, where they are absorbed by 
vacancy sinks. Densification of a solid by this mode of pore 
shrinkage characterizes the last stages of sintering of 
ceramic materials. However, because of the large tempera- 
ture gradient in a fuel pin, the pores present in the 
as-fabricated fuel probably migrale to the center of the rod, 
where they form the central void before the equilibration 

process is complete. Since the pressure deficit in large pores 
is quite small, the sintering process is not important unless 
the stress in the fuel is high.*' 

The final feature that distinguishes bubbles from pores 
is the shape of the cavity. Bubbles are usually quite 
spherical, as expected of a cavity that is able to minimize its 
surface energy, whereas pores tend to assume the disklike 
shapes shown in Fig. 14.1 (the question of why pores lake 
on  this shape will be considered later). The pores resemble 
ordinary lenses (which are shaped like the lentil plant), and 
for this reason are called lenticular pores. As shown in the 
photomicrograph, they are oriented with their major axis 
perpendicular to the temperature gradient. A s  they migrate 
toward the hot cenler of the fuel rod, they leave trails from 
the periphery. These trails are lhe source of the distinctive 
radial streaks which characterize the columnar-grain region 
of the fuel (see Fig. 10.22). 

During fuel fabrication, U 0 2  compacts are sintered at  
high temperatures to produce fuel pellets with a density of 
-90% of the theoretical density of a single crystal. Higher 
densities could be achieved, but some initial porosity is 
desirable in the fresh fuel lo accommodate fission-product 
swelling and lo permit restructuring to  redistribute the fuel 
into an annular configuration that decreases the central 
temperature. The 10% void volume in the asfabricated fuel 
is homogeneously distributed throughout the solid as pores 
of irregular shape. The characteristic lenticular shape 
observed after some time in a temperature gradient is a 
consequence of the mechanism by which the pores migrate 
in the hot fuel. Figure 14.2(a) shows how the lenticular 
pores cluster about the center of an irradiated fuel pin. In 
Fig. 14.2(b) the  pores have reached the  center and formed 
the central void. 

I t  would appear that, once the initial porosity in the 
fuel has been removed as described (which can take only a 

*Sintering under pressure is called hot pressing and is an 
important means of reducing porosity beCore the central 
void is fully formed. Since porosity affects the thermal 
conductivity of the fuel  (and therefore the temperature 
distribution) and the space within the fuel element occupied 
by the solid fuel, h o t  pressing is taken into account in many 
fuel modeling codes. 
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Fig. 14.2 Section through an irradiated fuel pin. (a) Len- 
ticular pores clustering about the fuel center. ( b )  After 
agglomeration of the pores to form a central void. [F rom 
P. F. Sens, J Nucl. Alutcr,, 43: 293 (1972).] 

i f  one is encoun1,ered before the pore reaches the fuel 
center). Pore migration thus provides a means of releasing 
fission gases from the fuel. 

Although both fission-gas bubbles and pores migrate up 
the temperature gradient, the rather large difference in the 
sizes of these two types of gas-filled cavities results in 
different mechanisms for motion. Small bubbles move 
either by the surface-diffusion mechanism ( i n  U O z )  or by 
the volume-diffusion mechanism (probably in UC). The 
mobility of large pores, however, is due to molecular 
diffusion of molecules of the matrix from the hot side of 
the pore to the cold side through the contained gas. The 
driving force for this mechanism is the variation of the 
vapor pressure of the solid with temperature. This process is 
termed vapor trunsport, or  cuaporutiori-condensation. In 
principle, there is no reason why small bubbles could not 
move by this mechanism or why large pores could not 
migrate by the surface- or volume-diffusion mechanisms. 
The controlling mechanism for any cavity is simply a 
matter of the magnitude of the migration velocity produced 
by each process, the one yielding the highest speed being 
the one responsible for motion. Equation 13.219 shows 
that bubble migration by the surface-diffusion mechanism 
is inversely proportional to the radius, whereas the volume- 
diffusion mechanism predicts speeds independent of size 

d 

(Eq. 13.235). W e  shall see in the following sec:tion that the 
migration velocity due to vapor transport is either inde- 
pendent of the cavity radius ( i f  the gas pressure is constant) 
or proporti6iial to the radius ( i f  the gas pressure is balanced 
by surface-tension forces). For equilibrium fission-gas 
bubbles, the velocity due to the vapor-transport. mechanism 
would cross the'surface-diffusion-induced velocity shown i n  
Fig. 13.25(a) at  a bubble radius of abCJlll. cm. Since 
fission-gas bubbles 100,000 A in radius rarely survive in the 
matrix of a fuel body (they would be as large as a typical 
grain), the vapor-transport mechanism is not likely to be 
significant in bubble migration. Conversely, the migration 
velocities of typical pores containing a low-pressure gas are 
largest for the vapor-transport mechanism. and therefore 
only this process need be considered i n  discussing pore 
migration. 

Although the material digested by a moving pore is 
generally the polycrystalline compact characteristic o f  the 
as-fabricated fuel, the solid deposited from the matrix 
vapor on the cold side of the pore tends to condense into a 
nearly single-crystal configuration. As i n  convelitional 
processes i i i  which cryshls are grown by deposition froin 
the saturated vapor, the newly formed material exhibits a 
preference for forniing faces consisting of low index 
crystallographic planes of the solid. 'I'hus, at, the boundary 
of the cylindrical region swept o u t  by the moving pore and 
the surrounding solid, there is a mismatch of crystal 
orientation thal is manifest as a grain boundary. T h e  
characteristic trails left by the periphery of thc moving 
pores (Fig. 1 4 . 1 )  are believed to be in part due to the grain 
boundary formed in this manner. Because the grains formed 
by the migrating pores are radially oriented and shaped like 
a colum~i,  the name C O ~ L I I ~ I Z C I ~  grain is used to describe 
the in. 

Closer inspection of the trails behind the lenticwlar 
pores in Fig. 1 4 . 1  shows that many of them appear to 
consist of a string of small spheres rather than a straight !ine 
separating regions of different crystal orientation as i l l  

normal grain boundaries (Fig. 8.17). Figure 14 .4  shows this 
feature of the trails rather clearly. Sciis' believes that the 
discrete spots i l l  the peripheral wake of the pore are small 
spherical pores pinched off from the large disk-shaped 
parent as the latter migrates. Oldfirld and Markworth,* on 
the other hand, ascribe this configuration of the trail to the 
segregation of impurities (e.g., gaseous fission products) 
swept up by the moving pore. The impurities are rejected 
from the pore as a string of small bubbles behind the 
advancing periphery. 

.I . , t ,  

14.2 PORE MIGRATION BY THE 
VAPOR-TRANSPORT MECHANISM 

The motion of gas-filled cavities in a solid by the 
vapor-transport mechanism has been discussed by many 
authors.' ' 3 - 6  There has been considerable theoretical inter- 
est in the question of why an initially irregularly shaped 
pore should transform to a disklike configuration during 
migration rather than to a sphere or, as suggested by 
Nichols,' into a cigar-shaped object with its long axis 
oriented along the thermal gradient. We will not explore 
this lively academic controversy. inasmuch as the over- 
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Fig. 14.3 A crack acting as a source of lenticular pores. [From P. F. Sens, J.  Nucl. Mater., 43: 293 
(1972). 1 

whelming experimental evidence favors lenticular pores. 
Moreover, Sens's' numerical solution shows that once 
achieved, this configuration should be stable. 

Since lenticular pores are much broader in the direction 
transverse to the temperature gradient than along this axis, 
we can treat the migration velocity of an infinite slab of gas 
embedded in a solid supporting a temperature gradient as a 
good approximation of a finite disk. Figure 14.5 shows 
such an idealization of a lenticular pore. The average matrix 
temperature increases from left t o  right in the sketch. 
Because the pore is small compared to fuel-pin dimensions, 
the macroscopic temperature profile can be approximated 
by a straight line in the region of the pore. Introduction of 

a slab of a second phase into the solid perturbs the 
temperature profile as shown in the drawing. Since the 
same quantity of heat flows along the negative x-direction 
whether or not the pore is present, we can write for the 
heat flux at  the midplane of the pore 

(14.1) 

where k, = 

k, = 

dT/dx = 

(dT/dx), = 

c thermal conductivity of the gas in the pore 
thermal conductivity of the matrix 
unperturbed matrix temperature gradient 
mean temperature gradient in the gas contained 
in the pore 
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Y - 7  

PARTIAL PRESSURE 
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Fig. 14.5 A lenticular pore in a solid containing a tempera- 
ture gradient. The pore is assumed to be infinite in extent 
in directions perpendicular to the temperature gradient. 

The (dT/dx), is assumed to be constant from the hot to the 
cold side of the pore. For helium gas in the pore, k,/kl, = 5, 
but this ratio increases if  impurities such as xenon are 
added to the gas phase. When the pore is not infinite in 
lateral extent, some heat flows around the periphery, and 
the temperature gradient through the center of the pore is 
less than the gradient in an infinite pore. Determining the 
temperature profile of a finite pore requires solution of the 
two-dimensional heat-conduction equation. The numerical 
results of Sens' show that the temperature-gradient ratio 
(dT/dxj , / (d l /dx)  is reduced from the value of 5 for an 
infinite disk to  approximately 4 when the disk diameter is 
five times the pore thickness. 

The other symbols in Fig. 14.5 are 6 ,  pore thickness; 
vp, pore velocity; and J .  flux of matrix molecules in the 
negative x direction. 

Since the pore is not considered to  be in mechanical 
equilibrium with the surface-tension forces (if ii were, it 
would be spherical), the gas pressure in the pore does not 
affect the thickness 6 .  The pore can shrink by pinching off 
small spherical pores (or gas bubbles) as shown in Fig. 14.4, 
but then again it can pick up volume by consuming 
stationary porosity in its path or by being overtaken by 
more rapidly moving gas bubbles, Pictures such as the one 
shown in Fig. 14.1 d o  not indicate a tendency for the pore 
dimensions to change as the center line is approached; so 
the thickness 6 can be considered as a constant. 

The velocity of the pore vp is related to the flux of 
matrix molecules according to 

VI, = JR (14 .2)  

where 62 is the volume of a molecule of the matrix solid 
(41 A' for U 0 2 ) .  Matrix molecules are transported across 
the pore by molecular diffusion in the gas. We assume that 
the partial pressures of the solid in the gas adjacent to the 

hot and cold sides are equal to the vapor pressures a t  the 
corresponding temperatures. With these two assumptions 
the flux through the gas is given by the integrated form of 
Fick's law as 

D 
kT6 

J = [P"(x + 6 )  - P"(x)] (14.3) 

where D, is the diffusion coefficient of the matrix 
molecules in the gas and P"(x) and Po(x + 6 )  represent the 
vapor pressures of the solid a t  the cold- and hot-side 
temperatures, respectively. The vapor pressure can be 
expressed by the equation (see Sec. 11.5) 

Po = l o6  exp (T) As,,, exp (-F-) AH,,, (14.4) 

where AH,,, and AS,,, are the heat and entropy of 
vaporization of the solid (Table 11.2) and the factor of lo6 
converts atm to dyne/cm2. We assume that the equilibrium 
vapor has the same composition as the solid." 

Since the pore is thin, the temperature drop and hence 
the vapor-pressure difference across it are small, and the 
driving force in Eq. 14.3 is satisfactorily approximated by 

Evaluating the derivative of the vapor pressure with respect 
to temperature from Eq. 14.4 and substituting Eq. 14.5 
into 14.3 and thence into Eq. 14.2 yield the pore velocity: 

A 1 
vp = [ 3 I O 6  D , ~ p d l l  exp (AS,,,/k) 

Equation 14.6 shows that the migration velocity is inde- 
pendent of pore size either along or transverse to the 
temperature gradient. This implies that overtaking collisions 
between pores moving by vapor transport do not occur or 
that pore growth by coalescence can be neglected. Sens's' 
numerical computations show that the leading and trailing 
edges move a t  the same speed. Because typical pore sizes 
are quite large, they cannot be pinned even by grain 
boundaries that they encounter while migrating. 

In Refs. 1 to 6 the diffusion coefficient of the matrix 
solid in the inert gas in the pore is approximated in the 
hard-sphere case by application of the elementary kinetic 
theory of gases. However, the exact theory of the transport 
properties in dilute gases is well developed, and more 
accurate values of D, can be obtained by this method than 
by the elementary kinetic theory. The two species in the 

*If the fuel is U 0 2 ,  the vapor is taken to be UO2 ( g ) ;  i f  
the fuel is a mixed oxide, the vapor must also have the same 
heavy-metal ratio as the solid f o r  the simple analysis 
presented here to be valid. Problem 14 .2  considers pore 
migration in (U ,Pu)02 ,  Pore rnigrat,ion in UC differs from 
that of oxide fuels because the equilibrium vapor over 
UC(s) consists of U(g) ,  not UC(g) [see Hj. Matzke, J. Nucl.  
M a ( e r . ,  5 7 :  180 (1975j1. 

c 
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gas are assumed to interact by a -  Lennard-Jones 6-12 
potential, the force constants for which are determined 
from the viscosities of the pure components if available or 
estimated from properties at  the normal boiling or  critical 
points. The form of the exact theory suitable for numerical 
work is:7 

where D, is in cm2/sec, T is in O K ,  and p (the total gas 
pressure) is in atm. The M I  and M2 are the molecular 
weights of the two species in the gas, and a l z  is the 
collision diameter for the pair of interacting molecules. The 
quantity R, is a collision integral resulting from the theory 
and is a function of the parameter k T / f l  2 .  The force 
constants o 1  and t l  characterize the potential function 
between the interacting species. They are obtained from the 
corresponding quantities for the pure substances by the 
combining rules: 

Table 14.1 lists the force constants for helium, zenon, and 
U 0 2 .  Using these force constants, the combining rules, and 
the functional dependence of 12, on kT/c,  given in Ref. 7 
in Eq. 14.7 leads to the following values of the diffusion 
coefficients for UO, in helium and xenon at  1 atm total 
pressure and 2000°K: 

D;(He - U 0 2 )  = 11 cm2 jsec 

Dg(Xe - u02) = 0.9 cm2 /sec 
(14.8) 

The asterisks denote the reference conditions of tempera- 
ture and total pressure. 

Table 14.1 Force Constants in the Lennard-Jones 
Potential Function for He, Xe, and UO2 * 

Species a,B elk,  "K 

He? 2.55 10 
Xet  4.05 231 
uoz $ 3.72 4350 
uoz 3 3.95 6000 

*Based on Ref. 7. 
?Obtained from viscosity data.7 
?Estimated from normal boiling point (Le., 

the t'emperature at  which the vapor pressure equals 
1 a tm)  by E/k = 1.21Tb. From Fig. 9.4, Tb 1 
3600°K. The collision diameter is approximated 
by U = 1.18Vb. vb is the molar volume of the 
liquid at  the normal boiling point, which has been 
obtained from the measured liquid density shown 
on Fig. 9.3. 

§Estimated from the critical constants 
reported by Menzies (Table 9.2) and the rules: 0 = 
0.83V: and c /k  = 0.75TC. 

The diffusion coefficient at total pressures and tem- 
peratures other than those for which the preceding values 
were computed can be obtained from the formula 

(1 4.9) 

The inverse dependence of D, on total pressure7 is valid 
up to -20 atm. Since the collision integral RD is 
temperature dependent, D, does not vary quite as T % .  
However, for temperatures close to 2000"K, Eq. 14.9 is a 
sufficiently accurate extrapolation formula. 

The theory that produced Eq. 14.7 is an exact 
statistical-mechanical treatment of nonpolar, spherical 
monatomic dilute gases interacting by a potential function 
appropriate to this class of substances. How well this theory 
applies to a species such as UOz is not known, although it 
works quite well for many polar molecules. However, it is 
better t o  use the diffusion coefficient based on a rigorous 
kinetic theory in conjunction with force constants esti- 
mated by rules that have proven to  be quite accurate at  
least for normal substances than to  estimate D, by the 
elementary kinetic theory. 

The gas pressure inside the lenticular pore depends on 
the local temperature and the extent t o  which the pore (1) 
loses volume by pinching off pores or bubbles and gains 
volume by digesting cavities moving a t  a different velocity 
and (2) loses gas atoms by shedding gas-filled bubbles or by 
re-solution due to fission fragments and gains gas atoms by 
diffusion-controlled absorption from the matrix or by 
sweeping dis.solved or  precipitated gas from the matrix in 
front of it. In the special case where none of the processes 
in item 1 or 2 affects the pore, the volume and gas content 
are approximately constant during migration.' I f  the pore 
was sealed off during the final step of the fabrication 
process conducted at  a sintering temperature T,i,,t under a 
helium pressure of 1 atm, the ratio p /T  is constant during 
pore motion during irradiation at  a value l /TS in t .  Or, the 
pressure in the pore is 

P = -  atm (14.10) 

If Eqs. 14.9 and 14.10 are substituted into 14.6 and if 
the ratio of the temperature gradient inside the pore and 
that in the solid is assumed t o  be 4, the final pore velocity 
formula is 

Tsint 

v, = ( 4 x kT 1o6n )D:(&>" (TF)(A:yp) 

(7) AS,,, (- k T P ) ( ? d y )  dT (14.11) 

We compute the pore velocity in pure U 0 2  for the 
following parameters: 

T = 2000°K 
dT 
- = 1000"K/cm 
dx 
DZ - 11 cm2 !sec (Eq. 14.7) 

AS,,, = 150 J mole-' 'K-' 
AH,,, = 567 kJ/mole 

(Table 11.2) 
(Table 11.2) 

R = 41 A3  
Tsint = 1800°K 
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For these conditions Eq. 14.11 predicts a migration speed 
of 0.15 Alsec. 

Finally, we point out two particularly significant 
approximations implicit in the derivation of Eq. 14.6, both 
originally identified by Oldfield and Markworth.' The first 
concerns the effect of impurities, and the second has to  do  
with the validity of assuming complete control of the 
process by gas-phase diffusion. Both these phenomena 
affect the driving force for diffusion of solid through the 
gas. 

If the pore encounters soluble impurities (e.g., fission- 
product oxides), the vapor pressure of the matrix solid on 
the hot side is depressed approximately to  the extent 
predicted by Raoult's law. If  the impurity is volatile, it will 
transfer across the pore along with the matrix molecules. If 
it is nonvolatile compared t o  the matrix solid, however, its 
concentration on  the hot side of the pore will continually 
build up as the pore gathers more and more of it during 
migration through the solid. If not rejected by some 
mechanism, accumulation of nonvolatile soluble impurities 
on  the hot face will reduce pore speed and ultimately stop 
pore motion entirely. If the impurity encountered by the 
moving pore is not soluble in the solid (e.g., the metallic or  
alkaline earth fission-product phases), the equilibrium vapor 
pressure of the lattice solid is not affected. However, if 
enough contaminant of this type is accumulated, a resis- 
tance to transport similar to that produced by oil on water 
or by scale on a heat-exchanger surface can develop. 

If only the matrix material is transported across the 
vapor in the pore, impurities cannot collect on the cold 
face. However, the maximum possible rate of condensation 
of matrix vapor on the nearly single-crystal face of the cold 
side of the pore can be comparable to  the rate of diffusion 
in the gas in the pore. Such an effect is commonly 
encountered in crystal growth from a saturated vapor. The 
net effect of kinetic limitations to  vapor condensation at 
the cold side is t o  increase the partial pressure of the matrix 
solid here above the thermodynamic equilibrium value; i n  
effect, the gas phase must be somewhat supersaturated to 
ensure that the diffusion and surface attachment steps 
proceed a t  the same rate (which they must because these 
two processes occur in series). 

The combined effects of soluble impurities in the 
matrix solid a t  the hot face and surface attachment 
limitations on the cold side on pore velocity can be 
analyzed with the aid of Fig. 14.6. Instead of Eq. 14.3 the 
flux of molecules of matrix solid across the pore is given by 

/ 

(14.12) 

where pM denotes the partial pressure of the matrix 
material in the gas adjacent t o  the solid. If the mole 
fraction of soluble impurity a t  the hot side of the pore is yJ 
and Raoult's law is obeyed, the hot-side partial pressure 
pM (x + 6 )  is given by 

The cold-side partial pressure pM (x) can be determined 
as follows. Consider the situation of true thermodynamic 
equilibrium between a solid and its saturated vapor. 

Fig. 14.6 Partial-pressure profiles of matrix solid across a 
lenticular pore, showing the effects of impurity accumula- 
tion on the hot face and condensation rate kinetics on  the 
cold face. - - -, partial pressure of matrix material in ideal 
pore. -, partial pressure of matrix material in actual pore. 

Assuming the saturated vapor obeys the perfect-gas law, the 
rate a t  which matrix molecules from the gas phase strike a 
unit area of solid surface is given by the kinetic theory as 
noV/4, where no = P"/k'l' is the molecular density corre- 
sponding to the vapor pressure Po and V= (8kT/nm)% is the 
mean velocity of molecules of mass m in the gas phase. 
Although the rate a t  which molecules from the vapor 
impinge on the solid is correctly given by the kinetic theory 
of gases, the rate a t  which condensation occurs can be 
smaller than this value. This difference is usually described 
by the conderwtion cocfficicii1 CY, which is defined as the 
fraction of impinging molecules that stick to the solid 
surface. The remaining molecules are reflected back into 
the gas phase. In an equilibrium situation the rates of 
condensation and evaporation are, by definition, equal; 
thus: 

TO treat the nonequilibrium case in which the g s  phase 
above the solid does not contain matrix vapor at  the 
equilibrium pressure, we assume the rate of condensation to 
be given by Eq. 14.14 with Po replaced by p M ,  the actual 
partial pressure of the condensing species in the gas 
adjacent t o  the solid: 

(14.15) 

However, since the vaporization process, to a first approxi- 
mation, is independent of the nature of the gas phase in 
contact with the solid, Rvap is assumed equal to R::, given 
by Eq. 14.14. The difference Rcond - Rvap is the net flux 
of vapor molecules to  the surface or at  the cold face of the 
lenticular pore: 
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Hirth and Pound' have presented a simple treatment of 
the condensation coefficient in one-component systems. 
Their model assumes that the growing solid surface can be 
represented as a series of terraces separated by ledges of 
atomic height, a distance io apart (Fig. 14.7). Molecules 
striking the flat surface are all temporari,ly tTapped and 
begin to  surface diffuse along the terrace as adsorbed 
atoms. If they reach a ledge, they are considered to be 
condensed, but, in the course of migrating over the terrace, 
they can evaporate back to  the gas phase. When treated by 
simple surface-diffusion theory, the condensation coeffi- 
cient predicted by this model is given by (see problem 14.4) 

tanh 0 *=- 
P 

where 

D, being the surface self-diffusion coefficient of the matrix 
solid (Eq. 13.216 for U 0 2 )  and v I  being the frequency of 
adsorbed atom vibration perpendicular to the surface. As  
usual, this parameter is estimated to be l o i 3  sec-' . The 
binding energy of an adsorbed atom to  the surface, E,, is 
only about 60% of the heat of vaporization AH,,, because 
an atom adsorbed on a flat plane is not as strongly bound as 
the average surface atom. There does not appear t o  be a 
reliable way of estimating the ledge spacing X o .  I f  we take it 
to be 4000 lattice spacings (- 1 pm) ,  the preceding formulas 
predict 01 = 0.9. 

We can eliminate PnI(x + 6 )  from Eq. 14.12 by 
Eq. 14.13. Equating the right-hand sides of Eqs. 14.12 and 
14.16 permits pM (x)  to be eliminated, and the flux can be 
expressed as 

1 
[ (2nmkT)'/2/01I + (kTf;/D,) 

J =  

x [(l - ~ * ) P " ( X  + 6 )  - P"(x)] (14.17) 

The reduction of the pore velocity due to the combined 
effects of impurity accumulation on the hot face and 
condensation rate limitations on the cold face is given by 
the ratio of Eqs. 14.17 and 14.3, which is 

GAS PHASE 

Fig. 14.7 A model of the condensation process. (Based on 
Ref. 8.) 
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(14.18) 

where v$ is given by Eq. 14.11. The right-hand side of the 
numerator ..of .Eq .  14.18 represents the hot-side impurity 
effect, and the last term in the denominator accounts for 
Condensation kinetics on the cold face. (We have neglected 
the comparable surface kinetic limitation on the hot face.) 
Both these terms become increasingly significant as the 
pore thickness 6 decreases. We evaluate the ratio of 
Eq. 14.18 for the same parameters used in the previous 
illustrative calculation of v: and in addition take 

y, = 0.01 
6 = 1 0 p m  
O1 = 0.9 

Using these numbers, we arrive at  

V P - - -  1 - 0.1 
v; 1 + 1.2 - 0.41 _ -  

The pore velocity is very sensitive to  a slight accumula- 
tion of soluble impurities on the hot face and to  condensa- 
tion rate limitations even when nearly every molecule that 
strikes the cold surface condenses. The pore thickness is an 
important parameter in both these effects since this 
quantity determines the rate of the diffusional step 
compared to the rate of cold face condensation, which is 
independent of pore size. For a 20-pm-thick lenticular pore, 
for example, the ratio v,/v; is 0.59. These calculations 
suggest that small pores are easily immobilized and that 
only pores thick enough to render the above secondary 
influences negligible are able to migrate through the solid. 

14.3 POROSITY REDISTRIBUTION KINETICS 

The fuel charged to a nuclear reactor usually consists of 
pellets of ceramic oxides or carbides of uranium and 
plutonium which contain approximately 10% void 
volume. The empty space within the fuel material is mostly 
small cavities about 10  p m  in diameter which were sealed 
off during the sintering operation of fuel fabrication. When 
the fuel element is brought to power in the reactor, the 
steep temperature gradient causes the as-fabricated porosity 
in the hot region of the fuel to start t o  migrate toward the 
center line. The direct effect of this process is relocation of 
solid fuel closer to the periphery than in the fresh fuel and 
the development of a central void as a consequence of pores 
reaching the axis of the fuel rod. The displacement of the 
nuclear heat source closer t o  the heat sink (the coolant) and 
the densification of the zone swept free of pores markedly 
reduce the temperature in the inner region of the fuel. This 
restructuring process requires times on the order of hours 
for fuel rods with center-line temperatures near the melting 
point but may never attain a steady state during the 
lifetime of low-rated fuel rods (i.e., central temperatures 
less than 2000°K in oxide fuels). The difference in the 
temperature profiles in as-fabricated and completely re- 
structured fuel calculated by the three-region model is 
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shown in Fig. 10.24. In this model the temperature 
distribution is computed by assigning constant (but differ- 
ent)  porosity values to  each of the three zones into which 
the fuel is subdivided and characteristic temperatures to  the 
two boundaries between the columnar-grain, equiaxed- 
grain, and unrestructured regions (Sec. 10.4). This approach 
has the advantage of computational ease but is incapable of 
describing the evolution of the temperature and porosity 
distribution during restructuring. 

If this transient situation is to be treated accurately, the 
kinetics of the restructuring process must be known and 
coupled with the quasi-steady-state temperature calculation 
by means of the dependence of the thermal conductivity on 
pore fraction and the geometrical effect of a growing 
central void. Numerical computations of this type have 
been described by several authors.' 3 9 "  ' 

The following analysis is applied to pure stoichiometric 
U 0 2  and is based on the following assumptions: 

1. The pores are closed and migrate only in the radial 
direction under the influence of the temperature gradient. 
The pore velocity is given by Eq. 14.11 in which dT/dx is 
replaced by the radial temperature gradient to conform to 
the cylindrical geometry of the fuel rod. 

2. All  pores are of the same size, and their volume is 
independent of radial position and time. Collisions between 
migrating pores and the resulting coalescence to form larger 
pores is not considered. 

We wish to determine the porosity distribution func- 
tion, Np(r, t) ,  which gives the number of pores per unit 
volume a t  radial position r in the fuel rod at  time t since the 
temperature gradient was applied. The conservation state- 
ment applicable to the moving but noncolliding pores in 
cylindrical geometry is 

= - - l a  - (rJ,) 
a t  r a r  

(14 .3  9)  

where J, is the flux of pores in the +r-direction (in units of 
pores cm3 sec-' ). Since the pores move exclusively in the 
radial direction. J, is given by 

J, = -vpN,, (14.20) 

Inasmuch as the pore velocity vp is a known function of 'r 
and dT/dr, it can be considered as a specified function of 
radial position and time, vp(r,t), determined from the 
solution for the temperature distribution. Substitution of 
Eq. 14.20 into 14.19 gives 

(14.21) 

which has an initial condition 

where NPn is the pore concentration in the as-fabricated 
fuel. 

Equation 14.21 requires a boundary condition. The one 
that prevents motion of the pores through the fuel- 
cladding interface is 

J, = 0 (at r =  R )  (14.23) 

However, because of the low temperatures near the 
periphery of the fuel rod, pore motion ceases well before 
r = R. By using arguments analogous to  those advanced in 
discussing actinide redistribution by thermal diffusion 
(Sec. 11.7)> we replace Eq. 14.23 by the boundary condi- 
tion: 

Np(m3t) = N,n (14.24) 

If the pore concentration is multiplied by the volume 
per pore, the pore conservation equation can be written in 
terms of the porosity (defined by Eq. 10.31) as 

ap  1 a 
- a t  = --(rvpP) r a r  

The initial and boundary conditions become 

P(r, 0 )  = Po 
P(-,t) = Po 

(14.25) 

(14.26) 

where Po is the as-fabricated porosity of the fuel. 
The temperature distribution at  any time during re- 

structuring is obtained by solution of the quasi-steady-state 
heat-conduction equation 

[rk(T,P) $1 + (5) (I,) 1 - P  = 0 (14.27) 
r dr 

where .4 is the linear power of the fuel rod a t  the axial 
position for which the calculation is performed. Equa- 
tion 14.27 is subject to the boundary conditions 

(g) = 0  
r o  

(14.28) 

The coupling between the temperature distribution and the 
porosity distribution in Eqs. 14.25 and 14.27 is clear; the 
porosity appears in the thermal conductivity and in the 
volumetric heat source term of Eq. 14.27 and indirectly in 
the location rn a t  which the temperature gradient vanishes 
(the last boundary condition). 'I'he temperature distribution 
determines vp in Eq. 14.25. 

Equations 14.25 and 14.27 are valid only over the 
region r > r,), where ro is the radius of the central void 
developed as a consequence of pore migration. It can be 
determined by equating the volumes of solid per unit fuel 
length before and after pore migration (assuming that no 
axial movement of the fuel occurs). The volume of solid per 
unit length of fresh fuel is (1 - Po)nR2 : when a central 
void and nonuniform porosity distribution have been 
developed, the total volume of solid fuel per unit length of 
rod is 

I t  
nR2  -.fro P2nr dr -mi 

Equating solid volumes before and after pore redistribution 
yields 
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i r i  (y) = l : r ( l - z )  dr (14.29) 

where the upper limit on the integral has been approxi- 
mated by infinity. 

Simultaneous solution of Eqs. 14.25 to  14.29 provides 
a complete description of the evolution of the fuel 
struct,ure for radii less than that at  which the columnar 
grains form. The change in the temperature distribution as a 
consequence of restructuring is obtained at the same time 
from Eq. 14.27. 

Figure 14.8 shows the result of the calculations 
described for a highly rated fuel rod. Significant re- 
structuring occurs even in as little as & hr; after 2 hr the 
central void extends to  about lo%, of the fuel radius. The 
maximum fuel temperature has dropped by nearly 150°K 
during the period covered by the calculations. Had the plots 
of Fig. 14.8 been continued to longer times, the rate of 
restructuring would have been found to  decelerate apprecia- 
bly; after a few days (for the linear power for which 
Fig. 14.8 applies), a steady situation would appear to have 
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Fig. 14.8 Calculated temperature and porosity distribu- 
tions at  different times from the start of irradiation. Fuel 
radius = 0.5 cm. Linear power = 600 W/cm. (Based on 
Ref. 1.) 
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been reached. Theoretically, however, the system of equa- 
tions (14.25 to 14.29) never reaches a steady state. 

Figure 14.9 compares the theoretical porosity distribu- 
tions with a measured profile. The good agreement supports 
the validity of the pore migration velocity formula devel- 
oped in the preceding section and incorporated into the 
pore-conservation equation. Neither the experimental nor 
the theoretical results support the assignment of a constant 
value of the porosity for the columnar-grain regions, which 
is the zone in which the porosity differs significantly from 
the as-fabricated value (out to fractional radii of about 0.7).  
Figure 14.9 shows that a minimum of 3%) porosity is 
attained in this zone, but, near the central void and at  the 
outer edge of the columnar-grain region, the porosity 
approaches 8%. The three-region model for calculating the 
temperature distribution, however, assumes a constant 
value of the porosity ranging from 1 t o  5% for the 
columnar-grain region (Table 10.4). 

FRACTIONAL RADIUS 
0 

Fig. 14.9 Comparison of experimental and predicted 
porosity distributions in a fuel rod operated at  a linear 
power of 450 W/cm a t  a burnup of 0.7%. The fuel rod was 
fabricated by vibratory compaction of ( U,Pu)02 micro- 
spheres. [After W. J. Lackey, F. J. Homan, and A. R. Olsen, 
Nucl. Techno/., 16: 120 (1972).]  

14.4 COLUMNAR-GRAIN GROWTH 

The rigorous method of determining the kinetics of fuel 
restructuring due t o  migration of the initial porosity on the 
fuel was presented in the previous section. However, this 
analysis is mathematically unwieldy and does not yield a 
clearly definable outer boundary of the columnar-grain 
region. The latter is important because visual inspection of 
irradiated fuel (e.g., Fig. 10.22) shows that the extent of 
columnar-grain growth can he readily identified. Moreover, 
the rudimentary hut widely employed temperature distribu- 
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tion calculation described in Sec. 10.4 is based on the 
assumption that the observed microstructural changes in 
the fuel can be correlated with a fixed temperature (e.g., 
the temperature at  which columnar-grain structure gives 
way t o  the equiaxed grains). Although the development of 
columnar grains is due to the migration of porosity in the 
fuel, the porosity distribution computed by means of the 
calculation described in the preceding section does not 
permit unambiguous identification of the extent of re- 
structuring, by providing either a characteristic temperature 
or a characteristic extent of densification. In  Fig. 14.9, for 
example, densification commences at  a fractional radius of - 0.65, whereas the columnar-grain structure was observed 
at a fractional radius of -0.53. 

Nichols” has suggested a simple means of predicting the 
outer radius of the columnar-grain zone and the tempera- 
ture at  this location as functions of irradiation time. He 
assumes that a columnar-grain structure becomes visible 
only if lenticular pores have moved a minimum distance d 
during the time of irradiation. He takes of the fuel-rod 
radius (d N 1 mm) for this extent of “significant pore 
motion,” but we shall show that the magnitude of d is, 
fortunately, not important in the model so long as it is of 
the order of magnitude suggested by Nichols. 

The reason that this seemingly crude notion works 
rather well is the extraordinarily rapid variation of pore 
velocity and temperature with radial position near the 
location where the columnar-grains start. Figure 14.10 
shows a plot of the pore velocity according to Eq.  14.11 in 
which a simple parabolic temperature profile (Eq. 10.52) 
has been used. The velocity drops to zero at the center line 

because the temperature gradient approaches zero here. A 1 
fractional radii > 0.6, the pore velocity becomes very low 
because the temperature is low, and hence the fuel vapor 
pressure becomes extremely small. For fractional radii 
between 0.2 and 0.6, the pore velocity is a very rapidly 
changing function of position, increasing by as much as a 
factor of 10 in a fraction of a millimeter. 

Suppose that the outer radius of the columnar-grain 
zone is located a t  r = r l  after irradiation time t. According 
to  Nichols’ concept, a lenticular pore initially at  r l  would 
have moved to radial position r l  - d during time t. I f  it had 
moved a smaller distance, a columnar grain would not have 
been formed, and the boundary would have been at  some 
radial position less than r l .  Conversely, if the pore initially 
at  r l  had moved a distance greater than d in time t, there 
would be another radial position greater than r l  from 
which a pore would have moved just the distance d in time 
t ,  and thus this point would be the columnar-grain 
boundary. If the temperature profile is assumed constant 
and known between startup and time 1, the pore velocity 
can be thought of as a known function of radius r. The 
relation between irradiation time t ,  outer columnar-grain 
boundary r l  , and minimum migration distance d is given by 

(14.30) 

The minus sign appears in front of this equation because vp 
is considered positive if in the negative r-direction. 

If T(r)  and hence vp(r) are given, Eq. 14.30 can in 
principle be solved for r l  as a function of time t and the 
assumed distance d. Solution is most easily accomplished 
by converting the integration variable in Eq. 14.30 from 
position to temperature 

(14.31) 

where ‘I’, is the temperature a t  r l  and T:‘ is the 
temperature at  a radial distance r l  - d. 

Let v i  be the velocity of a lenticular pore at reference 
conditions T = 2000°K and dT/dr = 1000”K/cm as calcu- 
lated from Eq. 14.11 for the fuel and gas in the pore under 
consideration. For a lenticular pore that can be approxi- 
mated as a constant-volume constant-mass system, the 
migration velocity varies with temperature according to  T-K 
exp (-AH,,,/kT). The pore velocity varies directly as the 
temperature gradient. Therefore, vp can be written as 

- % 
vp = - v +  (2) 

2000 

X eXp [- (s) (y - I),] dT/dr (14.32) 
2000k 1000 

Defining the dimensionless temperature 0 0.4 0.8 

FRACTIONAL RADIUS 

Fig. 14.10 Migration velocity of the lenticular pores at the 
start of irradiation in the fuel rod described in Fig. 14.8. No 
restructuring has occurred yet. the fractional radius 

T o = -  
2000 (14.33) 
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t = -  r 
R 

and the dimensionless heat of vaporization 

Eq. 14.31 becomes 

(14.34) 

(14.35) 

We now assume that the temperature at  all times during 
irradiation is given by the simple parabolic form of 
Eq. 10.52 

(14.37) 

where O 0  and 0,  are the center-line and surface tempera- 
tures divided by 2000. No allowance is made for the drop 
in 0" during irradiation, which is a principal consequence of 
restructuring. Eliminating the gradient in the denominator 
of Eq. 14.36 by use of 14.37 yields 

R~ e-' t =  
8(0, -0,)"; 

As  long as the columnar-grain boundary is at a 
fractional radius where the pore velocity (Fig. 14.10) and 
the temperature (Fig. 14.8) are rapidly changing with 
radius, the principal 0 dependence in the integral is in the 
exponential term. Thus, the 0% term and the denominator 
of the integrand can be removed from the integral and 
evaluated at  0 = 0 I ,  and we are reduced to evaluating the 
integral 

d 

exp( i) d0 = C L::s (5) du 

The integrand eu /u2  passes through a minimum at u = 2 
and rises to infinity a u becomes large. Since the parameter 
C is 34.2 for UOz and 0 ,  and 0:' are both of order unity, 
the limits in the integral are far t o  the right of the 
minimum, where the variation of the integrand is due 
mainly to the exponential term. Thus we make the further 
approximation: 

II$ If the distance of significant motion, d, is reasonably large, 
the very steep temperature gradient in the vicinity of the 
coluninar-grain boundary assures that 07 exceeds 0 by an 

amount sufficient to permit the second exponential term in 
the brackets in the preceding equation to be neglected 
compared to the first exponential term. Thus, the param- 
eter d is entirely eliminated from the model, and Eq. 14.38 
becomes 

1 
8% 

( 0 0  - 0,)' (1 - [ ( 0  1 - e , ) / ( s0  -@,)I} t = ($$),( 
x exp (E) (14.39) 

The first term on the right of Eq. 14.39 is a constant for a 
particular fuel material, rod radius, and gas in the pore. For 
a pure UO' fuel rod 0.3 cm in radius filled with 1 atm of 
helium, C = 34.2 and v', = 1.5 a / sec  (see illustrative calcula- 
tion in previous section). The first term on the right in 
Eq. 14.39 is equal t o  3 X 10-I O set.< 

Equation 14.39 can be solved for 0 I as a function of t, 
U O ,  and 0,. Again, however, the dominant term is the 
exponential on the right; so convenient typical values of 0 , 
B o ,  and 0, can be used in the middle term for all 
applications of this formula. For this purpose, we take 

U 0  = 1.25 (To = 2500°K) 
0 ,  = 1.0 (T, = 2000°K) 
0,  = 0.5 (T, = 1000°K) 

Solving Eq. 14.39 with the appropriate numerical values of 
the first two terms on the right and converting t from 
seconds to hours yield 

34.2 
2.3 log t(hr) + 28 o 1  = (14.40) 

or 

1 
- = 3.4 x log t(hr) + 4.2 x (14.41) 
TI 

Christensen' I has found that the measured temperatures at  
the outer radius of the columnar-grain zone can be 
correlated with irradiation time by an equation of the same 
form as Eq. 14.41 but with somewhat different constants. 
Equation 14.41 yields values of T1 that are -200°K higher 
than those found by Christensen. 

Although the columnar-grain temperature is to a first 
approximation independent of fuel center-line temperature 
(Le., of linear power), the location of the columnar-grain 
boundary is not. The latter can be obtained by eliminating 
0 between Eq. 14.40 and the assumed parabolic tempera- 
ture distribution of Eq. 14.37, which a t  r = r l  can be 
written as 

(14.42) 

*This group appears to have units of cm-sec, but the 
standard temperature gradient used in defining v i  and 
which appears as the number 1000 in Eq. 14.32 supplies a 
dimension of em-' , which is not attached to a symbol in 
the equation. 
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The surface temperature has been assumed equal t o  1000°K 
in Eq. 14.42. According to  Nichols,' choice of T, is not 
critical. 

Figure 14.11 shows the outer radius and temperature of 
the columnar-grain region predicted by Eqs. 14.40 and 
14.42 for three center-line temperatures. The columnar- 
grain temperature slowly decreases from - 2400°K to 
-1800°K over a time span from 1 hr to more than a year. 
The analogous temperatures listed in Table 10.4 for the 
three-region model of the fuel fall into the range of the 
present calculation. The outer boundary of the columnar- 
grain region moves outward with irradiation time. The rate 
of advance, however, decreases with time. At a center-line 
temperature of 3000"K, the microstructure is essentially 
completely transformed after - 100 hr, whereas for 
To = 2000"K, significant movement of the columnar-grain 
boundary is occurring even after a year of irradiation. I t  
should be noted that this analysis assumes a time- 
independent parabolic temperature distribution extending 
to the rod axis a t  all times. Had the readjustment of the 
temperature profile during restructuring been taken into 
account, the rate of progression of the columnar-grain 
boundary would have been lower than that shown on 
Fig. 14.11 because the fuel temperature calculated with 
restructuring included is lower than the parabolic profile 
obtained at  startup. 
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Fig. 14.11 Location and temperature of the outer bound- 
ary of the columnar-grain region in pure UOz as a function 
of irradiation time. 

The columnar-grain boundaries calculated by Nicholss 
are displaced to the right of those shown in Fig. 14.11, or, 
for a given irradiation time, r l  is smaller and T ,  is larger 
than the values shown on the graph. Thus, the columnar- 
grain temperatures calculated in this section fall in between 
Nichols' original predictions and Christensen's observed 
values. The variation with irradiation time, however, is very 
similar in all three cases. 

14.5 EQUIAXED-GRAIN GROWTH 

Although a steep temperature gradient is present in a 
fuel rod at  fractional radii >0.7, the temperature level here 

is too low to  permit thermal-gradient migration of the 
closed pores during typical irradiation times. However, 
temperatures above -1900°K are sufficient to cause the 
grains of the as-fabricated fuel compact to enlarge a t  rates 
that are observable in times on  the order of days. Thus the 
annular ring bounded by fractional radii from approxi- 
mately 0.7 to 0.8 [which roughly corresponds to tempera- 
tures from 2100 to 1900°K (Fig. 10.24)] defines the zone 
of equiaxed-grain growth. The question of when the 
morphology of the as-fabricated fuel has transformed into 
equiaxed grains can only be answered qualitatively. The 
grain size in freshly prepared U 0 2  fuel pellets is typically 5 
pm. The lower limit of discernible equiaxed-grain growth is 
-25 pm. However, the demarcation between the unrestruc- 
tured region and the equiaxed-grain region is rather sharp 
(Fig. 10.22) because the grain growth process is strongly 
temperature dependent and the temperature is rapidly 
varying in the neighborhood of the boundary between the 
two zones. 

14.5.1 Grain Growth Kinetics 
During grain growth large grains spontaneously grow at 

the expense of smaller ones (Fig. 8.17). On a microscopic 
scale the process involves movement of matrix atoms from 
the convex to the concave side of a curved grain boundary. 
(A perfectly plane grain boundary has n o  tendency to move 
since atoms cross from one side to the other at the same 
rate in both directions.) The reason that atoms prefer the 
concave side of the boundary is that they are surrounded 
by a somewhat larger number of neighboring atoms than 
when they are part of the crystal on a convex surface. 
Consequently, the grain boundary, which moves in the 
direction opposite the net flow of atoms, is displaced 
toward the center of curvature of the grain on the convex 
side of the boundary. As illustrated in Fig. 14.12, the net 

DIRECTION OF GRAIN-BOUNDARY MOTION 

DIRECTION OF NET ATOM MOVEMENT 

Fig. 14.12 Grain-boundary motion during grain growth 
(d = grain size). 

c 
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result of this atomic motion is shrinkage of small grains 
with predominantly convex surfaces and growth of large 
grains with concave surfaces. 

From a macroscopic point of view, the driving force for 
grain growth is the reduction of the energy of the solid that 
accompanies the decrease of the area of the grain bound- 
aries it contains. The energy per unit grain boundary area is 
equal to ygb ,  the grain-boundary tension. According to 
Eq. 8.12, a curved grain boundary experiences a force 
towards the center of curvature equal to 2ygb/R,,  where 
R, is the local radius of curvature. If R, is assumed to be 
proportional to the grain size d ,  the driving force for 
grain-boundary motion is 

(14.43) 

The presence of a force acting on a curved grain 
boundary causes motion of the boundary in the direction 
of the force. The rate of boundary motion is proportional 
to the force Fgb, the constant of proportionality being the 
mobility of the grain boundary. In fully dense, very high 
purity materials, the mobility is an intrinsic property of the 
solid and presumably reflects the maximum rate that atoms 
can hop back and forth across the boundary. In this case 
the velocity of the grain boundaries, which is equal to the 
rate of grain growth, is given by 

(14.44) 

Combining these two equations and integrating with the 
initial condition d = do (the initial grain size) at  t = 0 yields 

d2  - d; k t  (14.45) 

where k = 2MgbYgb is called the grain growth constant. In 
high-purity materials where Eq. 14.45 is found to apply, k 

Figure 14.13(a) shows MacEwan’s’ data plotted using 
m = 3. The slope of the lines (which fit the data about as 
well as Eq. 14.46 with m = 2.5 or Eq. 14.47 with a = 0.8) 
gives the grain growth constant k as a function of 
temperature. These are plotted in Arrhenius fashion in 
Fig. 14.13(b), from which zn activation energy of 520 
kJ/mole is obtained. 

Deviations from the ideal grain growth law of Eq. 14.45 
are usually explained by the presence of dissolved impuri- 
ties or inclusions in the solid that impede the progress of a 
moving grain boundary. Dissolved impurities that are 
strongly attracted to grain boundaries, for example, must 
be pulled along by the moving boundary. The magnitude 
of this solute drag effect depends on  the concentration of 
the impurity and its volume-diffusion coefficient in the 
matrix. Addition of less than 1 mole ”% of CaO to U O z ,  for 

-1 
1 
0.1 1 t o  i o2  103 _ _ .  

is proportional to the mobility of the grain boundaries, TIME, hr 
( a )  

which in turn depends on  the rate a t  which atoms cross the 
boundary. Since this transfer requires that atoms be 
removed from lattice positions in the crystal structure of a 
grain, the process is thermally activated, and k varies with 
temperature according to the Arrhenius function k, exp 
(-Q/kT), where k, is a constant and Q,is the activation 
energy of grain growth. In pure materials, Q is much smaller 
than either the heat of vaporization or the activation energy 

1 06 

105 - - 

104- - 
L 
0’ 

of volume self-diffusion. 
In most materials, however, grain growth kinetics are 

not well described by the ideal law given by Eq. 14.45. 
Most data must be fitted with growth laws that contain 
another adjustable constant 

9’ 103 - - 
0, 
x 
Y 

102 - - 

d m  - d y  = ko t exp (- $) (14.46) 

where m is a constant >2, or  

dZ - d i  = ko ta exp (- $) (14.47) 

( b )  
where a is a constant <l. MacEwan and Hayashi,’* for 
example, find that grain growth in U 0 2  can be correlated Fig. 14.13 Gr6n growth in U 0 2  compacts. (a) Data of 
by Eq. 14.46 with m = 2.5 and Q = 460 kJ/mole or, with Ref. 1 2  plotted according to the cubic growth law. 
equal precision, by Eq. 14.47 with a = 0.8 and Q’ = 360 (b) Arrhenius plot of grain growth constants [After F. A. 
kJ/mole. Nichols, J.  Appl. Phys., 37: 4599 (1966)l .  
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instance, reduces the grain growth constant a t  2100°K by a 
factor of 2 and increases the activation energy' (based on 
m = 2.5) from 460 to 570 kJ/mole. 

Large obstacles, such as solid precipitates or gas-filled 
cavities, can also reduce the rate of grain-boundary growth 
well below the rate in the defect-free solid. Figure 14.14 
shows the grain structure of a U 0 2  specimen containing a 
distribution of closed pores. Several grain boundaries are 
decorated with small pores. The string of pores on the 
horizontal grain boundary in the middle of the photograph 
appears t o  be inhibiting motion of the boundary, which 
would normally be moving upward (which is the direction 
of the center of curvature of this particular grain bound- 

Nichols' 3 * '  has proposed a model whereby the 
residual closed porosity in U 0 2  compacts controls the rate 
of grain growth during irradiation. The model assumes that 
the intrinsic mobility of the grain boundaries in pore-free 

ary). 

material is very large and that the grain growth rale is 
determined solely by how readily the grain boundaries can 
drag the pores along with them, Thus, instead of Eq. 14.44, 
the grain-boundary velocity is given by 

Vgb = ~I , ,F , l  (14.48) 

where M, is the mobility of the pores in the solid and F,, is 
the force exerted on the pores by the grain boundary on 
which the pores lie. 

The mobilities (i.e., the diffusion coefficients) of 
gas- filled bubbles due to the surface and volume-diffusion 
mechanisms were derived in Sec. 13.10. However, the most 
likely migration mechanism for the large, as-fabricated 
pores is vapor transport. According to the Nernst-Einstein 
equation (Eq. 13.220), the mobility is the velocity per unit 
force. In Sec. 14.2 we determined the velocity of lenticular 
pores for a particular type of force, namely, that due to a 
temperature gradient. The mobility can be determined by 

Fig. 14.14 Grain structure in UOz in which some grain growth has occurred. The grain in the center is 50 
pm in size. [From J. R. MacEwan and J. Hayashi, Roc. Brit. Cerum. SOC., 7: 245 (1967).] 
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dividing the velocity by the force on  the pore due to vapor 
transport in a thermal gradient. By analogy to Eqs. 13.227 
and 13.234, the force on a single matrix molecule due to 
the thermal gradient for the vapor-transport mechanism is 

(14.49) 
P 1 ,  

The force on  the entire pore (spherical and oftradius R in 
the present case) is given by Eq. 13.226, which, when 
combined with Eq. 14.49, yields 

Dividing Eq. 14.50 into 14.6 and expressing D, by Eq. 14.9 
yields the pore mobility" 

3 X  10"!22DZ( ~- T )"' 
4 ~ r R ~ ( k T ) ~  2000 p 

M, = 

Although the mobility was derived for the special case of 
pore motion in a thermal gradient, it is valid for any force 
acting on the pore, in particular the force due to the 
movement of a grain boundary o n  which the pore is 
located. 

In the case of migration in a thermal gradient, p in 
Eq. 14.51 was assumed to be given by Eq. 14.10 on the 
grounds that the mechanical balance of internal gas 
pressure and surface-tension forces was not attained in 
thermal-gradient transport by this mechanism. In the 
present application, on the other hand, it is more likely that 
mechanical equilibrium is attained. First of all, the pores in 
the equiaxed region of the fuel are more nearly spherical 
than lenticular (see Fig. 14.14), which suggests that sur- 
face-tension forces are important. Second, the pares in the 
equiaxed-grain region are not swept out of this zone; they 
remain more or  less in place and shrink by a continuation 
of the normal sintering process begun during fuel fabrica- 
tion (see Sec. 16.11). That is, they shed vacancies until the 
initial pressure deficit is removed and mechanical equi- 
librium with the solid is approached. Therefore, p in 
Eq. 14.51 is replaced by 2y/R,  and the pore mobility 
becomes 

where the terms omitted can be considered as constants 
that ultimately appear in the grain growth constant. 

The force on the pore due to the grain boundary is 
given by Eq. 13.228 as 

F, = 7rRyg,, sin 24 (14.53) 

*Equation 14.51 can also be derived from a physical 
model of the evaporation-condensation processes within 
the pore instead of invoking Eq. 14.49, which arises from 
irreversible thermodynamics. The former method, pre- 
sented by Kelly [Phys. Status Solidi, 21:  451 (1967) l  is 
analogous to the derivation of bubble mobility by the 
volume-diffusion mechanism in Sec. 13.10. 

d 

In the application of this formula in Sec. 13.11, the bubbles 
pulled on a stationary grain boundary and caused the 
boundary to deform to produce the nonzero contact angle 
4. In the present case the roles of driver and driven are 
reversed. The pore is the irnmobile partner and is tugged o n  
by the moving,grain boundary, which is subject to the force 
due to grain-boundary tension. In attempting to drag the 
pore along, the.gra;ln boundary is distorted so that around a 
trapped pore it takes on the shape shown by Fig. 13.24. If 
the grain boundary were not driven to move by the force 
F,,, of Eq. 14.43, the angle 4 would be zero. Since @ is 90" 
when Fgb = 0 but less than 90" when I?,,, > 0, Nichols' 
assumes that t o  a very rough approximation sin 24 is 
proportional to Fgb.  Replacing sin 24 by a quantity 
proportional to F,, and using Eq. 14.43 for F,, yield 

R F, - - 
d (14.54) 

Multiplication of Eq. 14.52 and 14.54 gives the grain- 
boundary velocity (Eq. 14.48) under conditions where pore 
dragging is controlling 

(14.55) 

To obtain the grain growth law for this model, we must 
relate the average pore size R to the average grain size d. 
Nichols takes the relation 

R - d  (14.56) 

for the following reasons: 

1. As the  boundary moves during grain growth, the 
pores being dragged along will collide and coalesce with 
pores in the solid contacted by the moving grain boundary, 
According to MacEwan and Hayashi,I2 each point in the 
matrix is, on the average, swept several times by a moving 
boundary during a twofold increase in grain size. Coales- 
cence between pores causes the average pore size on  the 
boundaries t o  increase as grain growth proceeds. Lacking a 
more detailed theory of this aspect of the process, 
Eq. 14.56 is the simplest relation consistent with the 
preceding qualitative picture. 

2. Experiments have shown that a maximum in U 0 2  
density occurs during sintering, which is interpreted as 
follows: before the maximum density is attained, grain 
growth is negligible and the pores shrink until their internal 
gas pressure balances the surface-tension forces. At the 
point of maximum density, grain growth begins and the 
resulting pore coalescence causes the  average pore radius to  
increase in exactly the same manner that coalescence of 
fission-gas bubbles in the matrix causes the fuel to swell. 

The grain growth law according to this model can be 
obtained by combining Eqs. 14.55 and 14.56, 

which, when integrated, yields the cubic growth law: 

The model predicts the exponent on d and the value of the 
activation energy, but not the preexponential term k o ,  The 
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data shown in Fig. 14.13(a) are at  least consistent with the 
grain size variation predicted by Eq. 14.57. Stronger sup- 
port for Nichols’ theory is found in the relatively good 
agreement between the measured activation energy of grain 
growth (520 kJ/mole) and the predicted value (AH,,, = 

570 kJ/mole). A theory similar t o  the one presented here 
concerning the sweeping of gas bubbles by moving grain 
boundaries is reviewed in Sec. 15.9. 

have developed an 
analytical expression for grain growth in UO2 which is 
more empirical than the model of Nichols just described. 
They analyze grain growth by the rate equation obtained 
by combination of Eqs. 14.43 and 14.44 with an additional 
term intended to account for the retarding force arising 
from interaction of the moving grain boundary with pores 

Ainscough, Oldfield, and Ware’ 

(14.58) 

where k = 2ygbM,,, is the grain growth constant and k’ is a 
constant representing the growth-inhibiting effect of the 
pores in the medium. Noting that Eq. 14.58 shows that 
grain growth ceases when a maximum grain size d,,, = k/k’ 
is attained, the growth law can be written as 

(14.59) 

which can be integrated to give 

d& In (H) - d,(d - d o )  = kt  (14.60) 

Ainscough, Oldfield, and Ware’ fitted their out-of-pile 
grain growth data to Eq. 14.60 and obtained the constants 

270 
k = 5.2 x l o 7  exp [- ]& (14.61) R(T/ 1 O3 ) hr 

(14.62) 

The existence of a maximum grain size is thought to 
arise from the ability of the array of pores in the solid to 
completely stop grain-boundary movement when the grain 
size becomes sufficiently large (i.e., as d becomes large, 
Eq. 14.43 shows that the driving force for continued grain 
growth diminishes). A limiting grain size is not predicted by 
Nichols’ model. The increase in d, with temperature 
implicit in Eq. 14.62 is believed to be due to  the increasing 
rate of pore shrinkage (sintering) due to vacancy emission 
as the temperature is increased. This process is discussed in 
Sec. 16.11. As the pores are reduced in size, their ability to 
impede grain-boundary migration diminishes, and conse- 
quently k’ (or d,) increases. At 2000°K Eq. 14.62 predicts 
a limiting grain size of -50 pm. 

Under irradiation the fabricated porosity is assisted in 
retarding grain growth by solid fission-product precipitates 
(see Sec. 12.2) and fission-gas bubbles. On the other hand, 
irradiation can act to accelerate grain growth by removing 
porosity (see the subject of densification in Sec. 16.11). 
Ainscough, Oldfield, and Ware’ have determined empiri- 
cally that the net burnup effect can be described by 
modifying Eq. 14.59 to  

where d k  represents the limiting grain size in the absence 
of irradiation (given by Eq. 14.62), F is the fission density, 
and C2 = 4 1  A3 is the volume per uranium atom in UOz. 
The grain growth constant k is not affected by irradiation. 

14.5.2 Characteristic Temperature 
of the Equiaxed Zone 

The temperature characteristic of the boundary be- 
tween the unrestructured and equiaxed-grain zones in a fuel 
pin can be computed by methods entirely analogous to 
those employed to determine the temperature at  the 
boundary between the equiaxed and columnar-grain regions 
(preceding section). To do  so, we assume that to be  visually 
identified as “equiaxed,” a grain must have grown to a 
specified diameter dcrlt .  The temperature T2 a t  which this 
size is attained in irradiation time t is the point a t  which the 
equiaxed grains are just discernible. Setting d = dCrltAand ‘ 
T = T2 in Eq. 14.57 and taking the grain growth constant 
ko and the experimental value of the activation energy 
(instead of AH,,,) from Fig. 14,13(b), we have,---, *fl 

T2 - 31 o* = ~- 
2000 2.3 log t(hr) + 26 

which is identical in form and very nearly in absolute value 
as well to the analogous formula for 0 1 ,  Eq. 14.40. 
Equation 14.64 predicts values of T2 ranging from 2190°K 
to  1760°K as the irradiation time increases from 1 0  to  
10,000 hr. These values are only -100°K lower than the 
comparable columnar-grain temperatures (dashed curve of 
Fig. 14.11). The temperatures selected for defining the 
outer limit of the equiaxed grains in the three-region model 
for calculating the temperature distribution in the fuel is 
-1900°K. The theory on  which Eq. 14.64 is based is 
consistent with the experimental observations from which 
the T2 values of Table 10.4 were obtained. 

14.6 NOMENCLATURE 

C = constant defined by Eq. 14.35 
d = maximum distance a pore must move to  form an 

identifiable columnar grain; grain size 
do = initial grain size 

d, = maximum grain size 
D, = diffusion coefficient of heavy-metal oxide i n  inert 

Dg = gas-phase diffusivity of U 0 2  in inert gas at 1 atm 

D, = surface self-diffusion coefficient of fuel atoms 
E ,  = binding energy of adsorbed atom 

gas 

pressure and 2000°K 

f = force on matrix molecule 
F,,, = force acting to shrink a grain boundary 
F,, = force on a pore 

AH,,, = heat of vaporization c J = flux of matrix molecules across a pore 

k = grain growth constant; Boltzmann’s constant; 
J, = flux of pores in the radial direction in a fuel pin 

thermal conductivity of fuel 
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kl, = thermal conductivity of gas in  a pore 
k, = thermal conductivity of solid fuel 
k '  = constant reflecting the inhibiting effect of pores 

on grain growth 
m = molecular mass 
M = molecular weight 

M,, = mobility of pore 
N,, = pore concentration (number of pores per unit 

ME,, = mobility of grain boundary 

volume of fuel) 
NP(,  = initial concentration of pores in fuel 

,4 = linear power 
p = total gas pressure in a pore 

p~ = partial pressure of condensing species in  gas 
adjacent t o  face of a pore 

Po = vapor pressure 
Q = activation energy for grain growth 
R = fuel pin radius; radius of a spherical pore; gas 

constant 
R,,,,,cl = rate of condensation 
REZnd = rate of condensation i n  equilibrium conditions 
R:!&, = rate of vaporization i n  equilibrium conditions 

r = radial position in fuel pin 
ro = radius of central void 
r, = outside radius of columnar-grain zone in fuel 

T = temperature, K 
AS,,, = entropy of vaporization 

T, = surface temperature of fuel 
To = temperature at edge of central void 
T I  = temperature at  outer radius of columnar-grain 

T2 = temperature at outer boundary of equiaxed-grain 

vp = pore velocity 
v,+, = pore velocity at 2000°K and in a temperature 

zone 

zone 

gradient of 1000"K/cm 
vgb = velocity of grain boundary 

x = direction of pore migration (up the temperature 

y~ = mole fraction of solid impurities in the fuel at the 
gradient) 

hot face of a pore 

Greek letters 
a = condensation coefficient 

E ,  
u l  2 = collision diameter for particles 1 and 2 

6 = thickness of a lenticular pore 
0 = dimensionless temperature, Tj2000 

ho = ledge spacing on a solid surface 

R = atomic volume 

= force constant between particles 1 and 2 
I) . "A ,-- 

'-*-/ 

d 

,I 

dimensionless radial position, r /R 

RD = collision integral in kinetic theory of gas diffusiv- 

Ygb = grain-boundary tension 

dicular t o  surface 

ity 

v I  = frequency of vibration of adsorbed atom perpen- 

@ = contact angle between pore and grain boundary 

a Subscripts 
p = pore 

sint = sintering conditions during fuel fabrication 

. ..-I 
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14.8 PROBLEMS 

14.1 The central void in a highly rated U 0 2  fuel pin arises 
from the migration of the pores trapped in the fuel during 
fabrication. When under power, the temperature gradient in 
the fuel pin causes these pores to migrate toward the center 
by a vapor-transport mechanism. As soon as the fuel 
element is placed in the reactor and the power is raised. the 
pores within a radius of 0.8R ( R  = fuel-pin radius) begin to 
migrate toward the center. After the migration process is 
complete, the region 0 < r < 0.8R has been swept clean of 
pores and has become a fully dense columnar-grain region. 
In this process a central void is formed. 

(a) Assuming that all the porosity in the region 
0 < r < 0.8R contributes to  the central void, calculate the 
radius of the central void after restructuring is complete 
(ref). The initial porosity of the fuel is Po.  

(b) Using the heat-conduction equation, determine the 
c - 7  temperature distribution in the columnar-graiti region 
(0.8$F* r o )  for any central-void radius. Assume that 
the thermal conductivity in the columnar-grain and unre- 
structured regions of the fuel are equal and independent of 
both porosity and of temperature. Assume that the power 
density in the columnar-grain region is independent of 
position and equal t o  the average value appropriate to the 
central-void radius ro at  any time during restructuring. 

( c )  Suppose that the pore migration velocity is known 
to be a function vp(T) of local fuel temperature. Explain 
how the time required for attainment of the final central- 
void radius of part a can be calculated. Assume that the 
variation of the central-void radius is known as a function 
of time. 

(d) The pore velocilj; of part c is determined by the 
vapor-transport mechanism. The only quantity in this 
model that must be specified is the gas pressure in the pore, 
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p. In the usual pore-velocity analysis, the volume of the 
pore is assumed constant during migration. In this problem 
we wish to  compute the pore velocity under the assumption 
that the  pore becomes spherical and adjusts its radius to the 
value required for mechanical equilibrium between the 
internal gas pressure and surface tension. The porosity in 
the as-fabricated fuel is assumed to be in the form of a 
uniform distribution of pores of radius rpo. When cold, 
each of these pores is filled with helium gas a t  pressure po 
and ambient temperature T,. During the migration process 
none of the helium initially in the pore escapes. Calculate p 
as a function of T and hence the migration velocity v,,(T). 

14.2 The velocity of lenticular pores migrating by the 
vapor-transport mechanism is important in determining the 
rate a t  which fuel restructuring occurs when the tempera- 
ture gradient is applied. Calculations of the migration 
velocity usually assume a fuel consisting of pure U 0 2 .  
Although this restriction is adequate for thermal reactor 
fuels, the fuel in fast reactors is a mixture of uranium and 
plutonium oxide. It is desired to compute the pore velocity 
v,, in a mixed oxide with a plutonium-cation fraction of q, 
in  a temperature gradient of dT/dx. 

The lenticular pore is modeled as a slab of thickness 6 
in the direction of the temperature gradient and of infinite 
extent in the directions transverse to the temperature 
gradient (see sketch). As the pore moves up the tempera- 

than U 0 3 ,  the plutonium content a t  the front face of the 
pore must rise above qo to ensure that the ratio of the 
vapor fluxes satisfies Eq. 1. The profile of the plutonium 
fraction in the vicinity of the pore is shown in the sketch. 

As in the case of vapor transport in pure UOz, the 
diffusive flux of UO, and Pu02 through the gas in the pore 
is given by Fick's law as 

( 2 )  
D I 1  

J, = ( p ,  -p:j ( i  = U03,PuOz)  

where D, is the diffusion coefficient of UO, and PuO, in 
the gas and pt' and pf are the partial pressures of species i 
a t  the hot and cold faces of the pore, respectively. 

It is assumed that Raoult's law applies to the binary 
solid; so the partial pressures are related to the vapor 
pressures by 

kT6 

P P U O ,  = qp"p0,  (3) 

P u o ,  = (1 - 9) f U O ,  (TI (4) 

where the vapor pressures of the pure plutonium dioxides 
are given by the Clausius-Clapeyron relation 

and the function f(T) governing UO, volatility is given by 

F AACTION 
PUO,. 9 

where A, and AH, are constants for each species and k is 
BoltLmann's constant (or the gas constant). 

As in the case of pore migration in pure UOz , the pore 
is assumed to be so thin that the functions POPuoz and 
f U O ,  at  the hot face can be related to those at  the cold 
face by one-term Taylor series expansions. 

(a) Derive the expression for the PuO, enrichment a t  
the hot face, Aq,  in terms of the thermochemical properties 
in Eqs. 5 and 6 and the composition of the fresh fuel q,, 
the pore thickness 6 ,  and the temperature gradient dT/dx. 

(b) Calculate the ratio of the pore velocity in the mixed 
oxide to  that in pure UOz (Le., V , , / ( V , , ) ~ O ,  ). 

(c) Solve the plutonium diffusion equation in front of 
the moving pore, and obtain the equation for the pluto- 
nium distribution in the solid in front of the pore. 

HOT FACE iTH)  

+ up 

Lo 
- X  

14.3 A mixed-oxide fuel initially contains disk-shaped 
pores of thickness 6 and volume v,. The number of these 
Pores Per unit volume of fuel, N,o,  is such as to result in an 
initial porosity Po which is uniformly distributed over the 
fuel cross section. When the fuel element is brought up  to 
Power, the pores begin to  move a t  a velocity vp  given by 

ture gradient, it consumes fuel of composition qo  that is 
transported across the pore by vapor fluxes of UO, and 
p u o 2 ,  denoted by Juo ,  and J P u o , ,  Material balances over 
the pore show that 

1. The composition of the fuel deposited on the cold 
face of the pore is equal to that of the fresh fuel (i.e., q o ) .  

pore is related to  q,, by 
2. The ratio of the vapor fluxes within the gas filling the VI ,  = (V,1UO2X 

where 
JPUO q, = -L 

5170, 4- J P u O ,  

D,AHuPer;2 d T  
(Vp)uo, = k2T3 dr  

/- -. 
However, because PuOz and UO, do  not have the same is the velocity of a pore in pure UOz and X is the 
vapor pressures, the fuel composition just a t  the hot face of correction factor for the mixed-oxide fuel (Eqs. 18 and 19 
the pore is different from q,, . That is. if Pu02  is less volatile of solution to problem 14.2). This factor is assumed to be 
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independent of temperature. After a time t in the tempera- 
ture gradient, the migration of the pores results in porosity 
redistribution such as that shown in Fig. 14.8. Assume that 
the porosity profile P(r,t) is known as a result of having 
solved the pore conservation equations. During redistribu- 
tion the pores do not change size or shape; so the 
concentration of pores, Np(r,t) is proportional t o  P(r,t). 

We wish to  use the pore distribution function N,(r,t) in 
conjunction with the plutonium distribution in- front of 
each pore [problem 14.2(c) or Eq. 11.102] to determine 
the gross plutonium redistribution in the fuel element, 
Consider a unit volume of fuel at  a radius r. Initially, this 
volume element contains N P o  pores. As a result of 
migration, these pores leave the volume element, leaving 
behind a plutonium deficit in the solid due to  the startup 
spikes (Fig. 11.24). At time t during redistribution, the 
volume element contains NP(r,t) pores, each of which 
contributes an excess of plutonium owing to the profile 
that is pushed ahead of the pore. 

(a) Calculate the amount of excess plutonium (i.e.. 
above the initial enrichment 90) which is transported by 
each migrating pore. 

(b) Calculate the average plutonium fraction in the solid 
in the volume element a t  the time and position where the 
pore concentration is N,(r,t) [or, when the porosity is 
P(r,t) 1 ’ 

14.4 Derive the condensation coefficient a according to 
the Hirth-Pound model. Note that the quantity v ,  exp 
(-Eh/kT) is the reciprocal of the mean desorption lifetime 
of an atom on a perfect crystal plane. 

14.5 Consider a slab of fuel of initial porosity P,, and 
thickness L o .  At t = 0 a fixed temperature gradient dT/dx  is 
applied across the slab. During the subsequent porosity 

14.7 An experiment is conducted to study the migration 
of simulated metallic fission-product inclusions in UOz . 
Metal particles are sandwiched between two blocks of UOz. 
and the composite is placed in a furnace that establishes a 
linear temperature distribution (i.e., dT/dx  is a constant) 
perpendicular to the plane of the initial deposit of metal 
particles. The temperature at the position of the initial 
deposit is To. Under the influence of the temperature 
gradient, the particles move to the hot part of the UOz by 
the surface diffusion mechanism (the same mechanism 
responsible for driving fission-gas bubbles up  a temperature 
gradient). Assume the temperature distribution along the 
inclusion-matrix interface is the same as in the case of a 
bubble embedded in the solid. 

(a) How far from the initial position (x = 0) does a 
single metal particle of radius R move in time t‘? Use the 
approximate method following Eq. 14.35. 

(b) The distribution of particle sizes in the metal 
powder is given by f(R)dR = number of particles with radii 
between R and R + dR. At time t, what is the distribution 
of particles in distance, g(x)dx = number of particles in the 
slice x to x dx? 

14.8 Motion of Brine Cubes in Salt. The salt deposit in 
which solidified wastes from fuel reprocessing plants are to 
be buried contains small cubical cavities filled with brine. 
Under the influence of the temperature gradient established 
by the hot-waste-filled canister, the brine cubes migrate 
towards the canister. The motion of brine cubes embedded 
in salt may be treated in a manner similar to that applied to 
pores in solid fuel. 

(a) Motion of a Single Brine Cube. Suppose a brine cube 
1 cm on a side is in a temperature gradient VT as shown 
below: 

removal process, the temperature gradient is fixed by TEMPERATURE ~ 

GRADIENT 

T(x) = T, + (g) x HOT 

J = FLUX OF 

TO COLD SIDES I 
V = V E L o C ’ T Y  SALT FROM HOT 

OF -- ]I where x is the distance from the cold face of the slab and 
T, is the temperature at  x = 0. 

(a) Assume that the velocity of each pore is given by 

V T  = 

AH,,, d T  
VP = v’, ..P(-=)(z) 

where v’, is a constant. Derive the expression for the time 
required for a pore to move from a position where the 
temperature is T to  the position where the temperature is 
T’(T’ > T). Use the approximate method described in the 
text following Eq. 14.38. 

(b) Using the solution to a ,  determine the thickness of 
the slab at  time t after imposition of the temperature 
gradient. 

14.6 Compute and plot the grain size-time curves for 
grain growth in U 0 2  compacts of initial grain size do = 9 
pm when annealed in the absence of neutron irradiation 
and when annealed in-pile at  a fission density of 6.1 X 10’ ’ 
fissions cm-” sec-’ , The t,emperature is 1600°K. 

3 

The flux of salt from the hot to the cold wall ( j  in g cm-’ 
sec-’) is governed by Fick’s law, with the diffusion 
coefficient of the salt in brine given by D. The solubility of 
the salt in the brine is given by 

c = A exp (-g) g/cm3 

where A and AH are known constants. The density of the 
salt is p,. Derive the formula giving the velocity of the brine 
cube v in terms of the constants already given, the local 
temperature T ,  and the temperature gradient CT. 

Since the dimension I of the brine cube is small (-1 
mm), the temperature difference AT and the concentration 
difference Ac across the cube are also small. 

(b) Rate of Brine Flow to the Pol. Assume a single 
spherical canister of radius R containing solid wastes is 
inserted in an infinite field of salt containing No brine 



286 FUNDAMENTAL ASPECTS OF N U C L E A R  R E A C T O R  FUEL ELEMENTS 

cubes/cm3. Each cube has a volume 1 3 .  Assume the 
steady-state temperature profile around the canister is 
rapidly established so that the brine cubes move in the 
steady temperature field a t  all times. Since the temperature 
profile is specified, the inward migration velocity of the 
individual brine cubes is known as a function of r. Let it be 

Neglecting collisions between brine cubes as they move 
towards the canister, set up  the partial differential equation 
(the conservation equation) which determines the concen- 
tration of brine cubes a t  position r a n d  time t, N(r,t). What 
are the initial and boundary conditions? What is the rate at  
which brine reaches the canister (expressed as a volumetric 
rate) in terms of N and v? 

v(r). 

14.9 Consider a single lenticular pore of thickness 6 in a 
piece of U 0 2  which supports a linear temperature distribu- 
tion (dT/dx = constant) perpendicular to the face of the 
pore. The temperature at  the initial pore location is To ,  and 
the initial inert gas pressure in the pore is po. As a result of 
the temperature gradient, the pore moves toward the hot 
region of the fuel. The fuel contains a uniform concentra- 
tion Co fission-gas atoms/cc. As the pore migrates, the gas 
atoms originally trapped in the fuel become part of the gas 
contained in the pore. Assuming that the pore moves by the 
vapor-transport mechanism, derive the formula for the pore 
velocity. Assume all necessary constants are known. The 
pore thickness does not change during migration, and the 
gas in the pore behaves ideally. 

14.10 Recent experiments in which oxide fuel pins were 
irradiated at linear powers sufficient t o  cause some central 
melting have shown that the molten fuel collects in plugs 
separated by a distance 2 L  along the central void [(a) in 
sketch]. When the fuel in the (a) configuration is reirradi- 
ated a t  a linear power less than that required for melting, 
the plugs gradually disappear and a perfect central void is 
eventually produced [(c) in sketch]. In the sketch (b) 
shows the geometry at an intermediate time, and the 
right-hand drawing is an enlargement of the repeating unit 
(unit cell) of the evolving structure. The restructuring 
process is believed to be caused by vapor transport of U 0 2 .  

POWER DENSITY = H 

UNIT CELL 
(AT INTERMEDIATE TIME) 

(a) (b)  (C)  
INITIAL INTERMEDIATE FINAL 

(a) Explain qualitatively why vapor transport converts 
the fuel from configuration (a) to configuration ( c ) .  

(b) Set up  the appropriate heat and mass-transport 
equations that describe quantitatively the restoration pro- 
cess. Include the necessary boundary conditions t o  the 
differential equations. Make the following assumptions: 

1. The fuel surface temperature, T,, is independent of 
axial position. 

2. The power density of the solid fuel, H W/cm3, is 
everywhere constant. 

3. The fuel thermal conductivity, k, is constant. 
4. The fuel behaves as pure U O z ,  for which the 

5. The diffusion coefficient of U 0 2  in the inert gas 
vapor-pressure-temperature relation, P( T), is known. 

contained in the central void, D,, is known. 



Chapter 15 
Fission-Gas Release 

15.1 INTRODUCTION 

Fission gases are considered to be released from the fuel 
when they reach any space that is connected to the free 
volume within the fuel pin. Gas collection zones include the 
fuel-cladding gap ( i f  there is one), the central void, and 
porosity within the fuel which communicates directly with 
the fuel-pin gas space. Cracks or interlinked gas bubbles or 
pores are the most important type of open porosity. The 
following major differences exist between the gas in closed, 
gas-filled cavities in the fuel and that in the empty spaces: 

1. Once the gas is released, the probability of its reenter- 
ing the solid from the free volume is virtually nil. 

2. The gas pressure in open porosity is equal to that in 
the free volume of the fuel pin. Because of the insolubility 
of xenon and krypton in solids, there is no direct influence 
of plenum fission-gas pressure on the rate of gas escape 
from the fuel. 

3. While the fission gas contained by the fuel tends to 
cause swelling, fission gas that has been released promotes 
shrinkage by pressurizing the solid and thereby encouraging 
collapse of internal porosity and bubbles. 

A summary of gas-release theories and the relationship 
of release and swelling was presented in Sec. 13.1. Regimes 
of gas release can be classified according to the extent to 
which they depend on fuel temperature and temperature 
gradient. 

At low temperatures (less than about 1300"K), the 
mobility of fission-gas atoms is too low to permit appre- 
ciable gas-atom movement, either to release surfaces or  even 
to sites where bubbles can form. The fission gases are 
frozen into the matrix of the solid, and only the gas formed 
very close to an external surface can escape. Release occurs 
both by direct flight from the fuel while the gas atom is still 
an energetic fission fragment (recoil) or by interaction of a 
fission fragment, a collision cascade, or a fission spike with 
a stationary gas atom near the surface (knockout). These 
release mechanisms are independent of both temperature 
and temperature gradient. Since they affect only the outer 
layer of the fuel (within -10 p m  of the surface), the 
fraction of the total fission gas released by recoil o r  
knockout is quite small. 

At temperatures between 1300 and -1900°K (in UOz),  
atomic motion of the gas atoms in the solid becomes 
important, and release by diffusion to  escape surfaces can 

(Irs 

occur. Release by atom migration is described by the 
equivalent-sphere model or variants that include immobi- 
lization o f  gas atoms by natural or radiation-produced 
defects within the solid coupled with resolution of gas from 
the traps. In this temperature range bubbles can form, but 
they are not sufficiently mobile t o  migrate appreciable 
distances under the influence of the temperature gradient. 
Gas that collects at  grain boundaries can be released if the 
intergranular bubble density is large enough to cause 
interlinkage that provides pathways to open porosity or  to 
sufficiently weaken the grain boundaries so that stress in 
the fuel causes cracking. 

At temperatures greater than 1900"K, gas bubbles and 
closed pores are sufficiently mobile t o  be driven by the 
thermal gradient over distances comparable to grain sizes in 
periods of days or  months. Fission gas is released when 
either of these types of cavities reach a crack or other 
surface that communicates directly with the free volume in 
the fuel element. 

15.2 EXPERIMENTAL TECHNIQUES 

The quantities of xenon and krypton released from 
irradiated fuels are measured either by postirradiation 
annealing experiments or in-pile tests. 

15.2.1 Postirradiation Annealing 
In postirradiation annealing experiments, a sample is 

subjected to light irradiation at  low temperature to provide 
an initial concentration of gas atoms in the solid and then is 
transferred to an apparatus where it can be held at  high 
temperatures. The amount of gas released is monitored as a 
function of time. When fissile material such as UOz is 
studied, the initial irradiation is usually conducted in a 
nuclear reactor. The specimen may consist of a fuel pellet, 
powder, o r  small chips of fused material. The surface area 
for release is measured either by standard sieving techniques 
or by gas-adsorption methods. Evolution of one or more of 
the radioactive fission gases marked with an asterisk in 
Table 13.3 is followed in the anneal step. 

Alternatively, radioactive gas may be injected into the 
solid by bombardment in the form of -10 keV ions 
produced by an accelerator. The solid to be studied need 
not contain a fissile species and is usually in the form of 

287 
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Fig. 15.1 Apparatus for measuring fission-gas release in postirradiation annealing experiments. 

single-crystal disks. The disadvantage of this method is that 
the distribution of embedded gas is very nonuniform, being 
concentrated in a relatively thin layer near the surface. 
Reactor irradiation, on the other hand, produces a nearly 
uniform distribution of fission gas in the sample.:’: 

Analysis of the radioactive gases emanating from the 
irradiated samples is the same for both methods of gas 
introduction. As shown in Fig. 15.1, the sample is placed in 
a furnace, and the released gases are transported to a 
gamma-ray detector by a stream of inert sweep gas. The 
detection system can be augmented by a charcoal trap to 
concentrate the radioactivity and thereby improve counting 
statistics. Alternatively, the activity remaining in the sample 
following each anneal can be measured. The total gas 
content of the sample is obtained by melting or dissolving 
the solid after the experiment has been concluded and 
adding the activity collected in this step to cumulative 
activity released during the anneals. 

The postirradiation annealing technique using reactor- 
irradiated fuel samples, of which the work of Matzke and 
Springer’ and Miekeley and Felix’ are representative, is the 
most widely employed method of determining the fission- 
gas-release characteristics of fissile ceramics. It does not 
require complex equipment (except for the reactor) and 
can be applied to shapes and microstructure of actual fuel 
material. Ion bombardment experiments, which are di- 
rected more at  probing the nature of the diffusional 
processes than at determining gas-release parameters, are 
typified by the work of Matzke and M a ~ E w a n , ~  Jech and 
Kelly: and Ong and Ellman.’ In the last of these studies, 
radioactive gas is introduced into the specimen by fission 
recoil from a surrounding enriched-uranium metal foil. 

15.2.2 In-Pile Release 
Measurement of the rates of release of fission gases 

from fuels during irradiation provides a more realistic 

*The surface layer of reactor-irradiated fissile speci- 
mens, however, is depleted of fission gas owing to recoil or 
knockout. 

c 

understanding of gas migration than can be obtained by the 
postirradiation annealing method. The main advantage of 
the in-pile studies is that production and release of the gases 
occur at  the same temperature and in the same irradiation 
environment. In the postirradiation annealing studies, on 
the other hand, production occurs at ambient temperature 
in a low irradiation field, whereas release takes place at  high 
temperature in the absence of a neutron flux. The main 
disadvantage of in-pile release experiments is their complex- 
ity and expense. A sample of fuel material is loaded into a 
test capsule for insertion into a reactor (Fig. 15.2). The 
specimen is heated by its own fission power, temperature 
control being achieved by varying the supply of cooling air 
flowing around the capsule. The fission gases are continu- 
ally removed by a sweep gas passing over the sample and 
discharged into a gamma-ray detection system similar to 
that employed in postirradiation annealing studies 
(Fig. 15.1). A detailed view of a test capsule for in-pile 
investigation of gas release from single-crystal UO, speci- 
mens is shown in Fig. 15.3. 

Less sophisticated measurements of fission-gas release 
can be obtained simply by puncturing an ordinary fuel 
element that has been in the reactor for a known length of 
time and by measuring the total pressure and composition 
of the gases inside the element. Information on the total 
release as a function of irradiation history is obtained often 
by using instrumented fuel elements equipped with a 
pressure sensor and thermocouples (Fig. 15.4). The disad- 
vantage of measuring gas release from an entire fuel element 
is that the data represent averages over the axial tempera- 
ture and fission-rate distributions in the fuel element. 

The types of gas-release information provided by the 
post-irradiation anneal and in-pile methods are somewhat 
different. Postirradiation anneal experiments give the frac- 
tional release, which is the fraction of the initial quantity of 
gas in the specimen released during an anneal of time t. 
That is, the gas release is studied in an inherently transient 
manner. In-pile experiments using the apparatus shown in 
Fig. 15.2, on the other hand, generally analyze the activity 
of a short-lived fission product, such as Kr. Because of 
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Fig. 15.2 Schematic flow diagram of an irradiation facility 
for continuous in-pile fission-gas release measurements. 
[After R .  M. Carroll et al., Nucl. Sci. Eng., 38: 143 
(1969).] 

the short half-life, these experiments attain a true steady 
state. The fractional release is defined for this experiment 
as the ratio of the rate of gas release to  the rate of 
production from fission. This quantity is often called the 
release-to-birth rate ratio instead of the fractional release. 
Fuel-element puncture tests or continuous pressure mea- 
surements are usually reported as a fractional gas release, 
equal t o  the quantity of gas in the free volume within the 
fuel element divided by the total quantity of fission gases 
produced up  to the time that the measurement was made. 

15.3 RECOIL AND KNOCKOUT 

Evidence for a temperature-independent mechanism of 
fission-gas release comes from data such as those shown on 
Fig. 15.5, in which the steady-state release rate of 2.8-hr 
88Kr measured in the apparatus o f  Fig. 15.3 is plotted as a 
function of temperature. Below about 625°C (900°K) the 
emission rate is independent of temperature. Two distinct 
mechanisms are believed to be involved in the low-tempera- 
ture portion of the release curve. 

The first is direct recoil of fission fragments from 
within a layer equal to the range of the fission fragments in 
the fuel (-10 pm). To a good approximation, the fragments 
of a fission event travel through the solid in straight lines, 
losing energy en ioute primarily by interaction with the 
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Fig. 15.3 Detail of capsule for in-pile fission-gas release 
investigation of fused crystal spheres of UOz.  [From R. M. 
Carroll et  al., Nucl. Sci. Eng., 38: 143 (1969).] 

electrons of the material. When the initial kinetic energy 
has been expended by the stopping power of the medium, 
the fragment comes to rest as a fission product.'" However. 
if  the fragment intersects a surface of the solid before its 
kinetic energy is depleted, it is released. Figure 15.6 shows 
fission-fragment tracks in a thin film of irradiated U 0 2  
which had. been suitably etched to reveal the lattice 
distortion caused by the passage of the high-energy frag- 
ment. The track starting in the upper left corner of the 
electron micrograph and terminating in the lower right is 
6.5 p m  in length and -150 in width.? 

*Fission fragments are distinguished from fission prod- 
ucts by their kinetic energy. Fission fragments possess all or 
part of the -80 MeV received from the fission event, 
whereas fission products are stationary. 

?Fission tracks are visible only in thin films of UOz,  
which have grain sizes less than -100 A. These fine grains 
trap the heat liberated by slowing down of the fragment. As 
a result of the very high local temperature, considerable 
disruption (essentially vaporization) of the lattice occurs. In 
large-grain material, on the other hand, the thermal spike is 
rapidly quenched and tracks are not visible.' 
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cascade whose members are generally referred to as higher 
order knock-ons. The mean energy and range of the higher 
order knock-ons are much less than those of the primary 
knock-on, but there are many more of the former than of 
the latter. The primary or higher order knock-on atoms that 
escape from the surface are said to be knocked out. To 
escape, the knock-ons must be produced no farther from 
the surface than their mean range. 

The direct recoil and knockout mechanisms of release 

THERMOCOUPLE 
CONNECTOR 7 

ELECTRICAL LEAD 

BALANCE 

CHROMEL-ALUME 
THERMOCOUPLE 

L 

/HELIUM FILLED 
1 ATM 

/DEPLETED UO2 

-DEPLETED UO? cz 

-THERMO- 
COUPLE 

.-HIGH- 
POWER- 
DENSITY 
19-ROD 
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Fig. 15.4 Instrumented fuel element for measuring pres- 
sure buildup during irradiation. [After T. B. Burley and Fission-fragment tracks in a 150-a-thick film of 
M. D. Freshley, Nucl. Appl .  Tech., 9: 233 (1970).]  vacuum-deposited U 0 2 .  [From M. D. Rogers, J .  Nucl. 

Fig. 15.6 

Mater. ,  16: 298 (1965).] 

The second mechanism of fission-gas ejection is called 
the knockout process. In passing through the solid, fission 
fragments occasionally make elastic collisions with the 
nuclei of atoms of the lattice, which become energetic 
particles in their own right. The fission track in Fig. 15.6 
shows a slight change in direction near the middle of its 
path, which is probably due to  such a collision. The atom 
struck by the fission fragment, which is called a primary 
knock-on, acquires energy of the order7 of -100 keV. It 
too travels through the solid i n  a nearly straight line for a 
distance of -200 a before coming to rest. If the primary 

knock-on is created within this distance of the surface, it 
may be ejected. The primary knock-on is most likely to be 
a uranium or  oxygen atom of the fuel, but occasionally a 
fission-gas atom lodged in the lattice may be struck by a 
passing fission fragment (of any kind) and become a 
primary knock-on that may have sufficient energy to escape 
from the surface before coming to rest. 

Even if the primary knock-on does not emerge from the 
solid via a nearby surface, it can transfer its energy to other 
atoms in the solid by elastic collisions. The atoms struck by 
the primary knock-on are called secondary knock-ons. 
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Fig. 15.7 Fission-gas release by direct recoil and knockout. 

atoms of the fuel matrix d o  not directly receive any of the 
energy of fission. Table 15.1 summarizes the numbers, 
mean energies, and ranges of the energetic particles of 
importance in the direct recoil and knockout release 
mechanisms. The calculated parameters of the knock-ons 
refer to the uranium atoms of the U 0 2  lattice. Analogous 
numbers can be obtained for the oxygen knock-ons. 

In both the direct recoil and knockout mechanism of 
fission-gas release, we must analyze a direct-flight particle 
transport problem near a free surface. Two quantities are of 
interest: the concentration profile of a particular fission- 
product species near the surface and the rate at  which this 
species recoils out of the surface. To calculate the concen- 
tration distribution, we can balance the production and 
removal of fission products (not fission fragments) in a unit 
volume of solid. The method is similar to that applied to  
thermal neutrons in a reactor, in which fast neutrons are 
excluded from the thermal neutron balance and contribute 
to the latter as a slowing down source. In  analogous fashion 

Table 15.1 Characteristics of Fission Fragments 
and Knock-ons in UO,* 

Number created Mean 
Per energy, Range, 

Particle fission fragment keV a 

Fission fragment 1 80,000 100,000 
Primary uranium 

knock-ons 28 100 220 
Higher order 

uranium 
knock-ons 21,000 0.2 44 

*Based on  Ref. 7. 

we calculate the rate at which energetic particles of a 
certain type slow down and stop in a volume element of the 
solid. This process provides a source of particles to the 
balance. Similarly, particles struck by other high-energy 
species are lost from the stationary class. 

Because the ranges of the energetic particles are small 
compared to the dimensions of the solid, all concentrations 
and generation rates can be considered as functions of the 
distance x from the solid surface. The rate of production of 
recoils of species i is defined by 

P,(x) = rate of generation of recoils of species i per unit 
volume a t  a distance x from the surface 

The term "recoil" is used to denote fission fragments or 
knock-ons of any species in the solid. 

We first compute the source term in the balance 
equation on a stationary species due to stopping of recoils 
in the solid. This quantity is defined by 

q,(x) = rate at  which particles of species i are stopped i n  a 
unit volume of solid a t  a distance x from the surface 

where qi  is analogous t o  the slowing-down density of 
neutrons at  thermal energies treated in reactor physics 
calculations. 

To determine qi, consider a spherical volume element of 
radius p at a distance x from the surface, as shown i n  
Fig. 15.8. The particles that come to rest i n  this volume 
element originated in a spherical shell a distance equal to 
the recoil range 1-1 from the small sphere. The chord length 
through the small sphere intersected by a parallel line 
ranges from 2p i f  the particle passes through the center of 
the sphere to  zero if  the particle just grazes the sphere. The 
mean chord length can be obtained from elementary 

SPHERICAL SHELL OF RADIUS p 
AND THICKNESS 9 

3\ 

SPHERE OF 

- "I 
Fig. 15.8 Diagram for determining the rate at  which 
recoils stop in a unit volume of solid. 
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geometry as 4p/3,  which is therefore the thickness of the 
spherical shell surrounding the small sphere. All recoils 
generated in a volume element dV‘ = 2np2 (4p/3)dcos 0 in 
the spherical shell and directed into the solid angle 
subtended by the small sphere are stopped in the sphere. 
The rate at  which recoils are generated in dV’ is Pi(x’) dV’, 
where x’ is the distance of the volume element dV‘ from 
the surface. Assuming that the recoils are isotropically 
distributed, the fraction of them which intersects (and 
stops in) the small sphere is np2 /4np2 .  Thus, the recoil 
stoppirig source in the small sphere is 

Rate of stopping in a sphere of radius p 
cos B,in 

Pi(x’) ( $ 2 ) ~ ~  (y )dcosU (15.1) 
cos  Ti 

If the point x is less than the range of the recoils, the 
minimum angle is 

X cos O m i n  = - 
i-( 

(15.2) 

and if x > p ,  

cos 0 i n  = 1 (15.3) 

The distances x and x’ are related by 

x’ = x - /J cos 0 (15.4) 

Division of Eq. 15.1 by the volume of the small sphere, 
4 rp3  13, gives qi(x).  Transforming the integration variable 
from cos 0 to x’ and dividing by 4np3 /3  reduces Eq. 15.1 
to  

qi(x) = & [+liPi(x’) dx’ (for 0 < x < p )  (15.5) 

1 x+!J 

21-1 
= - Pi(x’) dx‘ (for x > p )  (15.6) 

x-li 

For the special case in which Pi is independent of distance 
from the surface, qi  becomes 

1 
2 

qi  = -  (1 + x/p)Pi (for O <  x < p )  (15.7) 

= Pi (for x > p )  (15.8) 

The second quantity of interest is the recoil current at 
x = 0, defined by 

Ii = rate a t  which recoils of species i 
cross a unit area of surface 

The recoil current at  the surface can be determined with 
the aid of Fig. 15.9. Recoils within a hemisphere of radius 
p from a point on the surface can escape i f  they have the 
appropriate initial direction. Consider a spherical ring of 
volume dV = 2nr2 dr dcos 0 .  The rate of production of 
recoils in this volume element is Pi(x) dV. The solid angle 
subtended by the unit area on the surface from a point on 
the spherical ring is cos O/4nrz. The contribution to  the 
recoil current a t  x = 0 from the spherical ring element is 

, 
dIi  = Pi(x) cos 0 dr dcos 0 (15.9) 2 

n The distance from the surface, x, is related to r and 0 by 

X r = -  
cos 0 

( 1 5.1 0) 

Integration of Eq. 15.9 is simplified i f  the r integral is 
replaced by an integral over x. The contribution to I i  due to 
recoils originating in a slab of thickness dx  at  a distance x 
from the surface is obtained from Fig. 15.10, where 
Eq. 15.10 has been plotted for two constant values of x, 
namely x and x + dx. The contribution to Ii  from recoils 
coming from the slab dx  is obtained by integrating over the 

ERICAL RING 

IDTH = d cos 0 

UNIT 
AREA 

HEMISPHERE OF 
RADIUS p F R O M  
WHICH RECOIL 
THROUGH UNIT 

Fig. 15.9 Diagram for calculating the current o- recoils 
through the solid surface. 

0 - X 
IJ cos 0 

-T 

Fig. 15.10 Transformation from r-0 to x 4  coordinates. 
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area between the two curves shown in the drawing from cos 
0 = x/p  t o  cos 0 = 1. The area element indicated on 
Fig. 15.10 has a width dcos 0 and a height that isequal to 
the difference between the value of r on the lower curve 
and the value of r on the upper curve, both at the value of 
cos6' under consideration. The value of r *on the upper 
curve is 

Thus, the area element d r d  cos0  in Eq. 15.9 can be 
replaced by 

dr dcos0 = dx dcos0 

dx dcos 0 
cos 0 

where Eq. 15.10 was used to  evaluate the partial derivative. 
Equation 15.9 becomes 

- I____ 

1 
2 

dl, = - Pi(x) dcos 6' dx 

and the recoil current is obtained by integrating over the 
appropriate range of cos 0 and then integrating over x: 

Ii = 2 L[Pi(x) (1 -;) dx (15.11) 

For the special case in  which PI is independent of x, Ii  
becomes 

Pip I. =- 
I 4  (15.12) 

15.3.1 Direct Recoil 
We consider the balance over a unit volume of the solid 

on fission product i, which is created directly from fission 
with an independent fission yield yi. This fission product is 
removed from the unit volume by radioactive decay at a 
rate X,C,, where X i  is the decay constant and Ci is the 
concentration of the fission product. The input of the 
fission product to a unit volume is due to  stopping of 
fission fragments of this species. This source is.given by 
Eqs. 15.7 and 15.8 i n  which Pi is set equal to y iF  and p is 
the range of the fission fragment, p f f  (all fission fragments 
are assumed to  have the same range). The balance equations 
are 

dC1 - 
dt  2 ( y , k )  (1 + x /p f f )  -h,C, (for 0 < x < p f f )  (15.13) 

= y,F  - X,C, (for x >purf) (15.14) 

Integrating these equations yields the profile 

(15.15j 

= 1 (for  x > I - l f f )  (15.16) 

where 

(15.17) 

is the concentration of the fission product in the bulk solid 
at  time t. The concentration distribution near the surface is 
plotted in Fig. 15.11. The profile changes slope discon- 
tinuously at  x = p f f ,  and the concentration at  the surface is 
one-half the bulk value. The concentration in the surface 
layer has the same time dependence as that in the bulk. 

The fission-fragment current at  the surface due to direct 
recoil is obtained from Eq. 15.12 as 

Fig. 15.11 Concentration of fission product i near the 
surface. 

15.3.2 Knockout of Matrix Atoms 
Rutherford collisions between a fission fragment and an 

atom of the lattice generate primary knock-on matrix 
atoms. If these collisions occur sufficiently close to the 
surface and if the recoil atom is directed out of the surface, 
it may be ejected from the solid. Even if it does not escape, 
the primary knock-on can collide with other matrix atoms 
to  produce secondary and higher order knock-ons. Some of 
these may escape from the surface of the solid. The yield of 
escaping knock-ons per fission fragment can be measured 
by placing a collector plate close to  the surface of a piece of 
fuel, irradiating the assembly under vacuum, and measuring 
the amount of fuel transferred to the collector plate. From 
such data the knock-on ejection yield of uranium can be 
determined by the formula 

rk 0 
'U (Yu =-  (15.19) 

where Ip is the measured current of uranium atoms leaving 
the surface and 1;;' is the current of all fission fragments 
leaving the surface. The latter is obtained from Eq. 15.18 
by summing over all fission products: 

(15.20) 
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The sum of the independent yields in fission is 2. The 
values of aU measured by Nilsson7 and by Rogers' for 
sintered UOz are both -5. The value of Ik$ can be 
calculated by using Eq. 15.12 with the knock-on source 
term given by 

P u l  = 2n:OF (for primary knock-ons) (15.21) 

Pu2 = 2n;OF (for higher order knock-ons) (15.22) 

In these equations nYo is the number of primary uranium 
knock-ons created by a single fission fragment over its 
entire range, and n t o  is the corresponding number of higher 
order knock-om The knock-on ejection current is 

, i  

where p f o  and p$O are the ranges of the primary and higher 
order uranium knock-ons, respectively. The numbers and 
ranges of uranium knock-ons in UO, computed by Nilsson' 
are listed in Table 15.1. The term nppk;' in Eq. 15.23 is 
the sum of the corresponding number-range products for 
the two types of knock-ons. Table 15.1 shows that the 
higher order knock-ons, despite their very small range in the 
solid, dominate the ejection current because of the large 
number of them created per fission fragment. Thus, n p  is 
approximately 2 x l o 4 ,  and p e  is -50 a. The theoretical 
value of 01" is obtained by dividing Eq. 15.23 by 15.20, 
which vields 

nko k o  oC,=------lO u I-lu 
j l f f  

(15.24) 

The calculated value of aU is in rather good agreement 
with the measured value of -5, which justifies the validity 
of the original theoretical premise that ejection is the result 
of knock-ons from the collision cascade created by a 
passing fission fragment. 

15.3.3 Fission-Product Release by the 
Knockout Mechanism 

The success of the knock-on theory to explain the 
observed yield of uranium atoms ejected from U 0 2  suggests 
that similar theory should be applicable to the fission- 
product atoms residing in the lattice close to  the surface. If 
the fission-product atoms had the same mass and charge as 
the uranium atoms, they would be indistinguishable from 
the uranium atoms, and the source of fission-product 
knock-ons would be equal to the uranium-atom knock-on 
rate times the fraction of the lattice sites occupied by 
fission-product atoms. The mass and charge of the fission- 
product atoms, however, are -% those of uranium. These 
differences mean that the range of the fission-product 
knock-ons is somewhat larger than that of the uranium 
knock-ons, but the Rutherford scattering cross section of 
the fission-product knock-ons is somewhat smaller than 
that of the uranium knock-ons. Since these two effects 
compensate each other, we can, to a first approximation, 
take the source of knock-ons of fission-product species i as 

Pi = ( 2 n P F )  - Ci (15.25) 
N U  

where NU is the density of uranium atoms in the solid. The 
range of the fission-product knock-ons is also assumed to be 

equal to that of the uranium knock-ons. Contrary to  the 
cases of direct recoil of fission fragment and knockout of 
uranium atoms, the volumetric source of fission-product 
knock-ons is not constant but depends on distance from the 
surface according to  the concentration profile C,(x). There- 
fore, t o  calculate the knockout current of fission products 
by Eq. 15.11, we must first compute the distribution of 
fission product i within a range p? of the surface. 

15.3.4 Short-Lived Fission Products 
We first set up and solve the balance equations for 

short-lived fission products, under the assumption that the 
concentrations are not changing with time. This calculation 
is applicable to the in-pile fission-gas release experiments 
described in Sec. 15.2. 

Consider a unit volume of fuel in which the concentra- 
tion of fission product i at  distance x from the surface is 
C,(x). The rates at  which this species appears and disappears 
from the unit volume are equated. The output is due to 
radioactive decay at a rate XiCi and to knock-on by a 
collision cascade at a rate Pi. The input to the unit volume 
includes stopping of fission fragments of species i at a rate 
qff and stopping of knock-ons of the same species at a rate 
q", At steady state the balance on fission product i takes 
the form 

qff  + qf" = Pi + XiCi (15.26) 

Since only positions very close to the surface contribute to 
knockout, the first term on the left is given by Eq. 15.7 
with the source of fission recoils equal to yiF, or 

(15.27) 

The first term on the right of Eq. 15.26 is given by 
Eq. 15.25. The knock-on source in the balance, qko ,  is 
given by Eqs. 15.5 and 15.6 with p = p p  and Pi of 
Eq. 15.25. Inserting these quantities into Eq. 15.26 yields 

(15.28) = [hi + 2 n p  -)ci F (for 0 < x 
N U  

ko  
2 n g  F 

' 

+ *  ) 1; Ci(x') dx' ( 

N U  
(15.29) 

c The concentration profile C,(x) differs from that due to  
fission-fragment recoil (Fig. 15.11) only in a region within a 
few multiples of ,up from the surface. According t o  Table 
15.1, p V / p f f  (for the higher order knock-ons that 
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are most important in release); so the term x/pff on the left 
of Eqs. 15.28 and 15.29 can be neglected compared to 
unity, and the fission-fragment stopping source term 
reduces” to  y iF /2 .  For the steady situation envisaged for 
short-lived fission products, Eq. 15.17 shows that 
y iF  = hiCy, and so the first term on the left in Eqs. 15.28 
and 15.29 is equal to XiCF/2. The balance equations can be 
written as 

= ( 1  + H)Y (for 0 G q < 1)  (15.30) 

and 

f + t- :+’Y(q’)dq’ = ( 1  + H)Y (for q > 1) 

where 

15.311 

15.32) 

(15.33) 

and H is a dimensionless constant representing the ratio of 
the rate of removal of fission product i by the knock-on 
process to that by radioactive decay: 

(15.34) 

The boundary condition for Eqs. 15.30 and 15.31 requires 
that the concentration approach Cp/2 at  distances from the 
surface large compared to &” but small compared to p f f ,  
or  

(15.35) 1 
2 

This condition is automatically obtained by setting Y = 

constant in Eq. 15.31. Solution of Eqs. 15.30 and 15.31 
yields the concentration profile Y(q) parametric in the 
quantity H. For H = 0, the solution is 

Y(q) +- as q >> 1 

~ ( 7 7 )  = f (for H = 0) (15.36) 

The condition H = 0 applies t o  fission products that decay 
so rapidly that their distribution near the surface is not 
affected by the knock-on process. For H > 0, however, Y 
differs from y2 over distances of several knock-on ranges 
from the surface. Moreover, the function Y ( q )  is discon- 
tinuous in slope (but not in value) a t  the points 
q = 1,2,3,. . . . For Eqs. 15.30 and 15.31 to be solved, 
different functional forms must be considered in the ranges 
of q separated by the discontinuities at  integer values of 7. 

*This simplification can also be obtained from the 
following argument. In the bulk of the solid, the source of 
fission ‘products due to slowing down of fissipn fragments is 
equal to the rate of creation of the latter, yiF. Very close to 
the surface, a unit volume is exposed to fragments only 
from a semi-infinite solid; the other half of space is empty. 
Therefore, the stopping source is just one-half what it is in 
an infinite medium, or yiF/2.  

Thus, the function Y ,  (q) is applicable to the range 0 ,< 
q < 1, Y, (q )  to the interval 1 < q < 2, etc. The integrals 
must be subdivided accordingly. Therefore Eqs. 15.30 and 
15.31 can be written 

= ( l + H ) Y , ( q )  ( f o r O < ? j < l )  (15.37a) 

1 H  
2 2  
- +  - 

= ( I  +H)Y, (q )  ( f o r l G q S 2 )  (15.37b) 

= ( l + H ) Y , ( q )  ( f o r 2 G T G 3 3 )  (15.37 c) 

Equations 15.37a, b, and c can he solved for small values of 
H by assuming Y,(q) to be represented by a power series 
expansion in H, the first term of which is the solution for 
H = 0, namely, yz, 

1 
Yj(q) = j +  fj(q) H + gj(q) HZ + h,(q) H3 + ... (15.38) 

where j = 1, 2, 3 , .  . . . The functions Yj(q)  must be con- 
tinuous at  their common points, which leads to  the 
restrictions, 

fl(1) = f 2  (1); g, (1) = gz (1); h ,  (1) = h2 (1); . ‘ . 
f 2  (2) = f 3  (2);  g2 (2)  = g, (2); h2 (2)  = h3 (2);  . . . 
f3(3)  = f4(3); g3(3) = g4(3); h,(3) = h4(3) ; .  , . 

By substituting the series expressions for Y (q), Y2 (q),. . . 
of the form shown by Eq. 15.38 into Eqs. 15.37 and setting 
the coefficients of each power o f  H equal to zero, we can 
determine the functions fj(q), gj(q), hj(q),  . . . explicitly. 
Proceeding in this fashion with the series terminated after 
the hj(77)H3 terms leads to the results shown in Table 15.2, 
from which the concentration profile can be reconstructed. 
The cubic expansion gives reliable results for H < 0.5. The 
dimensionless concentration profiles for H = 0.5 and H = M 

(described later) are shown in Fig. 15.12. 
The knockout current of fission product i is given by 

Eq. 15.11 where p = pp and Pi is given by Eq. 15.25: 

1:’ = ;(%) i”’: Ci(x) (1 -%) dx (15.39) 
2 N  V U  

or, in terms of the dimensionless parameters used in 
determining the concentration profile, 
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Table 15.2 Coefficients in Eq. 15.38 for the Cubic-Power-Series Solution for 
the  Concentration Profile Due to  the Knockout Process 

1 O < T ) < l  - 1 
4 -(1- 

3 
16 
_ -  

17 - 1 - 
417 

7 1  
32 32 32 
.- + - q  i - 1 7 2  - 1 

96q 
-~ 3 

3 2 < 1 7 < 3  0 

4 3 < r 7 < 4  0 

1 1  41 15 1 
4 16 96 3 2 7 7 c 8 s 2  

t - q  --q= 

- 0 

0 0 

Using the solutions for Yi(q) shown in Fig. 15.12, the 
integral in the brackets in Eq. 15.40 can be determined as a 
function of the parameter H. The results are shown on 
Fig. 15.13. For values of H < 0.1, the term in the brackets 
in Eq. 15.40 is very close to  unity, and the current is given 
by 

where the second equality has been obtained by using Eqs. 
15.34 and 15.24. Equation 15.41 shows that the knockout 
current for short-lived isotopes at  low power is inversely 
proportional to the decay constant and directly propor- 
tional to the square of the fission density. This latter 
characteristic of the knockout release was first sug,gested by 
Carroll and S i ~ m a n . ~  The physical basis of the F2 depen- 
d e r  is that both the concentration of the fission product 
in the knockout zone and the recoil rate of fission 
fragments that initiate the knockout are proportional to the 
fission rate. Using the apparatus shown in Figs. 15.2 and 
15.3, Carroll e t  al." have tested the implications of the 
knockout release model. They measured the rates of release 
of 2.8-hr "Kr at  low temperatures from fine-grained 
pellets of natural U 0 2  and from fused crystal spheres of 
enriched UO?. On the basis of the geometrical surface area 

1 .a 
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Fig. 15.13 Integral used in the calculation of the knockout 
release rate as a function of the parameter H. 

of the specimens, the release rates from the pellets were 
found to be correlated by the equation 

( 1 8 8 ) e x p  = 5.3 x lo7' F2 atoms cm'? sec-' (15.42) 

for fission rates between 7 X 10' I and 1.7 x l o 1 ?  fissions 
cm-3 sec-' . The theoretical value of the release rate can be 
computed from Eq. 15.41 using the following values of the 
constants: 

y8 8 = 0.035 
X B 8  = 7 x 10.~ sec'' 
cyu = 5 
/Iff = cm 
N U  = 2.5 X 10" cm-3 

C 
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For these conditions the calculated value of H is <0.05, 

\Irs which means that Eq. 15.41 should be valid. The predicted 
knockout rate is 

I:: = 2 x F2 atoms cm-2 sec-l (15.43) 

The factor of 2500. discrepancy between the coeffi- 
cients of F2 in Eqs. 15.42 and 15.43 can be rationalized by 
one of the following: 

1. The theory is incorrect. Although this possibility 
cannot be rejected, the fact that the theory predicts the 
correct dependence of the release rate on fission rate 
suggests that the basic assumptions of the model are 
correct. The values of some of the parameters in Eq. 15.41 
may be in error, however. Rogers' has observed values of 
aU as large as 50,000 for vacuum-deposited thin films of 
UOz in which the grain size was 50 A ,  but this value 
decreased during irradiation due to  grain growth. (The very 
large value of aU is explained by a vaporization mechanism 
from fission-fragment tracks intersecting the surface, not by 
knockout due to collision cascades6) If for some reason the 
pellets used by Carroll et  al." contained an extremely 
fine-grained surface structure, a value of cyu larger than 5 
would be expected. 

2. Additional release rnecfianisms were operative in the 
experiment. This is unlikely, since no other release mecha- 
nism predicts a rate that vanes as the square of the fission 
density. 

3. The experimental rates given by  E q .  15.42 are based 
on  the assumption that knockout occurs only from the 
geometric surface area of the specimen. The pellet samples 
contained considerable internal surface area and external 
surface roughness. Fission products released by knockout 
emerge from the surface with very low energies (the initial 
energy of the higher order knock-ons that are responsible 
for release is only -200 eV), and they would be easily 
stopped in the gas in even very fine cracks. For a proper 
comparison of theory with experiment, the data should be 
referenced to the total specimen surface area, not to the 
geometrical surface area. Or Eq. 15.43 should be multiplied 
by the ratio of the total t o  the geometrical surface areas. 
Although such a correction places theory closer to observa- 
tion, it is difficult to account for a factor of'2500 by this 
explanation. 

For the crystal spheres of enriched U 0 2 ,  the "Kr 
release rates measured by Carroll et al.' were correlated 

( 1 8 ~ ) ~ ~ ~  = 1.5 X Fatoms cm7 sec-' (15.44) 
The fission densities in these experiments were about an 
order o f  magnitude larger than in the pellet irradiations, but 
the calculated values of H still indicate that Eq. 15.41 
should be applicable. Carroll et  al." believe that the 
knockout mechanism is responsible for the release in the 
crystal sphere experiments and argue that the surfaces of 
the spheres were saturated with R8Kr;  so an increase in F 
increased the recoil rate driving knockout, but not the 
concentration of this species at  the surface. The theoretical 
model described does not indicate any such saturation 
phenomenon; Fig. 15.13 shows that the bracketed term in 
Eq. 15.40 approaches a constant as H + w. In this limit the 
knockout current is a constant fraction of the right-hand 
side of Eq. 15.41. 

by 

An alternate explanation of the linear dependence of 
the release rate on fission density is that direct recoil rather 
than knockout is the dominant mechanism for the single- 
crystal spheres. Fission fragments recoiling directly from 
the solid emerge from the surface with sufficiently large 
energies to pass through substantial thicknesses of sur- 
rounding gas and become embedded in adjacent surfaces. 
Thus only the geometrical area of the specimen is available 
for measurable release by the recoil mechanism. Switching 
from relatively porous pellets t o  single-crystal pieces brings 
the ratio of total area to geometrical area close to unity, 
which does not affect the release by recoil but reduces the 
release due to  knockout. If it is assumed that direct recoil is 
responsible for release from the single-crystal spheres, the 
theoretical rate is given by Eq. 15.18, which for Kr is 

Iie: = 9 X F atoms cm-' sec? (15.45) 

which has the correct dependence on F but is too large in 
magnitude by a factor of -600. However, the spheres used 
in the experiment were 1 mm in diameter, and 36 of them 
were loaded into the sample holder in the manner shown in  
Fig. 15.3. The close proximity of the spheres to each other 
and to the surface of the container means that a significant 
portion of the recoiling fission fragments from one sphere 
may have become implanted in an adjacent sphere or in 
container surfaces. The fraction of the recoils that stop in 
the gas phase and are measured depends on the geometry of 
the packing of the spheres and on the gas pressure, and a 
recoverable fraction of 1/600 may not be unreasonable. 

15.3.5 Release of Short-Lived Isotopes 
Due to Surface Fissions 

A general formula for the fractional release rates of 
short-lived fission gases applicable to in-pile tests wherein 
steady state is reached can be obtained by combining the 
contributions from direct recoil and knockout. The frac- 
tional release rate, or release-to-birth rate ratio, can be 
written 

Ri qrecS,IfeC + ST$" 
f = - =  (15.46) ' Bi y i F v  

where qrec = the fraction of the direct recoils that are not 
embedded in other surfaces after ejection 
from the solid 

S, = the geometrical area of the specimens 
ST = the total surface area of the specimens 
V = the sample volume 

Using Eq. 15.18 for I fec  and Eq. 15.41 for I f o ,  we can 
obtain the fractional release rate, 

This formula shows that several factors affect the 
relative magnitudes of the fission-gas release rates by the 
two mechanisms. The efficiency of collection of direct 
recoils, vrec,  depends on the proximity of the fuel 
specimens to each other and to container surfaces and to 
the pressure of the sweep gas. These experimental condi- 
tions should not affect the gas released by the knockout 
process. The ratio of total surface area to geometrical 



surface area, Srr/S,, can be controlled by the microstruc- 
ture of the solid and by surface roughness. The knockout 
yield, ctU, depends on t,he grain structure on the surface of 
the samples; both Sr arid oIJ can decreasc duriltg irradia- 
tion due to surface smoothing caused by plating out of 
U 0 2  ejected from adjaccnt fuel surfaces. The fission 
density I? is controlled by irradiation conditions. As shown 
by Eq. 15.47, changing any of the listed factors alters the 
relative magnitudes of the direct recoil and knockout terms. 

The variable that has been most systematically ex- 
ploited in experiments designed to sort out the contribu- 
tions of direct recoil and knockout in low-temperature gas 
release is the decay constant A. By studying the release of 

Xe, we see from I 3 5  Xe; and * Kr, Kr, n1 I<r. 
Table 13 .3  that a two order-of-magnitude range of decay 
constant is readily attainable. Equation 15.47 shows that i f  
the predominant release mode is direct recoil, f i  should be 
independeiit of nuclide half-life, whereas, i f  knockout is the 
primary mechanism, f i  should vary:‘: as AT’ . When both 
mechanisms are c;f comparable magnitude, the fractional 
release rate should vary inversely as the decay constant 
raiscd to  some power between 0 and 1. 

Carroll and Sisman’ and Soulhier’ ’ have meastired the 
steady-state fractional release rates of several fission-gas 
isotopes. Soulllier’s results are shown i n  Fig. 15.14. Three 
types of specimens were tested in this investigation: 
single-crystal spheres -3 mm in diameter, large cylindrical 
pellets of sintered U 0 2 ,  and small cylindrical specimens of 
sint,ered li02 . The single-crystal samples showed fractional 
release rates that varied as the -0.1 power of the decay 
constant, and the pellets showed a -0.2 to -0.3 power 
dependence of f upon A. According to Eq. 15.47 these 
results suggest that direct recoil was the dominant release 
mechanism for the single-crystal spheres. The ratio SSr /S, 
was larger than unity in the polycrystalline sinters, which 
should increase the knockout contribution in these speci- 
mens by comparison to the single crystals. As a result the 
fractional release decreases more rapidly with decay con- 
stant in the pellet tests than i n  the experiments with single 
crystals. 

The magnitudes of the fractional release rates for the 
single crystals were only 2 to 3% of that predicted by the 
formula f i  = y4(S,/V)pff, which indicates that the efficiency 
of direct recoil collection by the sweep gas, vreC,  was also 
of this order of magnitude. Within the group of large-pellet 
specimens, both the magnitude of the fractional release and 
its h dependence increased with decreasing solid density, 
which is consistent with larger internal surface areas 
available for knockout release in high porosity specimens 
than in solids close to  theoretical density. The small pellets 
exhibited a greater fractional release rate than did the large 
ones because S,/V was Five times greater in the small pellets 
than in the large ones. If the 95% TD (small) points are 
divided by a factor of 5, they fall quite near the line drawn 
through the data for the large pellets of the same density. 

1 3  3 

~ ~ l o - 3 ,  133xe + , 13;,, 85;Kr I *,;, I 
W 
I- 

U 10-6 10-5 10-4 10-3 

DECAY CONSTANT (x i ) ,  sec-’ 

Fig. 15.14 Steady-state fractional release rates of radio- 
active fission gases from U 0 2  irradiated a t  low temperature. 
The figures to the right of the lines indicate the percent of 
theoretical density of the sintered pellet specimens. The 
samples labeled “small” were yi of the mass but five 
times the geometrical surface-to-volume ratio of the 
samples labeled “large.” [From R.  Soulhier, Nucl. Appl . ,  2: 
138 (1966).] 

The data €or the 97% TD small pellet are anomalously high, 
although the slope of the line through these data is the 
same as the slope of the line through the 9’7%~ TD large 
pellets. 

The data accumulated from in-pile experiments of 
low-temperature fission-gas release qualitatively support a 
model that ascribes release to a combination of direct recoil 
and knockout. Quantitative agreement with theory is 
difficult to obtain, however, because of the sensitivity of 
the release rates to the geometry of the samples and the 
holder and to  the microstructure of the fuel specimens. 

15.3.6 Stable Fission Products 
The direct recoil release formula, Eq. 15.18, is applicable 

to stable as well as to radioactive fission products. 
Although the steady-state analysis of the knockout 

mechanism of radioactive fission gases is useful in inter- 
preting the results of in-pile gas-release experiments, it is of 
little significance in reactor operation. The fission gases 
responsible for fuel swelling and internal pressurization of 
the fuel element are the stable isotopes listed in Table 13.3. 
The radioactive fission gases decay to  solid fission products 
and are generally included in the cumulative yields of these 
fission products. 

Analysis of the knockout of stable fission products 
begins with a balance equation similar t o  Eq. 15.26, except 
that the radioactive decay term is deleted and the 
unsteady-state nature of the process is accounted for. Thus, 

dci = qf f  + qko - Pi 
d t  

(15.48) 

*The h dependence of the knockout mechanism used in 
Eq. 15.47 is valid only when Eq. 15.41 holds, o r  For 
H < 0.1 or H + 00. This restriction is easily satisfied for the 
short half-life krypton isotopes but may be violated for the 
xenon isotopes. In the latter case, the knockout current is 
less strongly dependent upon decay constant than h-’. 

A5 in the case of radioactive species, qff  can be approxi- 
mated by y,F/2 (although the subsequent step of equating 
y,F to h,CT I S  not valid), and Eq. 15.48 becomes c 

(15.49) 
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The balance equation for positions far from surfaces is 

dt dC, -  - y,F ' ( for  x > Pf f )  (15.50) 

The concentration of fission product i just inside the 
knockout zone (i.e., a few knock-on recoil ranges from the 
surface) is governed by the direct recoil mechanism, for 
which the appropriate balance is given by Eq.  15.13 
(without the decay term), 

We approximate the time dependence of C, within the 
knockout zone by this formula as well. which reduces 
Eq. 15.49 to  

(15.51) 

Or the knock-on process is in quasi-equilibrium. 
As in the previous steady-state analysis, q f"  is given by 

Eqs. 15.5 and 15.6, and Pi is given by Eq. 15.25. With the 
dimensionless variables q and Y of Eqs. 15.32 and 15.33, 
Eq. 15.51 becomes 

5 L::' Y(q')  dq' = Y(q) (77 > 1 )  (15.52b) 

These integral equations represent the 1-1 + m  limit of 
Eqs. 15.30 and 15.31. They can be solved approximately 
by assuming power series solutions in q for the ranges of q 
separated by the discontinuities in slope. To reduce the 
algebraic labor, we consider only the first two ranges and 
approximate the concentrations by 

Y I ( q )  = a ,  + b l  77 + c I  q2 

Y? ( q )  = a2 + b2 q + c2 q2 

Y = Y  = _  . = -  ( f o r q > 2 )  

( for  0 < q < 1)  

(for 1 < q < 2) 
(15.53) 

(15.54) 

(15.55) 
1 
2 3 4 .  

These functions are subject t o  the conditions 

YI (1) = y2 (1) (15.56) 

(15.57) 
1 

Y2 (2) = - 2 

t2)2 = 0 (15.58) 

Substituting Eqs. 15.53 and 15.54 into 15.52a and 
setting the coefficients of the zeroth, first, and second 
powers of q equal to zero provide three equations among 
the coefficients a l  . . . c2 which, with the additional rela- 
tions supplied by Eqs. 15.56, 15.57, and 15.58, allows us to 
determine all the coefficients in Eqs. 15.53 and 15.54. 
Proceeding in this manner, we find 

\ (15.59) 
a ,  = 5/44; b l  = 2/11; c I  = 3/44 

a2 = -1122; b2 = 6/11; c 2  = -3122 

The dimensionless concentration profile is plotted as the 
lower curve in Fig. 15.12. 

The knockout current of stable fission gases is giveii by 
Eq. 15.39, which,; in terms of the dimension!t!ss variable? 7) 

and Y ,  is 

Using Eq. 15 .53  and the preceding values of a ,  , h ,  . aiid c I  
we find the integral i n  this equation to be 0.017. According 
to  Eq. 15.24, n F p v  = ocr i+f .  Integration of Eq. 15.50 
shows that CT = yiFt .  and Ft /NU is the burnup, 0. 'rhr 
knockout release rate is 

IFo = (0.C)17aup) y iFpi f f  (1 5.60) 

The knockout current is of the same form as the recoil 
current of Eq. 15.18 except that the coefficient 1/, i n  the 
recoil current is replaced by the parenthet.ical exprpssion in  
Eq. 15.60. 

Application of Eq. 15.60 to calculate release ratt's of 
stable fission gases during irradiation of a fuel element is 
hampered by the lack of knowledge of the total fuel surface 
area available for knockout release and by the fact that 
much of the fuel is at temperaisms high enough so that 
knockout and recoil are not the only modes of releasp. I n  
this case the bulk concentration is not correctly described 
by Eq. 7 5.50, and y,p i n  Eq. 15.60 should be left as CT,",. 
The concentration at the pdge of the recoil zone, C y ,  is 
controlled by the other release mechanisms. Even if 
Eq. 15.60 were accepted without modification, the frac- 
tional release due to knockout frorn a fuel rod 6 mni in 
diameter with total surface area l o 3  times the  geometrical 
area is only 6% after a 10% bumup. This is approximately 
an order of magnitude lower than the observed release 
fractions from highly rated fuel rods; so release of stable 
fission gases by direct recoil and knockout is of little 
importance in reactor fuel-element performance. 

15.4 THE EQUIVALENT-SPHERE MODEL 
OF DIFFUSIONAL RELEASE 

The simplest explanation for the temperature-depen- 
dent release of fission gases which is observed above 
-1000°K is that such escape represents Lattice diffusion of 
gas atoms to surfaces that communicate directly with the 
surroundings. A polycrystalline sinter is treated as a 
collection of spheres of uniform size characterized by a 
single equivalent radius, a, defined by 

s.=- 3 
V a  

(15.61) 

The total surface area for gas escape by diffusional 
processes is the same as that available for release by 
knockout. The ST can be measured by gas-adsorption 
techniques; so the equivalent radius is an experimentally 
accessible parameter. 

Having characterized the geometry of a fuel specimen 
by the particle radius (the actual particle size of crushed 
and sieved single-crystal specimens or the equivalent radius 
for a sintered sample is employed), we can use the results of 
gas-release experiments t o  determine the diffusion coeffi- 
cient of the fission-gas in the solid fuel. 
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Three variations of the equivalent-sphere model have 
been reported. The first considers gas-atom migration in the 
sphere to  proceed by classical volume diffusion, without 
allowing for complicating factors, such as trapping or 
re-solution. This theory is treated in the following section. 
The effect of trapping of gas atoms by crystal defects in 
postirradiation anneal and in-pile experiments is reviewed in 
Sec. 15.6. Finally, the effect of fission-induced re-solution 
of grain-boundary bubbles on diffusional release during 
irradiation is considered in Sec. 15.7. All three of these 
theories assume that the geometry in which diffusion 
occurs can be described by a sphere of radius a. They are 
therefore all equivalent-sphere models and differ only in the 
detail in which the diffusion process within the sphere is 
described. 

15.5 SIMPLE DIFFUSION 

The application of classical diffusion theory to  fission- 
gas release from a fuel sphere of radius a was first described 
by Booth.’ ,’ The sphere is treated as a homogeneous 
medium, with no account taken of bubbles, pores, disloca- 
tions, grain boundaries, or radiation-produced defects that 
may serve to impede gas-atom migration. The effect of 
these trapping centers is buried in the quantity D, which is 
therefore an apparent dirfusiuity for the heterogeneous 
medium. 

15.5.1 Pos t i r r ad ia t ion  Annealing 
The postirradiation annealing experiment using the 

apparatus shown in Fig. 15 .1  was described in Sec. 15.2. 
The fission gas analyzed must be radioactive if gamma-ray 
detection is to  be used. On the other hand, isotopes with 
very short half-lives lose considerable activity before and 
during the anneal and thus pose counting precision dif- 
ficulties. I t  has proven convenient to work with the 
long-lived radioactive fission gases, principally Xe, in 
postirradiation anneal experiments. Where experiments 
have heen capable of distinguishing between xenon and 
krypton diffusion (as in steady-state sweep-gas experiments 
conducted in-pile), only minor differences have been 
observed. I t  is common to consider the noble-gas fission 
products as a single species. 

If radioactive decay during annealing is neglected, 
Fick’s law for the postirradiation annealing experiment 
when volume diffusion is the only .process occurring is 

(15.62) 

where D is the apparent diffusion coefficient of the noble 
gases in the bulk solid. The initial and boundary conditions 
for Eq. 15.62 are 

C(r,O) = co (15.63) 

C(0,t)  = finite (15.64) 

C(a,t) = 0 (15.65) 

The constant Co represents the gas concentration generated 
by the light low-temperature irradiation prior t o  annealing. 
Uniform initial distribution of the gas has been assumed, 

although the depletion very close to the surface due to 
recoil should be accounted for in principle. This perturba- 
tion, however, has a significant effect only very early in the 
anneal and is neglected in the following treatment. 

The flux of gas atoms for the surface of the equivalent 
sphere into the surrounding gas space is given by 

J=-D($) a (15.66) 

and the fraction of the total amount of gas released from 
the equivalent sphere after anneal time t is 

t 
= ”J J dt’ (15.67) 

4rra2 J dt‘ 
f =  

4na3 c,, 13 aCo 

The solution to Eq. 15.62 and its associated conditions 
can be obtained either by the method of separation of 
variables or by the Laplace transform method. Separation 
of variables is convenient for long times ( f  + I), whereas 
the Laplace transform provides a simple analytical expres- 
sion for short times ( f  -+ 0). Since the short-time approxi- 
mation is accurate over a very wide range of annealing times 
and is almost exclusively used in data interpretation, we 
describe here only the Laplace transform solution. 

The dimensionless radial position and the dimensionless 
time are defined by 

r 
(15.68) 77 =-; 

Dt 
a’ 

7 = -  

and a dimensionless concentration by 

r C  C u = - -  a $  =vc 
Equations 15.62 to 15.65 become 

a U  - a Z u  
a7 a V 2  
_-__ 

u(v,O) = 77 
U(0,T) = 0 

(15.69) 

(15.70) 

(15.71) 

(15.72) 

(15.73) 

u(1,7) = 0 (15.74) 

Taking the Laplace transform of Eq. 15.71 and using 
Eq. 15.72 yield 

(15.75) 
- d2; pu--7)=--- 

d77* 

where p is the transform variable and G ( q )  is the Laplace 
transform of ~ ( 7 7 , ~ ) .  The boundary conditions are 

ii(0) = 0 (15.76) 

i ( 1 )  = 0 (15.77) 

The solution of Eq. 15.75 and the preceding boundary 
conditions is 

477) = 77 (15.78) 
c 

eP%rl - ,-p%r, 
c- ,.2 

p(eP‘2 -e-”%) p 
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In terms of these dimensionless variables, the Laplace through the equivalent radius a. In terms of D’, the 
fractional release in a postirradiation annealing experiment 
can be expressed by 

transform of the flux given by Eq. 15.66 is 

(15.85) J =-- - -;(I) 6 - ”“[(t:), ] (15.79) f = - (D’t)’ a 
IT‘ 

or, with ;(q) given by Eq. 15.78, 

When the dimensionless time r is small, the Laplace 
transform variable p is large; so the term in the parentheses 
of Eq. 15.80 (which is tanh p$) can be set equal to unity. 
This is the  short-time approximation. Taking the inverse 
transform of Eq. 15.80 with this simplification yields 

(15.81) 

Substitution of Eq. 15.81 into the integral of Eq. 15.67 
gives the fractional release, 

f = - - 7  6 M-3r (15.82) 
ITS 

Although Eq. 15.82 is in principle a short-time approxi- 
mation, it is remarkably accurate over a large range of 
fractional releases. At the value of r required for 90% 
release, for example, f given by Eq. 15.82 is within 0.2% of 
the value given by the exact solution. Even using only the 
first term on the right of Eq. 15.82 gives reasonably 
accurate results for short times, being 10% too high at  
r = (f = 0.31). Most analyses of postirradiation anneal- 
ing experiments disregard the last term in Eq. 15.82 and 
express the fractional release by 

According to  Eq. 15.85, the cumulative amount of gas 
collected in the anneal should increase as the square root of 
the anneal time. However, in many experiments the initial 
release is found to  be very much more rapid than expected 
from ideal release kinetics. After this initial burst has 
subsided, f increases as tk  up  to  releases of -30%. The slope 
of the straight-line portion of a plot of f vs. t’ can be used 
in conjunction with Eq. 15.85 to  determine the empirical 
diffusion coefficient D’ for the temperature a t  which the 
experiment was conducted. Experiments at  different tem- 
peratures permit the activation energy of D’ to be mea- 
sured. 

15.5.2 In-Pile Gas Release 
The equivalent-sphere concept can be applied to in-pile 

gas release, either to interpret the results of steady-state 
experiments or to predict the release of gas from the fuel 
during reactor operation. 

The form of Fick’s second law which must be solved for 
the in-pile case is 

ac . -_  a t  - y F + D > $ ( r ’ Z ) - h C  (15.86) 

where y is the chain yield leading to  a particular fission 
product and h is its decay constant. The boundary condi- 
tions of Eqs. 15.64 and 15.65 apply to  the in-pile situation, 
but the initial condition is 

C(r,O) = 0 (15.87) 

The general solution to Eq. 15.86 can be obtained, but 
(15.83) 

This fractional release formula is valid for shapes other 
than spheres as long as the actual surface-to-volume ratio is 
used to determine the equivalent radius a. The insensitivity 
to specimen shape is due to the fact that, at  the short times 
to  which Eq. 15.83 applies, the surface flux of gas 
originates from a layer close to  the surface while the 
interior of the specimen is not yet depleted. The diffusion 
medium is essentially semi-infinite in extent as long as the 
radius of curvature of the release surface is large compared 
with the depth over which the concentration departs 
significantly from the initial value Co. This zone must be 
large compared to  the fission-fragment range, however, o r  
else the depletion of the initial distribution due to recoil 
near the surface must be considered in the analysis. 

Very often the appropriate equivalent radius a of a 
sintered compact may not be known. It has become 
common practice to characterize such solids by an 
empirical diffusion coeff icient that includes the unknown 
radius 

D’=  - seC-’ (15.84) 

which depends both on temperature by means of the 
temperature dependence of D and on  fuel open porosity 

D 
a* 

particularly simple release formulas are available for the 
special cases of stable gases in the short-time approximation 
and radioactive gases in the steady-state limit. 

When applied to  stable fission products, the last term 
on the right of Eq. 15.86 is deleted. With the Laplace 
transform method, the short-time approximation to the 
gas-atom flux at  the surface of the sphere is 

J = y F  ’ [ 2 (:)>“--?I - (15.88) 

and, using Eq. 15.67 with Co replaced by yFt ,  the 
fractional release is 

which differs from Eq. 15.82 only slightly in the numerical 
constants, although the physical situations to which each 
formula applies are quite different. As with the postirradia- 
tion anneal, the last term in Eq. 15.88 can be neglected for 
fractional releases less than -0.3, and we have 

f =  
4 Dt % ?(d 4 M 

nx 
= - (D’t) (15.89) 
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The fractional release given by Eq. 15.89 is equal to the 
ratio of the total quantity of fission product released by the 
fuel a t  time t t o  the total amount of the species produced 
by irradiation up to time t. It is not a ratio of release-to- 
birth rates a t  time t. 

The diffusion equation for radioactive species that have 
attained a steady-state concentration profile in the fuel is 

which can be readily solved with the boundary conditions 
of Eqs. 15.64 and 15.65. The fractional release (defined in 
this case as the ratio o f  the release-to-birth rates) is given by 

f =- 3D [(’:)I coth (:’)% -~ - I ]  (15.91) 
Xa2 

In the limit as (a2 X/D)& 3 I., the hyperbolic cotangent term 
reduces to  unity, and the number 1 in the brackets is 
negligible. The fractional release rate is 

f = 3 (L)” = 3 (al>” (15.92) 
Xa2 

(Tke opposite limit i s  f + 1.) Equation 15.91 has been used 
to  determine empirical diffusion coefficients of ’ Xe i n  
fuel pellets and in crushed oxide of known surface area.’ 
In both cases, the in-pile sweep-gas method described in 
Sec. 15.2 was employed. Although the short-lived isotopes 
of the noble gases do  not contribute significantly to 
pressure buildup within the fuel element, knowledge of the 
quantity of these species present during irradiation is 
important in accident analyses. Equation 15.92 can be used 
for this computation. 

Figure 15.15 summarizes the results of gas-release tests 
on various types of oxide fuel compacts. Curve A was 
determined by in-pile experiments on mixed oxide fuel. 
Curve B represents postirradiation annealing results for 
UOz . Curve C was obtained by determining the unreleased 
gas contained in small samples of mixed oxide. Micro- 
samples were drilled from various radial positions in an 
irradiated fuel pin, and the quantity of fission gas retained 
by the fuel was measured. These data gave 1 - f, and hence 
D’, by Eq. 15.85. Knowledge of the temperature a t  the 
sampling location determines a point on Fig. 15.15. 

The substantial discrepancies among the three sets of 
results in Fig. 15.15 are due in part to the different types of 
experimental techniques employed to determine D’ and to 
the undoubtedly different microstructures of the specimens 
studied. Even if the diffusion coefficients of the fission 
gases in defect-free UO, and (U,Pu)02 were the same 
(which they probably are, t o  the accuracy of such 
measurements), the microstructure developed by the fabri- 
cation process and during release a t  high temperature 
influences both the equivalent radius (by means of the open 
porosity) and the diffusion coefficient D (by the type and 
quantity of trapping centers) and hence the empirical 
diffusion coefficient. The activation energies of D’ from the 
lines of Fig. 15.15 range from 200 to 300 kJ/mole, which is 
significantly lower than the activation energy given by Eq. 
13.29. The experiment on which this formula is based 
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Fig. 15.15 Empirical diffusion coefficients of xenon in 
sintered oxide fuels. (A)  Mixed oxide. (From B. T. R.  
Frost, in lntei~rzutioizul Syinposiutn on Ceramic Nuclear 
Fuels, p. 225, American Ceramic Society., (1969). 
(B) UO,. (From G. W. Parker e t  al., USAEC Report ORNL- 
3981 Oak Ridge National Laboratory, duly 1967). 
(C) Mixed oxides. [From R.  Godesar e t  al., Nucl. Appl. 
rectztzoi., 9 :  205 (i970)1. 

probably represents a more reliable measure of true gas 
diffusion in UOz than any of the experiments that are 
based solely on classical volume diffusion in the entire fuel 
body. The latter formulation undoubtedly represents too 
drastic a simplification of the physical processes occurring 
during gas release to permit the equivalent-sphere concept 
t o  be considered as anything more than a convenient 
empirical characterization of the gas-release properties of a 
particular type of fuel. Nevertheless, the simplicity of the 
mathematical formulas involved in the application of the 
equivalent-sphere model has led to widespread use of data 
such as those shown in Fig. 15.15 to predict fission-gas 
release in operating fuel elements, particularly in thermal 
reactors. 

15.5.3 Fission-Gas Release in a Fuel Element 
The formulas derived for the fractional release with 

continuous gas generation can be applied to an entire fuel 
element. 

Consider an annular volume element in a fuel rod of 
thickness dr  and unit height. This element is characterized 
by a single value of D’. The quantity of fission gas 
generated in the volume 27rr dr by irradiation of duration t 
is yFt(2nrdr),  and the amount of gas released from the 
same element is the fractional release times the quantity of 
gas produced. The gas release from a slice of fuel of unit 
height, extending over the entire cross section of the pin is 
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obtained by integration over r. For stable fission gases, f is 
given by Eq. 15.89, and we have 

Gas released from slice of fuel ~ 8n,/z yet3,2~oR (Dt)'/2 dr 
of unit height u p  to  time t 

where R IS the fuel radius. 
The empirical diffusion coefficient D' is a function of 

fuel temperature only and can be related to radial position 
for the case of a simple parabolic temperature distribution: 

(15.93) 

where T,, and T, are the temperatures a t  the center line and 
the outer edge of the fuel rod, respectively. The empirical 
diffusion coefficients plotted on  Fig. 15.15 can be ex- 
pressed in Arrhenius form by 

(15.94) 

where Db is the preexponential factor, E' is the apparent 
activation energy, and k is Boltzman's constant. Using Eq. 
15.94 and converting the integration variable from r to T 
by use of Eq. 15.93 yield 

Gas release from slice of fuel 
at unit height up  to time t 

where 

(15.96) 

is a characteristic temperature between 15,000 and 
20,000"K. 

The integral on the right of Eq. 15.95 can be written as 

T*/T, -u, 
- e d u ]  

JT*/To 
(15.97) 

The last term in the brackets is a form of the exponential 
integral,' which for large values of T*/T can be approxi- 
mated by 

(15.98) 

Since both T*/To and T*/T, are large and T, is generally a 
factor of 2 smaller thanTo, the upper limit in the integrals 
in the brackets of Eq. 15.97 can be set equal to infinity, 
and the result is 

Substitution ?f ,  Eq. 15.99 into 15.95 and division by the 
total amount of gas generated in the  cross-sectional slice of 
unit height yield the radially averaged fraction released: 

- 4 -1 ,Y2 f =-(D t)  
77% 

(15.100) 

where D' is the average value of the empirical diffusion 
coefficient over the fuel cross section, 

The value of D' depends only on  the center-line and surface 
temperatures of the fuel. For a constant thermal con- 
ductivity, Eq. 10.63 shows that To and T, are related to the 
linear power of the rod a t  the particular axial location of 
the slice by  J% ., T = T  

47rk 
(15.102) 

where k is the average thermal conductivity of the fuel 
obtained from the slope of the best straight-line fit through 
the thermal-conductivity integral plot of Fig. 10.20. The 
radial average of the empirical diffusion coefficient is thus a 
function of the local rod linear power and, to a lesser 
extent, of the fuel surface temperature. The fuel surface 
temperature can be taken at  a fixed value between 800 and 
1OOO'K for all applications without appreciably affecting 
the calculated fractional releases. 

Proceeding in analogous fashion over the length of the 
fuel rod, the average fractional release from the entire fuel 
element is found to be  

- 4 -  % f =  - (D't) 
71 '5 

(15.103) 
- 

where D' is the average value of the empirical diffusion 
coefficient for the fuel element 

where Z is the length of the fuel pin,.i)(O) is the peak linear 
power in the fuel rod, and.P(z)/,S(O) is the axial power 
distribution in the fuel element, which can be represented 
by a truncated cosine function. 

The rod-averaged empirical diffusion coefficient can be 
determined from the  data obtained in fuel-element punc- 
ture tests. The total production of fission gas for irradiation 
t i m e t  is 

Total gas produced in the fuel pin in time t 

where the numerical factor converts watts to fissions per 
second. Dividing the amount of fission gas collected from 
the rod by Eq.15.105 gives the average fractional release, 
5 from which B' can be computed by use of Eq. 15.103. 
Parker e t  al.' have performed such calculations using the 
extensive data provided by the AECL fuel irradiation 
program. The results of their analysis of these data are 
shown in Fig. 15.16, along with a best-fit line. The value of 
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- - 
D' is expressed as a function of the average linear power of 
the fuel rod. The rod-averaged diffusion coefficients from 
Fig, 15.16 were then used in Eq. 15.103 to estimate the 
fractional release of stable fission gases in the Browns Ferry 
reactor. 

Parker also calculated fractional releases for fuel ele- 
ments in this reactor starting from the empirical diffusion 
coefficient given by curve B in Fig. 15.15. The value of E' 
was computed by Eq. 15.101 in which To was related to 
linear power by Eq. 15.102. The rod-averaged empirical 
diffusion coefficient was determined from these results and 
the axial power profile of the particular fuel element by Eq. 
15.104. Finally, the fractional release from the rod was 

For radioactive fission gases, the same values of D' used 
for the  stable gases were employed, and the fractional 
release rates were determined from Eq. 15.92 

computed from Eq. 15.103. - 
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Fig. 15.16 Rod-averaged empirical diffusion coefficients 
obtained from AECL (Atomic Energy of Canada, Ltd.) rod- 
puncture data. (From Ref. 16.) 

c Comparison of the estimated fractional releases from 
the rd' values based on rod-puncture data and those 
predicted from the results of postirradiation anneal experi- 
ments are shown in Table 15.3. The disagreement between 
the two methods is discouragingly large. Part of the 
discrepancy can be attributed to the different types of 
experimental data from which the predictions were made. 
Since the entire model on  which both calculations are based 
is predominantly empirical, extrapolation to conditions 
substantially different from those on which the correlating 
factor is' is based leads to poor prediction of gas release. 

15.6 DIFFUSION WITH TRAPPING 

The large discrepancies in empirical diffusion coef- 
ficients measured under ostensibly identical conditions and 
the poor predictive ability of release calculations based on 
the equivalent-sphere model suggest that gas-atom migra- 
tion in nuclear fuels involves more than simple lattice 
diffusion. In addition, close examination of the release 
kinetics shows numerous features that are totally incon- 
sistent with purely diffusional motion. 

The first anomaly is the burst phenomenon mentioned 
previously. Nearly every postirradiation anneal experiment 
has exhibited an initially large release rate before the 
expected tH behavior becomes established. It was once 
thought that this effect was due to a physical difference 
between the surface of the specimen and the bulk caused 
either by corrosion due to impurities in the atmosphere or  
by some form of radiation damage that affected the surface 
layers more than it affected the interior. If the diffusion 
coefficient were larger in the region close to the surface 
than in the bulk, rapid initial release of the type observed 
would be expected. However, it has been found that 
chemical attack of the surface is not responsible for the 
burst in U 0 2  postirradiation anneals (although it can be 
important in the more chemically active' UC) and that it is 
unnecessary to attribute special properties to the surface 
layer as a result of preferential radiation damage. 

Ellman, Fox, and Mears' have measured the release of ' Xe from single crystals of CSI. Classical release curves 
(i.e., f - tg) could be obtained only when the ' 3 3 X e  was 
produced by growing crystals containing radioactive I 
which decayed in situ to provide the ' 3Xe or when 
fission-product Xe was introduced into the crystal by 
recoil from a nearby uranium foil. When defects were 
purposely introduced into the crystal by growing a t  high 
rates or by agitating the melt during growth, the tY law was 
not obeyed. Similarly, when single crystals were irradiated 
to produce ' Xe by the (n,p) reaction on Cs, nonideal 
kinetics were observed. Thus, either natural or radiation- 
produced imperfections in the solid depress the release rate 
by temporarily or permanently trapping the migrating gas 
atoms. Trapping is due to the strong binding of gas atoms 
to  nearly any kind of flaw in the solid. In addition, Ellman, 
Fox, and Mears' and Matzke' have shown that high gas 
concentrations promote trapping of migrating gas. High gas 
concentrations may stabilize certain types of defects (thus 
preventing the defect from thermally annealing and disap- 
pearing). Or, if the trap is a fission-gas bubble, higher gas 

C 
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Table 15.3 Comparison of Fission-Gas Releases for the Browns Ferry Reactor Calculated by  
the Equivalent-Sphere Method Using Empirical Diffusion Coefficients Obtained from 

Rod-Puncture Experiments and Postirradiation Annealing Data* 

I 

Fractional 
release of 

stable gases Fractional release rate, % 

' 'Xe 1 3 ' I t  in 10' sec, % 

Rod Rod Rod 
puncture Annealing puncture Annealing puncture Annealing 

Average rod 0.16 0.97 0.40 2.4 1.5 9 
Peak rod$ 6 27 14 35 39 50 

*Based on  Ref. 16. 
?The diffusion coefficient of iodine is estimated to be four times that of xenon. 
$The full formulas, Eqs. 15.88 and 15.91, must be used for  large release fractions. 

contents imply greater bubble densities and hence a greater 
trapping rate of the free gas atoms. The gas bubbles are 
much less mobile in the solid than free gas atoms and 
generally do  not contribute to gas release in typical 
diffusion experiments. 

The second observation that is completely inconsistent 
with simple lattice diffusion is the effect o n  the release rate 
of the length of irradiation prior to the high-temperature 
anneal. Figure 15.17 shows that large low-temperature 
irradiations can depress the apparent diffusion coefficient 
by three orders of magnitude. In application of the simple 
diffusion model t o  postirradiation annealing experiments, 
the only function of the low-temperature irradiation is to 
establish the  initial gas content of the solid (C, in Eq. 
15.63), but this quantity has no effect on the predicted 
fractional release. MacEwan and Stevens' attributed this 
effect shown in Fig. 15.17 to the defects in the solid 
produced by the low-temperature irradiation. The larger the 
exposure in the reactor, the more defects produced and the 
greater the probability of gas-atom trapping by these 
defects. 

A third contradictory source of evidence was obtained 
in steady-state in-pile release experiments. The fractional 
release rate in this case is given by Eq. 15.92 according to 
the simple diffusion model. However, Fig, 15.18 shows that 
f is influenced by fission rate in a rather complex manner. 
Carroll, Sisman, and Perez" suggest that the release rate is 
normal at  low fission rates but that, as F increases, the 
damage produced in the solid cannot anneal out rapidly 
enough and extensive gas trapping occurs. At fission rates 
greater than -2 x 10' fissions cm-3 sec-I, the defects 
created by irradiation are destroyed by fission fragments, 
and the release rate begins to  rise. 

The final observation strongly suggesting the im- 
portance of trapping on gas release is the difference in the 
measured emanation rates from single-crystal and sintered 
U02  specimens of the same surface area. At low tempera- 
tures [ Fig. 15.19(a)], the fine-grained polycrystalline speci- 
men released more gas than did the single-crystal sample, as 
is expected from the knockout mechanism. The situation is 
just reversed at  high temperatures [Fig. 15.19(b)]. Here the 
single crystal releases more gas than the polycrystalline 
specimen does. This observation is most reasonably at- 

IRRADIATION EXPOSURE,,fisslons/cm3 

Fig. 15.17 Variation of the apparent diffusion coefficient 
of fission gases in single-crystal U 0 2  with prior irradiation 
exposure (at low temperature). Postirradiation annealing 
conducted a t  1400°C. [From J. R. MacEwan and W. H. 
Stevens, J.  Nucl. Mater., 11: 77 (1964).] 
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Fig. 15.18 Fractional release rate of 8 s m K r  from high- 
density U 0 2  during irradiation a t  1400°C. [From R. M. 
Carroll, 0. Sisman, and R. B. Perez, Nucl. Sci. Eng., 32: 
430 (1968).] 



306 FUNDAMENTAL, ASPECTS OF NUCLEAR REACTOR FUEL ELEMENTS 

0 1 2 3 4 5 6 

THERMAL-NEUTRON FI-UX, 10:3neutrons cm-2sec-' 

/ a i  

600 800 1000 1200 

TEMPERATURE, ' C  

( b )  

Fig. 15.19 Comparison of 8 8  Kr release rates from single- 
crystal and polycrystalline U 0 2  at (a) low temperature and 
(b) high temperature. The specimens in (a) had the same 
geometric surface area, and the release rates in (b)  were 
normalized to the same geometric surface area. [After 
R. M. Carroll and 0. Sisman, N u l .  Appl., 2: 142  (1966).] 

tributed to  the fact that the grain boundaries in the sintered 
specimen act as trapping centers for fission-gas atoms and 
thus significantly reduce the release rate. The grain 
boundaries in a polycrystalline solid should not be confused 
with open porosity within the fuel body. The latter is part 
of the total surface area from which release occurs. The 
grain boundaries apparently do  not provide pathways for 
rapid release until large quantities of fission gases are 
accumulated. Then, stresses due to the gas pressure in 
intergranular bubbles can assist in fracturing the specimen, 
or the grain-boundary bubble population may be large 
enough to cause bubble interlinkage that establishes a 
pathway to a surface from which rapid escape is possible. 

The defects in a solid that can act  as trapping centers 
for fission-gas atoms can be divided into two broad 
categories: 

1. Natural defects: 
(a) Grain boundaries. 
(b) Dislocation lines. 
(c) Closed pores in the as-fabricated fuel. 
(d) Impurities in the solid. 

2. Radiation-produced defects: 
(a) Vacancy clusters (perhaps stabilized by a few gas 

atoms). A fission track is especially rich in this 
type of trap. 

(b) Dislocation loops formed by condensation of 
excess interstitial atoms. 

(c) Fission-gas bubble. 
(d) Solid fission-product precipitates (e.g., the noble 

metal and alkaline earth oxide phases). 

In addition to distinguishing between natural and 
radiation-produced defects, the various traps can be char- 
acterized by the ease with which they can be destroyed 
either by natural thermal annealing processes or by fission 
fragments. Closed pores containing little gas and with a 
pressure deficit, for example, will shrink until the gas 
pressure balances the surface-tension forces. Grain bounda- 
ries may be removed by the grain growth process described 
in Sec. 14.5. Small gas bubbles may be obliterated by a 
passing fission fragment. 

The defects can also be distinguished by the tenacity 
with which they retain the trapped fission gas. Grain 
boundaries, for example, are deep traps from which gas 
escape by thermal processes is improbable. In the absence 
of a radiation field, the gas contained in closed pores or 
bubbles is usually considered permanently trapped. How- 
ever, postirradiation anneal experiments suggest that a very 
slow thermal re-solution of fission gas from closed pores is 
needed to  explain the release kinetics. Gas trapped on 
smaller defects, such as clusters of just a few vacancies or  
interstitials or an impurity atom, may not be as tightly 
bound as the gas in deep traps. Gas in a shallow trap has a 
higher re-solution probability than that in a deep trap. The 
re-solution probability, of course, is dramatically enhanced 
in an irradiation environment. 

The rate of trapping of gas a t o m  has been discussed in 
Sec. 1314. The capture rate can be expressed by 

Rate of trapping of fission-gas atoms/cm3 

= k,,Ct C (15.106) 

where k,, is the  rate constant for trapping, C, is the 
concentration of traps in the solid, and C is the concentra- 
tion of free gas atoms. Alternatively, the trapping rate can 
be expressed in terms of the diffusion trapping length L: 

Rate of trapping of fission-gas atoms/cm3 

DXe 
L2 

- -- C (15.107) 

It is convenient t o  describe the trapping rate as a 
probability per unit time, 

sec-' ( 15.108) D X ,  

L2 
g = k,tC, = __ 
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If M denotes the total number of gas atoms per unit 
volume held in traps at  any time, the rate a t  which these are 
returned to the  solid as single gas atoms is given by 
Eq. 13.120: 

\i 
Rate of re-solution/cm3 bhi ' (15.109) 

When only radiation re-solution is considered, b is inde- 
pendent of temperature but linearly dependent on  fission 
rate. In the absence of radiation, only much less effective 
thermal re-solution contributes to the re-solution parameter. 
In this case, b is temperature dependent. 

Each type of trap is completely characterized by values 
of g and b and the dependence of these quantities on T and 
F and, in transient circumstances, on time. 

15.6.1 Postirradiation Annealing Experiments 
Since the bulk of the data on fission-gas release from 

nuclear fuels has been obtained from postirradiation anneal- 
ing experiments of the type described in Sec. 15.2, we first 
analyze this situation when diffusion occurs in a medium 
containing a stable array of trapping sites. 

As in the simple volume-diffusion description of this 
process, we consider diffusion of the untrapped portion of 
the gas in a solid that has the shape of a sphere of radius a. 
In place of Eq. 15.61, the diffusion equation that explicitly 
accounts for trapping and release from traps is 

The subscript Xe has been appended to the diffusion 
coefficient to distinguish the true diffusivity of the fission 
gases, DXr,  from the apparent diffusivity D used in the 
simple diffusion model. The balance for the trapped gas is 

a M  
- = @ -  a t  

bM (1 5.1 11) 

For simplicity, only a single type of trapping center has 
been assumed. If more than one type of trap were active, 
the parameters g and b and the trapped concentration M 
would have to be broken down into separate terms for each 
trap. There would be one balance equation like Eq. 15.111 
for each distinguishable type of trap. 

The parameters g and b are assumed independent of t 
and r. That is, the traps change neither position nor 
effectiveness during the anneal. Were they moving in the 
solid, a convective term would have to be added to  the 
balance. 

At the beginning of the anneal, the gas is assumed to be 
partitioned between the matrix and the traps by the initial 
trapped fraction y :  

' 

y = fraction of gas in traps a t  t = 0 

If Go is the total amount of gas in the solid a t  the start of 
the anneal (Le., the sum of the initial values of C and M), 
the initial conditions of Eq. 15.63 are replaced by 

C(r,O) = ( 1  - Y )  CO (15.112a) 

( 1  5.11 2b) M(0) = Y Co 

The boundary conditions for Eq. 15.110 are given by 
Eqs. 15.64 and 15.65. 

To elucidate the minimum number of parameters on 
which the fractional release depends, we can make Eq. 
15.110 dimensionless with the time, position, and matrix- 
gas-concentration variables given by Eqs. 15.68 to 15.70. In 
addition, we need to  define the dimensionless trapped gas 
concentration: 

(15.1 13) 
M 

W = q -  c 0 

and the dimensionless trapping and re-solution proba- 
bilities: 

(15.1 14) 

(15.115) 

The dimensionless form of the balance equations are 

the initial conditions become 

(15.116) 

(15.117) 

and the boundary conditions are 

u(0,r) = 0 

u(l,7) = 0 
(15.119) 

The fractional release is obtained by using the solution 
of Eqs. 15.116 to 15.119 in Eqs. 15.66 and 15.67. 

Several limiting cases that do not require detailed 
analysis are of interest: 

1. No Trapping. When G + 0 and y = 0 (or alternatively, 
B + m), trapping is so weak that the problem reduces to  the 
simple diffusion situation treated in the previous section. 

2. Equilibrium Trapping. When G and B are both very 
large, the trapping and re-solution process is in quasi- 
equilibrium, and 

(15.120) 
G 
B w = - u  

at  all times and positions. Adding Eqs. 15.116 and 15.117 
gives 

with the initial condition 

u + w = q  ( a t t = O )  (15.1 22) 

and the boundary conditions u + w = 0 at 77 = 0 and 77 = 1. 
These equations are identical to those obtained in the 
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simple diffusion model of postirradiation annealing if the 
matrix gas concentration in the latter is replaced by the 
total gas concentration (matrix plus traps) and dimension- 
less time is taken as 

(15.123) 

The fraction released obeys the normal law (Eq. 15.83) 
with an apparent diffusion coefficient of 

= (A) Dxe 
(15.124) 

Although equilibrium trapping has not been observed in 
postirradiation annealing studies of fission gases in nuclear 
fuels, it appears to satisfactorily describe the trapping of 
ion-implanted rare gases in some alkali halides.’ In the 
following section a model of gas release that assumes 
equilibrium trapping to apply to fuel under irradiation is 
described. 

3. Initial Trapping, If all trapping occurs during the 
low-temperature irradiation or during warm-up of the 
sample prior to the start of the high-temperature anneal and 
none occurs during the period that release of gas is 
followed, we can set both G and B equal to zero. In this 
limit, the fractional release is obtained from the equations 
for diffusion without trapping (Eqs. 15.71, 15.73, and 
15.74) but with the initial condition given by Eq. 15.118b. 
The fractional release is a factor ( 1  - y )  smaller than what 
it would have been had all the gas been in solution at  the 
start of the anneal. Since the diffusivity varies as the square 
of f, the apparent diffusion coefficient is 

D = (1 - y ) 2  D,, (15.125) 

The release curves for the cases analyzed are all 
“normal” in the sense that f varies linearly with tX during 
the entire anneal and no initial burst is predicted. MacEwan 
and Stevens” interpreted the data of Fig. 15.17 in this 
manner, suggesting that the initial trapped fraction, y ,  
increased with the extent of prior irradiation. A similar 
interpretation of xenon release from UC was advanced by 
Matzke and Springer.’ There is not, however, any way of 
quantitatively relating y to the exposure during low- 
temperature irradiation. 

4. Irreversible Trapping. An analytical solution can be 
obtained for short annealing times if trapping is permanent, 
or B = 0. In this case the result (derived later) is 

f = 3(1 -y)G-%erf (Gr)X (15.126) 

For G r  > 5, the following limiting value of f is obtained: 

(15.127) 

where 1 - f, represents the fraction of the gas that is 
permanently retained in the specimen at  the annealing 
temperature. Permanent trapping is indicated experi- 
mentally by cessation of gas release before all the initial gas 
in the specimen has been removed. 

Since very few release curves show the normal f - tX  
behavior of the simple diffusion model and the special cases 

of trapping described in items 2 and 3, it is necessary to 
compare most data obtained in postirradiation annealing 
experiments with the complete solution of t le diffusion- 
trapping equations. 

In addition to the dimensionless time r ,  f is a function 
of the trapping and release parameters, G and B ,  and the 
initial disposition of the gas, y .  The last of these quantities 
can be eliminated from the system of equations by noting 
that the complete solution is a linear combination of the 
solutions for y = 0 and y = 1. Thus 

f(T,GJ,S) = (1 - Y )  f(o)(r,G,B) + Y f ( 1  )(r,G,B) (15.128) 

where f ( 0 )  and f ( l )  are the solutions with all the gas 
initially in the matrix and in the traps, respectively. 
Hurst’ has provided numerical solutions giving f ( o )  and 
f , , )  as functions“ of r, B,  and G. 

An approximate analytical solution for the fractional 
release can be obtained by the Laplace transform method 
applied previously to the Same situation treated by the 
simple diffusion model. Taking the Laplace transform of 
Eqs. 15.116 and 15.117 and using the initial conditions 
given by Eqs. 15.118 leads to an ordinary differential 
equation in ’ii (which contains G )  and an algebraic relation 
between ’ii and %. Eliminating % between these two 
equations provides a single differential equation for that 
is subject to the boundary conditions given by Eqs. 15.76 
and 15.77. Solving as in the case of simple diffusion, we 
obtain the analog of Eq. 15.83 

- 1 (1 -541 Y 
(1 5.129) 

where 

(15.130) 

Invoking the short-time approximation, we assume that y is 
sufficiently large to set the parenthetical expression involv- 
ing e? in Eq. 15.129 equal to unity and to neglect the last 
term entirely, thus leaving 

= (q).+ (1 -Sr) (15.131) 

To simplify the inversion, we write 

where 

(15.133) 

*Hurst used parameters pz  and y in place of G and B .  
The former should be multiplied b y  n 2  to give the latter. 



We first find an approximate inversion of l / - y  by writing 

1 - 11 + (B/P)lM 
7- (p + B + G I %  

0 

. .. -. - - . . . - -  
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- 1 + (B/2p) + . . . - + (B’2p) (15.135) - - -  

{ p + G [ l  + (B/G)]}”z (p+G)’h 

To obtain the last equality, we have terminated the 
power-series expansion of the numerator after the second 
term and have neglected B/G compared to unity in the 
denominator. This approximate form of 1i-y can be inverted 
directly, and J(”) is found to be 

Similarly, Eq. 15.134 can be inverted by writing 

B 
(15.137) J B -  ~ - 

Y B + P  p ( p + G ) %  

which leads to 

-erf (GT)”~  (15.138) 

Multiplying Eq. 15.136 by ( 1  - y )  and Eq. 15.138 by y 
and summing gives J, which is then integrated according to 
Eq. 15.67 to yield the fractional release. The result of these 
manipulations is::’. 

The first term on the right is valid for any G in  the 
short-time approximation (T < -0.01). The formula, how- 
ever, is less accurate in predicting f when the re-solution 
parameter B differs from zero. The second term in 
Eq. 15.139 is a good approximation to Hurst’sZ2 numerical 
solution as long as the following restrictions are satisfied: 
( 1 ) ~ < - 1 0 - ~ , ( 2 ) G r > - 2 , a n d  (3 )B /G<1 .  

Fortunately, all these restrictions are satisfied in most 
postirradiation annealing experiments. Restriction 1 is a 
short-time limitation which is more severe than in the case 
of the simple diffusion model. For restrictions 1 and 2 to 
be simultaneously satisfied, G must be greater than -2000. 
To ascertain i f  G values of this magnitude would be 
expected, we can combine Eqs. 15.108 and 15.114, which 
gives : 

G =(;I (15.140) 

The analysis is valid provided the equivalent radius of 
the particles is about 50 times larger than the trapping 
diffusion length. For solids with a normal complement of 

*In the process of integrating erf ( G T ) ’ ~  by parts, 
another integral of the form ~ ~ G 7 ) ’ 2 ~ Z  e-XZ dx arises. The 
upper limit of this integral has been approximated by 
infinity t o  arrive at  the  factor of ‘I, in Eq. 15.139. 

pores, grain boundaries, and any radiation-produced de- 
fects, this ratio is usually attained. 

Equation 15.139 is essentially the first two terms of a 
power-series solution for f i n  the re-solution parameter B. 
Restriction 3 requires that the re-solution probability be 
much smaller.than the trapping probability. This is realistic 
in postirradiation annealing studies, wherein only thermal 
re-solution occurs, but the approximation would not be 
acceptable in an irradiation environment, where fission-frag- 
ment re-solution increases B by a factor of 10  to 100 over 
that due to  thermal processes acting alone. 

Equation 15.139 reduces to all the limiting cases 
considered earlier except that of equilibrium trapping, 
which can be deduced by neglecting p in the denominator 
of the second term in Eq. 15.130. 

Figure 15.20 shows the release curves measured by 
MacEwan and Morel’ in postirradiation annealing studies 
of xenon release from crushed particles of UOz .  Each 
particle behaved as a single spherical diffusion medium with 
no internal surface area. Figure 15.20(a) shows the data 
obtained with particles of an equivalent radius of 31 u m  

0 0 005 0.01 0015  0 02 
;/* 

( a )  a = 31 p m  

N DIFFUSION TIME, days 

0.25 0.5 1 2 3 4  0 - 
X I I  I I I 1 I 1  

0.01 0.02 0.03 

p2 

( b ) a = 1 9 p m  

Fig. 15.20 Fractional xenon release from UOz single- 
crystal particles at  1400°C. Preannealing irradiation ex- 
posure was less than 10’ ’ fissions/cm3. Curves are from the 
solutions to the diffusion-trapping equations for the values 
of the parameters indicated. [From J. R. MacEwan and 
P. A. Morel, Nucl. Appl., 2: 158 (1966).] 
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which had been charged with fission gas by a light 
low-temperature irradiation. The data points were fit t o  the 
numerical solution of the diffusion-trapping equations 
(Eq. 15.139 could equally well have been employed). The 
values of the parameters which provided the best agreement 
between the data and the predictions of the ,model are 
shown on the graph. Also shown are lines that ignore 
trapping entirely ( y  = 0, G = O j  and neglect release from 
the traps (y = 0, G = 1.6 x l o 4 ,  B = 0).  

The best fit is obtained with y = 0,  which justifies the 
belief that the prior radiation exposure was small enough to 
prevent production of sufficient radiation defects to mea- 
surably impede diffusion i n  the high-temperature anneal. 
The most prominent feature of the release curves is the 
rapid initial rate followed by a nearly linear (with TK), 
slower rise. This is precisely the burst character which 
cannot be explained by the simple diffusion model. The 
diffusion-trapping model shows that the initial slope of the 
f vs. r h  plot is identical to that for simple diffusion in the 
absence of trapping; early release is due to gas so near to 
the surface that the probability of encountering a trap 
before reaching the surface of the specimen and escaping is 
very small. Trapping is evident in the release kinetics only 
later when the surface flux arises from gas drawn from deep 
within the particle. This gas has a substantial probability of 
being trapped while migrating. Thus, the initial rapid rise in 
the release rate from U 0 2  is a natural consequence o f  the 
trapping-diffusion model; it is representative of true volume 
diffusion and not, as had been thought earlier, of some 
unexplained degradation of the surface of the specimen by 
contamination or  other causes. 

Figure 15.20 shows that the fraction released continues 
to increase even at long anneal times. The absence of a 
saturation value in the release curves (as evidenced by the 
departure of the data from the irreversible trapping curve 
for r %  > 0.01) suggests that slow release from the traps is 
occurring, which is reflected by the value of B = 103 
needed to  fit the data. 

Figure 15.20(b) shows the results of an experiment 
performed under identical conditions as those of 
Fig. 15.20(a) but with UOz particles 19  p m  in radius rather 
than 31  ym. The best fit is obtained with y = 0 (because 
the initial irradiation was light) and G = 2500 and L3 = 400. 
If the trapping and re-solution probabilities were the same 
for the two different particle sizes (and there is no reason 
to  expect that  they should not be), Eqs. 15.114 and 15.115 
show that G and B should have decreased by a factor of 
(19131)' = 0.38 when the small particles replaced the larger 
ones. On the bases of the values of these parameters 
obtained from the 31-pm particle release curve. the 
predicted values for the small particles are G = 6000 and 
B = 380. The observed changes are in the right direction 
and agree adequately with the predicted magnitudes. Using 
the average value of the trapping probability g obtained 
from the two experiments and Eq. 15.108 shows that the 
trapping length is 0.3 pm. The re-solution parameter evalu- 
ated from the B value and Eq. 1.5.115 gives a mean delay 
time of gas in the traps, l / b ,  of about 1 3  days. This figure 
can be compared to the mean re-solution lifetime under 
reactor irradiation, which is 4 t o  40 hr (Sec. 13.7). The true 
diffusion coefficient obtained from the initial slopes of the 

release curves in Figs. 15.20(a) and 15.20(b) in conjunction 
with Eq. 15.83 (which, as explained, applies to early times 
even when trapping occurs) is 8 X 10-I cm2 /sec at 
1400°C. 

The data from an experiment at 1500°C with the large 
(31-pm radius) particles and a low initial irradiation dose 
were best fit to theory with y = 0, G = 1.2 X l o 4 ,  and 
B = 1.5 x l o 3 .  The initial linear portion of the f vs. 7 %  

curve yielded a diffusion coefficient at  this temperature of 
4 X cm2 jsec. The activation energy for volume 
diffusion of xenon in U 0 2  computed from the Dxe values 
at 1400°C and 1500°C is about 90  kcal/mole, which is in 
very good agreement with the value obtained by the 
bubble-growth experiment (Eq. 13.29). The re-solution 
time calculated from the preceding value of B is 10 days, 
compared with 1 3  days i n  the experiment at 1400°C. This 
decrease in b-' is an indication of a thermally activated 
escape process, although the activation energy is rather low. 

The value of G for the 1500°C experiment was nearly 
the same as that for the 1400°C experiment, showing that 
the anneal temperature did not affect the diffusion trapping 
length (which remained at 0 .3pm) .  The most obvious 
defect for trapping migrating gas atoms during the anneal- 
ing stage is the preexisting closed porosity in the particles. 
MacEwan and Morel assumed that the gas-atom capture rate 
by the pores is reaction-rate controlled; so L2 is given by 
Eq. 13.51 in which the trap concentration is the number of 
pores per cubic centimeter. The combinatorial number for 
large spherical traps such as pores is best estimated as the 
number of atomic sites on the pore surface, or 4nR;/a:, 
where R, is the pore radius and a, is the lattice constant. 
Inserting this expression for zgt into Eq. 13.51 and 
assuming the atomic volume .Q = a;, we have 

(15.141) 

The measured pore concentration and size in the UOz 
specimens used by MacEwan and Morel were R, = 150 a 
and C, 2 x 10' ' pores/cm3. Using these values and 
a, = 3.5 A i n  the preceding formula yields L = 0.08 pm. 
This value does not include the effect of other types of 
traps (e.g., subgrain boundaries or dislocation lines), inclu- 
sion of which would have rendered the computed value of 
L even smaller than 0.08pm. The theoretical value of L is 
too small because i n  the derivation of Eq. 15.141 the 
capture rate of gas atoms by the pores has been assumed to 
be reaction-rate controlled. Diffusion control of the absorp- 
tion rate is much more likely for spherical sinks 150  in 
radius. The predicted trapping length for diffusion- 
controlled absorption can be obtained by using Eq. 13.70 
in Eq. 15.108, which results in 

(15.142) 

The diffusion trapping length predicted by Eq. 15.142 for 
the pores in the UOz particles used by MacEwan and Morel 
is 0.6 pm,  which is in better accord with the measured value 
of 0.3 p m  than the value computed, assuming reaction-rate 
control. Inclusion of other natural defects, such as disloca- 
tions, in the computation would have brought the diffu- 
sion-controlled prediction closer to the measurement. 

L 2 

4nR,C, 
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The data shown in Fig. 15.20 pertain to low initial 
exposures, which did not produce any defects that survived 
long enough at the annealing temperatures to$ontribute to 
gas-atom trapping. However, when the particles were given 
loiig initial irradiations, the release curves showed :,substan- 
tially larger G values and required that the initial fraction 
trapped, Y, be other than zero. MacEwan and Morelz3 
found that, for a particular sphere size, the trapping 
parameter could be correlated by 

G = Go + KFtir, (15.14 3) 

where t i r r  is the length of the low-temperature irradiation, 
Go is the dimensionless trapping parameter arising from the 
preexisting porosity, and K is an empirical constant. At a 
burnup (F t i r , /Nu)  of only G was found to be 25 
ti,mes larger than G,. ‘rhus, copious quantities of defects 
must have been produced by irradiation which, moreover, 
were stable at  temperatures of 1400°C. MacEwan and 
Morel’ considered that bubbles produced by nucleation of 
the fission gas during the early stages of the anneal were 
responsible for the large increase of the trapping probability 
above that ascribable to the natural porosity of the 
material. However, even the assumption that all the fission 
gas precipitated into equilibrium bubbles produced a 
theoretical value of the constant K in Eq. 15.143 far lower 
than the measured value. 

MacEwan and Morel2 suggested that the bubbles may 
not have contained sufficient gas to be at mechanical 
equilibrium, which would then make them larger than 
equilibrium bubbles containing the same quantity of gas. 
However, the assumption of equilibrium bubbles appears to 
work well in most swelling models (see Chap. 13); so the 
source of the discrepancy probably lies elsewhere. Other 
possibilities include dislocation loops formed by interstitial 
condensation or solid fission products, either dissolved in 
the matrix as impurities or  precipitated as second phases. 
Whatever the cause of the discrepancy between the esti- 
mated and observed effects of preirradiation exposure on 
the trapping probability, the experiments clearly show that 
for burnups characteristic in power reactors, gas-atom 
trapping due to fission-produced defects should be very 
much more important than trapping at natural defects in 
the as-fabricated fuel. 

15.6.2 Steady-State In-Pile Release 
When release of radioactive gases takes place under the 

combined effects of volume diffusion and trapping and a 
steady state has been attained, the concentration profile of 
untrapped gas in the spherical specimen is governed by 

0 Y F + Dxe 7 - r d r  

where gj and bj are the trapping and re-solution proba- 
bilities characterizing the jth type of trap and Mj is the 
amount of gas per unit volume contained in the jth type of 

trap. More than one trapping site has been included in the 
analysis because of the presence of irradiation. The balances 
on the trapped gas are given by 

One balance of this form is required for each distinguish- 
able type of trap assumed to be present in the irradiated 
solid. The concentration of trapped gas can be eliminated 
from Eq. 15.144 by use of Eq. 15.145, and the differential 
equation for migrating gas becomes 

C (15.146) 
1 

which is identical in form to the analogous balance in the 
simple diffusion model (Eq. 15.90) if  the decay constant in 
the latter is modified by the bracketed term in the 
preceding equation. If gj and bj are independent of C, the 
solution to  Eq. 15.146 can be obtained in the same way as 
in the purely volume-diffusion analysis. Expressing the 
trapping and re-solution probabilities in dimensionless 
terms by use of Eqs. 15.114 and 15.115, we obtain the 
fractional release at  steady state: 

where 

r = D , ,  
Xa2 (15.148) 

is the dimensionless constant of the fission product under 
consideration. Equation 15.147 redtlces to  Eq. 15.92 if all 
Gj + 0 (no trapping) or all Bj + m (short residence times in 
the traps). A release formula similar to Eq. 15.147 was first 
derived by Carroll et  al. 

Interpretation of fractional release aata, such as those 
shown in Fig. 15.18, in terms of the diffusion-trapping 
model requires quantitative characterization of the capture 
and re-solution probabilities for each type of trap present. 
On the basis of the observations of MacEwan and Morel,’ 
trapping due to preexisting defects in the solid can be 
neglected when release occurs during irradiation. In addi- 
tion, we assume that onlv two tvpes of radiation-produced 
traps are present, shallow ones and deep ones. The 
distinction between these types of traps is that the shallow 
traps can be annealed by thermal processes and destroyed 
by fission fragments but the deep traps are not susceptible 
to removal by thermal annealing. In addition, we would 
expect that the re-solution probability from shallow traps 
would be larger than that from deep traps, but this is a 
matter of degree only. According to  all models of gas 
re-solution from bubbles, b is direc1.ly proportional to the 
fission rate (Eq. 13.112 o r  13.116); so we can write 

Bj = ajF (15.149) 

where a, is independent of temperature. Thermal re-solu- 
tion is neglected. 
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Consider now the dimensionless trapping probability 
Gj .  It depends on the trapping length according to 
Eq. 15.140 where, depending on whether gas-atom capture 
kinetics are reaction-rate or  diffusion controlled, L is 
expressed in terms of the defect size and concentration hy 
Eq, 13.51 or Eq. 15.142. The shallow traps are presumably 
the entities represented by items 2(a) and (b)  in the 
classification given at  the beginning of this section. These 
trapping sites are quite small, and for simplicity we assume 
that the reaction-rate-controlled expression for L is applica- 
ble to them. On the other hand, the deep radiation- 
produced traps belonging to categories 2(c) and (d) are 
probably large objects best characterized by diffusion- 
controlled gas-atom capture rates. Thus we write 

for the shallow traps, and 

G2 = (4nRta2)C2 (15.151) 

for the deep traps. In these equations R, is the radius of the 
large spherical deep traps, and zgt  is the combinatorial 
number for the atomic-size shallow traps. 

At steady state the concentration of shallow traps is 
obtained by equating the rate of production by fission to 
the sum of the rates of destruction by thermal annealing 
and fission 

y t r k  = Atr  I C I  + KirC, F (15.152) 

where Yir is the number of shallow traps created per fission 
event (the yield of the traps) and K:‘ is a measure of the 
ease with which the traps are destroyed by fission frag- 
ments.” The value of At: is the decay constant for thermal 
annealing of the shallow traps. We assume that this process 
is first order in trap concentration, although it need not be 
(i.e., vacancy-interstitial recombination) and that the 
decay constant is of the Arrhenius form 

(15.15 3) 

where Elr  is the activation energy for thermal annealing of 
the shallow traps and Ai; is a constant. Solving Eq. 15.152 
for Cl and substituting the result into Eq. 15.150 yields the 
dimensionless capture probability for the shallow traps: 

z, ,a,a’~:~F 

AE exp (-Ef’/kT) + K;rF 
GI = (15.154) 

The preceding analysis of the dynamic behavior of 
shallow traps ignores several important details of the overall 
process. First, the quantity b l M l  represents the rate at 

~~ 

*If the rate of destruction of shallow traps were 
analogous to the rate of bubble destruction in Turnbull’s 
model (Chap. 13, Ref. 43), KY would be equal t o  27rR;pff, 
where R, is the radius of the trap and p f f  is the fission 
fragment range. See Fig. 13.11 and Eq. 13.112. 

which gas atoms are returned to the matrix from shallow 
traps, but it is implicitly assumed that in this process, the 
traps themselves remain intact (otherwise, b l  M I  should 
appear as a trap removal term on the right-hand side of 
Eq. 15.152). Second, the trap destruction rates in 
Eq. 15.152 are not included in the gas balances of 
Eqs. 15.144 and 15.145, although destruction of a trapping 
site surely releases the gas it had contained. Third, the trap 
annealing rate described by the first term on the right-hand 
side of Eq. 15.152 is assumed to be independent of the 
amount of gas held by the trap. However, it is probable that 
traps which contain gas a t o m  are not as easily removed by 
thermal annealing as are gas-free traps (i.e., the presence of 
bound fission-gas stabilizes the trap). This effect could be 
taken into account by allowing X i r  to he a function of MI , 
with A i ’  decreasing as M I  increases. 

If the deep traps were solid fission products, their 
concentration, like their contribution to fuel swelling, 
would increase linearly with burnup (or Ft) .  Were this the 
case, the free gas-atom balance of Eq. 15.144 would 
represent a quasi-steady-state situation for the current 
values of the trapping and re-solution probabilities due to 
this type of defect. 

The most likely deep trap, however, is the population 
of fission-gas bubbles; Table 13.4 shows that the nucleation 
period required for establishment of the bubbles ranges 
from burnups of lo-’ to depending on the modehfor 
this phenomenon and the temperature. Thereafter, the 
concentration of bubbles can remain fixed if  bubble 
migration does not occur and moving grain boundaries and 
dislocations do not sweep up bubbles in their path. For 
such bubbles growth occurs by gas-atom absorption. The 
constant bubble density, which is denoted by C2 in 
Eq. 15.151, is given by Eq. 13.141 or Eq. 13.143 in the 
homogeneous nucleation models; it is independent of 
burnup and vanes with the fission rate raised to some 
power between y2 and y3. Although the bubble density may 
not change with time after nucleation, the radius R2 
continually increases due to  growth of the bubbles by 
gas-atom absorption. If coalescence occurs, both C2 and R2 
are functions of burnup. In Turnbull’s heterogeneous 
nucleation model, both the bubble size and concentration 
are functions of the parameter (F/DC) (see Eq. 13.207 
et seq.). 

Whatever model governs the evolution of the bubble 
population, G~ is a complex function of fission rate @ 
temperature, and matrix gas-atom concentration C. Because 
of the dependence on  the last of these variables, Eq. 15.146 
cannot be integrated to  give Eq. 15.147; when G2 is a 
function of C, the equation becomes nonlinear, and the 
gas-release calculation becomes intimately coupled to the 
bubble-growth calculation. 

Because of the complexities involved in estimating the 
trapping probability when the deep traps are gas bubbles, 
we will illustrate application of the trapping-diffusion 
model t o  the steady-state in-pile release experiment under 
the assumption that only shallow traps are important. Such 
an analysis should be applicable to release experiments at  
burnups below the critical value for bubble nucleation. 
Assuniing G2 = 0, substitution of Eqs. 15.149 and 15.154 
fo rB ,  and G I  into Eq. 15.147 yields 

c 
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(15.155) 
Zgtao a' V1'F + [Xi;exp(- Ei'/kT) + Ki'F] (l/r + 0(1 F) 

Let us examine the fission-rate depihdence of 
Eq. 15.155. As F+O, the right-hand term in the braces 
approaches zero, and f reduces to  the function of r given 
by the simple diffusion formula of Eq. 15.92. As F 
becomes very large, the right-hand term in the braces again 
approaches zero, and the normal release law is recovered. If, 
in between these limits, the last term in the braces becomes 
comparable to  or  greater than unity, a minimum in the f vs. 
F curve should occur. This predicted behavior is consistent 
with the shape of the curve shown in Fig. 15.18. The low 
fission rate asymptote is due to rapid thermal annealing of 
the shallow traps. At high fission rates the destruction of 
traps and the re-solution of gas atoms from the surviving 
traps become large. Together, these effects result in 
maintenance of essentially all the gas in dynamic solution. 
At high temperatures Eq. 15.155 predicts that the mini- 
mum in the fractional release curve with fission rate should 
be less pronounced because the large values of the trap 
annealing constant A:. and the diffusion coefficient (in l/r) 
at elevated temperatures act to reduce the trap concentra- 
tion, all other conditions being held constant. 

15.6?3 Application to  Gas Release from 
Fuel Elements 

The obvious practical utility of clearly distinguishing 
volume diffusion from trapping effects is the potential of 
improving on the simple diffusion model in calculating gas 
release from reactor fuel elements. In such an application, 
the polycrystalline fuel pin would still have to be con- 
sidered as an assembly of equivalent spheres; the only 
difference between the simple volume-diffusion and the 
trapping-diffusion variants is that the fractional release in 
the trapping-diffusion model would be a function of the 
trapping parameters as well as of the gas-diffusion coeffi- 
cient. A number of assumptions are implicit in such an 
extension of the trapping-diffusion model: 

1. The analysis of gas-release experiments employing 
single crystal specimens of known size by the methods 
described earlier has correctly separated the effects of 
volume diffusion and trapping on gas release. In particular, 
the quantity D obtained from the gas-release experiments is 
supposed to be the true diffusion coefficient of fission gases 
in UO' ~ not the admittedly apparent diffusion coefficient 
provided by the simple diffusion model. 

2. The mathematical apparatus required to extend the 
trapping-diffusion model t o  fuel elements in which the 
temperature and fission rate are functions of two position 
variables is available. 

3. The trapping and re-solution probabilities needed for 
quantitative application of the model can be estimated for 
reactor conditions and burnups. 

4. Gas release due to  gross bubble motion (which is not 
accounted for in the trapping-diffusion model) can be 
neglected. Bubble motion can occur either by biased 
migration or  by grain-boundary or dislocation sweeping. 

Consider the first assumption. Application of the 
trapping-diffusion model to the postirradiation anneal 
experiments of MacEwan and Morel' resulted in trapping 
lengths that were in reasonable accord with values expected 
from diffusion-controlled absorption of gas atoms by the 
preexisting porosity in the specimens. Although it is 
surprising to find that the noble gases can escape from 
closed pores in the absence of radiation (all other experi- 
mental evidence strongly suggests that xenon and krypton 
are totally insoluble in UO'), the mean residence times of 
the gas in the pores was at  least very much larger than the 
re-solution lifetimes in a fission-fragment flux. 

The one quantity that can be compared to oLher 
experiments is the gas diffusion coefficient Dxe. This 
parameter is provided directly by the initial slope of the 
release curve in the postirradiation annealing experiment 
(Fig. 15.20). The release rates measured by in-pile experi- 
ments at  low fission densities should also be free of 
trapping effects; so the limiting value of f as F + 0 i n  
Fig. 15.18 should be directly related to the true diffusion 
coefficient by Eq. 15.92. Finally, Cornell's bubble growth 
study, which should also have avoided the confounding 
effects of trapping, provided the diffusion coefficients given 
by Eq. 13.29. Table 15.4 summarizes the values of D,, 
(1400°C) determined by these three independent experi- 
ments. A discouraging three order-of-magnitude discrep- 
ancy still exists despite all the effort of eliminating 
unwanted side effects. 

Now let us consider what is required to apply the 
trapping-diffusion model to an entire fuel element (assump- 
tion 2). For the analysis presented at the end of Sec. 15.5 
to be modified to account for trapping and re-solution, the 
fractional release o f  stable fission gases from a volume 
element of fuel a t  a particular temperature and fission rate 
must be calculated as a function of irradiation time. In the 
simple diffusion model, the necessary fractional release is 
given by Eq. 15.89. The analogous formula in the trapping- 
diffusion model has not been obtained. To do so would 
require replacing Eq. 15.86 by the equivalent conservation 
equations for free gas and trapped gas obtained from 
trapping-diffusion theory, then solving these equations to  
give f as a function of r ,  G, and B. Since the radius a is not 
known a priori when the equivalent-sphere concept is 
applied to fuel bodies, we would, as in the application of 
the simple diffusion model t o  the same calculation, have to 
use an empirical diffusion coefficient whenever the ratio 
DXe/a2 appeared ( D  or  D,, and a always appear in this 
combination in both the simple diffusion and trapping- 
diffusion theories). Armed with the functional dependence 
of f on D', b, and g (hopefully in analytical rather than 

Table 15.4 True Diffusion Coefficient of Fission Gases 
in UO, a t  1400°C 

Dxe(1400"C) ,  
Method cm2 /sec Reference 

Postirradiation anneal 8 x  10 l 5  2 3  

In situ bubble growth 3 x 10-1 Ref. 25 of 
In-pile release 5 x 10.' 11 

Chap. 13 
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numerical form), we could in principle perform the 
appropriate integrations to  yield the average fractional 
release from the fuel element, f .  

Regarding requirement 3, the preceding discussion of 
the steady-state in-pile release experiments using short-lived 
radioactive fission gases has shown that a sizeable number 
of parameters are needed to permit evaluation of g and b 
for each trap present in the irradiated solid. In most cases 
the prediction of these parameters is not possible, and even 
the nature of the radiation-produced traps is not well- 
established. When trapping is due to  gas bubbles, the 
trapping probability g depends on the bubble size and 
concentration, and there is no general agreement on how to 
calculate these quantities even when gas release is ignored 
(Chap. 13). 

Assumption 4 is certainly not correct at  high burnup 
and in a steep temperature gradient. 

Thus, not one of the four basic prerequisites for 
extending the trapping-diffusion model to gas release from 
reactor fuel elements has been satisfied. I t  is not surprising 
that available gas-release theories either totally ignore 
bubble motion while treating gas-atom migration as a 
purely volume-diffusion process or disregard all diffusional 
processes and ascribe release only to  bubble migration in a 
temperature gradient. 

15.7 GAS ACCUMULATION IN GRAIN- 
BOUNDARY BUBBLES 

Most models of gas release recognize that grain bound- 
aries in the fuel act as efficient traps for fission gas. That 
substantial quantities of fission gas collect at grain bound- 
aries during irradiation is demonstrated by Fig. 1.5.21. 
Bubbles from 1000 a to well over 10,000 A i n  diameter are 
visible, and large areas of the grain boundary appear to be 
completely covered by bubbles that have become inter- 
connected. By contrast, the intragranular gas bubbles 
shown in Figs. 13.1 and 13.14 range in diameter from 10 to  
30 A. Analytical gas-release models involving intergranular 
gas bubbles differ profoundly on (1) how the gas reached 
the grain boundary and (2) the fate of the grain-boundary 
bubbles. 

The BUBL analysis presented in Sec. 13.12 assumed 
that gas reached the grain boundaries by migration as 
bubbles along the temperature gradient within the grain, 
with periodic stops as a result of trapping by other crystal 
defects. In this model, bubbles are released from the grain 
boundary when the critical size is attained, growth having 
occurred by coalescence with bubbles arriving from within 
the grain. After detachment, the large grain-boundary 
bubbles again migrate up the temperature gradient. This 
time, however, they are unstoppable, and the gas they 
contain is released to the fuel-element free volume when a 
crack or  the central void is reached. 

assumes that the grain boundaries accumulate gas by 
absorption of single atoms diffusing from the matrix. 
Neither the intra- nor intergranular gas bubbles are permitted 
to move. For diffusion of gas within the grain to the grain 
boundary, not all the gas can be contained in intragranular 

The model presented by Speight and coworkers' ' > *  

Fig. 15.21 Replica fractograph of a grain-boundary surface 
in UOz irradiated at  F = 3 x 10' sec-' and a 
temperature of -1400°K to  a burnup of 1%. Both discrete 
fission-gas bubbles (B) and interlinked bubbles (D) are 
visible. Large fissures (A) are believed to  result from 
complete bubble interconnection in this area of the grain 
boundary. An adjacent grain boundary is shown a t  (C). 
[From R. M. Cornell, M. V. Speight, and B. C. Masters, J .  
Nucl. Mater., 30: 169 (1969) . )  

fissions 

bubbles. Fission-ind uced re-sol ution from in tragran ular 
bubbles is postulated as the mechanism by which gas in 
atomic form is maintained in the solid, thus permitting 
establishment of a macroscopic concentration gradient in 
the grain by which gas atoms diffuse to the grain-boundary 
sinks. Contrary to  the BUBL model, grain-boundary bub- 
bles are not removed by the thermal-gradient force. Instead, 
release to the fuel-element free volume occurs in one of two 
ways: (1) If extensive bubble interlinkage occurs, a path- 
way to  a crack or other fissure communicating with the gas 
space i n  the fuel element will eventually be opened. The 
grain-boundary gas then simply flows out along this leakage 
path. (2)  As a result of stresses in the fuel set u p  by power 
cycling, thermal expansion, or cladding restraint, the fuel 
may crack. Such cracking will most likely take place along 
the grain boundaries because the reduced contact area due 
to  the presence of bubbles on these internal surfaces 
renders them the weakest points i n  the fuel body. However, 
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the theory presented in  Refs. 25 and 26, which is reviewed 
in this section, does not explicitly account for gas release 
by either of the two mechanisms cited; it,. merely deter- 
mines how much gas is in the intergranular bubbles as a 
function of irradiation time, thereby providing an estimate 
of the reservoir of gas available for release. 

The model combines aspects of the trapping-release 
concept described in the preceding section. The inter- 
granular bubbles are assumed to be the sole traps for the gas 
held in the matrix, and release from these traps is described 
by the fission-induced re-solution parameter b. The grain 
boundaries are assumed to be perfect sinks in the thermo- 
dynamic sense that the concentration of dissolved gas i n  the 
solid adjacent to an intergranular bubble is taken to be 
zero. However, there is no reason why the gas in the 
grain-boundary bubbles should not be subject to the same 
re-solution process as the gas in the intragranular bubbles, 
and the model allows for return of gas trapped on grain 
boundaries t o  the matrix by this mechanism. 

The calculation invokes the equivalent-sphere concept 
to model the diffusion process. However, the radius of the 
equivalent sphere is not the empirical quantity defined by 
Eq. 15.61 in terms o f  the total surface-to-volume ratio of 
the fuel compact. Rather, it represents the radius of the 
average grain in the fuel. 

The model presented by Speight and coworkers can also 
be viewed as an  extension of the infinite-medium calcula- 
tion of the growth of fixed intragranular bubbles when 
re-solution is important (end of Sec. 13.9). This calculation 
determined the fraction of the fission gas contained in 
intragranular bubbles as a function of irradiation time when 
the bubbles act as traps and release is due to re-solution. 
The Speight model retains this picture of the processes 
affecting the gas inside a grain (with the sole exception that 
the trapping probability g of Eq. 13.167 is not taken to be 
dependent on the gas content M )  but adds to the 
infinite-medium model the diffusion of gas to the grain 
boundaries. Thus, the model provides a means of calcu- 
lating the fraction f, of fission gas contained i n  intra- 
granular bubbles and the fraction flI, of gas in intergranular 
bubbles as functions of irradiation conditions and time. 
However, it assumes that all the gas generated within a 
particular grain is contained either in the matrix of the 
grain or  in one of the two classes of bubbles associated with 
the grain. Periodic gas release from the grain boundaries due 
to cracking or flushing of the gas collected by a grain 
boundary due to bubble linkage to a fissure is not taken 
into account. 

Figure 15.22(a) illustrates the configuration of the 
inter- and intragranular gas bubbles in a section of fuel. The 
idealized model of the grain analyzed by Speight et  al. is 
shown in  Fig. 15.22(b). There are N intragranular gas 
bubbles per unit volume of fuel, each of radius R. Neither 
N nor R is permitted to change during irradiation. The grain 
boundary in Fig. 15.22(b) is surrounded by a spherical shell 
blanket of gas representing the grain-boundary bubbles. 
Each actual grain boundary separates two adjacent grains. If 
the grain boundaries in Fig. 15.22(a) contain Mgb gas atoms 
per unit area, the smeared blanket in Fig. 15.22(b) contains 
M,,/2 gas atoms per unit area. The total quantity of fission 
gas produced in a unit volume of fuel within the grain is 

' a ,  ,.;. 

NULAR 
L I N T R A G R A N U L A R  GAS BUBBLES 

GAS BUBBLES 

SPHERICAL SHELL 
CONTAlNING H A L F  
THE GAS ON A 
GRAIN BOUNDARY 

Fig. 15.22 Gas bubbles in grains and on grain boundaries. 
(a) Actual configuration. (b) Idealized grain used in the 
model of Speight et  aLZ5 ." 

Y,,Ft, where the cumulative yield of all stable fission 
gases: Yx, * 0.25, is used instead of the instantaneous 
yield of a particular species ernployed in the previous 
section. In the present analysis. all the fission gas must be 
accounted for. No net flow of gas occurs across the dashed 
outer boundary of Fig. 15.22(h);  loss by fission-fragment 
knock-on is just balanced by gain from outside the dashed 
line. 

The fraction of the total amount of gas generated up to 
time t which is not in the grain-boundary bubbles is 
contained within the grain, either in solution or in 
intragranular bubbles. Partitioning of the gas in the grain 
between these two locations is assumed to be governed by 
the condition o f  equilibrium trapping. This limiting case 
occurs when the trapping and re-solution probabilities are 
large enough to neglect the time derivative of M in the 
balance equation for the quantity of trapped gas (i.e., 
Eq. 15.111 simplifies to gC = bM). According to  the discus- 
sion of equilibrium trapping in the preceding section, 
diffusional processes in such a medium can be described by 
Fick's law in which the concentration is interpreted as the 
sum of the concentrations of dissolved and trapped gas, and 
the apparent diffusion coefficient is equal to the true gas 
diffusion coefficient in the matrix multiplied by the ratio 
of the re-solution parameter b to the sum of the re-solution 
and trapping parameters, b + g. Thus, the diffusion equa- 
tion in the sphere depicted i n  Fig. 15.22(b) is 
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= Y x , F +  ' D -  - a ( r '$) (15.156) a t  r2 a r  

where V = C + M is the number of gas atoms per unit 
volume within the grain, irrespective of whether the gas is 
in solution or  i n  intragranular bubbles, and D is the 
apparent diffusion coefficient given by Eq. 15.124. 
Speight" has shown that equilibrium trapping is a good 
assumption when b t  > 5. The treatment assumes that the 
apparent diffusion coefficient, D, is independent of time. 
However, D depends on b and g as well as the true 
fission-gas diffusion coefficient Dxe .  Whereas b and Dxe 
are time independent, the trapping probability g is given by 

g = 47iRDx,N (15.157) 

Although the intragranular bubble density N can be 
considered as constant once the nucleation period is over, 
the bubble radius R can very well increase as irradiation 
proceeds. In fact, the infinite-medium analysis of bubble 
growth with re-solution attempts to determine just this 
variation (e.g., Eq. 13.160). Nonetheless, Speight's model 
assumes g to be a constant, at least for the purpose of 
integrating Eq. 15.156. 

If the grain boundaries did nothing more than act as 
perfect sinks for fission gas, the boundary condition given 
by Eqs. 15.64 and 15.65 (with C replaced by V) would 
apply, and the initial condition would be V(r.0) = 0. The 
flux of gas to the grain boundary would be given by the 
original no-trapping formula, Eq. 15.88, with D interpreted 
by Eq. 15.124. The fraction of fission gas accumulated by 
the grain boundaries, f g b ,  would be given by Eq. 15.89 in  
the short-time approximation. 

The principal modification of the simple model intro- 
duced by Speight et  al. is to include re-solution of the gas in 
the grain boundaries in the analysis. This step essentially 
provides a source of fission-gas atoms within the matrix 
which should be added to  Eq. 15.156 as a source term. The 
re-solution source arises because the gas atoms il l  the grain 
boundaries are periodically struck by fission fragments or 
energetic knock-ons. If they acquire an energy in excess of 
-300eV in such a collision, they can plow back into the 
solid. This is the microscopic model of the re-solution 
process (Sec. 13.7). All knock-on fission-gas atoms do  not 
have the same energy as they begin to penetrate the solid. 
The source of thermalized gas atoms due to slowing down 
of the knock-ons from the intergranular bubbles should be 
spread over all distances from the grain boundary up to the 
range of the maximum energy knock-on. Rather than deal 
with such a distributed source of gas atoms, Speight et al. 
assume that all knock-ons enter with the same energy and 
consequently have the same range, ppe,  in the lattice. If the 
mean energy of the knock-ons is a few hundred electron 
volts, Table 15.1 shows that the depth of penetration into 
the solid should be several tens of angstroms. Diffusion of 
gas atoms in the presence of this discrete plane source is 
treated by dividing the grain into two regions, the interior 
of the sphere and the outer layer. The boundary between 
these two regions is the spherical surface a distance ,upe in 
from the actual grain boundary. 

c The outer region is thin compared to the sphere radius 
(ppe/a < so slab geometry with x = a - r can be 
employed, and for the same reason quasi-stationary diffu- 
sion can be assumed. Thus, the concentration of total gas in 
the outer region, V 2 ,  is governed by the equation 

with boundary conditions 

v2 (0) = 0 (15.159) 

v2 (Pkx",) = V*(t) (15.160) 

Equation 15.159 assumes total thermodynamic insolubility 
of the gas in the solid. The concentration at the boundary 
between the inner and outer regions is a slowly varying 
function of time V*jt) which is to be determined. 
Equation 15.158 can be integrated directly and the flux in 
the +r-direction is found to be 

J2(x) = D2= dV Y x e F  ' (a  -pp, - x) +g (15.161) 
dx  

In the interior of the grain, the total gas concentration 
is denoted by V I  and satisfies the equation 

a t  

0 G r G a -1%; (15.162) 

with 

VI (r,O) = 0 (15.1 6 3) 

VI (0,t) = finite (15.164) 

(15.165) v1 (a - pkX",,t) = V:*(t) 

Equations 15.162 to  15.165 can be solved by the 
Laplace transform method. The transformed differential 
equation is 

(15.166) 

where u I  = rV, , u"l is the Laplace transform of u I  , a n d p  is 
the transform variable. The boundary conditions are 

GI (0) = 0 (15.167) 

(15.168) 
5 - u, (a - p k )  = (a - ppe)<* = aV* 

where ?* is the Laplace transform of V*(t). 
Following the method used in solving the related 

problem involving postirradiation annealing in the equiva- 
lent-sphere model (Sec. 15.5), we can solve Eqs. 15.166 to 
15.168 for the Laplace transform of the gas-atom diffusive 
flux at  the boundary of the inner region 
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where, in common with previous short-time approximations 
to  the diffusion problem, the hyperbolic tangent of 
(paZ/D)” has been approximated by unity. 

The unknown concentration at  r = a - pkx”, is elimi- 
nated by a flux-matching condition at  this position and an 
overall material balance on all gas created in the grain up to 
time t .  

The flux-matching condition states that the difference 
between the diffusive fluxes J I  and J2 at the boundary 
between the two regions is equal to the slowing-down 
source of knock-ons arising from the gas in the grain 
boundary. There are Mgb gas atoms per unit grain-boundary 
area, and half of this quantity is associated with one grain. 
The probability per second that one of these atoms IS  

ejected from the intergranular bubble into the solid is b. 
Thus, the matching condition becomes 

4 

d 

where Q is the dimensionless quantity of gas in the grain 
boundary : 

(15.171) 

The overall material balance requires that the time rate 
of change of the gas within the intergranular bubbles be 
equal t o  the net flux of gas atoms across the grain boundary 

1 dM 1 - 

2 d t  = J2 ( 0 )  - 5 bM,b 

or 

Taking the Laplace transform of Eqs. 15.170 and 15.172 
yields: 

and 

(15.174) 

where 6 is the Laplace transform of Q. 
Equation 15.169 and the Laplace transform of 

Eq. 15,161 can be substituted into Eqs. 15.173 and 15.174. 
Then V* can -be eliminated from the resulting pair of 

Equation 15.175 can be inverted with the aid of tables of 
inverse Laplace transforms. The desired result of the 
calculation is the fraction of the gas generated in the grain 
up to  time t which is contained in the intergranular bubbles 
associated with the grain, or 

‘ .‘, 

(15.178) lMgb 1 /2 - 3Q __ 
(4na’ /3)(YxeFt) bt f g b  = 

Substituting the inversion of Eq. 15.175 into 15.178 yields 

fgb  = 3 - - 1---7- + 7 - eT erfc 7 %  ti) :( iT’h 

(15.179) 

where 

The last term in Eq. 15.179 varies as the cube of the 
parameter r)  and can be neglected. 

The magnitude of the dimensionless time 7 is set 
primarily by the fission-gas knock-on range to grain radius 
ratio, which appears on the right-hand side of Eq. 15.180. 
For a specified value of this ratio, the range of 7 is 
determined by the time-dependent terms, the values of 
which must satisfy certain restrictions imposed by the 
approximate mathematical treatment. The lower limit is 
imposed by the requirement that b t  > 5, which is necessary 
for the equilibrium trapping approximation to apply to the 
gas within the grain. The upper time limit is set by the 
validity of the short-time approximation to  the solution of 
the diffusion equation in the inner region, which requires 
that Dt/a2 e 1.  For typical values of the parameters 
involved, the lower and upper bounds represent irradiation 
times of about 1 month and several years, respectively. This 
interval is sufficiently broad to render the results applicable 
to irradiations of practical interest. 

The importance of re-solution from intergranular bub- 
bles on the accumulation of fission gas by grain boundaries 
is governed by the ratio (yPe/a).  By means of this 
parameter, 7 can become very large or very small without 
violating the previously mentioned restrictions on the time. 
The limiting case of Eq. 15.179 for weak grain-boundary 
trapping is obtained as 7 -+ 0:* 

4 Dt equations, and Q can be determined as 
f g b = - ( T y  IT% 

( P b )  + (Pk/Wr) As (p?”,/a) -+ 0, the last term disappears, and fgb reduces to 

- c ( b t  - 2) (e) (15.181) 
2 

the fractional release formula obtained in- the simple 
diffusion model, Eq. 15.89. 

When grain-boundary re-solution is substantial, T -+ m 

and Eq. 15.179 reduces to 

In obtaining this result, we assumed p/b Q 1 (which is 
equivalent t o  b t  s 1) and (pa2 /D)% % 1 (which is equivalent 
to Dt/a2 Q 1. The parameters in Eq. 15.175 are 

(15.17 6) 
*If Eq. 1 5  of Ref. 26 is integrated and then converted 

to  the fraction of the gas in the grain-boundary bubbles, f,,b 
is found to be of the same form as Eq. 15.181 except that 
the coefficient of ( p p e / a )  is 2(bt)/n. 

(15,177) 
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(15.182) 

or  the fraction of fission gas residing in grain-boundary 
bubbles attains a saturation value. 

The disposition of the remainder of the gas can be 
easily determined. The fraction of the gas in the grain is 
1 - fgb, of which the intragranular bubbles contain the 
fraction g/(g + b) .  Thus, the fraction f, of the gas in 
bubbles within the grain is 

fb = (1) (1 - 
b + g  

fgb) (15.18 3) 

which, if  fgb + 0, reduces to the result of the infinite 
medium case in which g is assumed constant (Eq. 13.166) 
but not t o  the result when the growth of the intragranular 
bubb les  during irradiation is taken into account 
(Eq. 13.168). 

Use of Eqs. 15.179 to  15.183 requires a considerable 
amount of information, most of which is not available. 
According to Sec. 13.7, the re-solution parameter b is of 
the order of sec-' , but the very large size of 
grain-boundary bubbles can considerably reduce this esti- 
mate, as indicated at the end of Sec. 13.7. Grain sizes of 
1 0 p m  are typical. The fission-gas knock-on range in the 
fuel,  ,upe, is not known with any precision but it is 
probably < 100 8. The apparent diffusion coefficient D, 
according to Eq. 15.124, depends on the trapping proba- 
bility g, which,, by Eq. 15.157 depends on the size and 
density of the intragranular bubbles. According to  
Table 15.4, the fission-gas diffusion coefficient is not well 
established. 

The model proposed by Speight et al. has not been used 
to predict gas release from fuel elements, partly because of 
the many parameters required for its quantitative applica- 
tion but also because it gives only the quantity of gas 
accumulated at  intact grain boundaries. An additional 
model is needed to predict the actual release of the gas 
from the intergranular bubbles to the free space in the fuel 
element. 

to 

15.8 BREAKAWAY GAS RELEASE DUE TO 
BUBBLE INTERCONNEC'TION 

When the bubble density, either in the grains or  on 
grain boundaries, is sufficiently high and the bubbles are 
sufficiently large, extensive interconnection of the bubbles 
can occur. When this situation develops. the fuel resembles 
a Swiss cheese, and, when one point of the network of 
interlinked bubbles touches a crack or other easy escape 
route, all the gas in the now open porosity is vented to the 
fuel-element interior. Since bubble size and concentration 
determine fuel swelling (Eq. 13.17), breakaway gas release 
due to  bubble interconnection commences when n V / V  
reache5 a critical value between 50 and 150%. 

15.8.1 Intragranular Bubbles 
Let us first treat the case in which the gas generated in 

the fuel is partitioned between intragranular bubbles and 
the solid matrix but no grain-boundary bubbles are formed 

(fgb = 0). At irradiation time t ,  let there be N intragranular 
bubbles of radius R per unit volume of fuel. Since the 
volume of gas is comparable to that of the solid, the term 
"fuel" is usea to denote solid plus gas. The fuel can be 
divided into spherical unit cells, each of radius 8 and 
containing one bubble at  the center. This cell is depicted in 
Fig. 13.7, and the relation between the cell radius and the 
bubble density is given by 

(15.184) 

Consider a unit volume of fuel at time t. The volume of 
solid in the unit volume of fuel is 1 - (R/,9?)3. During an 
irradiation of duration t, [ 1 - (R/ ,g)3 ]Yx,Ft fission-gas 
atoms are produced in the unit volume of fuel ( F  is the 
fission rate per unit solid volume). If at time t the fraction 
of the fission gas precipitated into bubbles is fb,  the 
number of gas atoms in intragranular bubbles is 

[I -(;)'I fbYx,kt = gasatoms in 

intragranular bubbles per unit fuel volume (15.185) 

Assume that the bubbles are large enough so that the ideal 
gas law is applicable. The number of gas atoms in each 
bubble is given by Eq. 13.16, and the number of gas atoms 
per unit volume of fuel is this quantity times the number of 
bubbles per unit volume of fuel 

in intragranular bubbles per unit fuel volume (15.186) 

where the last equality was obtained by elirliinating N 
through the use of Eq. 15.184. If Eqs. 15.185 and 15.186 
are set equal t o  each other, the porosity of the fuel due to 
the intragranular bubbles can be determined to  be 

Using Eqs. 13.17 and 15.184, the fractional swelling is 
related to the porosity by 

(15.188) 

Swelling as a function of time can be determined b j  
combining Eqs. 15.187 and 15.188, provided that (1) no  
gas release has occurred u p  to  time t ,  (2)  the bubbles are all 
of the same size, and (3) grain-boundary bubbles are absent. 
Equation 15.187 indicates that the porosity approaches 
unity as the numerator becomes large compared to  1. 
However, well before unit porosity is attained, the bubbles 
become interconnected, and breakaway gas release occurs. 

For the extent of bubble linkage to be related to the 
porosity, the geometrical configuration of the two-phase 
fuel must be specified. Suppose the bubbles were arranged 
on a simple cubic lattice with one bubble on each of the 
eight cube corners. When the bubbles had grown to the 
extent that they just touched each other, the length of the 
cube side would be equal to twice the bubble radius. Since 
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each cube corner is shared among eight adjacent cubes, one 
whole bubble is associated with each cube. The porosity of 
a solid containing touching bubbles arranged on a simple 
cubic lattice is 

In this highly idealized geometry, all bubbles become 
interlinked simultaneously when the porosity attains the 
definite value of n/6 .  In place of the regular spacing 
assumed in the preceding calculation, it would be more 
realistic t o  consider that  small bubbles were originally 
nucleated in a random three-dimensional array. As they 
grow by accretion of gas atoms, pairs of bubbles that were 
initially formed close to each other would touch first. As 
growth proceeded, triplets of overlapping bubbles would 
appear. In this manner the extent of bubble interlinkage 
increases smoothly with increasing porosity and asymptoti- 
cally approaches unity as the fuel approaches total poros- 
ity. In contrast, the calculation based on the simple cubic 
lattice shows no interconnection until the critical porosity 
n / 6  is reached, when all bubbles simultaneously come into 
contact. Since 100% interconnection is probably not 
needed to  produce gas release large enough to be termed 
“breakaway,” random rather than regular deployment of 
the bubbles would result in gas release by this mechanism at 
porosities considerably less than that calculated from the 
cubic-lattice model. Ritzman et al.’ have considered the 
effect of random bubble arrangement on interlinking and 
have presented a graphical relation between the fraction of 
interconnected porosity as a function of the total porosity. 
Unfortunately, however, the derivation of the curve was 
not given. 

Once the critical porosity for breakaway gas release is 
determined, the fuel swelling at  this point is given by 
Eq. 15.188. For the simple cubic-lattice model treated 
previously, the critical swelling at which extensive gas 
release due to venting of interlinked gas bubbles in the 
grains first occurs is 110%. 

15.8.2 Grain-Boundary Bubbles 
Interconnection of intergranular bubbles can be 

analyzed in a manner similar to that applied to intra- 
granular bubbles. In the present case, we assume that the 
gas is either in solution or in grain-boundary bubbles and 
that the concentration of intragranular bubbles is small 
(Le., fb = 0). Suppose that there are N,, spherical gas 
bubbles of radius R,, per unit area of grain boundary. The 
grain boundary can be divided into circular unit cells of 
radius &‘,, each of which contains one bubble at  its center. 
The analog of Eq. 15.184 for this two-dimensional case is 

The grain-boundary content of the fuel is: 

where a is the grain radius. The factor of ’/’ in Eq. 15.190 
arises because each grain boundary is supplied with gas 

from two adjacent grains. Multiplication of Eq. 15.190 by 
N,, yields the number of grain-boundary bubbles per unit 
volume of fuel. The porosity of the fuel due to these 
bubbles is , ~ 

Porosity 4 
Volume of grain-boundary bubbles 

Total fuel volume 

(15.191) 

The volume of solid associated with a unit. of fuel volume is 
1 minus the porosity. In time t, Yx,Ft gas atoms are 
created per unit volume of solid, and a fraction f,, of them 
have precipitated into intergranular bubbles. Thus, 

grain-boundary bubbles per unit, volume of fuel (15.192) 

This quantity can also be expressed as the product of the 
number of gas atoms per bubble (given by Eq. 13.16 if the 
bubbles are large and in mechanical equilibrium) and the 
number of bubbles per unit volume of fuel. Thus, 

- nRib  (2); N , ~  = gas atoms in 

grain-boundary bubbles per unit volume of fuel (15.193) 

Equating the right-hand sides of the preceding two formulas 
and expressing Ngb in terms of ’%,b by use of Eq. 15.189 
yields 

which is the fraction of the grain-boundary area occupied 
by bubbles. Using Eqs. 15.189 and 15.191, we can express 
the fractional swelling due to  grain-boundary bubbles 

Based on  a simple cubic structure in two dimensions, 
the critical fraction of the grain-boundary area occupied by 
bubbles when interlinking first occurs is 

Fuel swelling when interlinking of grain-boundary bubbles 
first occurs depends on  the ratio R,,/a as well as on 
(Rgb/p%gb)crit.  Taking Rgb = 1 p m  and a = 5 p m  and using 
Eq. 15.196, we find the swelling at  which breakaway gas 
release occurs is 46%. This value can be compared to the 
critical swelling of 110% required for interconnection of 
intragranular gas bubbles with the same lattice structure in 
three dimensions. Irrespective of the geometry of bubble 
placement, gas release from interconnection of grain- 
boundary bubbles occurs at a lower fuel swelling than that 
required if  the same quantity of bubbles were distributed 
within the grains. The irradiation time a t  which intercon- 
nection of the grain-boundary bubbles occurs can be 
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estimated by setting the left-hand side of Eq. 15.194 equal 
t o  7r/4 and determining f,, from Eq. 15.181 of the previous 
section. 

15.9 SWEEPING OF GAS BUBBLES BY 
GRAIN BOUNDARIES 

In the theory presented in Sec. 15.7 describing how 
fission gas was collected a t  grain boundaries by diffusion 
from the matrix, the boundaries were assumed to be 
stationary. However, we know that a t  temperatures of 
approximately 2000°K (in UOz ) grain boundaries move 
and grain growth occurs. Small gas bubbles in the path of a 
moving grain boundary are swept along with the boundary, 
but they retard the speed of the boundary. However, a 
moving grain boundary can pass right through large 
bubbles. Grain-boundary sweeping provides another mecha- 
nism for the collection of fission gas a t  these internal 
surfaces from which release can occur by cracking or 
bubble linkage. 

A theory of grain-boundary sweeping of gas bubbles has 
been advanced by Speight and Greenwood.28 I t  is similar 
t o  the theory of pore dragging during equiaxed-grain 
growth reviewed in Sec. 14.5, except that in the present 
instance small fission-gas bubbles rather than the large 
fabrication pores are involved. Speight and Greenwood’s 
calculation provides a means of determining whether gas 
bubbles are caught up  and moved along by a moving grain 
boundary or whether the grain boundary is only tem- 
porarily retarded by the bubbles and then breaks away. 

We have seen in Sec. 13.11 that a bubble located on a 
grain boundary exerts a force on  the latter, either because 
the bubble is driven to move by an external force (e.g., the 
temperature gradient) or because the grain boundary has a 
tendency to move in response to the tension contained in 
its curved surface. The magnitude of the force exerted by 
the bubble on  the boundary or  vice versa depends on  
bubble radius and angle of contact according to 
Eq. 13.278: 

F, = 7rR, ,~~,  sin 24  (15.197) 

We first calculate the velocity that a bubble of radius 
R,, achieves when subject to the force exerted by the grain 
boundary to  which the bubble is attached. The bubble 
velocity is given by combination of Eqs. 13.220 and 
13.221: 

(1 5.19 8) 

The bubble diffusivity depends on  the mechanism by which 
bubble motion is made possible. For the large natural pores 
considered in Sec. 14.5, mobility was due to  the vapor- 
transport mechanism. For the smaller fission-gas bubbles, 
however, surface diffusion is the most probable source of 
bubble mobility, and Db is given by Eq. 13.214. Inserting 
this expression for D, and the force given by Eq. 15.197 
into Eq. 15.198, we have 

v,, = - 3 a4 e(”L”> Do, sin 24  exp (-5) (15.199) 
4 R& kT kT 

where a, is the lattice constant of the solid and D,, and E, 
are the preexponential factor and activation energy, re- 
spectively, for surface self-diffusion of the fuel material. 

In order to determine the contact angle 6, we must 
evaluate the velocity of the grain boundary on which the 
bubble is located. The velocity can be obtained by 
considering the kinetics of the motion of the atoms in the 
surfaces of the grains which meet at  the grain boundary. As 
explained in Sec. 14.5, a net flux of atoms across a curved 
grain boundary is established because the binding energy of 
the atoms in the matrix, is somewhat higher on  the concave 
than on  the convex side of the boundary. Figure 15.23 
depicts schematically the potential energy of an atom as it 

7 GRAIN BOUNDARY 

Fig. 15.23 Potential energy of an atom moving through a 
grain boundary . 

moves from one side of a grain boundary to the other. The 
energy of the atom on  the concave side is lower than on the 
convex side by an amount AE. To pass from the convex to 
the concave side, the atom must surmount an energy barrier 
Q ,  which is the activation energy for grain-boundary 
motion. For movement in the opposite direction, however, 
the energy barrier is Q + AE. 

The rates at  which atoms cross the grain boundary in 
the two directions can be formulated from absolute rate 
theory (Chap. 7) ,  which predicts that the frequency of 
atom jumping from left to right over the barrier in 
Fig. 15.23 is 

w, = v e x p ( - & )  (15.200) 
P 

where v is the vibration frequency of an atom in the 
potential well in the solid lattice. The jump frequency in 
the opposite direction is 
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w - = u e x p ( - F )  Q + AE 
(1 5.20 1) 

Because of the asymmetry in the potentie barrier intro- 
duced by the small perturbation AE, w+ is slightly greater 
than w-; so there is a net flow of atoms from left to right. 
The number of atoms on one side of a unit area of grain 
boundary is approximately equal t o  the reciprocal of the 
square of the lattice constant; so the net flux of atoms 
across the barrier is 

Inasmuch as AEjkT is generally much less than unity, the 
exponential can be expanded in a power series and 
truncated after the second term. Thus, 

(15.202) J = -  v -exp(- AE 2)  
a; kT 

The velocity of the grain boundary is the product of the 
flux J and the atomic volume, which is approximately equal 
t o  the cube of the lattice constant: 

vgb  = J a i  = ua, - exp ( - - kQT) i15.203) 
kT 

The energy difference AE can be related to the intrinsic 
properties of a curved grain boundary and to the size and 
number of gas bubbles attached to the boundary. Figure 
15.24 shows bubbles of radius Rgb uniformly distributed 
over the boundary with a spacing dictated by the unit cell 
radius '%gb (which is related to the bubble density by 
Eq. 15.189). The forces acting on the portion of the grain 
boundary of radius ,ggb and containing one bubble at  the 
center of this region are shown on  the left of the drawing. 
The intrinsic grain-boundary tension force acts to move the 
boundary toward the center of curvature of the convex 
grain.* The bubble exerts a drag force in the opposite 
direction. If the section of grain ,boundary ??,'A &, in area 
moves by a distance dx, the change in energy is 

and the number of atoms displaced from one side of the 
boundary to  the other is 

??e%& dx  

*The force acting on  a grain boundary (excluding that 
due to  attached bubbles) may be much larger than the 
grain-boundary tension force if there is differential strain 
between adjacent grains. Such internal strain is highly likely 
in uranium metal, in which irradiation growth occurs in 
specific crystallographic directions.* Ceramic fuels with 
cubic crystal structures, however, do  not exhibit aniso- 
tropic growth, and approximation of the forces on  the grain 
boundaries by the intrinsic force due to the grain-boundary 
tension and the radius of curvature is probably acceptable 
for these materials. 

Dividing this expression by the preceding one gives the 
energy change per atom transferred across the boundary, 
which is the desired quantity AE. Using Eq. 15.197 for Fb ,  
there results 

) (15.204) 
2a i?gb  (1 - R g b R c S i n  2@ 

AE =- 
R, a,%& 

Inserting Eq. 15.204 into 15.203 vields the grain- 
boundary velocity 

When the bubbles are widely spaced (%',,, + m )  or small 
(Rgb + 0), the second term in the brackets of the preceding 
formula is negligible compared to unity, and v g b  reduces to 
the intrinsic velocity of the curved grain boundary. Tbe 
second term in the brackets accounts for the retarding 
effect of the bubbles on  grain-boundary motion. 

When the bubbles are swept along with the moving 
grain boundary, the bubble velocity of Eq. 15.199 is equal 
t o  the grain-boundary velocity given by Eq. 15.205. Setting 
vk, = vgb  and solving for the angle of contact yields 

+ - -  D''sRc exp (-?)I-' (15.206) 
4 R i b ~  

The ratio (Rgb/,%gb)2 is the fraction of the grain-boundary 
area occupied by bubbles. The contact angle can be 
computed from Eq. 15.206 and used in either Eq. 15.199 
or 15.205 to  determine the bubble-grain-boundary veloc- 
ity. 

Since sin 2@ cannot exceed unity. the condition for 
bubble detachment is obtained by setting the right-hand 
side of Eq. 15.206 equal to 1: 

K 
(15.207) 

1 =  (Rgb/*%gb)2' 

(Rgb/Rc) (Rgb/Rc)3 
where: 

When the right-hand side of Eq. 15.207 exceeds unity, the 
bubbles are swept along with the grain boundary. When the 
right-hand side is less than unity, the bubbles are left 
behind as the grain boundary moves. Equation 15.207 
provides a relation between the dimensionless bubble size, 
Rgb/R,, and the fraction of the grain-boundary area 
occupied by bubbles, (Rgb/Pggb)?, which separates regions 
of bubble sweeping and bubble detachment. This curve is 
parametric in K, which depends on temperature and the 
grain size (which roughly determines the radius of curvature 
Rc).  Figure 15.25 shows a plot of Eq. 15.207 for a range of 
values of the parameter K. For a specified coverage of the 
grain boundary by bubbles and a known value of K, 
bubbles smaller than the appropriate point on  the plot are 
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Fig. 15.24 Forces acting on a unit cell of grain boundary containing one bubble. 
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Fig. 15.25 Bubble-grain-boundary stability plot. 

swept by the grain boundary, whereas larger bubbles are 
detached from it. Sweeping of small bubbles and detach- 
ment of large ones are shown in Fig. 15.26. The observed 
sizes of the swept and detached bubbles are in qualitative 
agreement with the predictionsZ9 of Eq. 15.207 and 
Fig. 15.25. Figure 15.26 dramatically illustrates the effi- 
ciency with which moving grain boundaries collect fission- 
gas bubbles from the matrix and thus enhance the potential 
for gross gas release by cracking along these now weakened 
internal surfaces or by bubble interconnection due to the 
high local bubble density. Bellamy and Rich3 have 
attributed the marked increase in gas release above 3% 
burnup to  the onset of these phenomena. 

The closely related problem of bubble sweeping by 
moving dislocations has been treated by Speight and 
G r e e n ~ o o d . ~  

15.10 GAS-RELEASE MODELS BASED 
ON BUBBLE MIGRATION 

Gas-release models using the concept of the equivalent 
sphere all depend on  atomic diffusion in the matrix to 
transport fission gas to interconnected grain boundaries or 
other open porosity from which escape to the interior of 
the fuel element is possible. The simple diffusion treatment 
of this mode of release assumed classical volume diffusion 
to be the only migration mechanism (Sec. 15.5). Introduc- 
tion of trapping centers within the fuel delays but does not 
permanently halt atomic migration as long as some re- 
solution process is operative (Sec. 15.6). Grain boundaries 
that are not vented to open porosity can act as intermediate 
storage zones for fission gas collected by diffusion from the 
grains (Sec. 15.7). 

Two gas-release models that completely ignore even the 
existence of atomically dispersed fission gas have been 
proposed. Thew models rely exclusively on the ability of 
large fission-gas bubbles to migrate along the temperature 
gradient to accomplish gas release. 

In its complete form, the BUBL code described in 
Section 13.12 is capable of predicting the fraction of fission 
gas released from the fuel as a function of irradiation time, 
temperature, fission rate, and the microstructural character- 
istics of the solid. The treatment of this model in 
Sec. 13.12 was restricted to times long enough to achieve 
steady-state distributions of all four classes of bubbles that 
are supposed to be present. In this steady-state situation, 
gas is released at  the same rate as it is produced; so the 
fractional release is unity. However, before the steady state 
is attained, the fission gas produced is absorbed by buildup 
of the densities of the various classes of bubbles. No  release 
occurs until the first bubbies detached from grain bound- 
aries reach cracks. From this time on, the fractional gas 
release increases smoothly with time, asymptotically 
approaching the 100% release situation analyzed in 
Sec. 13.12. The unsteady state form of the BUBL code is 
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Fig. 15.26 Photomicrograph of a specimen of UOz irradiated a t  835°C. The small bubbles in the st.ring 
of bubbles outlining the present position of the grain boundary (arrows) are approximately 0.6 pm 
in radius. The larger bubbles of about 1.4 p m  in radius mark the earlier positions of the boundary. The bub- 
ble spacing is -4 pm. [From R. D. MacDonald, J .  Niccl. Muter., 22: 109 (1967).] 

too complex to be treated analytically, and the entire 
process is handled by Monte Carlo techniques. 

A group at the Battelle Columbus Laboratories has 
proposed a gas-release-swelling model that also neglects 
atomic processes and attributes fission-gas behavior entirely 
to migration of large gas bubbles.’ b 3  ’ 3 3  A sequence of 
five stages in the history of a piece of fuel undergoing 
irradiation is depicted in Fig. 15.27. The hot end of the fuel 
piece is at  the top of the drawing, and the cold end is at  the 
bottom. According to  this model, lenticular cavities periodi- 
cally sweep through each section of fuel and cleanse it of 
small fission-gas bubbles that have accumulated since the 
previous passage of such a cavity. The lenticular cavities, 
which move under the influence of the temperature 
gradient as described in See. 14.2, can be one of the 
following types: (1) the lenticular pores representing the 
original porosity of the as-fabricated fuel, (2) lenticular 
pores spawned by cracks in the fuel (Fig. 14.3), o r  
(3) fission-gas bubbles that have grown large enough to  
become detached from the many defects in the solid that 
trap small bubbles. If the bubble moves rapidly enough, the 
Battelle group believes that it will acquire the characteristic 
lenticular shape usually associated with as-fabricated 
porosity, despite the tendency of the internal gas pressure 
in the bubble to  maintain a spherical cavity shape. 

Between stages 1 and 2 in Fig. 15.27, the piece of fuel 
accumulates fission gas in the form of small bubbles that 
are nucleated from the fission gas and immobilized on  a 
fine scale in the solid. During this period the fuel piece 
swells but does not release any gas. If swelling produces 
displacement of  the fuel piece toward the cool end, the 

cladding can be permanently deformed by creep. After 
some time of quiescent swelling, a lenticular cavity traverses 
the region, collecting all fission-gas bubbles in its path and 
leaving behind a fully dense columnar grain. Observations 
of sections of irradiated fuel indicate that the columnar 
grains formed by such a process maintain the same diameter 
along the temperature gradient, which suggests that the 
moving cavity loses gas as rapidly as it absorbs it from the 
small bubbles it encounters. If the absorbed gas were not 
somehow rejected from the cavity, the columnar grain 
should become enlarged as the growing cavity moves 
toward the hot end, owing to  the progressively larger 
amount of gas it contains. Inasmuch as the columnar grains 
are observed to  be of constant width, the model proposes 
that the accumulated gas is continuously rejected as a string 
of small bubbles along the periphery of the columnar grain 
(as in Fig. 14.4). When these bubbles are sufficiently 
numerous, they interlink and form a channel that leads 
directly to  gas release. 

Stage 4 of Fig. 15.27 shows the same section of fuel 
after a lenticular cavity has swept through it. Stage 5 
depicts the fuel again swollen by small gas bubbles. The 
sequence represented by stages 1 through 3 is periodically 
repeated throughout the irradiation. Each sweeping event 
removes small gas bubbles generated since the last passage 
of a cavity and, in so doing, releases the collected gas to the 
columnar-grain boundary and redensifies the fuel. 

Although the sweeping process is periodic, the gross 
displacement of the fuel piece can be cumulative in one 
direction. Figure 15.27 shows the fuel piece moving toward 
the cold end with each cycle, although it could also move 
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Fig. 15.27 Schematic diagram of the swelling-gas release process due to sweeping by lenticular cavities. 
(From Ref. 32.) 

toward the hot end and close the central void. Hilbert 
et  aL3' believe movement toward the cold end is responsi- 
ble for the linear increase with burnup of the diametral 
strain of the cladding of the specimens they investigated. 
However, they did notice a tendency for the radius of the 
central void to  decrease a t  high burnup. 

The essential feature of the proposed model is the 
availability of lenticular cavities throughout irradiation. If 
these sweeping agents were restricted to the fabrication 
porosity, the mechanism would cease as soon as restructur- 
ing had been completed, which can be only a matter of 
hours from startup at  high temperatures. However, type 2 
and 3 cavities can be generated as long as irradiation 
proceeds, thereby providing the means by which periodic 
swelling and redensification but cumulative gas release and 
fuel displacement can occur. 

The model described here and in Refs. 32 and 33 is 
purely descriptive; so no quantitative prediction of gas 
release or  swelling can be made with it. 

15.1 1 ENGINEERING FISSION-GAS-RELEASE 
CALCULATIONS 

In view of the rather rudimentary state of the theo- 
retical models of fission-gas migration described in this 
chapter, it is not surprising that design estimates of gas 
release from proposed or operating reactors are based on 
empirical correlations. The only theoretical models simple 
enough to be applicable to an actual fuel pin are the 
equivalent-sphere concept using simple volume diffusion 
(Sec. 15.5) and the BUBL model (Secs. 13.12 and 15.10). 
However, the most common approach to gas-release estima- 
tion is to divide a fuel pin into concentric annuli with 
known temperatures at  each radial boundary and to assign a 
value of the fractional release of the stable fission gases to 

the fuel in each annulus. As an example, Cox and H ~ m a n ~ ~  
use the following scheme: 

f = 0.98 T >  1800°C 
f = 0.50 
f = 0.30 T <  1400°C 

1400 < T < 1800°C 

Note that these release fractions are independent of 
irradiation time (or, equivalently, of burnup = FtR) .  In 
the diffusional release models, the temperature dependence 
of the fractional release is due to the variation of the 
apparent diffusion coefficient D' with temperature. Even 
the very simplest diffusional model predicts fractional 
releases that increase as the square root of the irradiation 
time (Eq. 15.85). The data on which empirical gas-release 
correlations are based exhibit so much scatter that any time 
or burnup dependence is obscured by the strong de- 
pendence of release on temperature, and most correlations 
simply neglect the time variable. However, the correlation 
proposed by Dutt et al.3 ' includes burnup-dependent 
release. The best fit of mixed-oxide irradiation gas-release 
data in a fast-neutron flux was obtained with the assign- 
ments 

f = 1.0 (for T > T 2 )  

A f = 1 - - (1 - e-afl)e-bvy (for T < T2 ) 
P 

where A, a,  and b = empirical constants 
0 = burnup 
9' = linear power 

T2 = the temperature at  the radial location 
separating the unrestructured portion 
of the fuel from the equiaxed-grain 
growth zone 

This formula has no theoretical foundation. 
Notley and coworkers3 6-4 are responsible for the 

most detailed analytical and experimental efforts intended 
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t o  provide a reliable method of estimating fission-gas release 
from operating thermal reactor fuel pins. One experiment 
designed for this purpose involves simultaneous measure- 
ment of the internal gas pressure of an instrumented fuel 
element (see Fig. 15.4) along with the power history during 
irradiation. The fuel-element internal gas pressure depends 
on  the quantity of free gas and the volumes and tempera- 
tures of the various open spaces in the fuel element: The gas 
phase consists of the filling gas used in fuel-element 
fabrication, gases desorbed from the fuel at high tempera- 
ture (principally water vapor), and fission gases that have 
been released from the fuel. The void spaces in the fuel 
element include the plenum chamber, the gap between the 
fuel and the cladding, open porosity and cracks, and any 
gross voidage arising from the shape of the original fuel 
(e.g., that introduced by end-face dishing of the pellets or  
by the use of annular pellets). Each of these void volumes 
occupies a particular position within the fuel element, and, 
when the fuel rod is operated at  a known power level, the 
temperature of each can be determined by thermal analysis 
of the fuel element.38 The ideal gas law can be applied to 
the gas contained in each void region 

pgVi = niRTi 

where Vi  = volume of the ith void region 
Ti = temperature of the ith void region 
ni = number of moles of gas contained in the ith 

region 
Pg =gas  pressure within the fuel rod, which is the 

same for all void regions since they are all 
connected to each other 

If the preceding equation is solved for ni and then summed 
over all void regions, there results 

(15.209) 
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where n to t  is the total number of moles of gas contained in 
all free space within the fuel element. The sum in Eq. 
15.209 is carried out  over all void regions within the fuel 
rod and is a function of rod power only. The calculation of 
c (V,/T,) is independent of the amount of gas released and 
does not consider the  amount of gas trapped in closed pores 
or bubbles within the fuel proper. 

One of the most interesting results of the internal-gas- 
pressure measurements during irradiation is the observation 
that gas release from fuel operating at  high temperature 
does not occur continuously, but only during reactor power 
changes (e.g., shutdown, startup, or a change in power 
level). Figure 15.28 shows the trace of the gas pressure 
inside an instrumented fuel element as a function of 
irradiation time. Each test capsule was sufficiently short so 
that the linear power was constant over the length of the 
fuel pin. The lower part of the plot shows the reactor 
power variation during irradiation. The two sets of histo- 
grams in the upper portion of the plot represent fuel ele- 
ments placed in different parts of the reactor so as to  exhibit 
different linear powers. The vertical lines following each 
period of steady operation correspond with rapid pressure 
decreases and are coincident with reactor shutdowns. They 
result from cooling down of the fuel elements, which 
reduces each of the T, in the sum of Eq. 15.209 and 
therefore decreases ps. On the subsequent reactor restart to 
the same linear power, however, the gas pressure does not 
return to the plateau attained during the preceding cycle 
but rather to a somewhat higher value. The difference in 
the gas pressures between successive power cycles repre- 
sents fission-gas release from the fuel, either during the 
shutdown or during startup between cycles. At high power 
operation (upper set of data in Fig. 15.28), essentially no 
gas is released during the period that the fuel is held a t  
steady power. Elements irradiated a t  the lower linear power 
occasionally exhibit a gradual increase in gas pressure 
during steady power operation. The overall linear increase 
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Fig. 15.28 Pressures inside an instrumented U 0 2  fuel element as a function of irradiation time for two 
linear powers. The reactor power history is also shown. (From Ref. 37.) 
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in gas pressure with irradiation time is due to  the small but 
discrete puffs of gas released with each power change. 
Additional data presented in Ref. 37 indicate that release 
occurs primarily during shutdown from steady power rather 
than during the startup that begins the next steady power 
period. 

The fission gas released at  shutdown is believed to have 
been stored in the hot central portion of the fuel rod when 
operated a t  steady power. This region (at T > -1400°C) is 
thought to be plastic and uncracked; so escape routes to the 
free void spaces in the fuel element are not present during 
operation. Gas is released from the fuel matrix in the form 
of bubbles that are trapped on  grain boundaries or collected 
in portions of the central void that are sealed off from the 
free volume within the fuel pin. When the fuel is rapidly 
cooled at  shutdown (or perhaps when fuel temperatures are 
suddenly altered by any sizable power change in either 
direction), thermal stresses cause the once plastic central 
region to crack along bubble-decorated grain boundaries, 
which are the weakest internal surfaces in the fuel. Closed 
portions of the central void are probably also opened up by 
radial cooling cracks extending from the fuel-cladding gap 
to the axis (see Fig. 10.22). By means of these cracks, the 
trapped fission gas is released to the void spaces in the fuel 
element, and this release is manifest as an increase in 
internal gas pressure during the next return to power. 

Similar internal-gas-pressure measurements have been 
performed by Burley and F r e ~ h l e y . ~  ' Their results confirm 
the findings of Notley and MacEwan.j 

Notley4O has used the data shown in Fig. 15.29 to 
develop an empirical gas-release formula. The points on  this 
graph show the fraction of the fission gas recovered from 
small cores of UOz drilled from a fuel pellet after 
irradiation. Essentially all the gas generated in regions of 
the fuel which were a t  temperatures lower than -1400°C 
during irradiation was recovered from the matrix. With 
what appears to be great courage, Notley drew the 
histogram through the points in Fig. 15.29 to provide an 
analytical expression for the fraction of the gas retained 
(which is 1 minus the fraction released). The region from 
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1400 to 1800°C was divided into four 100°C intervals each 
characterized by a fixed gas-release value. A constant 80% 
release was assumed to apply to  all temperatures beyond 
1800°C. The term "release" used in connection with 
Fig. 15.29 does not mean release to the free voidage of the 
fuel element. Rather, the gas that does not remain in the 
fuel matrix is assumed to have collected in the closed spaces 
in the hot inner regions of the fuel as described. True 
release occurs only when a power transient takes place. 
Note that in common with the other correlations presented 
at  the beginning of this section, the release fraction is 
independent of irradiation time or burnup. 

The average fractional release from the entire cross 
section of a fuel pellet at  an axial position characterized 
by linear power 3' can be obtained by integrating the 
histogram of Fig. 15.29 over the fuel-rod radius, appro- 
priately weighted with the temperature distribution. Thus, 
i f  the histogram in Fig. 15.29 is denoted by the (discon- 
tinuous) function f(T), the average fractional release from 
the fuel cross section is 

- 1  R 
f = 1 f(T) 2nr dr ( 1  5.2 10) 

where R is the radius of the fuel. 
To perform this integration, we assume that the simple 

parabolic temperature distribution given by Eq. 10.53 can 
be used, which implies that the thermal conductivity is 
constant. Transforming the integration variable in 
Eq. 15.210 by use of Eq. 10.52 and taking f(T) from 
Fig. 15.29 yield 

O.Ol(1400 - T,) + 0.1(1500 - 1400) TO - T, 

+ 0.22( 1600 - 1500) 

+ 0.4(1700 - 1600) + 0.65(1800 - 1700) 

+ 0.8(To - 1800) (15.211) 1 
The radially averaged fractional release in the equivalent- 
sphere model (Eq. 15.100) was obtained by a similar 
integration over the fuel cross section. TO arrive a t  a 
numerical result for f, we must know To and T,. We assume 
T, to be 400°C because the gas-release correlation is meant 
t o  agJy-.to.-w.a.tei reacto.rs. The value-zf-Tg can be obtained 

.,in/terms of the surface temperature and the linear power by 
integrating Eq. 10.63, with the thermal conductivity taken 
as constant: , 

(15.212) 

Fig. 15.29 Fission-product gas retention-release in U 0 2  The average thermal conductivity in this equation can be 
as a function of irradiation temperature; points represent obtained from the slope of the best straight line drawn 
measured gas contents of small samples; the histogram is through the conductivity integral shown in Fig. 10.20, 
the analytical gas-release function used in the computa- which yields k = 0.028 W cm-'"C-'. Using these numerical 
tions. (From Ref. 40.) values of T, and in Eq. 15.212, T of Eq. 15.211 is the 
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explicit function of linear power shown by the curve in 
Fig. 15.30. Some gas-release data are shown for com- 
parison. The main difference between Notley’s correlation 
and the ones described earlier in this section is that release 
in Notley’s means collection of fission gases in closed pores 
in the  center of the fuel a t  steady power, from which 
escape to the fuel-element voidage occurs only during a 
power transient. In the correlations presented earlier, on 
the other hand, release is synonymous with an increase in 
internal gas pressure. 

Soulhier and Notley3’ have studied the effect of power 
changes (as opposed to complete shutdown or  startup from 
zero power) on  fission-gas release. They examined the 
quantity of gas obtained from fuel elements subjected to 
three different power histories, each of approximately the 
same total duration. In one set of fuel elements, a constant 
high power was maintained for the entire experiment. In a 
second set, the first portion of the irradiation was con- 
ducted at  low power and the final portion at  high power. In 
the third set, an initial high-power period was followed by a 
low-power period. After shutdown the gas released from 
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each of the test fuel elements was recovered and measured. 
The results of the experiments can be summarized as 
follows: 

1. The same fraction of fission gases was released from 
the low-power and high-power cycle as was obtained from 
the capsules irradiated a t  constant high power. 

2. Initial high-power operation did not enhance gas 
release during the subsequent low-power irradiation. 

These conclusions are applied to predict gas release in 
the three-stage power cycle shown in Fig. 15.31, which is 
typical of the power histories of many reactors used for 
electricity generation. The graph refers to a particular axial 
location of a fuel element; although the linear power varies 
as a function of axial position, the fractional changes in 
power shown in the drawing are the same all along the 
length of the fuel pin. 

A section of fuel is operated at  linear power .yl to 
burnup P I ,  at  which point the power is raised to & .  After 
burnup to p2 a t  the new power level, the power is reduced 
to  ,p7. The number of moles of gas released from a unit 
length fuel element during irradiation is shown as the 
dashed line a t  the top of Fig. 15.31. Note that the gas is not 
released to the fuel element during the constant power 
stages; it is stored in the hot regions of the fuel until the 
power change takes place. The no moles of gas present a t  
the beginning of irradiation consist of the filling gas 
(usually helium) and any gases that desorb from the fuel 
when the element is first brought to power. At the end of 

Fig. 15.30 The AECL fission-gas release correlation for 
thermal (water) reactors. (From J. R. MacEwan e t  al., in 
Proceedings of the Fourth International Conference on the 
Peaceful Uses o f  Atomic Energy, Vol. 10 ,  p. 245, United 
Nations, New York, 1971.) 

r’ 
Fig. 15.31 Effect of power changes on gas release. (From 
Ref. 39.) 
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stage 1 ,  the quantity of gas released per unit length of fuel 
at the particular axial location where the linear power is 
.'PI is equal t o  

Y e (Ft) I nR2 7 ( .y, ) 

where ?(PI) is the fractiona! release at  linear power ,TI 
taken from Fig. 15.30 and (Ft) ,  is the total number of 
fissions per unit fuel volume at  the end of this period. The 
amount of gas in the free volume of the fuel element a t  
burnup PI from the section of fuel under consideration is 

where CL is the atomic volume of uranium in the fuel. 
According to observation 1 above, the quantity of gas 

released at  the end of the second stage should be the same 
as the release that would have occurred if the fuel had been 
operated at  linear power ,y2 for the entire burnup Pz, or 

According t o  observation 2 above, the gas released by 
the final low-power stage should be the same as the release 
that would have taken place if the previous higher power 
irradiation had not occurred; so 

The axial variation of the linear power is presumed known. 
At the burnup corresponding to the end of each steady- 
power period, values of ng calculated by one of the 
preceding three formulas for each axial section of the fuel 
element are summed over the fuel length to  give the total 
moles of gas release, n,,,, for use in Eq. 15.209. 

The calculational method and the gas-release correla- 
tion described by Notley can be readily incorporated into a 
fuel modeling code designed to predict the complete 
behavior of a fuel pin undergoing irradiation. 

15.12 NOMENCLATURE 

a = radius of grain; radius of equivalent sphere, Eq. 
15.61 

a, = lattice constant 
b = re-solution parameter 
B = dimensionless re-solution parameter, Eq. 15.115 
C = concentration in matrix 

C, = concentration of gas-atom traps in solid 
D = apparent diffusion coefficient 

D' = empirical diffusion coefficient, Eq. 15.84 
Dk = preexponential factor of empirical diffusion coef- 

Ficient 
D,, = true diffusion coefficient of fission gas in fuel 
9 = defined by Eq. 15.176 

D, = diffusion coefficient of bubble 
Do, = preexponential factor for surface-diffusion coef- 

ficient 

E = difference in energy of atom on  opposite sides of f i  
grain boundary 

E' = activation energy of the empirical diffusion coef- 
ficient 

traps 
Elr = activation energy for thermal destruction of shallow 

E, = activation energy for surface diffusion 
f = fractional release rate (ratio of release to birth rate) 

for radioactive species; fractional release for stable 
species 

f,g,h = coefficients in Eq. 15.38 
F = fissions cm-3 sec-' 

g = trapping probability per unit time, Eq. 15.108 
G = dimensionless trapping probability, Eq. 15.114 
H = ratio of fission-product removal from a unit volume 

by the knock-on process to removal by radioactive 
decay, Eq. 15.34 

I = current across surface 
J = flux of gas atoms to surface 
k = Boltzmann's constant 
k = average thermal conductivity of fuel 

k,, = gas trapping rate constant 
K = defined by Eq. 15.208 

K\' = coefficient in rate of trap destruction by fission 

F, = force on bubble 

- 

fragments 
L = diffusion trapping length 
M = number of trapped gas atoms per unit fuel volume 
n = number of moles of released fission gases; number 

of knock-ons per fission fragment (Table 15.1) 
N = atom density; bubble density 
p = Laplace transform variable 

pp = gas pressure 
P = rate of production 
9= linear power 
q = rate of stopping of particle in unit volume of solid 
Q = barrier height across a grain boundary; dimension- 

less quantity of gas on  grain boundaries, Eq. 15.171 
r = radial position 
.8 = capture radius around bubble or  dislocation 

R = bubble radius; gas constant 
,ggb = capture radius on a grain boundary 

R, = radius of trapping center 
R, = radius of curvature of a grain boundary 

S = surface area 
t = time 

T = temperature 
t,,, = irradiation time 

To = center-line temperature of fuel pin 
T, = fuel surface temperature 
T* = temperature defined by Eq. 15.96 

u = dimensionless concentration, Eq. 15.70 
V = volume of solid; total gas per unit volume of -del 

(C + M) 
AV = volume increase (swelling) 

Vgb = grain-boundary velocity 
vb = bubble velocity 

w = jump frequency; dimensionless trapped-gas con- 
centration, Eq. 15.113 
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x = distance from surface 
yA = yield of mass A chain 

y = fraction of fission gas initially in traps 
Y = dimensionless concentration, Eq. 15.33 

Y,, = total yield of fission gases 
zgt = capture sites around a trap 

Z = length of a fuel pin 

Greek Letters 
CY = knock-on ejection yield, Eq. 15.19 
CY] = ratio of the dimensionless re-solution parameter to 

/3 = burnup 
y = surface tension; defined by Eq. 15.130 

the fission rate 

ygb = grain-boundary tension 
= dimensionless constant, Eq. 15.148 

$2 = atomic volume 
@ = contact angle between grain boundary and bubble 
0 = angle 
h = decay constant 

A!: = preexponential factor of thermal decay constant of 
shallow traps 

q = dimensionless radial position, Eq. 15.68; dimension- 
less depth in solid, Eq. 15.32; dimensionless recoil 
range, Eq. 15.177 

q,,, = efficiency of recoil-atom collection 
1 = range 
v = vibration frequency 
r = dimensionless time, Eq. 15.69 and Eq. 15.180 

Subscripts and Superscripts 
b = intragranular bubble 
ff = fission fragment 
g = geometric 

gb = grain-boundary bubble 
i = species i ;  region of fuel element 
j = type of trap 

k o = k n o c k o u t  
rec = recoil 

T = total 
U = uranium 
0 = initial value 
1 = primary knock-ons 
2 = secondary knock-ons 

~0 = far from surface 
- 

= radial average over fuel pin 
= fuel-element average 

- - 

- = Laplace transform 
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15.14 PROBLEMS 

15.1 In addition to the direct recoil and knock-on 
mechanisms of low-temperature fission-product release, a 
mechanism based on  vaporization of surface layers of the 
fuel by passing fission fragments has been proposed. In this 
thermal-spike mechanism, each fission fragment leaving 
vaporizes a volume of fuel in the form of a right cylinder 
having the radius R,,, of the thermal spike and a height I,,,. 
All fission products associated with this volume of fuel are 
also released. 

The vaporized fuel is replaced by fresh fuel deposited 
from adjacent fuel surfaces, and the fission-product con- 
centration in the surface layer is continually replenished by 
fission fragments originating in the interior of the rod. 
Neglecting radioactive decay and assuming steady state in 
the surface layer 0 G x < I,,,, calculate the release rate due 
to  this mechanism. How important is this mode of release 
compared to direct recoil i f  R,,, = 20  and Is,, = 70 A'! I n  
this case how many U 0 2  molecules are vaporized for each 
fission fragment leaving the surface? For the purposes of 
the computation, assume all fission fragments leave a t  right 
angles to the surface. 

15.2 The direct-recoil fractional release calculated in the 
text represents the fraction of the released fission fragments 
that remain in the fuel-cladding gap only if  all the fission 
fragments are stopped in the gas phase. If the gap thickness 
t, is greater than the range of fragments of birlh energy p i  
in the gas, all the  emerging fragments are stopped in the gas. 
On the other hand, if tg /pi  < 1, some of the fission 
fragments will pass through the gas and become implanted 
in the cladding. 

The energy of a fission fragment decreases approxi- 
mately linearly with the fraction of the range covered. 
Thus, a fission fragment that has traversed a path of length 
r in the fuel emerges from the surface with an energy given 
by E, = Eo [l - ( r ipr f ) ] ,  where Eo is the birth energy of 
the fission fragments. Because the fission-fragment energy 
entering the gas is less than the birth energy, its range in the 
gas is reduced according to pg = pz Es/Eo. If the remaining 
path length of the fission fragment in the gas is less than the 
range pg,  the fragment remains in the gas; otherwise it is 
imbedded in the cladding and not available for release. 

Assuming that the fuel-rod radius 9 p f f  and t,, calcu- 
late qrecr the fraction of the escaping recoils that are 
stopped in the gas in the fuel-cladding gap. The range of 
fission fragments in a gas a t  1 atm is -2 cm. Compute qrCc 
for a typical fuel-cladding gap of 0.08 mm. (Hint: 
Calculate the angular distribution of the fission-fragment 
current leaving the  surface from a particular differential 
volume element inside the solid. Evaluate the energy of the 
emerging fragment and determine the spread of distances 
within the solid for which it will be stopped in the gas. Pay 
close attention to integration limits.) 

15.3 Consider a section of a cylindrical fuel rod of 
uranium. carbide of radius R operated at  a linear power of? 
W/cm. A particular stable metallic fission product is 
generated with an elemental yield Y. The rod temperature 
is high enough so that diffusion of the fission product to 
the outer edge of the rod occurs. The diffusion coefficient 
is D cm2/sec. The concentration of the fission product at  
r = R can be taken as zero. 

(a) Express the volumetric rate of production of the 
fission products in terms of the linear power. 

(b) Write the diffusion equation in terms of dimension- 
less radial distance, concentration, and time. 

(c) Derive an expression for the rate of release of the 
fission product per unit surface area of rod. Use t,he Laplace 
transform method for solving the transient diffusion equa- 
tion. Solve for the transform of the fission-product flux per 
unit surface area. Invert for the steady-state (t  + m) and 
short-time ( t  --f 0) cases. Useful properties of Bessel func- 
tions and Laplace transforms are found in H. S. Carslaw 
and J.  C. Jaeger, Coiiduclioii of Heal irz Solids, 2nd 
ed., appendixes I11 and V ,  Oxford University Press, Inc., 
New York, 1959. 

15.4 The fuel rod considered in the previous problem is 
clad with stainless steel, and the fuel-cladding gap is 
sodium bonded. During operation the gap is t, cm in width, 
and the sodium is liquid. 

Under reactor irradiation the fission product considered 
in the previous problem is released from the UC rod to the 
sodium, in which it dissolves. The fission product is 
insoluble in the UC but thermodynamically distributes 
between the liquid sodium and the inner surface of the 
cladding, according to the distribution law 

where c , :~ is the concentration of the fission product in the 
cladding material, m is the distribution coefficient, and cNa  
is the concentration of the fission product in the sodium. 
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The fission product diffuses into the cladding with a 
diffusion coefficient Del. Assume the sodium gap is small 
compared to the fuel-rod radius so that plane geometry can 
be used. Assume the cladding thickness is much greater 
than the diffusional penetration depth so that the cladding 
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behaves as a semiinfinite medium. Neglect decay of the 
fission product. Assume the rate of release of the fission 
product from the rod is given by the steady-state rate J 
atoms cm-2 sec-’ from t = 0. At t = 0 there is no fission 
product in the cladding. The x = 0 boundary condition on 
the diffusion equation in the cladding is obtained by taking 
a balance on the fission product in the liquid sodium. 

(a) What is the diffusion equation in the cladding and 
its associated boundary and initial conditions expressed in 
appropriate dirnensioriless time, distance, and concentration 
variables? 

(b) Solve this equation by the Laplace transform 
method to  obtain the concentration profile of the fission 
product in the cladding as a function of time. 

15.5 A reactor fuel elenlent is operated with the following 
power history: 

h .Y, 

(a) Using the AECL method, estimate the amount, of 
fission gas released as a function of burnup. Assume the 
linear pvwer is independent of axial position in the rod. 

(b) When operating at linear power ,PI, the outlet 
sodium temperature is T I .  Assuming that only the plenum 
region above the fuel column contributes to open voidage 
in the element, derive equations for the pressure within the 
fuel element during each of the constant power segments 
shown in the graph. Assume that the sodium inlet tempera- 
ture, T,,, is constant and that the volume of fuel and 
volume of plenum are known. 

(c) The fuel element fails when the cladding ruptures as 
a result of the pressure-loading history calculated in part b. 
The basic mechanical-property data needed for the failure 
analysis is the rupture time, tit, of the alloy from which the 
cladding is fabricated. The time t K  is the time required €or 
an internally pressurized tube to rupture when the hoop 

where k and n are %onstants ( r i  is about 4 or 5). 
In cases in which the pressure is not constant. failure is 

determined by the “life fraction rule.” (Operation for a time 
interval At, at  an internal presure  pgi consumes a fraction 
&/t,(pgi) of the life of the tube. When the sum of the life 
fractions is equal t o  unity, failure is assumed to occur. 

Assuming that the linear power for 0 > 0, is maintained 
at y4, at what burnup will the fuel pin fail‘? 

15.6 Solve the steady-state diffusion equation for a spiiere 
of radius a i n  which fission products are created at a rate y$ 
atoms ~ r n - ~  sec-’ , decay with a decay constant h sec-’ , and 
diffuse with a diffusion constant D cm2 /sec. Derive the 
expression for the fractional release rate a t  steady slate, 
defined as the ratio of the rate of release from the sphere to 
the rate of production in the sphere. What are the limiting 
expressions for the fractional release when the radiuactive 
half-life is much greater and much smaller than the 
diffusion half-life, a2  /D? 

15.7 The high-temperature gas-cooled reactor (HTGR) 
uses fuel elements consisting of small spherical pellets of 
uranium carbide fuel embedded in a matrix of graphite. 
Since the graphite is porous and is not clad, fission-gas 
release is reduced by coating the  fuel pellets wit,h a layer of 
pyrolytic graphite. 

The small fission-gas release that does occur conies 
about by recoil of fission fragments from the pellet into the 
coating and subsequent diffusional release to the outside of 
the coating. The range of fission fragments is t,hr same in 
the pellet as in the coating and is denoted by IJ. A sketch of 
the coated particle sphere is shown, along with a scale of 
the! fission-fragment range in the material. The fission 
density in the pellet is F fissions cm-’ sec-’ , and the yield 
o f  the fission product of interest is y. 

U 
iJ 

stress and the temperature are specified. (In irradiated 
metals the rupture time also depends on the fast-neutron 
fluence, but this effect will be neglected here.) To simplify 
matters, the effect of cladding temperature on  tR is 
neglected, and the hoop stress is taken to be proportional 
to the internal gas pressure ps. Thus, if the cladding were 
subject to a constant internal gas pressure pg ,  failure wovld 
occur a t  a time given by 

(a) The rate of deposition of  a particular fission 
fragment a t  radial position r in the coating by direct recoil 
from the pellet is known and given by S(r) atoms cm-3 
sec-’. The decay constant of the fission product nuclide is 
A. Derive an expression for the steady fractional release of 
this fission product from the pellet (i.e., the ratio of the 
rate of release from the surface of the coating to  the rate of 
production in the pellet). Assume that fission products 
deposited in the coating by recoil from the pellet cannot 
diffuse through the pellet-coating interface. 

k 
tK(Pg) = - pz 
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(b) Derive an expression for S(r) by the following 
method: 

1. Compute J(r), the rate at  which fission fragments 
cross a unit area of the spherical surface a t  a radial location 
r in the coating by direct recoil (not diffusion). Note that 
there are three radial zones in the coating, each with 
different expressions for J(r). 

2. Assuming J(r)  is known, calculate the source term 
S(r), which is the rate at  which fission fragments come to 
rest in a unit volume at  radial location r. Sketch S(r). 

Do not attempt to perform the integrations that are 
obtained in the course of this derivation. 

15.8 Consider a hypothetical fission gas that consists of a 
stable isotope of yield y and a radioactive isotope of yield 
y* and decay constant A. Using the empirical diffusion- 
coefficient concept of gas release, what is the ratio of the 

c two isotopes in the released gas in the fuel-element plenum 
at a time t after startup? Assume that the radioactive 
isotope is in equilibrium in the fuel element. 

15.9 Consider a light-water reactor fuel pin of Table 10.2 
operating a t  a linear power of 500 W/cm with a fuel surface 
temperature of 400°C. The fuel occupies y5 of the 
fuel-element length. The remaining is plenum space. The 
gas in the plenum is assumed to be a t  the outlet coolant 
temperature. Calculate the pressure of released fission gases 
in this fuel element after 3 years of operation a t  100% 
power by 

(a) The empirical diffusion-coefficient method. 
(b) The engineering fission-gas-release method. 

Neglect axial variation of the linear power in the rod and 
assume the fuel thermal conductivity to  be 0.03 W 
cm-' "c-' . 



Chapter 16 
Mechanical Properties of U 0 2  

16.1 DISLOCATIONS AND SLIP SYSTEMS IN 
SINGLE-CRYSTAL UO;? 

Investigation of the deformation behavior of single 
crystals permits the characteristics of the dislocations and 
the crystallographic planes on which slip occurs most easily 
to be determined. Such information provides a fundamental 
understanding of the mechanical properties of polycrystal- 
line compacts of the ceramic oxides of the heavy metals 
which are used as reactor fuel elements. The general 
features of slip in single crystals have been summarized in 
Sec. 8.1, but ionic solids such as U 0 2  exhibit special 
deformation properties that warrant a more detailed ex- 
amination. 

The geometry of slip in a single crystal is fully defined 
by the slip system, which designates (1) the crystallographic 
plane on which slip occurs and (2)  the Burgers vector of the 
dislocation responsible for slip. The dislocation is generally 
a mixture of screw and edge components in the shape of a 
loop of the type shown in Fig. 8.6. Mixed dislocations are 
characterized by a single Burgers vector. Important de- 
formation properties, such as the creep rate and the yield 
stress (or, as it is usually called in single crystals, the critical 
resolved shear stress), are controlled primarily by the edge 
components of the dislocation. Consequently, the nature of 
edge dislocations in UO, has received the most attention in 
the literature. 

The slip plane is denoted by {ijk), where the braces 
indicate that slip occurs with equal probability on  any of 
the equivalent crystallographic planes designated by the 
Miller indices i, j, and k (Sec. 3.5) .  The Burgers vector of a 
dislocation is defined by the symbolism (Eqs. 8.2 and 8.3): 

b = ca, (i'j'k') 

where the directions of the set of equivalent Burgers vectors 
are designated by the Miller indices i', j', and k'; a, is the 
lattice constant; and c is a constant. 

The slip system is conveniently designated by combin- 
ing the Miller indices of the slip plane with those of the 
Burgers vector of the dislocation, or  as { ijk} (tj'k'). Slip on 
a particular slip plane due to  a particular dislocation is 
designated by (ijk) [i'j 'k']. 

All investigations of the deformation properties of UO, 
single crystals'-7 have demonstrated that the Burgers vector 
of the easy glide dislocation in UO, is 

This Burgers vector is illustrated in Fig. 8.2(a) lying in a 
(111) slip plane. 

The { l l O }  and (100) slip planes are the most active in 
U 0 2 .  Therefore, the slip systems in UO, which are 
responsible for plastic deformation are 

{ 1101 (110) 
{ l O O } ~ l l O ~  

The deformation properties of a particular slip system 
can be studied in uniaxial load tests of the type shown in 
Fig. 8.1. For example, if a single crystal is oriented and 
tested in uniaxial compression along a (100) direction, 
Fig. 16.1 shows that only the { l l O }  slip planes can be 
activated. The resolved shear stress on  the (100) planes is 
zero, as can be shown by applying Eq. 8.1 to the {loo} 
planes in Fig. 16.1. On the { l o o }  planes perpendicular to 
the applied force, 4 = 0 but h = 90"; so the resolved shear 
stress on these planes is zero. On  the { 100) planes parallel 
t o  the applied force, 4 = 90" and h = 0; so again the 
resolved shear stress is zero. The shear stress on the four 
symmetric (110) planes in Fig. 16.1 is not zero, however; 
so the slip on these planes can be initiated by the applied 
stress. 

(1  10) SLIP PLAN 

F- F <loo> 

Fig. 16.1 Activation of (110) slip planes by application of 
a uniaxial load in a (100) direction. 
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The configurations of the U 0 2  lattice (or generally, the 
fluorite crystal structure) in the neighborhood of a %a, 
(110) edge dislocation on the two principal slip planes 
(110) and (100; are shown in Figs. 16.2(a) and 16.2(b), 
respectively. Simplified views of the geometry of each 
dislocation are shown below each atom model. The cubes in 
the lower drawings represent the fluorite unit cell of 
Fig. 3.12(b). Each edge dislocation is formed by insertion 
of two extra half sheets of atoms into the perfect lattice 
instead of the usual single half plane that comprises the 
edge dislocation in metals or covalent crystals. Two half 
sheets are required in some ionic crystals to maintain the 
electrical neutrality of the solid near the line defect. 

When the dislocation line i n  Fig. 16.2(a) is viewed 
along the (100) direction, the lattice is seen to  consist of 
alternating layers of uranium and oxygen atoms. The layer 
sequence is most easily seen in Fig. 3.12(b). Proceeding in 
the (100) direction, we first find a plane of uranium atoms, 
followed by a plane of oxygen atoms a distance a, /4  back, 
then another plane of uranium atoms (shifted with respect 
t o  the first plane of uranium atoms, however), then another 
plane of oxygen atoms, etc. The stacking sequence is 
denoted by ABA’BABA’. . . . 

A similar view along the (110) dislocation-line direc- 
tion in Fig. 16.2(b) reveals a stacking sequence ABAB.. . , 
where each plane contains both types of ions. 

Because of the perturbation of the perfect lattice 
structure near the core of the dislocation line, the disloca- 
tion can possess an effective electrical charge, which can be 
deterrnined by counting the bonds between neighboring 
atoms that must be broken to  form the defect.’ Using this 
method, we find that the { l l O }  (110) edge dislocations of 
Fig. 16.2(a) are neutral, but the ( loo] (110) dislocations of 

Fig. 16.2(b) are either positively or negatively charged [ the  
sign depends on  whether or not one of the extra half sheets 
of atoms terminates in the row of uranium atoms marked 
by A in Fig. 16.2(b)]. A charged dislocation line is harder 
t o  move under an applied shear stress than is a neutral one 
because the charged dislocation line collects impurity ions 
or vacancies of the opposite charge. The dislocation line 
must tear itself away from this charge cloud or drag it along 
in order to glide on the slip plane. Yust and McHargue3 
have presented evidence for charge-related influences o n  the 
critical resolved shear stress and dislocation velocity in the 
{ IOO} (110) slip system. Similar effects on the creep rate of 
U 0 2  single crystals on the {110}(110) slip system, where 
the dislocations are neutral, were not found.7 

Dislocation substructures in deformed single-crystal 
U 0 2  have been observed by transmission electron micros- 
copy of slices cut from the deformed single crystal parallel 
t o  the slip plane. The slices are thinned chemically to 
thicknesses of -25008 and are then transparent to the 
electron beam of the microscope. Views of the (100) slip 
planes following compressive deformation of specimens 
that have been oriented to produce slip only on the { 100 } 
(110) system are shown in Fig. 16.3. At low strain (l%), 
isolated dislocation lines of the y2a,(110) type are 
observed. Structural features of note include dislocation 
loops (which expand under the influence of the resolved 
shear stress), pinning points indicating dislocation- 
impurity interaction or cutting of dislocations that intersect 
each other while moving on nonparallel glide planes, and 
dislocation dipoles. Dipoles represent pairs of edge disloca- 
tions of opposite sign that have oriented themselves in their 
respective glide planes to form a parallel pair; the formation 
of the pair is accompanied by a reduction in energy. As will 

TRACE OF ( 1 1  
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PLANE OF SECTION (1101 

.ANE 
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Fig. 16.2 Atomic configurations around edge dislocations in UOz . (From Ref. 5.)  
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be shown in Sec. 16.7, dislocation dipoles are important in 
determining the creep properties of the solid. 

Figure 16.3(b) shows the dislocation subswucture at 5% 
deformation. A complicated dislocation tangle, formed by 
the interaction of dislocations moving on intersecting slip 
planes, is observed. 

Fig. 16.3 Transmission electron micrographs of the (100) 
slip plane of U 0 2  single crystals deformed in uniaxial 
compressing at  1150°C. The A, B, and C indicate disloca- 
tion loops. (a) 1% deformation. (b) 5% deformation. [From 
C. S. Yust and C. J. McHargue, J.  Nucl. Mater., 31: 1 2 1  
(1969).] 

16.2 ELAS'I'LC MODULI OF UO, 

Although,;the, elastic properties of solids can be mea- 
sured by m&hrinical tests such as uniaxial tension or 
bending, the sonic resonant frequency technique is simpler 
t o  appiy at  hign cerriperatures and moreover permits both 
elastic conscants to be determined simultaneously.' In this 
meciiod a bar-shaped specimen is excited by vibrations of 
approximately sonic frequency. At particular frequencies 
the bar is in mechanical resonance with the driving 
frequency. The frequency a t  which resonance in flexure 
occurs determines the Young's modulus, E.  The torsional 
resonant frequency is related to  the shear modulus, G. 
These tests measure the adiabatic elastic moduli since the 
stresses due to sound waves are applied over a period too 
short for any porcion of the mechanical energy to be 
converted into heat. The adiabatic elastic moduli can be 
converted into isothermal moduli, which apply to the 
practical cases in which the stresses are varying slowly with 
time.9 The isothermal elastic moduli of polycrystalline 
stoichiometric UOz at  25°C are 

E = 2.19 X lo8 kN/m2 
G = 8.14 x l o 7  kN/m2 

(Young's modulus) 
(shear modulus) 

The effect of temperature on the elastic moduli is 
shown in Fig. 16.4. Lines representing measurements on 
pure UOz and on  UOz containing 1 wt.% G d 2 0 3  (simulat- 
ing a soluble fission product) are shown. The elastic 
moduli are little affected by doping with this type of 
impurity, but the presence of the solute extends the 
temperature range over which elastic behavior prevails. 
Above 1300°C in pure U 0 2 ,  a rapid rise in internal friction 
(which is a form of plastic deformation due to  dislocation 
or grain-boundary motion) prevented measurement of 
sample resonances. The more extensive temperature range 
of elastic behavior in the Gd203-doped specimens is 
attributed to the segregation of the impurity at  grain 
boundaries, where it helps to delay the onset of plastic 
deformation by slipping of grains past each other (grain- 
boundary sliding). Figure 16.4 shows that the elastic 
moduli of UOz a t  the melting point are estimated to be 
-30% of the room-temperature values. 

Marlowe and Kaznoff' have also determined the effect 
of porosity on the room-temperature elastic moduli of 
UOz . Their data are correlated by the equations 

E = 2.23 x lo8 (1 - 1.92P) kN/m2 (16.la) 
G = 8.42 x lo7 ( 1  - 1.66P) kN/m* (16.lb) 

where P is the fractional porosity. 
The temperature and porosity dependences of Poisson's 

ratio can be obtained from the relation between E, G,  and v 
(Eq. A.20 of the  Appendix): 

Using Eqs. 16.1 a and b, Poisson's ratio a t  room tempera- 
ture decreases with fuel porosity according to 

v = 1.32 (1 - 0.26P) - 1 (16.2) 
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Fig. 16.4 Temperature dependence of the elastic moduli 
of UOz . (a) Young’s modulus. (b) Shear modulus. (From 
Ref. 9.) 

At  room temperature fully dense UOz has a Poisson’s ratio 
of 0.32. As the temperature increases, G and E decrease in a 
manner such that v approaches y2, which is characteristic of 
a completely plastic substance. 

16.3 PLASTIC BEHAVIOR OF UO, 

In common with most other ceramics, polycrystalline 
UOz is a brittle material under normal conditions. By 

“normal” we mean at  temperatures less than about one-half 
the melting point (i.e., for T <-1300°C) and in the 
absence of radiation. A brittle substance has no  capacity for 
plastic deformation; as stress is applied, the elastic straining 
that occurs conforms to Hooke’s law (see Appendix, 
Sec. A.4). The strain vanishes when the stress is removed. If 
the stress exceeds a critical value, the body is torn apart. 
This mode of failure is known as brittle fracture, and the 
critical stress at  which it occurs is called the fracture stress. 

At sufficiently high temperatures, however, even 
normally brittle materials such as U 0 2  exhibit measurable 
amounts of unrecoverable or plastic deformation before 
failure occurs. Substances that respond to loading in this 
manner are said to  be ductile. Typical stress-strain curves 
illustrating these two modes of mechanical behavior are 
shown in Fig. 16.5. The regions of elastic behavior are 
represented by the linear portions of the two curves. The 
slopes of the straight-line segments in a simple uniaxial 
tensile test are equal to the Young’s modulus of the 
material. As shown in the drawing, this property decreases 
with increasing temperature, probably because elastic de- 
formation is made easier by the increased amplitude of 
thermal fluctuation of the atoms about their equilibrium 
positions in the lattice which accompanies an increase in 
temperature. Point C on the high-temperature curve of 
Fig. 16.5, which is called the proportional limit or yield 
point, separates regions of elastic deformation and plastic 
deformation. The strains beyond point C are not recovered 
when the load is removed. 

Transition from brittle t o  ductile behavior occurs a t  a 
temperature characteristic of the material and, to a lesser 
extent, of the way in which the test is performed. This 
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Fig. 16.5 Typical s t resss t ra in  curves at temperatures 
above and below the brittle-ductile transition temperature. 
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temperature is called the ductile-brittle transition or nil 
ductility temperature. I t  is defined as the temperature at  
which measurable plastic deformation prior t o  failure first 
occurs. 

The mode of fracture can be characterized by the 
morphology of the fracture surface. Transgranular fracture 
occurs along crystallographic planes (sometimes called 
cleavage planes) within the grains; when the fracture surface 
runs along grain boundaries, the fracture mode is called 
intergranular. The transgranular mode is often associated 
with brittle fracture and the intergranular mode with 
ductile fracture, although there are many exceptions to  this 
tendency. Fracture in U 0 2 ,  for example, occurs with 
fracture surfaces exhibiting a mixture of intergranular and 
transgranular features, even though the material is distinctly 
brittle or ductile.' O-' In large-grained specimens a t  low 
temperatures, predominantly transgranular fracture occurs. 
At high temperatures, on the other hand, completely 
intergranular ductile fracture is observed. Figure 16.6 shows 
scanning-electron-microscope pictures of the fracture sur- 
face of U 0 2  illustrating the two fracture modes. 

The deformation properties of stoichiometric U 0 2  have 
been investigated as functions of temperature by Evans and 
Davidge' Typical results of the 
latter studies are shown in Fig. 16.7 in which three regions 
of temperature can be identified. 

1. The first, or brittle, region occupies the range from 
room temperature to the temperature at  which plastic 
deformation first occurs. This point, which defines the 
brittle-to-ductile transition temperature, occurs a t  1200°C 
in Fig. 16.7 but is dependent on the strain rate imposed on 
the specimen during the test. At  higher strain rates than the 
rate at  which the data in Fig. 16.7 were obtained, the 
transition from brittle t o  ductile behavior occurs at higher 
temperatures. I n  this region of completely elastic behavior, 
the ultimate tensile stress shown on the plot represents the 
fracture stress, which increases with temperature in the 
brittle region. 

2. The temperature range from 1200°C to  -14OO0C, 
characterizes the semibrittle region. Measurable plastic 
strain occurs before rupture, and a proportional limit (flow 
or yield stress) can be determined, Tile ultimate strength of 
the material remains high. This region represents the 
transition from completely brittle to purely ductile be- 
havior. 

If the elastic limit yield-stress curve is extrapolated to 
lower temperatures, it would intersect the ultimate-strength 
curve at  about the ductile-to-brittle transition temperature. 
Such behavior has led to the notion that the fracture stress 
and the yield stress are independent temperature-dependent 
properties of the material. At temperatures where the 
fracture stress is lower than the yield stress, failure occurs 
in a brittle fashion, with no  plastic flow prior to failure. 
Conversely, when the yield stress is lower than the fracture 
stress, yielding and plastic flow occur a t  a lower stress than 
that required to  produce brittle fracture, and as a result the 
material behaves in a ductile fashion. 

3. Temperatures above -1400°C constitute the region of 
complete ductility. The ultimate strength decreases rapidly 
with temperature, and appreciable plastic deformation 

and by Roberts et  al.' ' * '  l a )  

Fig. 16.6 Fracture surfaces of UOz . (a) Transgranular frac- 
ture a t  500°C for a specimen of 95% of theoretical density. 
(b) Intergranular fracture at  1600°C of a specimen of 84% 
of theoretical density. The large holes are pores that were 
o n  the grain boundaries. [From J. T. A. Roberts and 
Y .  Ueda,J. Amer. Ceram. SOC., 55: 117 (1972).] 
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Fig. 16.7 Fracture and flow characteristics of U 0 2  as a 
function of temperature. d, ultimate tensile stress . . . 0, 
elastic (proportional) limit. - .  - A ,  total plastic strain. The 
strain rate in the tests was -0 .1  hr-' , and the grain size of the 
specimen was -15 bm. (From Ref. 11.) 

occurs before ductile fracture.* The drastic decrease in 
strengch a t  high temperature is attributed to increasing 
weakness of the grain boundaries; so plastic deformation 
and ultimate failure occur by grain-boundary sliding. 

The pronounced decrease in strength in region 3 has 
often been exploited in simple models of the mechanical 
behavior of U 0 2  in a fuel element. Those portions of a fuel 
pin a t  temperatures in excess of -1400°C are assumed to 
be completely plastic and to possess no strength, whereas 
the outer regions of the rod which are cooler than 1200°C 
are regarded as completely brittle. In the narrow zone 
between these two extremes, the material is still sirong but 
is capable of plastic deformation. In this model region 1 is 
believed to  be cracked by thermal stresses set up by the 
temperature gradient in the fuel pin. Region 3, however, 
flows very easily under low stress and is therefore not 
cracked, but neither can it sustain a stress field (except, like 
a liquid, pure compression). Only region 2, which is strong 
and moderately ductile, can support the stresses imposed 
on the fuel by the restraint of the cladding. The interfacial 
stress a t  the fuel-cladding gap is transmitted to the thin 
annular ring containing fuel in the semibrittle state through 
the cracked outer annulus. Figure 16.8 shows this model. 
Region 2 is called the bridging annulus. Gittus, Howl, and 
Hughes' 3 a  and Notley' have used this simple mechanical 
model of U 0 2  to  calculate the stress and strain distribu- 
tions developed in a fuel pin during irradiation. More 
complex treatments of fuel and cladding stressstrain 
behavior, however, are incorporated in the fuel modeling 
codes that are reviewed in Chap. 21. 

*In tensile tests ductile fracture is often preceded by 
considerable "necking" (i.e., area reduction) of the speci- 
men. Part of the rapid decrease in ultimate strength in 
region 3 can be ascribed to application of the load to an 
area smaller than the initial cross-sectional area of the 
specimen. The initial cross-sectional area is used to compute 
the stress ircjiii knowledge of the applied load. 

( 1 )  CRACKED OUTER f ANNULUS 

Fig. 16.8 Model of the mechanical state of a fuel pin 
under irradiation. The fuel is divided radially into zones 
corresponding to  brittle, semibrittle, and plastic regiuns of 
temperature observed in mechanical property tests. (From 
Ref. 1s.) 

The fracture and flow properties summarized in 
Fig. 16.7 were obtained in tests in which a rod of U 0 2  was 
bent by application of loads to four unequally spaced pins 
holding the specimen. ' ' Failure occurs when the tensile 
stress ebtablished by the test apparatus exceeds the fracture 
stress in tension (i.e., the ultimate tensile strength). When 
subjected to purely compressive loads, however, ceramics 
such as U 0 2  are found t o  be far stronger than they are in 
tension. The compressive fracture strength of U 0 2 ,  for 
example, IS nearly an order of magnitude greater than the 
ultimate tensile strength obtained from bending tests. 
For application to fuel-rod analysis (Chap. 2 l ) ,  the tensile 
fracture strength shown in Fig. 16.7 is the important one. 

Tensile fracture occurs by rapid growth of minute 
cracks in the material, which are opened up  by tension (see 
following section). Failure in a compressive test, on the 
other hand, occurs by propagation of an avalanche of 
dislocations that penetrate the entire specimen. Section 
18.12 presents the theory of brittle fracture by this 
mechanism. According to this theory the strength of the 
material should increase as the grain size is reduced 
(Eq. 18.109). Figure 16.9 shows that this behavior is 
faithfully exhibited by compressively loaded UOz . 

16.4 THEORY OF BRITTLE FRACTURE 

Brittle fracture in the transgranular mode (cleavage) 
occurs by separation of adjacent atomic planes in the 
crystal. Calculation of the theoretical fracture stress is 
analogous to  estimation of the theoretical shear stress of a 
perfect crystal (Sec. 8.1). Figure 16.10 shows how the 
potential energy of a crystal varies as the lattice is separated 
between atomic planes. (The potential energy varies with 
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Fig. 16.9 Fracture strength of U 0 2  in compression as a 
function of grain size (d). (From Ref. 4.) 

distance in a manner similar lo the curve shown in Fig. 4.1, 
which pertains to uniform expansion or contraction of the 
lattice.) When the two parts of the crystal are widely 
separated, the interaction energy is zero. As the two halves 
approach each other, the cohesive forces between the atoms 
of the solid reduce the energy. The minimum potential 
energy is attained at  the equilibrium lattice spacing, a,, and 
further reduction in separation causes the repulsive forces 
between atoms on each face to  increase the system energy. 

The energy required t o  cleave a perfect crystal is equal 
t o  the work required to separate the two parts from a 
distance a,, to infinity. Since the potential-energy curve 
discussed in the preceding paragraph is not known and since 
its exact shape is not important in the present calculation, 
the true potential curve can be approximated by the dashed 
sinusoidal curve shown in Fig. 16.10. which is described by 
the function: 

This approximate potential is valid only for a, < x < a, + 
(h /2) ,  where h is the wavelength of the sine curve. 
Complete separation of the two parts of the crystal is 
considered to  occur when x = a, + (hj2). Figure 16.10 
shows the force per unit area, or tensile stress, which is 
obtained from the potential-energy curve: 

u ( x ) a -  d$ =-sin[ $071 . 271 (x-a,)  ] 
dx A 

271 (x  - a,) 
= of sin [ ] 

where the constant Gon/h represents the maximum stress, 
which is the desired fracture stress of .  For x very close to  
a,, the sine term in the preceding formula can be replaced 
by its argument, and the stress can be re!ated to  the strain 
(x - a,)/a, by Hooke's law 

where E is Young's modulus. From this equation the  
fracture stress is 

= (")E 
271 a, 

The unknown parameter h can be related to  a macrnscopic 
material property, the surface energy, by an energy balance. 
The work done in creating the two fresh surfaces of unit 
area by cleaving the crystal is twice the surface energy, or 
27,. The work of cleavage can also be calculated by 
integrating the sinusoidal stress function from x = a, t o  
x = a, + ( h / 2 ) ,  which yields 

Work of cleavage = 27, 

u dx 

1 dx 

277 (x - a,) 
h 

From the work expression we find that the quantity ( A j a r )  
is equal to ys/uf, which, when inserted into the previous 
expression, yields the theoretical normal stress required to  
fracture the solid: 

(16.3) 

For U 0 2 ,  E = 2 x lo8  kN/m2 ( 2  x 1 0 l 2  dynesicm'), 
ys = 10' dyneslcm, and a, = 3 X 1(r8 cm. Equation 16.3 
predicts a fracture stress of 3 x lo7 kN/m2,  which is about 
0.1E. However, Fig. 16.7 shows that brittle fracture occurs 
a t  stresses of -1.4 X I O 5  kN/m2,  which is a factor of 200 
smaller than the theoretical value. 

It is now well established that this large discrepancy is 
due t o  the presence of small flaws in the bulk or on the 
surface of the test specimens. Figure 16.11 showsa section 
of a solid containing a single crack of elliptical cross section 
and of infinite extent in the  direction perpendicular to the 
drawing. I t  was first shown by Griffith' that the stress 
around the tips of the crack, uc,  can be very much greater 
than the applied tensile stress o that acts in the unflawed 
solid. For a crack with a major axis 2C and a radius of 
curvature of the tips r,, the stress concentration factor u,/u 
is given by 

% 

The stress at  the crack tips can attain the theoretical 
maximum value even though the specimen fails a t  a much 
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Fig. 16.10 Cleavage fracture 

lower applied stress. The observation of failure a t  stresses a 
factor of 50 lower than the theoretical strength can be 
rationalized by the preceding formula if the crack tips have 
a radius of curvature approaching atomic size (rc - 10 8) 
and the flaw dimension is-1 pm. The larger the crack size, 
the lower the stress a t  which fracture can occur. 

Another approach to estimating fracture strength from 
the Griffith model is to balance the increase in surface 
energy that occurs when a crack grows with the decrease in 
elastic strain energy in the solid surrounding the crack. The 
surface energy per unit length of the crack depicted in 
Fig. 16.11 is 

Esurf = 4CYs 

where the periphery of the very thin ellipse has been 
approximated by 4C and ys is the surface tension of the 
solid. 

Even though the solid in Fig. 16.11 is subject t o  
uniform tension u ,  all stresses must vanish a t  the free 
surface of the crack. According to  Eq. A.26 of the 
Appendix, the elastic energy per unit volume of solid in 
pure unidirectional tension is a;,/2E. In a crack-free 
specimen, uxx = u a t  all points. When a crack is present, the 
normal stresses drop to  zero a t  the crack surface, and the 

0 
DISTANCE NORMAL TO CRACK 

Fig. 16.11 The Griffith model of brittle fracture by crack 
pro pagat ion. 

distribution of uuu along the perpendicular to the crack 
surface is sketched in the lower part of Fig. 16.11. The 
elastic energy of the cracked solid is given by 

1 
E,, = 2E; J" dX dV 

where V is the volume of the solid per unit of length 
perpendicular to the drawing and uxx is a function of 
distance from the crack surface. A very crude estimate of 
the strain energy reduction due to the crack can be 
obtained by assuming that ox, is equal t o  zero in the 
cylindrical region of radius C around the crack (dashed line 
on the top drawing of Fig. 16.11) and equal to u outside 
this region. The very high stress in the immediate vicinity of 
the  crack is ignored because it acts over such a small volume 
that it does not contribute appreciably to  the total elastic 
energy of the solid. The elastic energy per unit length is 
thus 

U2 0 nC2u2 Ee1=-(V-nC2)=Ee,-- 
2E 2E 

where E:, = Vu2/2E is the elastic energy per unit length in 
the perfect solid. The total energy of the cracked solid is 

nc2 u2 
Etot = Esurf + Eel = E:] -7 + 4CYs 

The total energy passes through a maximum at a value of C 
given by setting dE,,,/dC = 0, o r  when 

(16.4) 

This formula can be regarded as determining the minimum 
size of the crack that will spontaneously grow when a 
tensile stress u is applied, or alternatively, as giving the 
minimum stress for which propagation of cracks of size C is 
energetically favorable. When viewed in the latter sense, the 
formula can be solved for the fracture strength: 

nCo2 
+ 47, = 0 -~ 

E 

c 
H 

Uf = 2( %) 
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Using the correct stress distribution around the crack 
shown in Fig. 16.11, the fracture strength is: 

(16.5) 
71 (1 -v2)C 

shown in Fig. 16.11, the fracture strength is: 

(16.5) 
71 (1 -v2)C 

The fracture strength can be estimated from Eq. 16.5 if  the 
long dimension of the largest crack oriented perpendicular 
to the applied tensile load is known. If we set E = 2 x 10' 
kN/m2 ( 2  X 10'  dynes/cm2 ) and ys = l o 3  dynes/cm for 
UO, and assume a typical pore size C = 40 pm, Eq. 16.5 
yields a fracture stress of -10' kN/m2,  which is in 
reasonable agreement with the data shown in Fig. 16.7. 

Equation 16.5 was derived for a crack geometry (an 
infinitely long right elliptical cylinder) which is hardly 
realistic. However, a similar analysis for a disk-shaped pore 
results in a formula differing from Eq. 16.5 by an incon- 
sequential modification of the constants.' 

The preceding theory of brittle fracture suggests that 
the strength of a ceramic such as UO, at  low temperature 
should decrease as the porosity of the material becomes 
greater. The more pores there are, the greater is the 
likelihood of one of them being oriented in a position that 
results in fracture at a given stress level. The experiments of 
Roberts and Ueda' confirm this expectation; increasing 
the porosity of UO, from 5 to 16% caused a 70% reduction 
in fracture strength. 

In the semibrittle region of Fig. 16.7, however, increas- 
ing porosity increased the yield strength but decreased the 
ductility (as measured by the onset of yielding). As shown 
in Fig. 16.12, this combination of effects results in an 
increase in the ductile-to-brittle transition temperature with 
increasing porosity. The increase was nearly 150°C o n  going 
from 5 to 16% porosity. The reason for the reduced 
ductility of low-density fuel is probably the presence of 
fine-scale porosity acting as obstacles to dislocation motion, 
which is the source of plastic yielding. Porosity did not 
significantly alter the strength characteristics in the com- 
pletely ductile region ( T >  1400°C). The increase in the 
ductile-to-brittle transition temperature may have an im- 
portant influence on the performance of reactor fuel rods. 
The greater the fractional volume of the fuel which is 
brittle, the further in toward the center line the cracks 
penetrate. Since cracking is believed to  be a primary 
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Fig. 16.12 Effect of porosity o n  the ductile-to-brittle 
transition temperature (T,) of U 0 2 .  -, the fracture and 
yield stresses of material of porosity P I .  -- - , the 
fracture and yield stresses of material of higher porosity P2. 
(From Ref. 12.) 

mechanism for releasing fission gases trapped in the fuel, 
high-porosity fuels are less likely to be able to retain 
gaseous fission products than high-density fuels that main- 
tain plasticity to lower temperatures. 

16.5 CREEP THEORIES 

Creep is slow-motion plastic deformation. We saw in 
Sec. 16.3 that the ductile-to-brittle transition temperature 
of UOz decreased as the strain rate imposed on the 
specimen during the test was reduced. The strain rates 
prevailing in creep tests or actual operational situations are 
usually much lower than those used in fracture or plastic- 
deformation experiments. Consequently, creep would be 
expected a t  stresses and temperatures much lower than 
those required for plastic flow a t  high strain rates. In fact, 
there is no distinct temperature below which a solid does 
not exhibit creep deformation. Rather, creep is found to be 
an activated process, with a temperature dependence of the 
Arrhenius type [i.e., exp (-E,,,,/kT)]. Because E,,,, is 
generally rather large (it is approximately equal to the 
activation energy of atomic self-diffusion), creep effectively 
ceases at temperatures less than approximately one-third 
the melting point (OK) of the solid. 

Because of the large variety of mobile defects in a solid, 
the motion of which is potentially responsible for deforma- 
tion, literally dozens of creep mechanisms have been 
proposed. ' ' ' ' In the following two sections, we consider 
creep caused by stress-induced vacancy migration (diffu- 
sional creep) and climb-controlled dislocation motion. 
These two mechanisms result in deformation of the grains 
of the solid. Creep can occur (i.e., the solid can deform) 
even if the constituent grains of the solid retain their 
original shape, however, by the grains' sliding past each 
other along the grain boundaries. This mode of creep is 
called grain-boundary sliding and is discussed in Sec. 16.8. 

16.6 DIFFUSIONAL CREEP 

W e  have seen in Sec. 13.9 that normal stresses (of which 
hydrostatic pressure is a special case) alter the thermody- 
namic concentration of vacancies in a solid. Nabarro' and 
Herring" were the first to suggest that normal stresses 
applied in a particular direction to a grain could cause the 
grain boundary to act as a nonuniform source or  sink of 
vacancies. The diffusional transport of vacancies through 
the grain which seeks to eliminate the concentration dif- 
ferences established on the boundary of the grain is 
equivalent to transport of atoms from one point of the 
grain to  another. Such material displacement elongates the 
grain and hence can be described as a form of creep. 

Two variations of diffusional creep have been used in 
interpreting UOz creep data. The first assumes that vacancy 
migration occurs within the grain proper. The second 
considers vacancy diffusion to take place in the grain 
boundary rather than in the interior of the grain. 

16.6.1 Nabarro-Herring Creep 
Following Herring,' we consider a spherical grain 

subject to a uniaxial tensile (or compressive) stress directed 
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along a particular diameter of the sphere [Fig. 16.13(aj]. In 
order to fill all available space, grains are polyhedral rather 
than spherical in shape, but spherical grains are easy to 
work with analytically, and the results are a good ap- 
proximation to  the behavior of many-sided grains. The 
positions of the maximum normal stress are yalled the 
poles. At the equator of the grain, the normal component 
of the tensile stress is zero. Between the poles and the 
equator, the normal stress at the boundary surface varies as 
u cos 8 ,  where 0 is the angle measured from the pole [see 
Fig. 16.13(b)]. Because of this stress distribution, the 

1J 

vacancy concentration at the poles is larger than at  the 
equator, and vacancies flow from the poles to the equator. 
Atoms of the matrix flow in the opposite direction from 
the sense of vacancy movement, or from the equator t o  the 
poles. Atom diffusion currents are sketched in the left-hand 
hemisphere of Fig. 16.13(a). 

Equation 13.175 expresses the dependence of the 
equilibrium vacancy concentration on pressure. This rela- 
tion is generally valid if the pressure is replaced by the 
normal stress on a solid surface. The formula then gives the 
equilibrium concentration of vacancies in the solid just a t  
the surface where the normal stress acts. If the normal 
stress (tensile) is u,, the surface vacancy concentration is 

where C:q is the equilibrium vacancy concentration in a 
stress-free solid and R is the atomic volume. Since the 
argument of the exponential is small for the stress levels 
usually associated with creep, the one-term power series 
expansion adequately represents the stress effect on the 
vacancy concentration. 

Vacancy transport takes place within the grain. The 
steady-state vacancy concentration distribution is governed 
by the solution to  the diffusion equation (Fick's second 
law) written in axisymmetric spherical coordinates ap- 
propriate to the spherical grain: 

1 a ac, + 

_ _  r* ar(r2 i)l) r' sin 0 a o  a (sinO%)= 0 (16.6) 

With the normal stress distribution shown in Fig. 16.13(b), 
the vacancy concentration at  the boundary r = a is 

where 

(16.8) 

NORMAL STRESS 

Fig. 16.13 Nabarro-Herring creep. (a) Atom currents set 
u p  by nonuniform normal stress on  the grain boundary are 
shown in the left hemisphere. (b) Variation of the normal 
component of the stress on  the grain boundary with polar 
angle. 

The other bnundary conditions are 

C,(r,O) = Ct,(r,7rj = finite (16.9a) 

C,,(O.O) = finite (16.9b) 

The general solution of Eq. 16.6 which satisfies Eqs. 16.9 a 
and b can be obtained by the method of separation of 
variables. The result is2 ' 

(16.10) 

where 

p = cos 0 (16.11) 

and P, (p) signifies the Legendre polynomials. The 
coefficients A, are det,ermined by expanding the remaining 
boundary condition, Eq. 16.7, in a series of Legendre 
polynomials. Thus we write 
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m yields 1 * Kp = A, P,(p) (16.12) 
n=O = d2kT 4Dv01u' 2 na, P,(p) (16.24) 

where d = 2a is the grain diameter. Table 16 .1  shows the 
first four terms of the series on  the right of Eq. 16.24 for 
p = 0 (the equator) and p = 1 (the poles). 

where the positive sign applies for 0 < p <  1 and the n=2.4.. . . 

negative sign for -1 < p < 0. Since the left-hand side of 
Eq. 16.12 is an even function of p,  the A, is zero for odd 
values of n, and, for even values of n, the coefficients are 
(Ref. 21, p. 257) 

Table 16.1 Series Solution to The 
Nabarro-Herring Creep Equation An = (an  + 1) [ Jol Pn (PI dp + K 1,' I-I Pn (PI  d ~ ]  (16.13) 

The first term on  the right of Eq. 16.13 is zero except for Equator Poles - 
n = 0 [Po ( p )  = 11, for which 

n f f n  Pn(0) nun Pn(0) Pn(1)  nan Pn(1) 

518 -112 -0.625 1 1.25 
(16.14) 

1 
2 A0 = 1 +-K 

For  all nonzero even values of n, A, can be expressed by 
1 

6 13/128 -5/16 -0.190 1 
-0.280 4 -3116 318 -0.75 

0.61 

where 

a -171256 351128 4.145 1 -0.53 

Total -1.24 0.58 
A, = a,K (16.15) - 

1 

The sums are only slowly convergent, and many more 
terms than the four  shown in the table would be required 
for accurate evaluation of S(p) .  However, if we estimate the 
sums to be twice the values shown in the last row of 

a, = (2n + 1) j0 p P,(p) dp (16.16) 

The integral in Eq. 16.16 can be expressed as a functionz2 
of n, and we find 

(n  = 2,4 , .  : .) 

Table 16.1, the creep rates at the poles and a t  the equator 

?(0) = - (equator) (16.25a) 
( 16.17) are 

(2n + 1) (n - 2)! 
( - I ) ( ~ + ~ ) ' ~  2" [(n/2) + I]! [ (n /2)  - I]! 

an = 

For large values of n, application of Stirling's formula to 
10D,, ~ u R  

dZ kT 
Eq. 16.17 shows that 

2 a,  +- n (16.18) 

The change in grain shape is governed by the radial flux 
of vacancies a t  the grain boundary, which is given by 

J,(a,O) = -D,(%) 
a 

(16.19) 

where D, is the vacancy diffusion coefficient in the solid. 
Substituting Eq. 16.15 into Eq. 16.10, expressing K by 

Eq. 16.8, and taking the required derivative with respect to r 
yields 

(16.25b) 

The sign of the creep rate at  the equator is negative because 
this region is a vacancy sink ( i f  u is a tensile load). 
Vacancies emitted from the polar regions are absorbed near 
the equator. Conversely, the creep rate at  the poles is 
positive because vacancies flow away from this zone (and 
hence atoms are absorbed here). The grain thus elongates in 
the direction of the applied tensile stress. At some polar 
angle between 0 and nj2,  the creep rate vanishes. A n  
average creep rate for the entire grain can be defined as the 
integral of the absolute value of t ( p )  over the hemisphere 
[ the  average of e(p) over the hemisphere is zero since 
volume is conserved in the diffusion process]. Thus, 

1 
(the n = 0 term has been omitted from the sum because of 
the factor n in the summand). The strain rate of the 
spherical grain is given by 

= lo lS(p)l dp  (16.26) 

The average creep rate defined by Eq. 16.26 is of the same 
form as Eq. 16.25, but the numerical constant is positive 
and less than 10  (and possibly less than 5). 

Irrespective of the value of the numerical constant, the 
creep rate can be written in the general form 

(16.21) 

where the rate of change of the grain radius is related to  the 

1 da 
a dt 

C(p) = - - 

radial flux of vacancies by 

-- ? - - J r ( a , ~ )  C2 (16.22) 
(16.27) 

U L  where Bvol  is a constant and Dvol has been written in 
Combining the three preceding equations and noting that Arrhenius form where Evol is the activation energy of atom 
the volume self-diffusion coefficient of the atoms of the self-diffusion in the solid. Thus, the Nabarro-Herring 
solid is related to  the vacancy diffusion coefficient by mechanism prescribes the temperature dependence of the 

creep rate and predicts a first-power dependence on applied 
stress and an inverse-square variation with grain size. Dvol = D,C;'R (16.23) 



344 FLLVDAMENTAL ASPECTS OF N U C L E A R  R E A C T O R  FUEL ELEMENTS 

c 16.6.2 Diffusional Creep Due to Vacancy 
Transport in the Grain Boundary 

In terms of x, the boundary condition at the grain surface 
given by Eq. 16.7 is 

Coble' proposed a creep mechanism that differs from 
Nabarro-Herring creep in that vacancy diffusion from the 
poles toward the equator occurs within the grain boundary 
rather than in the grain proper. Despite the small cross 

1 + K cos 0 
1 -- K cos 8 

(for 0 < 8 < n /2 )  
(for 7r/2 < 8 < n) (16.30) 

section of the transport path offered by the grain boundary 
compared to  that afforded by the entire grain interior, the and the boundary condition Of Eq. becomes 

grain-boundary diffusion coefficient can be much larger 
than the volumediffusion coefficient, thereby making up C,(x,O) = finite (16.31) 

for the reduced transport area. As shown in Fig. 16.14, 
vacancy diffusion takes place in a spherical he l l  of 
thickness w (the grain-boundary thickness), which is small 
compared t o  the grain radius (w/a << 1). Equation 16.6 

Equation 16.9b is replaced by a condition requiring that 
the vacancy concentration profile in the grain boundary be 
'ymmetric about the (Fig. 16.14): 

governs vacancy transport in the grain boundary, but, 
because this zone is very thin, r2 can be replaced by a'. 
Setting 

(s) = o  
x = w  12 

(16.32) 

Assuming separable solutions of the form x = r - a  ( O f x f w )  (16.28) 

= X(x) 9 ( 0 )  (16.33) 
C;q 

Eq. 16.6 becomes 

a2c, 1 a ( .  y;) Substitution into Eq. 16.29 again leads to the angular 
+ - - 'ln - = (16'29) solutions in terms of Legendre polynomials' a x 2  s i n 0  a0 a2 ~ 

Fig. 16.14 Model of grain-boundary diffusional creep pro- 
posed by Coble.23 Vacancy diffusion occurs in the spheri- 
cal shell around the grain. Vacancy concentration profiles 
Cv(x,8) are sketched for several values of the polar angle. 

and radial solutions obtained by solving the ordinary 
differential equation: 

(16.35) 

The particular form of the separation constant {i.e., 
[n (n  + 1)]%) is dictated by the boundary condition of 
Eq. 16.31. Solutions of Eq. 16.35 that satisfy Eq. 16.32 are 

X = Bo (for n = 0) 

and 

- coth [n(n  + 1)]% { (a} 
x cosh{ [n(n  + 1)1% (:)}) (for n > 0) (16.36) 

Using Eqs. 16.34 and 16.36 in Eq. 16.33 yields the solution 
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k i p )  =- 
where Ai, = A,B,. At x = 0, Eq. 16.37 reduces to 

n=2,4. .  . . 
d2 kT 

This formula can be put into the form obtained by  Coble’ 
by multiplying and dividing by [n(n + I ) ]% (wi2a): Expansion of the remaining boundary condition, Eq. 16.30, 

in Legendre polynomials leads to the same coefficients 
found for the previous case of diffusion within the grains, 

d3 kT 
= 

namely, 11=2.4,. . . 

Identification of the coefficients of P,(p) i n  Eqs. 16.38 and 
16.39 results in the following: 

1 
2 A:, = 1 + -K 

{ (:a)} 
A: = - a ,  tanh [n(n + l ) l h  - K 

(for n = 2,4, . . .) (16.40) 

A: = 0 (for n odd) 

where a,  is given by Eq. 16.17. 

flux of vacancies at  the grain-boundary surface 
To evaluate the creep rate, we first determine the radial 

where Dvgb is the diffusion coefficient of vacancies in the 
grain boundary. In the present case the diffusion medium is 
the exterior of the grain surface, whereas in Nabamo- 
Herring creep vacancies flow between the boundary and the 
interior. Hence, Eq. 16.22 must be replaced by 

(16.42) d a  
- = J,(O,/l)n d t  

The creep rate as a function of polar angle is obtained by 
combining Eqs. 16.21 and 16.42 and substituting Eq. 16.41 
for the flux: 

T h e  gra in  - b o u  ndary self-diffusion coefficient Dgb 
represents the diffusivity of atoms in the grain boundary. It 
is related to the vacancy diffusion coefficient in the grain 
boundary by 

Dgb = D,,bC;qn (16.44) 

Evaluating the derivative in Eq. 16.43 from the solution 
given by Eq. 16.37 and expressing the A; by Eq. 16.40 
yields 

In his approximate solution of the diffusion problem, Coble 
obtained the constant 15 in place of the sum appearing on 
the right-hand side of Eq. 16.46.“ We see, however, that, as 
in the case of diffusion within the grain, the creep rate 
varies with polar angle and is not quite proportional to the 
grain-boundary thickness because of the term in the large 
parentheses in the summand. If w/2a << 1, this term is 
nearly unity for small values of n. However, this approxima- 
tion cannot be made in evaluating all terms of the sum, no 
matter how small (w/2a) is. I f  the term in the parentheses 
were to be replaced by unity for all values of n, the creep 
rate at the pole [where P r l ( l )  = 11 would contain the 
infinite sum Cn(n + l)cu,. According to Eq. 16.18, the 
terms of this sum eventually reduce to 2(n + l),  and the 
sum diverges. Approximating the term in parentheses in 
Eq. 16.46 by unity is better at the equator since P,,(0) 
decreases as n increases. The values of n ( n  + l)a, P,(O) €or 
n = 2,4,6, and 8 are -1.88, -1.00, -1.34, and -1.31, 
respectively, and the sum of the first four terms is -5.53. 
Convergence is very slow, however, and the exact value of 
Cn(n + I)@, P,(O) may very well be three times as large as 
the value after the first four terms, which would give an 
equatorial creep rate very close to  the value determined by 
Coble for the entire sphere. 

If  the magnitude of the angle-dependent creep rate 
given by Eq. 16.46 is integrated over the grain surface with 
Eq. 16.20 and DLb is expressed in Arrhenius form, the 
average creep rate is given by 

(16.47) 

where Bgb is a slowly varying function of the ratio of the 
the grain-boundary thickness to the grain diameter. Equa- 
tion 16.47 shows that the creep rate for this model is linear 
in the stress, has a temperature dependence controlled by 
the activation energy for grain-boundary diffusion Egb, 
and, except for the dependence of the factor Bgb on d ,  
varies inversely as the cube of the grain diameter. Grain- 
boundary diffusional creep differs from Nabarro-Herring 
creep in the dependence on temperature and grain size but 
shows the same linear variation with applied stress. 

*An extra factor of y2 was introduced by Cable* to 
account for “enhancement of the creep rate by shear stress 
relaxation at  the grain boundary.” 
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16.7 CREEP CONTROLLED BY 
DISLOCATION CLIMB 

The distinguishing features of the diffusional creep 
models presented i n  the previous section are the linear 
dependence on applied stress and the inverse dgpendence 
011 grain size raised to some power greater than 1. 
High-temperature creep behavior consistent with this model 
is observed in many fine-grained materials. However, creep 
rates with a much stronger stress dependence (u4 is typical) 
but insensitive to grain size are found at somewhat lower 
temperalures and higher stresses than the region charac- 
terized by diffusional creep. The temperature dependence is 
also of the Arrhenius form with an activation energy of the 
same order of magnitude as that of atomic self-diffusion. 
Although a different mechanism is clearly responsible for 
the second type of creep behavior, the temperature 
dependence suggests that i n  this mechanism, as in diffu- 
sional creep, vacancy migration is the ultimate rate-con- 
trolling step. 

In this case it is believed that motion of dislocations in 
the crystal governs the creep rate, but, in turn, the 
dislocation velocity is determined by vacancy diffusion. It 
is well known that glide of dislocations on slip planes is 
responsible for plastic deformation (Chap. 8). Under con-  
ditions where creep is an important deformation mode, the 
stresses are considerably lower than those which are 
required to produce essentially instantaneous plastic flow. 
Because of the low stress levels characteristic of creep, 
dislocations can be blocked by obstacles i n  the slip plane 
that could easily be surmounted or cut through i f  the 
dislocations were driven by high applied stresses. When 
blockage occurs, the only way that deformation can 
continue is for the mobile dislocation to move around the 
obstacle or, i f  the obstruction is another dislocation of 
opposite sign, to move toward and annihilate the obstacle. 
In either case, the mobile dislocation must move out of its 
slip plane, which, in the case of an edge dislocation, is the 
process of climb requiring emission or  absorption of 
vacancies. 

16.7.1 Climb Velocity of Edge Dislocations 
In order for an edge dislocation to move in a direction 

perpendicular t o  its slip plane, the extra half sheet forming 
this type of line defect must either lose or  gain atoms. Since 
removal of atoms is equivalent t o  absorption of vacancies 
and since addition of atoms is the same as emission of 
vacancies, edge-dislocation climb can be analyzed in terms 
of the flow of vacancies between the dislocation line and 
the bulk of the solid. Although an edge dislocation is 
usually depicted as a perfectly straight knife-edge, it is in 
actuality quite ragged owing t o  the presence of jogs 
(Fig. 16.15). A jog represents a step of one lattice spacing 
height in the extra half sheet of atoms forming the edge 
dislocation. The Burgers vector of a dislocation is approxi- 
mately equal to the lattice constant (Chap. 8); so the height 
of a jog is -b. The volume of an atom or  a vacancy is 
approximately given by 

n - a 2 = b 3  (16.48) 

The number of jogs per uiiit length of dislocation line is 
denoted by nj.  

Figure 8.10(a) shows that a shear stress applied to  the 
slip plane of an edge dislocation produces a force in the slip 
plane which induces glide of the dislocation. However, the 
shear stress does not produce a climb force on the 
dislocation. The normal applied stress shown in 
Fig. 8.10(b), on the other hand, results in a force on the 
dislocation that is perpendicular t o  the slip plane. Thus, 
only normal stresses induce climb of edge dislocations. The 
climb force arises from the change in the equilibrium 
vacancy concentration at  the dislocation line caused by 
application of the normal stress i n  the same way that the 
vacancy concentration near a free surface of a grain 
boundary responds to applied normal stresses. The jogs on 
the dislocation line are the ultimate .sources or  sinks of 
vacancies. The vacancy concentration in the stress-free solid 
is everywhere uniform and equal to Cz'. When a normal 
stress is applied to  the solid, the vacancy concentration in 
the immediate vicinity of the jogs assumes the new 
equilibrium value 

4 

(16.49) 

where u is the applied normal stress [actually u,, for the 
coordinate system shown in  Fig. 8.10(b), but the subscripts 
are omitted for simplicity]. Tensile stresses are considered 
positive. When the stress is applied, the jogs begin to emit 
vacancies, which flow from the jog to the bulk of the solid 
until the concentration throughout the medium has reached 
the value given hy Eq. 16.49. In the following analysis, we 
neglect this approach to saturation and assume that the 
vacancy concentratiot~ of the bulk solid is fixed at  the 
stress-free equilibrium value CS". On this basis. we compute 

EXTRA HALF SHEET 

OF AToMsl 

Fig. 16.15 A jogged edge dislocation. 
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the net rate of vacancy flow from a jog under tensile stress 
u to a bulk medium in which the vacancy concentration is 
C,. This flux is the difference between the vacancy 
emission rate from the jog, Re (u), and the vacancy capture 
rate by the jog, R, (C,): 

R = Re(o)  - R,(C,) (16.50) 

If the vacancy concentration in the bulk were equal to the 
value given by Eq. 16.49, the net rate of vacancy flow from 
the jog would be zero, or 

d 

R,(u) = R,(Cr')  

lost from each centimeter of line per second. Since each 
vacancy is equivalent to volume a, the rate at  which the 
entire half sheet of atoms gains volume is njRR cni3 
sec-' cni-' of line. In At sec, each centimeter of the line 
grows by l i jRf i  At cm3. This volume is equivalent to the 
product of the width of the extra half sheet of atoms, 1); 
the length of dislocation line involved. 1 cm; and the 
distance climbed in  At, Ay. Or the climb velocity is 

Using Eq. 16.54 for R ,  
(16.5 1) 

The net vacancy flow from the jog in the nonequilibrium 
case is equal to the difference between the rates at  which a 
perfect sink (the jog) captures vacancies when the bulk 
concentrations are C P g  and C:", respectively: 

R = Rc(CYg) - Rc(CZcl) (16.52) 

[This argument is based on the principle of detailed 
balancing. It is also employed to calculate the rate of 
vaporization of a solid into a gas phase in which the partial 
pressure of the solid species is less than the vapor pressure.] 
Since the jog is an entity of atomic dimensions, it is 
unlikely that the rate at  which it captures vacancies is 
diffusion controlled in the sense that the kinetics are 
limited by vacancy diffusion down the concentration 
gradient in the vicinity of the jog. As indicated in Secs. 13.4 
and 13.5, the kinetics of processes involving atomic-size 
species are best described as reaction-rate controlled. The 
rate at which an atomic-size trap captures mobile point 
defects from the bulk has previously been determined for 
fission-gas atoms. Combining Eqs. 13.46 and 13.47 and 
using properties appropriate to vacancies yields 

vacancies captured - zD,RC, 
RC(C") = - j o g  (16.53) -~ 

a0 

Using this formula in Eq. 16.52 and expressing CYg by 
Eq. 16.49 results in a net vacancy flow given by 

rD,fiC:"[ E') -1 ] =- ~ D , , ~ a b  (16.54) R =  exp ~ kT a0 

where the exponential has been approximated by a two- 
term power-series expansion, the vacancy diffusion coeffi- 
cient has been expressed in terms of the volume self-diffu- 
sion coefficient by Eq. 16.23, and Eq. 16.48 has been 
employed to eliminate a, and s2 in terms of b. In the 
preceding formulas, z represents the number of atomic sites 
surrounding a jog from which capture of a vacancy by the 
jog is certain. 

Emission of vacancies by a jog causes the jog to move in 
the -+z-directions shown in Fig. 16.15. The net result of jog 
motion is the downward growth of the bottom of the extra 
half sheet of atoms in the drawing. Or, the edge-dislocation 
climbs in the -y-direction with a velocity v,. If there are nj 
jogs per centimeter of dislocation line, n jR vacancies are 

znj L2 u, 0 ,  u 
vc = ____ cmjsec kT (16.55) 

To completely determine the climb velocity, we must 
estimate the density of jogs on the line, nj .  

If the jog density is assumed to be i n  thc~modynaniic 
equilibrium a t  the temperature of the solid, the fraction of 
the atom sites along the dislocation line which contain jogs 
is approximately given by the Boltzmann factor 
exp(-Ej/kT), where Ej is the energy of formation of a jog. 
[This formula can be obtained by the same methods used 
to compute the equilibrium vacancy concentration i n  a 
solid (Sec. 6.3), which led to the vacancy fraction given by 
Eq. 6.12. The entropy of jog formation is assumed to be 
zero.] Since there are l / a O  2_ l / b  atoms sites per unit 
length of dislocation line, the equilibrium jog density is 

and the climb velocity is 

(16.56) 

where the superscript eq indicates that the quantity is based 
on  the assumption of an equilibrium concentration of jogs. 
This notation has nothing to do  with the ability of a jog to 
maintain an equilibrium concentration of vacancies in its 
vicinity. This latter equilibrium assumption (which allows 
Eq. 16.49 to be written) is accepted whether or not the 
density of jogs is given by the equilibrium value of 
Eq. 16.56. 

The energy of formation of a jog is not at all well 
known but can be estimated as follows. Insertion of a jog 
into an otherwise straight segment of edge dislocation 
increases the length of the dislocation by the height of the 
jog, b. The energy required to create this additional length 
is the line tension of the dislocation, r d ,  times the jog 
length, b. Since Td = 3 X lo-' cm, the 
energy of jog formation is approximately given by 

dynes and b 

Ej rdb  2_ 3 x lo- '  * ergs = 2 eV 

More-detailed estimates arrive a t  values of Ej between 0.5 
and 1 eV. In any case, the energy of jog formation is not 
negligible compared to  the energy of  atomic self-diffusion 
which governs the temperature dependence of the self-dif- 
fusion coefficient (for u4+ in U O ~ ,  for example, 
Evol 3 eV). 
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Jog densities greatly in excess of the equilibrium value 
given by Eq. 16.56 can be generated when dislocation lines 
are cut by dislocations moving on other slip planes. This 
process is illustrated for screw dislocations in Fig. 8.12, but 
the behavior of edge dislocations is analogous. 

When the jogs are very closely spaced, they can no 
longer be treated as isolated point sinks or sources for 
vacancies. Instead, the entire length of the dislocation line 
maintains a vacancy concentration given by Eq. 16.49. The 
net flux of vacancies from the dislocation to the bulk is 
best handled as a problem of diffusion from a uniform line 
source using the techniques developed in Sec. 13.5 for 
capture of point defects by a dislocation line. In common 
with this analysis, the vacancy flux and hence the climb 
velocity depend on the radius of the capture volume 
surrounding each dislocation, denoted by 8, and the climb 
velocity is found to  be (see problem 16.1):  

(16.58) 

where Rd is the radius of the dislocation core and the 
superscript sat indicates that the climb velocity assumes 
that the entire length of the dislocation line maintains the 
equilibrium concentration of vacancies characteristic of the 
applied stress. Equation 16.58 also applies when the jogs on 
the dislocation line are widely spaced provided that the 
core of  the dislocation offers a rapid artery for vacancy 
migration (called “pipe diffusion”). In this case, the 
isolated jogs can supply vacancies to  the rest of the 
dislocation line without the necessity of transport through 
the bulk solid, where the vacancy diffusion coefficient is 
much lower than in the dislocation core. 

16.7.2 Creep Rates 
Weertman24,25 has proposed two closely related 

models of creep due to dislocation climb. The first is based 
on Figs. 8.16(a) and 8.17 and the second on Figs. 8.16(b) 
and 8.18. 

The Clim b-Controlled Glide il4odel 
In this the unit increment of creep deforma- 

tion is associated with the climb of the lead dislocation of a 
pile-up over an immobile obstacle, which is assumed to be a 
pinned edge dislocation. The mobile dislocations are genera- 
ted by a Frank-Read source located to the left of 
Fig. 8.16(a). According to  Eq. 8.40, the lead dislocation of 
the pile-up [located at  xo  in  Fig. 8.16(a) I is pushed toward 
the pinned dislocation by an effective shear stress that is 
larger than the applied shear stress by a factor equal to the 
number of dislocations in the pile-up. The pile-up extends 
from the Frank-Read source to the nearest pinned 
dislocation on a slip plane within a normal distance h of the 
plane containing the source. Immobile dislocations on 
planes further removed from the plane of the source cannot 
block dislocations produced by the source. 

Suppose there are M Frank-Read sources in a specimen 
of volume V,  each blocked by a pinned dislocation. Let p 
be the probability per second that a particular lead 
dislocation frees itself from the pinned dislocation by 
climb. After surmounting the obstacle, the dislocation slips 

by an area A on its new glide plane before it encounters 
another obstacle. Since Mp climb/glide events occur in the 
specimen per second, Eq. 8.18 gives the strain rate 

shear strain climb/glide events 
E =  X climb/glide event sec 

= ( F ) M p  = Abp,p (16.59) 

where ps = M/V is the density of Frank-Read sources in 
the solid. 

We next calculate the climb probability per second, p. 
This quantity is identified with the reciprocal of the average 
time required for a mobile dislocation to climb over the 
pinned dislocation. Since all impact parameters yo between 
0 and h [Fig. 8.16(a)] are equally probable, we first 
compute the time t, for a mobile dislocation to climb over 
the pinned dislocation as a function of the initial distance 
yo  and then average over all possible values of yo .  

Using Eq. 16.55, the climb velocity of the lead 
dislocation of a pile-up can be written as 

(16.60) dy - znjDVo1Ro’ 
d t  kT v c = - -  

where uf is the hypothetical tensile stress required to 
produce the force Fi,. The latter is actually due to 
interaction of the two dislocations in Fig. 8.16(a).’% As 
shown in Chap. 8, uf is given by 

Fi, = a’b (16.61) 

But Fi, can also be expressed by Eq. 8.25: 

Kb f, ( 0  1 F. = ~ 

Y lY (16.62) 

Combining Eqs. 16.61 and 16.62 shows that the hypo- 
thetical normal stress driving climb of the mobile disloca- 
tion is 

(1 6.63) 

The value y can be eliminated by use of Eq. 8.33 in which 
u X y  is multiplied by n because the climbing mobile 
dislocation is the lead member of a pile-up. Therefore, 

0 + =- f,(O) 
fx ( 0 )  nux 

(16.64) 

*Equation 16.55 was derived with the assumption that 
the vacancy concentration in the bulk solid is equal to the 
equilibrium value C:q. This requirement is satisfied when 
the specimen is subject to a pure shear stress because on the 
average only half the mobile-immobile dislocation inter- 
actions occur between dislocations of the same sign. The 
other half involve dislocations of opposite sign, for which 
the hypothetical normal stress a+ is compressive (i.e., the 
mobile dislocation tends to emit vacancies as a result of 
interaction with the immobile dislocation). Since the 
mobile dislocations are equally divided between vacancy 
sources and sinks, the average vacancy concentration in the 
solid is unaffected by a shear stress. 

c 
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It is convenient t o  transform the climb rate into a rate of 
change of angle O with time by using Eq. 8.33, which yields 

dy - dy dB - Kfk dO 
dt d6’ d t  nuxy dt (16.65) 

\ 

where f: = dfx/dO and the total stress on the lead disloca- 
tion has been used. Substituting Eqs. 16.64 and 16.65 into 
Eq. 16.60 yields 

(16.66) 
d t  KkT 

The group of parameters in the parentheses in Eq. 16.66 
has the units of reciprocal time and can be used to  define a 
characteristic time for dislocation climb: 

KkT 
z n j D V o l R n 2 u ~ ,  

7, = (16.67) 

The time required for a mobile lead dislocation impinging 
on the pinned dislocation at an impact parameter yo to  
climb over the pinned dislocation is given by the integral of 
Eq. 16.66: 

t,(Oo) = 7 ,  lo ‘ X X  dO (16.68) 

where O o  is the initial polar angle at  which the lead 
dislocation approaches the obstacle. The mean climb time is 
obtained by averaging t, over all impact parameters yo or, 
equivalently, over all initial angles B o .  The distribution of 
yo is assumed uniform over the interval 0 < yo < h, or 

ni8 f t  

f Y  

91 (Yo) dY0 
dY0 

= probability of yo in the range yo to  yo + dyo = - 

and the distribution of initial angles can be found from 

h 

q l  ( Y o )  by 

where the derivative dy0/dOo is obtained from Eq. 8.29. 
However, h is given by Eq. 8.35; so the distribution of 
initial angles is governed by 

We now integrate t, of Eq. 16.68 over all initial angles B o  
using Eq. 16.70 as the weighting function, 

(16.71) 

Substituting Eqs. 16.68 and 16.70 into Eq. 16.71 yields 

The right-hand side of Eq. 16.72 is a pure number, of order 
unity, which can be calculated by Eqs. 16.26 and 16.27. We 

denote it by C. Therefore, the probability that a particular 
dislocation in the specimen climbs over a pinned dislocation 
in unit time is 

1 1  
tc c7c  

p = - = -  

and from Eq. 16.59, the strain rate is 

(16.73) 

(16.74) 

Substituting equations for r,, K, and n given by Eqs. 16.67, 
8.30, and 8.39, respectively, the strain rate assumes the 
form 

. 2n3 (1 - v ) ~  AL2p,znjbD,,lo~y 
C G3 kT E =  (16.75) 

WeertmanZ4 argues that the combination AL’p, is nearly 
independent of applied stress in single crystals and varies as 
u-’ in polycrystalline specimens. If the jog concentration, 
nj, is assumed to be in thermodynamic equilibrium, 
Eq. 16.56 can be used. When the activation energy for 
self-diffusion is separated from Dvol,  the creep rate in 
polycrystalline material is given by 

1 (equilibrium jogs) = Bo3 exp (16.76) 

where B is a constant for a particular material. The shear 
stress uxy has been replaced by a general applied stress u 
which is sure to  have shear components along the slip-prone 
crystallographic planes in the grains of the specimen. 

If the climb velocity appropriate t o  a dislocation line 
that is saturated with vacancies along its entire length 
(Eq. 16.58) were used in the preceding derivation, the 
result would be that given by Eq. 16.75 with znj replaced 
by [ 2.ir/ln(.%’/Rd) ] /b ,  and Eq. 16.76 would be altered to:  

& (saturated dislocations) = B’u’exp ( - ~ (16.77) 

Both Eqs. 16.76 and 16.77 exhibit the characteristic strong 
stress dependence often observed in high-strain-rate creep 
tests. The activation energy for creep, according t o  this 
model, is equal to or greater than that of volume 
self-diffusion. This prediction is also in accord with many 
experiments. Neither creep formula exhibits a dependence 
on  the grain size of the specimen. 

The Climb-to-Annihilation Model 
Weertman’s’ second mechanism assumes that creep 

occurs as a result of climb and mutual annihilation of pairs 
of dislocations (the dipoles) of the array produced by 
interweaving of dislocation loops originating from Frank- 
Read sources on neighboring slip planes. Figure 16.16 is a 
schematic diagram of this model. The diagram of Fig. 8.18 
represents a cross section along the diagonal between two 
of the Frank-Read sources in Fig. 16.16. Since the pairs of 
dislocations forming the dipoles of the array are of opposite 
sign, they attract each other. This attraction is reflected in a 
force-induced climb of each partner of the dipole toward its 
mate, which results in mutual annihilation. Figure 8.16(b) 
shows the path followed by the two dislocations in the 
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Fig. 16.16 Model of creep resulting from creation and 
subsequent annihilation through climb of dislocation loops. 
(From Ref. 25.) 

dipole during the climb process (in the present case, 
however, both dislocations move). As each annihilation 
event occurs, the sources on the two slip planes each 
produce another loop to replace the two that have 
disappeared. The creep rate according to  this mechanism is 
given by Eq. 16.59; yet the parameters A and p remain to 
be determined. 

The quantity A is the  area on the slip plane swept out 
each time a climb-annihilation event takes place. Suppose 
the dipole on the right of Fig. 8.18 is destroyed by mutual 
annihilation of the two dislocations. The source on the 
lower plane produces a new loop that expands radially by a 
distance Ax to replace the dislocation missing from the 
lower plane. The area swept out by glide of the new 
dislocation is  AX)'. The remaining dislocations on the 
lower plane are not affected. TO replace the dislocation that 
disappeared from the upper plane, however, each of the 
dislocations in this plane moves to the right by a distance 
Ax, and the source on the left creates a new dislocation 
loop. The area swept out by the simultaneous shift of 
dislocations is n (L  - Ax)’. Since L is usually considerably 
larger than Ax, the total swept out in the process of 
replacing the destroyed dipole is nL’. On the other hand, if 
the dipole halfway between the two sources is annihilated, 
an area n(L/2)’ in each plane is swept ou t  by the 
replacement process, and the total area covered during 
dislocation readjustment by glide is 2n(L/2)’ = nL’ /a. To a 
good approximation, we can take for the typical dipole in 
Fig. 8.18 a slip plane area swept ou t  during replacement 
given approximately by 

, 

A -- TL* (1 6.78) 

Consider next the relation among the distance between 
sources along the slip planes (L),  the normal spacing of the 
slip planes (yo) ,  and the density of Frank-Read sources in 
the solid ( p s ) .  Assume that the sources are arranged in a 
square array on each slip plane, the side of the unit cell 
being the separation distance L. There are thus l /L’  
sources per unit area of slip plane. If the slip planes are 
separated by a normal distance yo ,  there are l / ( y o L 2 )  
sources per unit volume. Equating this expression to the 
density of Frank-Read sources in the solid and solving for 
L yields 

(1 6.79) 

To determine the spacing of slip planes, consider a 

1 L=- 
(Yo P 2  

specified value of the applied shear stress u x y .  If the 
spacing yo were such that oxy was greater than the critical 
value for decomposition of the dipole [ ( u ~ ~ ) ~ ~ ~ ~  given by 
Eq. 8.45 1 ,  dislocation loops produced by a source could 
not be stopped by loops of opposite sign arising from 
sources on slip planes a normal distance yo away. In this 
situation strain occurs by the unimpeded glide of disloca- 
tions through the entire specimen. Climb is not required for 
deformation. As a result of the deformation, expanding 
dislocation loops on nonparallel slip planes intersect each 
other, and many dislocations become pinned in the ensuing 
dislocation tangle. This is the process of work hardening, 
and the result is an increase i n  the density of Frank-Read 
sources (which are nothing more than segments of pinned 
dislocation lines in a slip plane), accompanied by a decrease 
in the average separation distance between slip planes 
containing the sources. Thus, when the stage of secondary 
or steady-state creep is attained, the normal separation of 
planes containing Frank-Read sources just satisfies 
Eq. 8.45 for the specified applied shear stress. At this point, 
yo is given by:’k 

where K is given by Eq. 8.30. 
Consider now the climb frequency p. The two disloca- 

tions i n  a dipole attract each other with a force given by 
Eq. 8.25 with the minus sign chosen because the disloca- 
tions are of opposite sign. The polar angle 0 between the 
two dislocations in the dipole is between 45” and go”, and 
Fig. 8.15 shows that f, can be satisfactorily approximated 
by unity over this range of angles. Therefore, the attractive 
interaction is expressed by 

(16.81) 

The hypothetical normal stress defined by Eq. 16.61 is 
compressive in the present case and is given by 

(16.82) 

The time rate of change of the normal distance between the 
two dislocations in the dipole is given by substitution of 
Eq. 16.82 into a climb velocity formula, for which we 
choose Eq. 16.58, and multiplication by a factor of 2 to  

~ 

*WeertmanZ5 explains that the uniform distribution of 
slip planes used in the creep model can reduce yo by as 
much as a n  order of magnitude from the value given by 
Eq. 16.80, which IS based on the analysis of dipole arrays 
produced by two isolated sources. However, we retain 
Eq. 16.80 for consistency since the dipole spacing n 
(Eq. 8.44), which is also used in the creep model, is also 
strictly valid only for two isolated dislocation sources. In 
any case, the numerical change indicated by Weertman does 
not affect the stress or temperature dependence of the 
creep rate predicted by the model. 
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account for the fact that both dislocations are moving 
toward each other: 

-=  d y  2v, = - 2  
dt 

By using Eq. 16.58 to express the velocity of cl(mb, we 
have assumed that both dislocations sustain equilibrium 
vacancy concentrations along their entire lengths. 

The time t, required for the two dislocations to climb 
from a separation distance y = yo to y = 0 is obtained by 
integration of Eq. 16.83: 

kT In(.%'/Rd)y; 
8.irbzD,,,K 

t, = (16.84) 

Each Frank-Read source provides n dislocations, each of 
which has a probability per unit time equal to l i t ,  of 
climbing and annihilating its partner in the dipole. Thus, 
the probability per unit time that one of the dislocations 
associated with each Frank-Read source in the specimen 
participates in a climb-annihilation event is nit,, or, using 
Eq. 8.44 for n and Eq. 16.84 for t,, 

4nb2 D,,,KL 
= 3kT In(.%/Rd)yi (16.85) 

We can now substitute Eqs. 16.85 and 16.78 into 
Eq. 16.59, eliminate L with Eq. 16.79, and eliminate yo 
with Eq. 16.80. Finally, K is replaced by Eq. 8.30, and the 
creep-rate formula is 

where B' is a collection of numerical constants and uxy has 
been replaced by the general applied stress u. If all but the 
important stress and temperature variables are collected in 
the constant, the creep-rate formula reduces to 

(16.87) 

This equation has the same temperature dependence as the 
dislocation-climb model of creep derived earlier, but the 
exponent on the stress is 4.5 instead of 3 (Eqs. 16.76 and 
16.77). The stronger stress dependence of Eq. 16.87 is in 
very good agreement with the observations of creep rates in 
many materials. 

16.8 GRAIN-BOUNDARY SLIDING 

The analyses presented in Secs. 16.6 and 16.7 assumed 
that the macroscopic strain of a polycrystalline specimen is 
reflected in comparable deformation of each grain. For 
small strains, however, a polycrystalline body can deform 
merely by the relative motion of the grains, without any 
change in the grain shape. Changes in the shape of the 
specimen and of the grains of which it is composed as a 
result of a compressive creep test are illustrated in 
Fig. 16.17. The specimen is assumed to be a right-circular 
cylinder of initial diameter Do and length Lo.  After 
deformation the change in these dimensions defines the 
total creep strain: 

35 1 

(16.88) 

Provided that porosity introduced by grain separation is 
negligible, the volume of the specimen is unchanged. 

Assume that the grains are initially equiaxed with an 
average diameter do .  After deformation the average grain 
dimension parallel to the axis of compression is reduced 
from d o  to  dll ,  and, transverse to the applied stress, the 
grain size is increased from do to  dl. The deformation of 
the grain is described by the grain strain: 

(1 6.89) 

The change in grain shape in a creep experiment can be 
measured, so that both and fg are available. If eg/cT = 1, 
specimen deformation is due only to strain of the grain, and 
no relative movement of one grain relative to  another has 
occurred. In this case, the creep rate is given by one of the 
models described in Secs. 16.6 and 16.7. At the other 
extreme of eg/.cT * 0, no change in grain shape has 
occurred, and all the creep strain is due to  sliding of grains 
past each other along the grain boundaries of the material. 
The strain due to  grain-boundary sliding 

Eghs = ET - E g  (1 6.90) 

is a measure of the fraction of the total strain of a 
polycrystalline specimen resulting from the relative move- 
ments of rigid grains. The limiting case cT -- cgbs cannot be 
maintained to large deformations, however, because some 
grain strain (eg > 0)  is necessary to maintain geometrical 
continuity between grains of the specimen. If the grains 
slide past each other easily, yet do not deform, voids 

I" I 
t 

1-D-l 

Fig. 16.17 Deformation of specimen and grains during 
compressive creep test. (a) Initial microstructure. (b) After 
deformation. 
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eventually develop on the grain boundaries as the specimen 
deforms. 

In this section we review mechanisms of relative grain 
motion from which the creep rate due to grain-boundary 
sliding, igbs, can be estimated. By comparing f g b s  with the 
theoretical estimates of the creep rate due to  grain strain, ig 
(as computed by the models presented in the two preceding 
sections), we can assess, the re!ative importance of the two 
creep mechanisms. If Egbs  9 fg, the grains can slide easily 
over one another, and no  deformation of the grains is 
needed for creep to occur. Conversely, if the calculated 
value of igbs is much less than the calculated value of ig, 
we expect that the grains would remain locked together at  
the grain boundaries and the rate of deformation of both 
the specimen and its constituent grains would be controlled 
by one of the grain strain theories reviewed earlier. 

Although grain boundaries are often represented as 
smooth plane surfaces, they are in reaIity covered with 
nonuniformities of the same sort that is found on external 
surfaces of solids. Internal surface roughness acts as an 
impediment t o  the relative motion of two adjacent grains. 
An idealized type of grain-boundary roughness that is 
amenable to analytic description of creep controlled by 
grain-boundary sliding is shown in Fig. 16.18. The specimen 
is subject t o  an applied shear stress that tends to move grain 
1 to the left and grain 2 to the right. The imperfection 
preventing the sliding of the two grains is the ledge shown 
in cross section in the figure. The applied stress places the 
right-hand vertical step of the ledge in compression and the 
opposite side in tension. The vacancy concentration is 
higher on the tensile side than on the compressive side; so 
vacancies flow from the tensile side to the compressive side. 
Consequently, the protrusion moves from right to left 
under the influence of the applied stress, and this motion 
controls the rate a t  which grains 1 and 2 can slide past each 
other. 

The movement of vacancies from one part of a grain to 
another in response to  differences in normal stress along the 

GRAIN 0 

boundary has been encountered in theories of diffusional 
creep (Sec. 16.6). As in this case, vacancy transport can 
occur either through the lattice separating the affected 
surfaces or along the grain boundary. Figure 16.18 illus- 
trates the grain-boundary migration variant of the grain- 
boundary sliding model proposed by Gifkins and co- 

The driving force for diffusion along the 
grain boundary is the difference in vacancy concentration 
between the two sides of the ledge normal to the grain 
boundary. The vacancy concentration along the tensile side 
is 

C,(tensiIe) = Ctq 1 + - ( 3 (1 6.91) 

and on the compressive side 

C,(compressive) = CVeq ( 1 - - g) (16.92) 

The diffusive flow of vacancies per unit ledge length 
perpendicular to the drawing from left t o  right is: 

(16.93) 
2D,,bwC~qoR 

LkT 
Vacancy flow rate = 

where w is the grain-boundary thickness and L is the width 
of t he  ledge. Multiplication of Eq. 16.93 by R A t  gives the 
volume transferred from one side of the ledge to the other 
in At sec. If Ax is the distance the ledge moves in Qt sec, 
the volume transferred is also equal to AxH, where H is the 
height of the ledge. The ledge velocity is: 

v - - =  Ax 2D,,waR ’ - At HLkT (16.94) 

where Dgb is the grain-boundary self-diffusion coefficient 
(Eq. 16.44). The ledge velocity is equal to the relative speed 
of grain 1 with respect to grain 2. The shear strain rate due 
to the movement of the ledge can be determined from 
Fig. 8.14(b) in which s is replaced by the grain size d, and 

-fJ 

LEDGE IN GRAIN BOUNDARY 

COMPRESSION 

TRIPLE POINT 

GRAIN @ 

Fig. 16.18 Creep controlled by grain-boundary sliding which is in turn controlled either by movement of 
ledges or diffusion around triple points. Arrows indicate the direction of atom flow in the grain boundary 
around the ledge. 
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the amount of slip occurring in At sec is v1  At instead of b. 
Therefore, the creep rate due to grain-boundary sliding is Iris 
or, using Eq. 16.94, 

(16.95) 

In common with other diffusional creep models, Gifkins' 
model predicts a creep rate that is directly proportional to 
the applied stress. However, the grain-size dependence is 
weaker than that of Nabarro-Herring creep. 

The model must also explain how grains 1 and 2 slide 
by one another when a third grain, labeled number 3 in 
Fig. 16.18, intersects the other two grains at  the junction 
called a triple point. For sliding to occur, the boundary A 
must move to the left and boundary B to the right. If the 
process of accommodation of sliding by diffusion around 
triple points is slower than that of ledge migration, the 
creep rate is controlled by sliding, not ledge migration. As a 
result of the applied stress, boundary A is placed in tension 
and boundary B in compression. Distortion of grain 3 
occurs by vacancy flow from boundary A to boundary B. 
Transport can occur either through the interior of grain 3 
or along boundary A to boundary B. In either case the 
analysis of the diffusional process is identical t o  the 
analyses discussed in Sec. 16.6., Gifkins' equation for the 
rate of grain-boundary sliding controlled by diffusion 
around triple points' is identical to Eq. 16.47 except for a 
minor difference in the numerical constant. 

Langdon3 has developed a grain-boundary sliding 
model of creep in which slippage of adjacent grains occurs 
by a combination of climb and glide of dislocations 
adjacent to the boundary. This model bears the same 
resemblance to the dislocation-climb creep models of 
Sec. 16.7 that Gifkins' grain-boundary sliding model does 
to the diffusional creep models reviewed in Sec. 16.6. 

Assuming that the grain strain and grain-boundary creep 
mechanisms operate independently of each other, the total 
creep rate can be expressed as the sum of the rates due to 
each mode. Thus, 

. .  . 
E = E g  + Egbs = E d i f f  + Edc + Egbs (16.96) 

where the subscripts diff and dc denote diffusional creep 
and dislocation-climb creep, respectively. The validity of 
the assumption of the additivity of creep rates is discussed 
by L a n g d ~ n . ~  

16.9 THERMAL CREEP IN OXIDE FUELS 

16.9.1 UO,+x 
The creep characteristics of hyperstoichiometric ura- 

nium dioxide have been studied more thoroughly than 
those of any other ceramic oxide. The creep rate depends 
on the applied stress, temperature, grain size, and the 
oxygen-to-uranium ratio. Since U 0 2 . x  is thermo- 
dynamically stable only a t  temperatures above 1300°C 
(Chap. l l),  only the effect of positive deviations from 
exact stoichiometry have been investigated in deformation 
tests. The influences of porosity and of the impurity 
content on the creep rate have been less extensively 
explored. The following summary is based largely on a 
recent review of this topic by Seltzer et  al.3' Figure 16.19 
shows the stress dependence of the creep rate in stoi- 
chiometric polycrystalline UOz obtained from three dif- 
ferent investigations. The main feature of the creep curves 
is the rather clear separation between a region in which the 
strain rate is linearly dependent on applied stress to one 
characterized by power-law creep, wherein the stress 
exponent is between 4 and 5. The data are well represented 
by the discontinuous function: 

E = E d i f f  = B 1 exp (for u < uLr)  (16.97) 
. .  

d 

= Edc = B'U" exp (for u > utr)  (1 6.98) 

Equation 16.97 represents Nabarro-Herring diffusional 
creep (Eq. 16.27). The observed linear stress dependence is 
also exhibited by Coble's grain-boundary creep formula 
(Eq. 16.47) or Gifkins' grain-boundary sliding model 
(Eq. 16.95), but the grain-size dependence of the latter two 
mechanisms are d-3 and d- ' ,  respectively. Beyond the 
transition stress, utr ,  the creep rate becomes independent of 
grain size and increases as the 4th or 5th power of the 
applied stress. These features of the creep rate are con- 
sistent with the dislocation climb-annihilation model of 
creep (Sec. 16.7). 

In principle,, the total creep rate should be expressed as 
the sum of cdiff  and idc, but the difference in the 
exponents of the stress in the two models is so large that 
the transition region where both modes contribute more or 
less equally to the total creep rate is quite narrow. It is 
sufficient to assume that the transition occurs dis- 
continuously at  a stress utr. Assuming that the activation 
energy for creep is the same for both the high- and 
low-stress mechanism, Eqs. 16.97 and 16.98 can be equated 
a t  Otr 

o r  

This formula predicts that the transition stress should be 
The creep-rate data for the oxide nuclear fuels UOz+x temperature independent and vary with the grain size 

and ( U , P U ) O ~ - ~  are summarized in this section. The data according to  a power between -0.67 and -0.5, which 
were obtained primarily by compression creep tests on  correspond to n values of 4 and 5,  respectively. The creep 
polycrystalline specimens. Only creep in the absence of data in the last two panels of Fig. 16.19 confirm the 
radiation (thermal creep) is considered. Radiation-enhanced expected absence of a temperature dependence of the 
creep is discussed in the following section. transition stress. The slight variation of u t r  with tempera- 
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Fig. 16.19 Creep rate vs. stress for stoichiometric UOz 
tested in compression. The shaded areas in the second and 
third panels show the range of transition stresses for the 
range of temperatures at  which the tests were conducted. 
(From Ref. 31.) 

ture seen in the data can be due to  the temperature 
dependence of the shear modulus G, which appears raised 
to the 3.5 power in the dislocation climb-annihilation 
creep model. Hence B' of Eq. 16.98 contains this additional 
temperature-dependent f a ~ t o r . ~  Figure 16.20 shows the 
experimental transition stress plotted as a function of grain 
size. The slope of the line is -0.61, which is in very good 
agreement with the value expected for Nabarro-Herring 
and dislocation climb-annihilation creep in the low- and 
high-stress regions, respectively. The identification of the 
low-stress creep mechanism is further substantiated by the 

z 1 I 1 1 1 1  I 
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Fig. 16.20 Stresses at which a change in creep mechanism 
occurs for compressive creep of UOz specimens of various 
grain sizes. (From Ref. 31.) 

grain-size dependence of the creep rate shown in Fig. 16.21. 
The variation of & with the inverse square of the grain size 
supports the assignment of Nabarro-Herring creep as the 
predominant deformation mode for u < utr.  
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Fig. 16.21 Creep rate as a function of grain size for U 0 2  
tested in low stress compression, 1650°C, 7000 kN/mZ.  
(After Ref. 31.) 

The effect of the composition variable oxygen/metal 
ratio ( O j M )  on the creep rate is shown in Fig. 16.22. 
Regions of diffusional and dislocation-climb creep are still 
evident a t  high and low stresses, but the transition is not as 
sharp as in the data obtained using stoichiometric U 0 2  
(Fig. 16.19). Increasing the oxygen-to-metal ratio dramati- 
cally increases the creep rate at a fixed temperature and 
stress level. Stoichiometry changes are reflected in both the 
coefficients B and E' of Eqs. 16.97 and 16.98 and in the 
activation energy E,. At low stresses the composition 
dependence of the creep rate is given by 

E d i f f a  2 ux exp [ - - (u<u, , )  (16.100) 

and a t  high stresses by 

E d c  01 ux2 exp [-%I ( U  > utr)  (16.101) 

where x is the stoichiometry parameter in UO,,,. 
Figure 16 .23  shows the composition dependence of the 

creep activation energy E,(x). In the high-stress region, the 
activation energy decreases from 565 kJ/mole for nearly 
stoichiometric UO, to -230 kJ/mole for highly hyper- 
stoichiometric material. In the low-stress region, the cor- 
responding decrease IS horn 380 kJ/mole to  -210 kJ/mole. 
The E, appears t o  have attained limiting values for x + 0 
and x + large. The curves of Fig. 16.23 can be qualitatively 
explained by considering the composition dependence of 
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Fig. 16.22 Steady-state creep rate vs. applied stress for 
polycrystalline U O Z + ~  tested in compression at  1100 and 
1300°C.-, 1100°C.-----, 1300°C. (From Ref. 31.) 

the volume self-diffusion coefficient, which appears in both 
diffusional-creep and dislocation-climb creep models. 

In a monatomic solid, there is no ambiguity in the 
meaning of this transport property, but, in a binary ionic 
crystal, the two species generally exhibit different self-dif- 
fusivities. Since creep results solely in distortion of the solid 
but does not produce a separation of the constituent atoms, 
we conclude that the two species are transported in the 
same ratio as the bulk composition. That is, for every atom 
of uranium that moves from one point of a grain to another 
during deformation of U 0 2 + x ,  2 + x atoms of oxygen 
follow the same path. The rate of deformation, however, is 
governed by the slowest moving species, which in the case 
of uranium oxide is the U4 '  ion. The 0 2 -  ions merely tag 
along with each diffusing U 4 +  ion but do not affect the 
kinetics of the process. Therefore, Dvol is to be interpreted 
as the self-diffusion coefficient of the U 4 +  in the solid. 

The dependence of the uranium self-diffusion coeffi- 
cient on the oxygen-to-uranium ratio has been considered 
by Lidiard33 and M a t ~ k e , ~ ~  whose analyses are sum- 
marized here (see also problem 6.8 of Chap. 6 and problem 
7.1 of Chap. 7 for related calculations). The right-hand side 
of Eq. 16.23, which relates the volume self-diffusion 
coefficient to the concentration and diffusion coefficient of 
vacancies in the crystal, pertains to the U4' ion. For 
uranium oxides, then, the volume self-diffusion coefficient 
appropriate to creep is 

Dvol= DVUX"U (16.102) 

where Dvu is the diffusion coefficient of vacancies on the 
uranium sublattice of the fluorite structure and xVu is the 
fraction of the sites on the uranium sublattice which are 
unoccupied. The cation sublattice in the fluorite structure 
is face-centered cubic [Fig. 3.12(b)], and the vacancy 
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Fig. 16.23 Activation energies for compression creep of 
U 0 2 + x  0, single crystals. 0, polycrystals, 27-pm grains, 
enriched. +, fi,, polycrystals, 7-pm grains. X ,  v, polycrystals, 
4- to 35- p m  grains. A, polycrystals, 6-pm grains, in bending. 

diffusion coefficient for this lattice type is given by 
Eq. 7.29, wherein the jump frequency is given by Eq. 7.41. 
Therefore, 

where aO = lattice constant 
vu = vibration frequency of a uranium ion in its 

lattice site 
s$ = entropy of motion of a uranium ion for jumping 

into an adjacent vacancy on the cation sublattice 
E &  = entropy of motion of a uranium ion for jumping 

into an adjacent vacancy on the cation sublat- 
tice 

The uranium vacancy fraction xvu is related to the 
fraction of the vacant sites on  the oxygen sublattice xvO by 
the law of mass action governing the Schottky equilibrium 
(Eq. 6.34): 

Ks 
xvu =2 (16.104) 

x v  0 

where KS = exp(--Es/kT) is the equilibrium constant for 
Schottky defects in UOz and eS is the formation energy of 
the Schottky defect. Although vacancies on the uranium 
sublattice are generated by the Schottky equilibrium, the 
predominant point-defect disorder in UOz consists of 
oxygen-ion vacancies and interstitials. The concentrations 
of these defects are governed by the Frenkel defect 
equilibrium constant (Eq. 6.37): 

where cFO is the energy of formation of an anion Frenkel 
defect pair, xvo is the fraction of the anion sites that are 
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vacant, and xio is the fraction of the oxygen interstitial 
sites in the fluorite structure which are occupied by 
interstitial oxygen ions. 

An additional relation between xvo and xio can be 
obtained from the requirement of electroneutrality of the 
crystal (Sec. 6.6). However, because K, is smail compared 
to KFo in UO,,  the uranium sublattice can be considered 
to be completely filled, and the uranium interstitials can be 
neglected in the charge balance. The additional relation 
between xvo and xio can be obtained directly in terms of 
the stoichiometric parameter x in U 0 2  + x  by the following 
method. Consider a volume of crystal that contains Nu 
uranium atoms, some of which are in valence states higher 
than 4+ because of the oxygen excess (Chap. 11). Because 
the uranium sublattice is nearly perfect, N U  is equal to 
N,, /2,  where NsO is the number o f  anion sublattice sites in 
the region of crystal under consideration. Not all the anion 
lattice sites need be filled, however. Let No and Nio be the 
numbers of oxygen ions on normal lattice sites and in  
interstitial positions, respectively. The oxygen-to-uranium 
ratio can be written as 

0 N o  + N , 0  NO + N i o  
u Nu 

= 2 (  Nso ) = 2  + X  (16.106) _ -  

Assuming that the number of interstitial sites available for 
oxygen interstitials is equal to the number of normal anion 
sites (N,o), the oxygen defect fractions are 

NsO - No 
Nso 

N i o  x,o = __ 
Ns 0 

xvo = 

(16.107) 

and Eq. 16.106 becomes 

x = 2(XiO - x v o )  (16.108) 

Eliminating xio between Eqs. 16.105 and 16.108 yields 

xvo = $ x  [(l + 16KF0 Tr - 11 (16.109) 

As exact stoichiometry is approached, Eq. 16.109 reduces 
to 

xvo -r (KFO)'h (as x + 0) (16.110) 

In the opposite limit approximated by highly hyper- 
stoichiometric urania 

For the same limiting situations, the uranium vacancy 
concentration is found from Eq. 16.104 to be 

Substituting Eqs. 16.112 and 16.113 into Eq. 16.102 and 
expressing the vacancy diffdsion coefficient by Eq. 16.103 

yields the theoretical variation of DI,ol with solid composi- n 
tion. Since the creep rate i n  the linear stress region is 
proportional to Dvol ,  we have 

and 

(for x+ large) (16.115) 

According to  these equations, the difference between the 
limiting values of the activation energies on the dashed 
curve of Fig. 16.23 should represent the formation energy 
of oxygen-ion Frenkel defects. The observed difference 
(-170 kJ/mole) is quite a bit less than the value of eFo 
deduced from measurements of the heat capacity of U 0 2  
(about 290 kJ/mole, Ref. 34a),  but the trend of E, with x 
is correctly predicted by the vacancy diffusion theory. 

T h e  experimental creep rates a t  low stresses 
(Eq. 16.100) were best fitted by a linear dependence on x, 
which is intermediate between the limiting cases shown in 
the preceding formulas. The creep experiments on which 
Eq. 16.100 is based may have been conducted at  stoi- 
chiometries that were between the limiting cases treated 
theoretically, or diffusional creep may be due to a mixture 
of the Nabarro-Herring and Coble's mechanisms. Coble's 
mechanism contains the grain-boundary self-diffusion coef- 
ficient, which would not be expected to  respond to 
composition changes in the same manner as does the 
volume self-diffusion coefficient. However, were this the 
case, the grain-size dependence would be expected to be 
somewhat larger than d-*. 

The theoretical effect of composition on creep in the 
power-law stress regions is 

(for x +  0)  (16.116) 
and 

(for x --f large) (16.117) 

where it has been assumed that the climb velocity is 
controlled by the equilibrium concentration of jogs. Com- 
parison of Eqs. 16.114 and 16.116 with the data on 
Fig. 16.23 suggests that the difference between the creep- 
activation energies in the low- and high-stress regions for 
nearly exact stoichiometry represents the energy of forma- 
tion of jogs on edge dislocations in U 0 2 .  The observed 
difference of -190 kJ/mole (-1.6 eV) is in reasonable 
agreement with the estimated jog formation energies 
determined in Sec. 16.7, but the difference can also be due 
to the presence of other creep mechanisms a t  high stresses. 
The activation energy for power-law creep approaches that 
of low-stress creep as x becomes large (Fig. 16.23). This 
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behavior can be due to saturation of the vacancy concentra- 
tion along the entire length of the climbing dislocations, 
which removes Ejog from the creep-activation energy 
(Sec. 16.7). The preexponential factor for high-strain creep, 
however, follows the x2 variation predicted by the theory 
for highly hyperstoichiometric material. 

16.9.2 Mixed Oxides 
Quantitative knowledge of the creep properties of the 

mixed uranium-plutonium oxides (U ,Pu)02  -x is of consid- 
erable practical importance in predicting the mechanical 
behavior of fast reactor fuel pins. Although investigation of 
the mechanical properties of this material has only recent!y 
begun, preliminary creep data have been reported by several 
l abo ra to r i e~ .~  ’-’ 

In common with the results of the more extensive 
studies of U 0 2 ,  creep in the mixed oxide is satisfactorily 
represented by a diffusional creep regime at low stress 
which gives way to  power-law creep at high stress. The 
creep-activation energies are of the same order of magni- 
tude as those in U 0 2 + x  although the variation of E, with 
stoichiometry (hypostoichiometry in this case) has not 
been thoroughly explored for the mixed oxides. 

The stoichiometric mixed oxides are weaker (i.e., they 
exhibit higher creep rates) than U 0 2 , 0 0  under the same 
conditions of applied stress, temperature, grain size, and 
porosity. However, the creep strength of the mixed oxide is 
significantly improved as the oxygen-to-metal ratio is 
reduced; the creep rate of ( U , P u ) 0 2  . o o  is about an order of 
magnitude larger than that of (U,Pu)O,  , 9  5 .  

The effect of porosity on the creep properties of the 
mixed oxide is of importance since the design specifications 
of fast reactor fuel call for material of less than 90%, of 
theoretical density. The creep rate is reduced by about a 
factor of 5 as the density is decreased from 96% of the 
theoretical value to -88% of the theoretical value 

16.10 IRRADIATION CREEP IN OXIDE FUELS 

In thermal creep, deformation is due to the flow of 
vacancies between sources and sinks (grain boundaries or 
climbing dislocations) where the equilibrium vacancy con- 
centration C:q is perturbed by application of a stress by a 
factor exp (*uLl/kT). In both diffusional creep and disloca- 
tion-climb creep, interstitials are neglected because their 
equilibrium concentration is many orders of magnitude 
lower than that of the vacancies (Fig. 13.17), and no point 
defects are produced in the matrix of the solid between 
the sources and sinks. In a radiation field, neither of these 
restrictions is valid; in fuel materials vacancies and inter- 
stitials are produced equally at  a rate YviF, where Yvi is the 
number of Frenkel pairs created by a single fission event.” 

Point defects are created by radiation uniformly 
throughout the solid; so the diffusion equation must 
contain a volumetric source term to account for this 
additional entry in the statement of vacancy conservation. 
Moreover, since interstitials are also present in significant 
quantities, a recombination term also needs to be added. 
Since radiation produces both types of point defects at 
equal rates and leads to  concentrations far in excess of 
thermal equilibrium values, the contribution of interstitial 
migration to  the sinks can no longer be neglected 

The effect of radiation-produced point defects on the 
rate of diffusion-controlled creep processes (which includes 
both Nabarro-Herring and dislocation-climb creep) has 
generated a roaring controversy in the literature. The 
dispute began with Schoeck’s statement3 that, since all 
diffusional-creep models contain the volume self-diffusion 
coefficient and since this property is directly proportional 
to the vacancy concentration (Eq. 7.28), the creep rate 
should be enhanced by the increased vacancy concentration 
resulting from irradiation. Mosedale3 and Hesketh4’ have 
insisted that Schoeck and his successors are wrong, claiming 
that it is the diffusion coefficient of the vacancies, not the 
volume self-diffusion coefficient, which governs the creep 
rate. In the final creep formula, D, appears multiplied by 
CGq, and, although the product DvC$qC2 is the volume 
self-diffusion coefficient, the term CGq arises from the 
boundary conditions to the vacancy diffusion equation, 
which are of the form C:q exp (ku,c2/kT). The C t q  term 
does not represent a bulk vacancy concentration i n  the 
stressed solid. Since the boundary conditions that are 
responsible for injecting C:Q into the creep formulas are 
not affected by radiation (assuming that dislocations and 
grain boundaries are perfect sources or sinks that always 
maintain the equilibrium point-defect concentration appro- 
priate to the applied stress whether or  not the solid is 
irradiated), there is no justification for simply replacing Ctq 
in the creep formulas by the bulk concentration of 
vacancies generated by irradiation. 

This argument appears quite convincing, and indeed it is 
when applied to  Nabarro-Herring creep, but P i e r ~ y , ~  ’ 
Lewthwaite; and Nichols4 have shown that dislocation- 
climb creep can be accelerated by irradiation provided that 
the climbing dislocations absorb more interstitials than 
vacancies. The preference of dislocations for interstitials is 
well established in metals (see Sec. 13.9); the phenomenon 
of void growth in neutron-irradiated metals is a manifesta- 
tion of the need to find a sink for the excess vacancies 
resulting from the dislocation preference for interstitials. In 
fuel materials which are ceramic rather than metallic and in 
which point defects are produced by fission fragments 
instead of fast neutrons, void growth of the type observed 
in metals has not been observed; either the voids are 
unstable in the highly disruptive environment of a fission 
fragment flux (we have seen that gas-filled bubbles have a 

*Although vacancies and interstitiak are produced in difficult time surviving), or else the myriad of other 
phenomena affecting the fuel mask any void formation. equal numbers by fission, the number of each type of 

defect available for migration to sinks, such as grain 
Nevertheless, the arguments suggesting a preference of boundaries, dislocations, o r  (in metals) voids, may not be 

ec,ual, Vacancies can be immobilized in  a depleted zone dislocations for interstitials are rather general, and it is not 
,-lose t o  the fission track whereas interstitials can be shot unreasonable to  assume that the effect of radiation on 
far from the fission track in the form of “dynamic dislocation-climb creep applies to fissile ceramics as well as 
crowdions” (Chap. 17) .  to metals. 
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In this section we restrict attention to the effect of 
radiation on diffusional creep, specifically Nabarro-Herring 
creep. The few in-pile creep experiments using U 0 2  or 
(U,Pu)02 have been performed at low stresses where the 
creep rate is linearly dependent on applied stress. The effect 
of radiation on dislocation-climb-controlled creep (power- 
law creep), which is the subject of Refs. 38 to 43, will be 
discussed in Chap. 19. 

16.10.1 The Effect of Radiation on 
Nabarro-Herring Creep 

To demonstrate the existence or  nonexistence of a 
radiation effect on creep which occurs by virtue of 
different normal stresses acting on various parts of a grain 
boundary, we adopt the hypothetical one-dimensional 
geometry shown in Fig. 16.24. The upper face of the grain 
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Fig. 16.24 Nabarro-Herring creep in the presence of point 
defects produced by radiation. 0,  radiation-produced va. 
cancy. 0 ,  radiation-produced interstitials. 

is subject t o  a tensile stress and the lower face to a 
compressive stress of the same magnitude as the tensile 
stress. Although the slab as drawn in the figure is subject to 
a net force and is therefore not mechanically stable, the 
mathematics of the problem is very much simpler than that 
for a spherical grain (Sec. 16.6), and the results are not 
significantly different. 

In common with the thermal-creep analysis of the 
Nabarro-Herring model, we assume that the grain bound- 
aries are the only source or sink for vacancies, or that there 
are no dislocations within the grain. The diffusion equation 
for vacancies in the grain is 

( 16.118) 
d2  C, 
dx2 

D, __ - - -Y,iF + k,iC,Ci 

and for the interstitials 

(16.119) 

The last term in each of these equations represents loss due 
to  vacancy-interstitial recombination, for which k,, is the 
rate constant. Subtraction of Eq. 16.119 from 16.118 
removes the source and sink terms and leaves the equation 

d2 
dx2 

~ (D,C, - DiCi) = 0 

which can be integrated to yield 

D,C, - DiCi = AX + B (16.120) 

The integration constants A and B can be obtained by using 
the boundary conditions shown on Fig. 16.24, which 
assume that the equilibrium point-defect concentrations are 
maintained at  x = 0 and x = d. 

The creep rate is given by 

JR 
d 

(1 6.12 1) 

where J is the difference between the flux of vacancies and 
i t i  t e rs t i t ial s at  e it h er boundary , 

Using Eq. 16.120, we see that J = -A, which can be 
obtained by application of the boundary conditions. 
Insertion of J into the creep rate of Eq. 16.121 yields 

(16.122) 
2n( D,C$q + DICleq) E =  

d2 kT 

In most systems Di is larger t.tian D,, (Sec. 13.3),  but C:q is 
very much smaller than C:q (Fig. 13.7); so D,C:q S DiCFq, 
and Eq. 16.122 becomes 

(16.123) 

The term in the parentheses in this formula is the volume 
self-diffusion coefficient in the absence of radiation; so, 
except for the numerical constant, Eq. 16.123 is identical 
to Eq. 16.25. Radiation, therefore, has no effect on the 
creep rate in the Nabarro-Herring model. The physical 
reason for this negative result is that the excess point 
defects produced i n  the grain by radiation are either 
annihilated there or flow equally to the grain boundaries. 
When the flux of vacancies and the flux of interstitials are 
equal, the boundary does not move. Only the small 
difference between the equilibrium concenlrations of va- 
cancies at  the boundary causes creep. 

16.10.2 Creep Enhancement by Thermal Spikes 
Due to Fission Fragments 

Although the additional defects produced by radiation 
d o  not enhance the Nabarro-Herring creep rate, Bruck- 
lacher, Dienst, and T h ~ m m l e r ~ ~  have proposed a mech- 
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anism whereby the transient pulses of heat liberated by the 
slowing down of fission fragments accelerate creep. The 
transient heating of the lattice in  the immediate vicinity of 
a fission track is known as a tlzeimal spike. I t  extends 
roughly the length of the fission track. The temperature 
profile created by the heat released as the fission fragment 
loses energy is symmetric about the axis of the spike. The 
temperature transient can be calculated from the known 
energy per unit track length deposited by the fragment and 
the heat-transport properties of the solid. Although the 
duration of the spike is very short (-lo-'' sec) and use of 
ordinary macroscopic properties of the solid (such as its 
thermal conductivity) may not be quite adequate to 
describe energy transport, treatment of the problem as one 
of transient-heat conduction provides at  least a qualitative 
description of the phenomenon. 

If  the initial energy of the fission fragment is Qfiss and 
the track length is p r f ,  the energy released (as heat) per unit 
length of track is Qfiss/pff.  Solution of the heat-conduction 
equation for an instantaneous line source o f  heat of this 
magnitude yields the following temperature profile:45 

T(r, t)  = Qflss 'pff  ___ exp (-&) (16.124) 
4nk,t 

The initial solid temperature and the temperature far from 
the spike are assumed to be zero. The quantity k, is the 
thermal conductivity of the solid and cy = k,/p,C, is the 
thermal diffusivity, where ps and C, are the density and 
heat capacity of the solid, respectively. Temperatures at 
various times and positions during a thermal spike are 
shown in Fig. 16.25. Although the thermal transient is 
quickly quenched by conduction to the bulk solid, if  
enough thermal spikes occur, the resulting temperature 
pulses can appreciably affect the vacancy diffusion coeffi- 
cient, which varies exponentially with temperature. 

The effect of spherical thermal spikes on the rates of 
activated processes in the solid has been considered by Seitz 

10-12 10-11 5 x 10-1' 
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Fig. 16.25 Typical temperatures in a cylindrical thermal 
spike. (From L. T. Chadderton, Radiation Damage in Crys- 
tals, Methuen & Company, Ltd., London, 1965.) 

and K ~ e h l e r . ~ ~  Here we extend their analysis to cylindrical 
geometry. 

given by 
The vacancy diffusion coefficient 

D, = a:)w 

where a, is Ihe lattice constant and 

w = u ,  exp (-- g) 

is approximately 

(16.125) 

( 1.6.12 6)  

is the jump frequency of a vacancy in particular direction. 
The term u, is the vacancy vibration frequency, and E$ is 
the energy of motion of a vacancy. 

Consider a volume V of the crystal in which the 
vacancy concentration is C,. If the jump frequency at the 
ambient solid temperature To  is denoted by wO,  the 
number of vacancy jumps occurring in the volume V in a 
time interval At is VC,w,, Ai .  Now consider the incremen- 
tal number of vacancy jumps that occur when one fission 
fragment slows down within the volume V in the time 
interval At. The number of vacancy jumps that occur in this 
case is 

C, iV dVloAt d t  w(r,t) 

where w(r,t) is the jump frequency during the temperature 
transient, obtained by substitution of Eq. 16.124 into 
16.126. The additional jumps produced by a single fission 
track are obtained by subtracting VC,w,  At from the 
preceding expression, o r  

Aj,, = C ,  J dVloAt d t  [w(r,t) - w o ]  
V 

If the volume V is large compared to the volume of the 
fission track and At is long compared to the duration of the 
temperature transient, the upper limits o n  the spatial and 
time integrals can be replaced by infinity since w returns to 
wo well before the actual boundaries are reached. Thus the 
additional vacancy jumps per spike are 

Aj,, = 27rC,u,pfrLm r d r l -  d t  

x {exp[- k*j - exp (-&)} (16.127) 

If the fission rate is F fissions cmU3 sec-' , the number of 
thermal spikes occurring in the volume V in time At is 
V(2F) At. Multiplying the number of spikes by the 
incremental vacancy jumps per spike and adding this 
quantity to the number of vacancy jumps that would have 
occurred by thermal fluctuations alone gives the total 
number of jumps, 

Total jumps = V At(C,wo + 2F AjSp) 

or,  the average vacancy-jump freqiiency is 

total jumps 2 F  Aj,, w =  = w o  +- 
VC, At, c v  
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Multiplying the preceding jump frequency by a i  gives the 
vacancy diffusion coefficiel-t (Eq. 16.125), 

m 

D$ = D, + 4 7 r F v v p f f a i I w r  dr  

x d t  exp  (-g) (16.128) 

where the last term in Eq. 16.127 has been neglected on the 
grounds that To is much less than the temperature attained 
during the spike. 

The thermal-spike enhancement of the vacancy diffu- 
sion coefficient can be computed by integration of Eq. 
16.128 using the temperature function given by Eq. 
16.124. Following Seitz and K ~ e h l e r ~ ~  this formula is 
simplified to 

= 0 (for t < r2  /4a) ( I  6.129) 

The double integral of Eq. 16.128 is readily performed 
when the temperature is described by Eq. 16.129. The 
spike-enhanced vacancy diffusion coefficient is 

For a solid well above its Debye temperature, psC, = 3k/a; 
where a: is the atomic volume. Finally, the spike-enhanced 
diffusion coefficient becomes 

D$ = D, [ 1 + e ~  Fa3k ( ~ r  Qfiss exp  (g)] (16.131) 

The enhancement of the vacancy diffusion coefficient, and 
hence of the Nabarro-Herring creep rate, is given b y  the 
second term in the brackets, which we evaluate for the 
following numerical values: 

F = 10’ fissions sec-’ 

k = 1.38 x W-sec/”C 
a: = 4.1 x cm3 

ks = 0.028 W cm-’ OC-’ 
pff  = cm 

Qfiss = 70 MeV 
E $  = 1 eV 
To = 1000°K 

Using the preceding values, the second term in the brackets 
of Eq. 16.131 is -lo-’, which is totally negligible com- 
pared to  unity. Thus, the thermal-spike mechanism as 
treated by Seitz and K ~ e h l e r ~ ~  is unable t o  enhance the 
vacancy diffusion coefficient by an amount sufficient to 
affect the creep rate. Brucklacher, Dienst, and T h ~ m m l e r ~ ~  
obtain a much higher enhancement by assuming the 
cylindrical region affected by the thermal spike to be 
transformed into a liquid with a much larger diffusion 
coefficient than that of the solid at the average tempera- 
ture. 

16.10.3 Creep of Fissile Oxides Under 
Irradiation 

The creep of UOz under reactor irradiation has been 
measured by three-point bend tests, compression of disks of 
fuel, and compressive and tensile tests of helical springs of 
the ceramic. The apparatus suitable for the last two types 
of creep tests is shown in Fig. 16.26. The capsule is 
designed to  permit insertion into a reactor. Creep testing of 
UOz in devices of this sort has been limited to  stresses 
lower than the transition stress between diffusional and 
dislocation-climb creep (Fig. 16.19); so only the effect of 
radiation on  the linear creep rate region has been explored. 

\I\ -TRANSDUCER 

PROBES- 

Fig. 16.26 Schematic diagram of an in-pile creep apparatus 
for use with oxide fuel specimens. (From J. S. Perrin and 
W. R. D. Wilson, Effect of Irradiation o n  the Creep of 
Uranium Dioxide, USAEC Report BMI-1899, Battelle 
Memorial Institute, 1971.) 

The creep rates were found to be proportional to both the 
applied stress and to the fission rate. Figure 16.27 
summarizes the data of various investigators, whose results 
have been normalized t o  standard stress and radiation 
conditions using the linear behavior mentioned previously. 
The effect of radiation o n  the creep rate is twofold.47 At 
high temperatures the creep rate is greater than that 
observed in the absence of radiation but exhibits the same 
temperature dependence. This phenomenon is termed 
fission-enhanced crecp, As shown in the  beginning of this 
section, it is difficult to rationalize radiation acceleration as 
diffusional creep, but the thermal-spike model of Bruck- 
lacher, Dienst, and T h ~ m m l e r ~ ~  is an attempt at  such an 
explanation. Nonetheless, the effect o f  radiation o n  high- 
temperature low-stress creep is to increase the creep rate by 
approximately a factor of 4. 

At low temperatures, where thermal creep is negligible, 
a temperature-independent (or “athermal”) component of 
creep is observed. This form of creep, which is solely due to 
the radiation field, is called fission-induced creep. Fission- 
induced creep is represented by the broad band at low 

c 
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Fig. 16.27 Composite in-pile creep for U 0 2  normalized to 
u = 2.4 x l o4  kN/m2 and I? = 1.2 x 1 0 l 3  fissions cm-3 
sec-I. (From Ref. 47.) 

temperatures in Fig. 16.27. Because of the scatter of the 
data, the rate of fission-induced creep is known only to 
within an order of magnitude. No model of fission-induced 
creep in ceramics has been proposed, although several 
explanations of the analogous phenomenon in metals have 
been offered. 

Results similar t o  those shown for U 0 2  in Fig. 16.27 
have been reported for mixed-oxide fuel.4 Creep in fissile 
ceramic oxides can be  represented by 

6 = K ( l  + BF)-yexp . u  (-"+ K ' u F  (16.132) 
d kT 

where K, K', and B are experimentally determined 
constants and E is the activation energy for Nabarro- 
Herring thermal creep. At stresses above the transition 
stress, an additional term representing power-law creep 
would have to be added to  Eq. 16.132 (or, such a term 
would replace the diffusional-creep term). It is not known 
whether high-stress thermal creep is enhanced by fission, 
although it probably is because power-law creep in metals is 
accelerated by fast-neutron irradiation. 

The effect of radiation creep in the fissile oxide o n  fuel 
element performance has been investigated analytically by 
using Eq. 16.132 in the LIFE-I fuel modeling code.47 In 
the absence of radial cracks caused by thermal stresses 
(cracking is not included in LIFE-I), the entire cool outer 
region of the fuel acts as a strong shell that restrains the 

expansion of the fuel pellet induced by fission-gas swelling 
in the hot low-strength inner region. Creep of the peripheral 
zone of the fuel (the unrestructured zone shown in Figs. 
10.22 and 10.23) reduces the ability of this annular shell to 
prevent gross radial expansion of the fuel. When the fuel 
expands faster than the  cladding, the fuel-cladding gap 
closes, and the resulting interaction between the two 
components of the fuel element causes cladding deforma- 
tion. This deformation is manifest as a diametral strain of 
the fuel element, which can be  measured on  irradiated fuel 
pins and which fuel modeling codes such as LIFE-I attempt 
to predict. Figure 16.28 shows the predicted fractional 
change in the cladding outer diameter as a function of 
burnup. The lower curve represents the diametral strain of 
the cladding that occurs in the absence of interfacial 
pressure due to  fuel-cladding interaction. This strain is due 
only to swelling of the metal (stainless steel) by formation 
of voids under fast-neutron irradiation. The middle curve 
shows that cladding strain is increased when fuel-cladding 
contact occurs and only thermal creep of the fuel is 
allowed. The upper band in Fig. 16.28 shows that the 
diametral strain of the cladding is dramatically increased 
when fission-induced creep of the  fuel is introduced into 
the calculation. The decreased creep strength of the outer 
region of the fuel permits the entire fuel mass to be  pushed 
against the cladding by the swollen inner core of hot fuel. 
The upper band in Fig. 16.28 encompasses the computed 
results for a range of a factor of 100 of F in Eq. 16.132. 
Once the tangential stresses in the  outer fuel annulus are 
relieved by even a small amount of fission-induced creep, 
additional acceleration of the creep rate by higher fission 
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Fig. 16.28 Effect of fission-induced creep o n  fuel-element 
diametral strain as computed by the LIFE-I fuel-modeling 
code. (From Ref. 47 .) 
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rates does not produce greater interfacial pressures on  the 
cladding; the entire fuel pellet i s  effectively transformed 
into an incompressible mass with the consistency of tough 
jelly by the combination of thermal creep in the hot inner 
core and radiation creep in the peripheral zones. The 
drastically decreased creep strength of Lhe outer region of 
the fuel permits the fuel t o  be pushed against the cladding 
b y  fission-product swelling (both solid and gaseous), which 
increases linearly with burnup. The stresses that were once 
sustained by the outer annulus of fuel are now transmitted 
to the cladding, which responds by deforming radially 
outward . 

The effect of fission creep is most marked in the cool 
outer annulus, which operates at  temperatures <1300"K. 
According to Fig. 16.27, induced rather than enhanced 
fission creep is responsible for the impaired creep strength 
in this region. Enhanced thermal creep becomes important 
only in the hot core of the fuel, which has little creep 
strength (owing to the high temperature) even in the 
absence of radiation. Therefore, radiation-induced creep of 
the fuel appears t o  be a more significant phenomenon than 
fission-enhanced creep in oxide fuel-element performance. 

In addition to  decreasing the creep strength of the fuel, 
thereby permitting greater fuel-cladding interaction, fis- 
sion creep heals cracks in the fuel faster than could be 
accomplished by thermal creep alone. Closure of pathways 
from the fuel interior t o  the fuel-cladding gap should 
impede the migration of potentially corrosive fission 
products (Chap, 12) to the  cladding and thereby assist in 
maintaining fuelelement integrity. 

16.11 SINTERING, DENSIFICATION, AND 
HOT PRESSING 

In sintering, a process that eliminates porosity from a 
wramic material, the compacted powder is held at  elevated 
temperatures (usually greater than one-half the melting 
point in OK) for long periods of time. In the initial stages of 
the process, the particles fuse together at contact points 
and form necks or  bridges with their neighbors. The 
intermediate stage of the  remaining porosity exists in the 
form of more or  less cylindrical tubes lying along the 
junctures of three or  more grains, the grains having been 
formed from the original particles. Eventually, this tubular 
network is pinched off and converted into a population of 
roughly spherical pores (or voids) situated on  the corners of 
the grains. Given sufficient time at  elevated temperature, 
these pores disappear entirely (provided no insoluble gas is 
trapped in them), and a fully dense ceramic body is 
produced. Removal of isolated pores, which is called the 
final stage of sintering, begins when the residual void 
fraction or  porosity is -5%. The sintering process consti- 
tutes the final step in the production of UOz or  mixed- 
oxide fuel pellets; the green pellets are held at -1600°C in 
an atmosphere of hydrogen gas (for control of fuel 
stoichiometry) for a length of time dictated by the desired 
end porosity. Some residual porosity is desirable in nuclear 
fuels t o  accommodate swelling due t o  fission products. 

The mechanism of final-stage sintering is believed to be 
associated with the migration of lattice vacancies from the 

c pores (each of which can be likened to a bubble of 
vacancies) t o  vacancy sinks in the solid, which are generally 
assumed t o  be the grain boundaries.* The driving force 
necessary to  transport vacancies through the  solid is 
provided by the surface tension of the solid, which 
generates a vacancy concentration at the pore surface of 
CEq exp  (Zya/R,kT),  where R, is the pore radius. The 
equilibrium vacancy concentration C:q is maintained at  the 
grain boundary. 

Because normal sintering operations are conducted at 
elevated temperatures, grain growth (Sec. 14.5) can proceed 
in parallel with the sintering process. The pores, which were 
initially located on grain corners o r  on grain boundaries, 
can be  left behind by moving grain boundaries, and the void 
space in the solid is transformed to  intragranular pores. The 
kinetics of the final-stage sintering process depends on  the 
location of the pores (which are the vacancy sources) 
relative t o  the grain boundaries (which are the vacancy 
sinks). If the pores are distributed throughout the grain, the 
vacancies must diffuse through the bulk solid to  escape. If 
the pores lie on grain boundaries or on grain corners, 
vacancy migration can occur either along the grain bound- 
aries or  through the adjacent solid. In either case, porosity 
close t o  the grain boundaries is more rapidly eliminated 
than porosity in the middle of a grain. 

The rate of shrinkage of a porous solid is governed by 
the flux of vacancies reaching the grain boundary from the 
pores. Each grain must preserve its shape while decreasing 
in volume, or  else stresses on  grain boundaries would build 
up and destroy the driving force for vacancy diffusion. In 
order that the grains remain congruent t o  their original 
three-dimensional shape, the vacancy flux must be the same 
everywhere on  the bounding surfaces of all grains in the 
solid. For example, a portion of grain boundary that 
receives vacancies faster than adjacent areas shrinks more 
rapidly than the latter. The adjacent grains at  this local 
high-flux area attempt to  pull away from each other and in 
so doing place the solid in tension, which increases the 
vacancy concentration and reduces the driving force for 
transport from the pores. The flux at  this point temporarily 
subsides until the adjacent areas reach the same level and 
the tension in the original area of high vacancy flux is 
relieved. The system has a built-in governor that assures 
compliance with the stringent requirement of equal vacancy 
flux to  all grain boundaries. 

Kinetic analysis of the final-stage vacancy-diffusion- 
controlled sintering process must begin with an assumed 
distribution of pores (intra- or  intergranular, size, and 
number density) and, i f  the porosity is intergranular, an 
assumption as to whether vacancy transport occurs through 
the solid (volume diffusion) or along the internal surface 
(grain-boundarv diffusion). 

The simplest sintering model is due to  Coble,49 who 
assumed that, at the start of the final stage of sintering, 

*For no obvious reason dislocations are not considered 
as strong vacancy sinks. In void swelling in metals 
(Chap. 19), grain boundaries are insignificant sinks com- 
pared to  dislocations. 
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spherical pores were located a t  each of the corners of an 
idealized grain. The grains were represented by the 14-sided 
space-filling polyhedron called the tetrakaidecahedron. This 
solid is a regular-sided octahedron truncated at each of the 
six apexes in a manner that produces 36 edges all of the 
same length, 1. The volume of the tetrakaidecahedron is 
8(2)"213, and it has 24  corners. The pores on  each of these 
corners are shared by four contiguous grains; so each grain 
contains 24/4 = 6 pores. The density of pores in such a 
model of the porous solid is 

3 
N,, = __- 

4(2)!'213 
( 1  6.1 33) 

Coble's model makes no use of the grain boundaries or 
the grain shape other than t o  fix the pore density of the 
solid by the preceding formula. The grain boundaries are 
not the diffusive path for vacancies. Rather, they serve only 
as sinks that maintain the equilibrium vacancy concentra- 
tion CCq in the solid surrounding each pore. The rate of 
vacancy emission from a pore is then obtained from the 

4 d .' 
-71 3 (I-) = 8 ( 2 P l 3  

Combining the preceding three formulas yields 

DvoiYR P = -- 288 ~ 

kTd3 
(16.1 38) 

The important features of Coble's sintering formula are 
1 .  The value P is inversely proportional t o  the cube of 

the grain size. 
2. The sintering rate is proportional to the volume 

self-diffusion coefficient and shares the usually large activa- 
tion energy of the latter. 

3. The value P is independent of pore size. 
4. Complete densification !P = 0)  is achieved at a time 

given by 

116.139) 

Sintering calculations that deal more explicitly with the 
location of the pores in the solid vis-&vis the grain 
boundaries have been presented by Rosolowski and 
Greskovich"' and Markworth.' I Markworth shows that 

formula for the rate of flow of point defects t o  and from 
spherical sinks and an infinite medium in which the sinks 
are embedded (see Sec. 13.5 and Eq. 13.70). The pore loses 
vacancies at a rate given by 

correct treatment of diffusion of vacancies from a pore 
lying in the plane of a grain boundary to  the latter (but 
with vacancy migration still through the bulk solid) 
produces a vacancy flux approximately twice that given by 

vacancies/sec (16.134) Eq. 16.134. Rosolowski and Greskovich determined the 
effect of the location of an intragranular pore o n  the 

where D, is the vacancy diffusion coefficient and y is the vacancy emission rate. A spherical grain is assumed to 
surface tension of the solid. Multiplication of this equation contain a single pore whose center is varied over the range 
by the volume per vacancy R gives the rate of change of the of radial positions from zero to  (d/2) - Rl,. T h e  flux JL, 
pore volume, was calculated for the pore at each location. As  expected 

intuitively, the closer the vacancy source (the pore) is to 
the vacancy sink (the grain boundary), the larger the flux 
becomes. The effect of pore position, however, does not 
dramatically affect pore shrinkage until the pore is quite 

Jp  = 4nR,,D, [CtY exp (: &) - C:'l] 

~ -RJ, (16.l35) dVP _ _ ~  
d t  

close to the grain boundary. However, i f  many small pores 
occupy a grain, the effect of position can be much more 
pronounced. as shall be seen presently. 

The porosity of the body is the ratio of t h e  pore volume to  
the total volume, or  

Burton and Reynoldssi have presented a model of 
final-stage sintering based on pores located on and losing 
vacancies through grain boundaries. This situation differs 
from the analyses discussed above, which all assumed 
vacancy transport by lattice diffusion, even when the pore 
lay o n  a grain boundary. The model used by Burton and 

d t  2 %  kT13 Reynolds is an adaptation of an earlier calculation designed 
to explain the opposite effect from sintering, namely, 

(16'136) P = N,V,, 

Thus, the shrinkage rate is given by 

. d  677 ( D V C $ q a ) ~  p = - ( V  N ) = - N  RJ =-- 

swelling of grain-boundary voids under stress (Sec. 18.9). 
Specifically, the shrinkage law used by Burton and 
Reynolds is given by Eq. 18.85 with the applied stress set 
equal t o  zero. Using this model, they were able to account 

Inasmuch as C$q is the fraction of vacant sites in the solid, 
the product in the parentheses in the  preceding formula is 
the volume self-diffusion coefficient 

for the change in the size distribution of the pores during 
sintering (the smaller pores disappear before the larger 
ones), which the Coble model (Eq. 16.138) cannot do. 
Comparison of the sintering model with data revealed that 
good accord was possible with a very reasonable choice of 
the grain-boundary diffusivity, a quantity that has been 
measured by other methods. 

Dvol = DvC$qR (16.137) 

In UOz,  Dvol applies t o  the U4+ ion, which is slower 
moving than the 0'- ion. 

The equivalent diameter d of the polyhedral grains in 
Coble's model can be defined by 
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POKES 

GRAIN (DIAMETER = d l  
16.11.1 An Illustrative Model of Porosity 

Removal from Ceramic Bodies by 
Vacancy Diffusion to  Grain Boundaries 

In the models just described, the only means by which 
vacancies left a pore and entered the adjacent solid was by 
diffusion. In fuel undergoing irradiation, however, vacancies 
can be ejected into the solid by the disruptive action of 
fission .fragments passing through or  near a pore. Acceler- 
ated sintering in an irradiated fuel is called irradiation 
sinlcring or densification, the latter name being chosen 
because of the rather dramatic axial shortening of fuel 
stacks which has been observed in some light-water reactor 
fuel pins. 

If the solid is subject t o  compressive hydrostatic stress 
during the final stage of sintering, the process is called 
pressure sintering o r  hol pressing. This phenomenon is 
accounted for in fuel-modeling calculations (Chap. 21) 

pressure in liquid-metal fast breeder reactor fuel pins to fuel 

0 0 0 0  

because of the sensitivity of the fuel-cladding interfacial 
( a 1 Initial state. 

volume changes. 
We now discuss a simple mechanism of porosity 

elimination from ceramic fuels which includes the three 
POKES (RADIUS R DECREASES WITH 

F R O M  &ENTER OF G R A I N )  

limiting cases of sintering, densification, and hot pressing. 
The model is too simplified to  be of practical use, but it 
Serves to identify the driving forces important in each case 
and to  provide some very simple formulas (on the level of 
Coble’s sintering model) for the rates of densification of an 
irradiated fuel and hot pressing of fuel under hydrostatic 
compression. 

In the model the porous solid is represented by an 
assembly of spherical grains of diameter d which contain a 
density N, of spherical pores of radius R, uniformly 
distributed throughout the solid. Grain growth and inter- 
granular porosity are not considered in the calculation. In 
addition, the pores are assumed to  be very small compared 
to the grain size and small compared t o  interpore spacing 
within the grain, o r  R, @ d / 2  and R, @ N l h .  

These two restrictions are the principal reasons for  the 

illustrative analysis of the general problem of porosity 
removal by vacancy diffusion from internal porosity to Fig. 1.6.29 Model of porosity removal. 
grain-boundary sinks. This general process is accepted as the 
basic mechanism for sintering, densification, and hot 
pressing. 

impracticality of the model, but they permit a clear and ( b 1 During sintering 

Figure 16.29 shows the geometry of the idealized grain 
and the contained porosity. Initially, all the pores are of the 
same radius R P o ,  but at a later time the pores near the grain 
boundary have shrunk more than the pores near the center 
of the grain. The vacancy diffusion equation within the 
grain is solved with appropriate source functions describing 
the ways that pores release vacancies to  the solid. These 
vacancy sources are treated as though they were homogene- 
ously distributed throughout the medium, which is pre- 
cisely the same way that fission-gas diffusion with trapping 

in the sphere contains terms representing the homogenized 
sources due to  the pores, but the explicit time derivative in 
Fick’s second law is neglected (i.e., the quasi-stationary 
assumption is adopted). This simplification requires that 
the decrease in the strength o f  the internal vacancy sources 
with time (due to  pore shrinkage) is slow compared with 
the rate at  which the vacancy concentration profile in the 
grain can adjust to the changing conditions. The diffusion 
equation is 

(Sec. 15.6) and void growth in irradiated metals (Sec. 19.5) 

are treated. a t  - vr’:r ( a?) Diffusion of vacancies from the interior of the grain to 

tion whose gradient a t  r = d / 2  is directly proportional t o  
the volume shrinkage rate. The vacancy diffusion equation 

acv - - ‘ O = D  _ -  ~ 

G the boundary establishes a vacancy concentration distribu- + Q;urf.ten. + QV re-sol .  (16.140, 

The boundary conditions for this equation are 
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oR vacancies by a single re-solution event. Hence, re-solution is 
considered t o  reduce the size of the pores but not t o  change 
the total pore concentration N,. Therefore, we can define a 
vacancy re-so1ution parameter by 

c, (:,t) = ctq exp  (- E) 

where u is the hydrostatic compressive stress acting o n  the 
grain boundary. The remaining boundary condition 

( l 6 . l 4 l )  

b = probablity/sec that a vacancy in a pore will 
C,(O,t) =bounded (16.142) be ejected into the lattice 

is equivalent to a symmetry condition at the center of the 
spherical grain. 

Equation 16.140 is coupled t o  a pore shrinkage law, 
which is given by 

For fissiongas atoms, b is typically to See-' , and 
similar values should apply to  vacancy re-solution from 
pores if the macroscopic mechanism O f  this process applies 
in both cases. The source term in the diffusion equation 
due to  re-solution is therefore given by 

d V p  - 4 n R 2  __ d RP ~- 

d t  d t  Qy-SOl .  = b[(4n:)R;] N, (16.146) 

To streamline the notation, we collect the various param- 
eters of the problem in the following dimensionless 
quantities: 

Vacancy Concentration 

Q;urf . ten.  + r e - so l .  
- Qv (16.143) 

NP 

where V, is the volume of a pore at  radial position r at 
t i m e t  and R, is also a function of r and t. The required 
initial condition for Eq. 16.143 is 

" 
C:q exp [ (2r /R, ) (n /kT)]  - C:q exp (--oCL/kT) where RnO is the initial pore size. 

The source term Q$urf . ten .  designates vacancy emission 
from the pore due to diffusion from the pore surface to  the 
solid. The driving force for vacancy transport near the pore 

(16.147) 
Pore Size 

(16.148) 
R is the difference between the vacancy concentration at  the 

pore surface (which is increased by surface tension) and 
that in the bulk solid a t  the location of the pore within the 
grain. The source term is given by 

y =P 
RPO 

.Radial Location 
r 

77 =d/2 (1 6.149) 

This formula is obtained by multiplying Eq. 16.134 by N, 
to convert flux from a single pore to a volumetric source in 
the solid and by replacing C:q in Eq. 16.134 by C,, which 
is the local concentration of vacancies in the solid. 

Vacancies are also introduced into the solid near a pore 
by a type of re-solution process that we have previously 
discussed in connection with fissiongas bubbles (Sec. 13.7). 
It is obvious that the microscopic re-solution model cannot 
be applied t o  pores directly. Although a pore can be 
thought of as consisting of 4/3nRi/R vacancies, the va- 
cancies are not ponderable particles that can acquire kinetic 
energy by collision with a high-speed particle (e.g., a fission 
fragment or  a lattice knockan) .  Therefore, pore shrinkage 
by fission fragments must be described by a form of 
macroscopic re-solution, in which a passing fragment blasts 
solid from one side of a pore to the  other, trapping some 
vacancies in the deposited side in the process. The buried 
vacancies are considered t o  be redissolved and to  acquire 
the mobility of single vacancies in the lattice. They are 
indistinguishable from vacancies emitted from the pore 
surface by thermal means (which are included in the 
Q $ u r f . t e n .  source term). Because the pores in ceramic fuels 
are considerably larger than fission-gas bubbles, it is 
unlikely that a pore can be completely converted to 

Irs 

(16.15 0) 
DV t 

= F/T 
Geometric Parameters 

q 2  = 4nRpo(+r N, (16.151) 

CLC:q (d/ 2j2 
S =  (1 6.15 2) 

R:, 0 

Re-solution Parameter 

b[(4n/3)Rio lN,(d/2)2 
B =  (1 6.1 5 3) 

D,C:qR 

Sur face- Tension Para meter 

(16.154) 
I'=-- 2Y 

R,, kT 

Applied -St r e s  Para meter 
a n  c = -  
kT 

(16.155) 
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When Eqs. 16.145 and 16.146 are substituted into 
Eq. 16.140 and the dimensionless groups are used, the 
result is the diffusion equation 

with the boundary conditions 

0(1,7) = 1 (16.157) 

0(0,7) =bounded (16.15 8) 

The pore shrinkage law, Eq. 16.143, becomes 

with the initial condition 

Y(T1,O) = 1 (16.160) 

Although the time derivative 3 0 / &  has been suppressed 
from Eq. 16.156, the dimensionless vacancy concentration 
0 is a function of both 77 and r.  The 7 dependence arises 
from the variation of the pore size y with time. Hence, Eq. 
16.156 can be treated as an ordinary differential equation 
and not as a partial differential equation. Similarly, 
derivatives of y with respect to q d o  not appear in Eq. 
16.159 because the pores are considered t o  be immobile. 

A computational scheme for solving the preceding 
equations is as follows: 

1. Initially, Eq. 16.156 is solved with y = 1 to give 

2. This result is employed in Eq. 16.159 to determine 
y ( q , A ~ ) ,  where AT is the length of a time step. 

3. The new distribution of y is used in Eq. 16.L56 to 
give U(q,A7). 

4. The cycle continues in this manner. If the solution of 
Eq. 16.159 yields y < 0 at any radial location, y is set equal 
to zero at this and all larger values of q .  An outer shell of 
pore-free solid gradually penetrates toward the center of 
the grain. 

Several simplified solutions to the complete set of 
equations, which represent the limiting cases of sintering, 
densification, and hot pressing, can be obtained without 
recourse to  numerical analysis. 

0 (77,O). 

16.11.2 Sintering 
In the absence of radiation and applied stress, B = 0 and 

C = 0. If, in addition, 0 is set equal t o  unity throughout the 
grain [i.e., C,(r,t) = C:q] and N, is expressed by Eq. 
16.133, Coble’s simple sintering model is recovered. 

16.1 1.3 Densification 
Since external stress does not appear t o  affect radiation 

sintering, we set C = 0. In addition, we let I‘ be very small, 
which physically means that re-solution is more important 
in shrinking pores than is surface-tension-driven vacancy 

diffusion from the pore surface to  the bulk solid. For this ,.---., 
case, Eqs. 16.156 and 16.159 reduce to  

and 

dy = -($) y 
d r  

(16.161) 

(1 6.162) 

Since Eq. 16.162 does not depend on 0 ,  y is independent of 
q ,  or  the pores shrink at the same rate throughout the 
grains. With the right-hand side of Eq. 16.161 constant in 
space, the diffusion equation can be solved to yield the 
vacancy concentration profile in the grain: 

(16.16 3) o ( ~ )  = I - - - - - ~ ~  1 B  ( i - q z )  
6 r  

The vacancy flux to  the grain boundary is given by 

The shrinkage rate of the solid is the time rate of change of 
the volume of the spherical grain occasioned by the flow of 
vacancies to its surface divided by the initial grain volume: 

Using Eq. 16.163 in Eq. 16.164 and the resulting equation 
for J,,, in Eq. 16.165, we find 

where Po is the initial porosity of the solid. Equation 
16.166 states that the densification rate is controlled 
entirely by the rate at which vacancies are injected into the 
solid by re-solution and that diffusional transport of 
vacancies through the solid is not important. 

Equation 16.162 can be integrated directly to  yield 

RS 1 
Y = e x P  ( - 7 7 ) = e x p  (-Ybt) (16.167) 

f l  

Substituting Eq. 16.167 into Eq. 16.166 and integrating 
with respect to time gives 

Po - P = P,, ( 1  - e b t )  (16.168) 

A formula comparable to  Eq. 16.168 has been obtained by 
Assman and Stehle’ using the same set of assumptions 
that we have used for describing re-solutioncontrolled 
densification (see problem 16.4). The analysis leading to  
Eq. 16.168 can be faulted for its cavalier treatment of 
diffusion in the solid; neglect of the q 2 y 0  term in Eq. 
16.156 and the s [ ( r /y )  + C )  ]O/y term in Eq. 16.159 is 
tantamount to shutting off all diffusional communication 

c 
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between a pore and the solid in the immediate environ- 
ment. All the while, however, the same diffusional process 
is retained as a means of transporting vacancies injected 
into the solid by re-solution to the grain boundary where 
shrinkage is manifest. If B j r  is sufficiently large, Eq. 
16.163 shows that 0 can be negative in the  interior of the 
grain. A negative value of 0 means that the bulk vacancy 
concentration is larger than that at the p r e  surface or,  
were vacancy diffusion between the pore and the bulk not 
neglected, the pores would tend to  absorb some of  the 
vacancies released by re-solution. 

Despite this fault in the simple model, it is clear that 
radiation is an essential ingredient in fuel densification; it 
has been demonstrateds4 that U 0 2  pellets heated out of 
pile for 6 months at, 900°C show no signs of sintering, 
whereas, under the same conditions in-pile, extensive 
porosity removal occurs in a few hundred days. Yet it is 
equally clear that diffusion is required to transport the 
vacancies released from the pore by re-solution to the grain 
boundaries where they are absorbed. The conceptual 
difficulties inherent i n  the analysis which led to Eq. 16.168 
can be avoided by  solving Eqs. 16.156 and 16.159 in their 
entirety. Even then, the model contains important and 
pro b ab 1 y unrealistic ass ti mp t i on s concerning the d is t ri b 11 - 
tion of the pores, their initial size, and the neglect of grain 
growth concomitant with densification. 

In pointing out the importance of vacancy diffusion i n  
fuel densification, Marlowes suggests that, in  addition to 
re-solution, radiation also increases the diffusion coefficient 
proper. However, although the volume self-diffusion coef- 
ficient is subject to radiation enhancement, the diffusivity 
of vacancies is not," and, since the transport of vacancies is 
ultimately responsible for sintering, either in  a radiation 
field or  out of pile, the radiation effect must be due only to 
re-solution. 

The very substantial vacancy production rate due to 
collision cascades and fission spikes i n  the irradiated solid 
was not explicitly included as a source term in the vacancy 
diffusion equation because of the strong analogy between 
the densification process and Nabarro-Herring creep. In 
Nabarro-Herring creep, vacancies move from one point on 
the grain boundary to another, whereas, io the densification 
process, vacancies are transported from internal surfaces to 
grain boundaries. In Sec. 16.10 it was shown that radiation 
does not affect Nabarro-Herring creep because the va- 
cancies and interstitials produced by radiation either 
annihilate each other or flow in equal numbers to available 
sinks. In densification models neither of the vacancy sinks 
in the solid (pores or grain boundaries) exhibits a pref- 
erence for interstitials over vacancies; so an excess of one 
type of point defect in the solid cannot be built up. Only 
dislocations are biased sinks, and they are not considered in 
densification models. I f  they were, swelling rather than 
shrinkage would probably occur, for this is the prime effect 
of the presence of dislocation sinks in void swelling in 
metals. 

Densification of light-water-reactor (LWR) fuels appears 
as decreases in the length of the fuel column in a rod and i n  , 

4 the radius of the fuel. 

*Except for the negligible enhancement due to  local 
heating from thermal spikes (Sec. 16.10). 

When the length of the fuel is shortened but the 
quantity of fuel remains the same, there is an increase in 
linear power, which increases the heat flux through the 
cladding. M7hen the fuel shrinks axially, the entire stack of 
pellets need not move as a unit. Rather, gaps as large as 4 to 
8 cm appear in the fuel column, the cladding collapses into 
the empty interior, and water fills in the space outside the 
fuel pin resulting from cladding flattening. The extra water 
causes a local neutron flux peak that in turn produces a 
local power spike. 

R,adial shrinkage of the fuel alleviates the deleterious 
effects of fuel-cladding interfacial pressure but at the same 
time increases the heat-transfer resistance of the fuel- 
cladding gap, thereby causing the fuel center-line tempera- 
ture to rise. 

Although fuel densification was first identified as a 
technological problem i n  LWRs, there is no reason why the 
same process should not occur in liquid-metal fast breeder 
reactor (LMFBR) fuel rods as well. However, fuel tempera- 
tures are generally higher i n  LMFBRs than in LWRs, and 
deformation processes can proceed more readily without 
radiation assistance in LMFBRs than in LWRs. Closure of 
porosity is an important aspect of fast reactor fuel 
performance, although it is generally considered to be a 
process of sintering under pressure rather than one arising 
directly from irradiation. 

16.1 1.4 Hot Pressing 
To analyze pressure sintering, we disregard radiation 

re-solution (B = 0) and assume the surface-tension driving- 
force parameter to be small compared to the effect of 
applied hydrostatic stress ( I '  = 0 ) .  Under these restrictions, 
Eq. 16.156 becomes 

and the pore-shrinkage law, Eq. 16.159, is 

(16.170) 

These two equations are coupled, since the dependent 
variables 0 and y appear i n  each. To obtain an analytical 
solution that still retains the essential features of the 
hot-pressing phenomenon, we set y equal to a constant in 
Eq. 16.169 and disregard Eq. 16.170 entirely. The solution 
to Eq. 16.169 which satisfies the boundary conditions given 
by Eqs. 16.157 and 16.158 is 

The flux of vacancies to the grain boundary is given by 
Eq. 16.164 with I'/y replaced by C: 

DvCCq ( iF)[qyy2 ctnh (qy%) - 1 (16.172) 1 =- - 
d/2  
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Taking limiting cases of large and small q ,  we find 

J,=- '::iq (:;) - qy% for large q (16.173a) 

Jr=-- DVCY o n  q = y  __ for q + 0 (16.173b) 
dj2 (kT)  3 

From Eq. 16.151, the product of q2  and y is 

(16.174) 

From which the product R,N, can be eliminated by the 
definition of the porosity: 

477 ( g  ) 3N5 
P = --.iiRi N, =- (R,N,)3 (16.175) 

Using Eqs. 16.174 and 16.175 in Eq. 16.173 and employing 
Eq. 16.165, which relates the flux of vacancies to the grain 
boundary and the rate of porosity reduction, yields 

for large q values, and 

for small q values. 
The hot-pressing rate is proportional to the applied 

stress, as is the deformation rate in Nabarro-Herring creep. 
The grain-size dependence of the hot-pressing rate from this 
model varies from do to d-' , and the presence of the terms 
Py3 or PU on the right-hand sides of the preceding equations 
means that complete removal of porosity is not possible. 

This model of hot pressing is based on physical premises 
quite similar to those which underlie diffusional crecp; in 
both cases the solid deforms as a result of applied stress by 
vacancy migration between surfaces of different vacancy 
concentrations. Vasilos and Spriggs' and Rossi and Ful- 
rath57 have carried this analogy to  the extreme by 
employing the Nabarro-Herring creep formula (Eq. 16.25) 
directly and fitting hot-pressing data to the relation 

(16.177) 

The porosity is introduced into the Nabarro-Herring 
formula when the uniaxial stress in creep model is 
converted to hydrostatic stress for application in hot 
pressing. The K in the preceding formula is a numerical 
constant. The strong similarity between Eqs. 16.176 and 
16.177 is evident. 

16.11.5 Hot Pressing by Plastic Flow 
Equations 16.176 and 16.177 represent hot-pressing 

models based on vacancy diffusion in the solid. Both 
closely resemble Nabarro-Herring diffusional creep. It is 
natural t o  inquire as to the hot-pressing analogs of 
dislocation-climb creep or  any of the other models of creep. 

Hot-pressing theories based on continuum mechanics pro- 
vide such a general connection between creep and hot 
pressing without having to  specify in advance the atomistic 
model of the process responsible for both macroscopic 
phenomena. 

In the continuum model of hot pressing, the porous 
solid is divided into unit cells each containing a pore of 
volume V,, at its center. The pore is surrounded by a 
spherical shell of solid. The total volume of the unit cell, 
which includes pore and solid, is related to the density of 
pores in the material by 

Under application of a hydrostatic stress to the outside of 
the unit cell, the solid i n  the annular shell deforms in a way 
that causes the pore volume V, to decrease. In the 
spherical-coordinate system centered in the unit cell, the 
angular components of the itrain rate are 

. R  
Eo = = 

(16.179) 

where 0 and 4 are the polar and azimuthal angles in the 
spherical coordinate system and R is a radial location 
within the solid annulus. The solid is assumed to  be 
incompressible during deformation; so the radial com- 
ponent of the strain rate is 

(16.180) 

To relate deformation i n  the stressed hollow sphere to the 
uniaxial tests in which creep is commonly measured, we 
introduce the equivalent strain or strain deviator." For 
spherical geometry and in  terms of strain rates rather than 
strains, Eq. 18.17 is 

2R k r  =-io - i ,  = -- 
R 

Substituting Eqs. 16.179 and 16.180 into Eq. 16.181 and 
noting that the radial strain rate R /R  is one-third the 
volume dilatation rate VjV, we have 

(16.182) 

The equivalent strain rate is always positive. The rate at 
which the external stress performs work on  the unit cell is 

w = -a3 ( 1 6.1 8 3) 

In Eqs 16.182 and 16.183, -V is the shrinkage rate of the 
solid. The rate of performing work can also be expressed as 
the integral of the equivalent stress-equivalent strain 
product over the volume of the solid in the unit cell 

(16.184) 

where u* is the equivalent stress. Equating the right-hand 
sides of Eqs. 16.183 and 16.184 and eliminating ;* by 
Eq. 16.182 yields 

*An explanation of equivalent stress and equivalent 
strain is given in Sec. 18.3. 
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Lrs 
The shrinkage rate is independent of position in the solid 
spherical shell; so \VI  can be  removed from the integral on 
the right of the preceding equation, and there remains 

The equivalent stress and equivalent strain are related by 
the creep law, which can be generally written as 

(1 6.1 8 6) = 

where CY is a constant (which can be temperature de- 
pendent) and n is the creep exponent. Equation 16.186 
applies t o  power-law creep, such as that due to  dislocation 
climb (n 'v 4.5), as well as t o  Nabano-Herring creep, for 
which n = 1. Irradiation creep is also encompassed by the 
creep law of Eq. 16.186. 

For illustration in what follows, we assume n = 1. 
Combination of Eqs. 16.182 and 16.186 gives the equiva- 
lent stress as 

(16.187) 

The shrinkage rate of the unit cell is due to collapse of the 
empty pore at its center; so V can be set equal to VP .  The 
porosity of the body is 

(1 6.1 8 8) 

where V, = i" - Vp is the solid volume in the unit cell. 
From Eq. 16.188 we find that the shrinkage rate can be 
expressed by 

(16.189) 

Substituting Eq. 16.189 into 16.187 and the expression for 
o* that results into Eq.  16.185 yields 

4 1 (P)* = - - - _  
9 f f  P 

The rate of hot pressing is obtained by multiplying the 
preceding equation by Pand rearranging: 

(1 6.19 0) . 9  P = - -0toP 
4 

A somewhat more complex formula arises for a generalized 
power-law creep (see problem 16.3). Equation 16.190 

exhibits the same stress and porosity dependence as does 
Eq. 16.177. 

16.1 2 NOMENCLATURE 
a = radius of a spherical grain (equal to d/2) 

a, = lattice constant 

creep equations 
A,$, = coefficients in series solutions of diffusional- 

A = area of glide plane traversed by dislocation 
b = Burgers vector 
b = vacancy re-solution parameter 
B = dimensionless vacancy re-solution parameter 

c = constant giving the  length of a Burgers vector (see 
Eq. 8.3) 

C =constant given by the right-hand side of 
Eq. 16.72; one-half the major axis of an elliptical 
crack 

B,B',B" = constants in creep formulas 

Ci = interstitial concentration 
Cp = heat capacity at constant pressure 
C, = vacancy concentration; heat capacity at constant 

volume 
C$q = equilibrium vacancy concentration 

d = grain diameter 
D = diameter of polycrystalline sample 

D, = vacancy diffusion coefficient in solid 

D,, = vacancy diffusion coefficient in solid 
D$ = radiation-enhanced vacancy diffusion coefficient 

DI,gb = vacancy diffusion coefficient in grain boundary 
DVol = volume self-diffusion coefficient 

Dgb = grain boundary self-diffusion coefficient 

E = Young's modulus 
E, = activation energy for creep 

Eel = elastic energy in a cracked solid 
Egb = activation energy for grain-boundary diffusion 

Ej  = energy of formation of a jog 
Esurf = surface energy of a crack 
E,,,, = activation energy for volume selfdiffusion 

f,,f, = angular functions of force between parallel edge 
dislocations 

F. = climb force on a dislocation 
l'i 
F = fissions cm-3 sec-' 
G = shear modulus 
h = climb height necessary for a dislocation to 

overcome an obstacle 
H = height of a grain-boundary ledge 
J = difference between the vacancy and interstitial 

fluxes to  a grain boundary 
J, = rate of loss of vacancies by a pore 
J, = radial flux of vacancies at  grain boundary 
k = Boltzmann's constant 

k, = thermal conductivity of solid 

K = constant given by Eq. 16.8 
kVi = vacancy-interstitial recombination rate constant 

KF = equilibrium constant for Frenkel defects 
K, = equilibrium constant for Schottky defects 

1 = length of the side of a tetrakaidecahedron 
L =width  of  a grain-boundary ledge; distance be- 

tween Frank-Read sources in the glide plane; 
length of a polycrystalline specimen 
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n = number of dislocations in a pileup; exponent in 

n j  = number of jogs per unit length of dislocation line 
N = number of atoms on  normal lattice sites 

Ni = number of atoms on interstitial sites 
N, = density of pores in a grain 
N, = number of sites 

power-law creep 

p =  probability per unit time that a dislocation 

P = porosity 
surmounts a barrier 

p,, = initial porosity 
P,(p) = nth Legendre polynomial o f p  

q ,  ,q2 = functions describing the distributions of initial 
separation or  angle of parallel edge dislocations 

q = defined by Eq. 16.151 

Qfiss = initial energy of a fission fragment 
Q, = vacancy source strength in a solid 

r = radial position 
r, = radius of a crack t ip 
R = flux of vacancies to  jog; radial location in solid 

R, = rate of vacancy capture by a jog 
Rd = radius of a dislocation core 
Re = rate of vacancy emission from a jog 
R, = pore radius 
,v&’= capture radius of a dislocation 

s 6  = entropy of motion of a uranium ion 

t, = time for a dislocation to  surmount an obstacle 
t f  = time to  complete densification 
T =temperature 

v, = climb velocity of an edge dislocation 
v1 = velocity of a grain-boundary ledge 
V = volume 

C =defined by Eq. 16.178 
w = jump frequency; grain-boundary thickness 
W =ra te  at  which external stress performs work o n  

solid 
x = stoichiometric parameter in U 0 2 + x ;  distance 

along glide plane; separation of cleaved faces of a 
crystal; position within grain boundary 

s =defined by Eq. 16.152 

t = t ime  

V, = volume of a pore 

xi = site fraction of interstitials 
x, = site fraction of vacancies 
y = climb distance of a dislocation; dimensionless 

pore size, Eq. 16.148 
YVi  = yield of vacancy-interstitial pairs per fission 

z = number of capture sites surrounding a dislocation 

Greek Letters 
01 = thermal diffusivity 

c y ,  =defined by Eq. 16.16 
y = surface tension of solid 

y, = surface energy of solid (includes energy of plastic 
deformat ion) 

r = dimensionless surface-tension parameter 
E = strain rate (or  creep rate) 

E* = generalized strain 
k c  = creep rate due to dislocation climb 

f d i f f  = diffusional-creep rate 

f F  = energy of formation of Frenkel defect 
eg = strain in grain 

Egbs = strain due to grain-boundary sliding 
egbs = creep rate due to  grain-boundary sliding 

E ,  = energy of formation of Schottky defect 
ET = to ta l  strain 
€6 = energy of  motion of a uranium ion 
E$ = energy of motion of a vacancy 
q = dimensionless radial position in pore, Eq. 16.149 
0 = dimensionless vacancy concentration, Eq. 16.147; 

polar angle in spherical grain; azimuthal angle be- 
tween parallel dislocations 

X = wavelength in sinusoidal approximation to 
potential energy function 

p = cosine of polar angle 
uf = range of fission fragment 

v = Poisson’s ratio 
vu = vibration frequency of uranium ion in U 0 2  
v, = vibration frequency of a vacancy 
p = density of Frank-Read sources in solid; solid 

u = normal stress (positive in tension) 
density 

u* = generalized stress 
ut = stress needed to produce climb force Fi, on 

dislocation 
u, = stress at crack tip 
uf = fracture stress 
u, = normal stress on surface 
u t r  = stress for transition for diffusional creep to  

dislocation-climb creep 
uxy = shear stress 

C = dimensionless stress parameter 
T = dimensionless time, Eq. 16.150 

7 ,  = characteristic time for dislocation climb 
ird = line tension of a dislocation 
$ = potential energy between two cleaved crystal 

C2 = atomic volume 
surfaces 

Subscripts 
0 = oxygen 
U = uranium 

n 
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16.14 PROBLEMS 
16.1 A block of solid contains edge dislocations oriented 
as shown in the sketch. 

UNIT CELL-\\,,---, 
\ 

/ A I  
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(a) Which dislocations move by climb when a tensile 
stress, u ,  is applied to  the vertical faces of the block? 
Indicate the climb direction with an arrow. 

The climb velocity of the dislocations affected by the 
applied stress is calculated as follows: A unit cell is chosen 
to  consist of a cylindrical annulus of solid with the core of 
the dislocation (radius Rd)  o n  the axis. At the cores of 
dislocations properly oriented for climb, the vacancy 
concentration is equal to that of an equilibrium solid 
subject to a pressure -u. The outer radius, ,Y?, is chosen so 
that the entire solid is filled with cylinders of the type 
shown in the sketch. The vacancy concentration at the 
outer radius of the cylinder is assumed to be equal t o  that 
in equilibrium in a stress-free solid, C$q. 

(b) What is the vacancy concentration at the core of the 
dislocation in terms of the stress-free equilibrium value C:q 
and the applied tensile stress, a? 

(c) If the density of dislocations in the solid is pd cm of 
line/cm3 solid and all are aligned parallel t o  each other, 
what is the unit cell radius,%’? 

(d) Set u p  and solve the steady-state vacancy diffusion 
equation in the unit cell. Calculate the flux of vacancies 
from each unit length of dislocation line. 

(e) What is the relation between the flux of vacancies 
from the edge dislocation and the climb velocity? Combine 
with the answer to (d) and obtain the climb velocity. 

(f) Suppose the climbing dislocations meet no obstacles 
t o  their motion. What is the creep rate in the direction of 
the applied stress, which is pure tension? Compare the 
result with Eq. 8.21. 

16.2 We wish to use the ideas behind the continuum 
analysis of hot pressing (Sec. 16.11) to determine a swelling 
law for fission-gas bubbles. To do  this, we must add a 
work-rate term 

to  the right-hand side by Eq. 16.183. This term represents 
the work done on the solid by the expanding bubble, which 
contains fission gas at  pressure p and has a radius Rb.  
According t o  Eq. 13.6, p - (2y/Rb)  is the radial stress in 
the solid which maintains the bubble surface in mechanical 
equilibrium. The value Vb is the  rate of increase of the 
volume of the bubble in the center of the unit cell used in 
the analysis. The gas in the bubble is assumed t o  obey the 
ideal-gas law. 

Assume that the bubble density is Nb and that all 
fission gas produced in the solid part of the unit cell of 
volume I/’= l / N b  immediately goes to. the bubble at  the 
center of the cell. The fission rate is F, and the yield of 
fission gas is Y x e .  Let s be the swelling due to fission gases 
[i.e., (AVjV),]  and use the linear creep law (Eq. 16.186 
with n = 1). 

(a) Derive the differential equation giving S = gas swell- 
ing rate as an explicit function of irradiation time t and 
swelling s. 

(b) Show that, when the fuel has a very low creep 
strength (i.e., when a of Eq. 16.186 is very large) and the 
applied stress is low, the result of part (a)  reduces to 
Eq. 13.146. 

16.3 Derive the hot-pressing rate (the generalization of 
Eq. 16.190) for the creep law of Eq. 16.186 in which 
n >  1. 

16.4 In their analysis of densification by re-solution, 
Assmann and StehleS3 assume that Am, vacancies are 
returned to the solid each time a fission fragment passes 
through a pore. The number of fission fragments per second 
penetrating a pore is given by the result of problem 13.10, 
in which the limiting case for p / R  + 0 can be used. 

(a) What is the vacancy re-solution parameter b for this 
model? 

(b) Starting from Eqs. 16.143 and 16.146, derive the 
analog of Eq. 16.168 for this particular re-solution parame- 
ter expression. 

16.5 The presence of a temperature distribution in a 
cylindrical fuel pin produces thermal stresses in the solid. 
For a parabolic temperature profile, the tangential, or 
hoop, stress is given by 

where the stress is positive in compression, 01 is the 
coefficient of linear expansion of the fuel, E and v are its 
Young’s modulus and Poisson’s ratio, respectively, and R is 
the fuel radius. 

Cracking of the fuel at  the outer surface is first 
observed at a linear power of 100 W/cm. At what fractional 
radius do  the cracks start when the linear power is 
500 W/cm? What is the temperature at the root of the 
crack? Assume a fuel surface temperature, T,, of 700°C. 



Chapter 17 
Radiation Damage 

17.1 INTRODUCTION 

The preceding chapters have dealt with some of the 
observable consequences of fission-fragment irradiation of 
ceramic fuel materials; succeeding chapters will be con- 
cerned with changes in the properties of cladding metals 
resulting from fast-neu tron bombardment. These macro- 
scopic, observable, and often technologically crucial results 
of exposure of solids to energetic particles are collectively 
known as radiation ef fects .  The primary, microscopic 
events that precede the appearance of gross changes in the 
solid are termed radiation darnage. This branch of physics 
attempts to predict the number and configuration of the 
point defects (vacancies and interstitial atoms) produced by 
the  bombarding particles. Radiation-damage analyses are 
not concerned with what the defects go on to do  in the 
solid-such processes are properly categorized as radiation 
effects. Radiation damage and radiation effects can also be 
distinguished by their characteristic time scales; the primary 
events produced by nuclear irradiation are over in less than 
lo-' ' sec after the bombarding particle has interacted with 
the solid. Subsequent processes require much longer times; 
the diffusion of radiation-produced point defects to sinks in 
the solid can take milliseconds. The time scale of the 
nucleation and growth of voids in metals by agglomeration 
of radiation-produced vacancies is of the order of months, 

The primitive damage-producing processes involve the 
interaction of lattice atoms with particles possessing en- 
ergies far in excess of thermal energy (-kT). Consequently, 
the temperature of the solid is of no importance in the 
analysis of radiation damage. The processes included under 
radiation effects, however, are concerned with point de- 
fects, or clusters thereof, which are in thermal equilibrium 
with the host crystal. The kinetics of such processes are 
therefore highly dependent on solid temperature, which 
invariably appears as a Boltzmann factor, exp (-E/kT), 
where E is the characteristic energy of a thermodynamic 
process or a migratory event. 

The energy transferred to a stationary lattice atom in a 
collision with a high-energy bombarding particle is of the 
order of tens to hundreds of kiloelectron volts. This 
quantity of energy is so much larger than the energy 
binding the atom in its lattice site that displacement of the 
struck atom is virtually certain. The lattice atom first struck 

and displaced by the bombarding particle is called the 
primary knock-on atom,  or PKA. Because a PKA possesses 
substantial kinetic energy, it becomes an energetic particle 
in its own right and is capable of creating additional lattice 
displacements. These subsequent generations of displaced 
lattice atoms are known as higher order knoch-ons, or recoil 
atoms. An atom is considered to  have been displaced i f  it 
comes to  rest sufficiently far from its original lattice site 
that it cannot return spontaneously. I t  must also be outside 
the recombination region of any other vacancy created in 
the process. The displaced atom ultimately appears in the 
lattice as an interstitial atom. The empty lattice sites left 
behind by the displaced atoms (equal in number to the 
displaced atoms) are indistinguishable from ordinary ther- 
mally produced vacancies. The ensemble of point defects 
created by a single primary knock-on atom is known as a 
displacement cascade. 

The earliest and simplest theory of radiation damage 
treated the cascade as a collection of isolated vacancies and 
interstitials and gave no  consideration to the spatial 
distribution of the point defects. In the crudest approxima- 
tion the number of displaced atoms is computed by 
approximating the collision partners as hard spheres; the 
only physical property of the solid needed in this model is 
the energy that a lattice atom must acquire in a collision in 
order to be displaced. Many improvements on this simple 
collision model have been made, but the idea of a cascade 
consisting of isolated point defects has been retained. 
Hard-sphere scattering can be replaced by energy-transfer 
cross sections based on realistic interatomic potentials. The 
loss of energy of a moving atom by interaction with the 
electrons of the medium, in addition to elastic collisions 
between atoms, can be added to simple cascade theory. 
Finally, the simple model can be improved by considering 
energy-loss mechanisms peculiar to the periodicity of the 
crystalline lattice, the most important of which are focusing 
and channeling. 

Radiation damage is not restricted to  the isolated point 
defects produced by the bombarding particles. Indeed, 
vacancies and interstitials can be produced so close to  each 
other that clustering of the point defects occurs sponta- 
neously within the short time required for completion of 
the primary event. When the distance between successive 
collisions of a recoil atom and the stationary lattice atoms 
approaches the interatomic spacing of the crystal structure, 
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it is clearly inappropriate to model the cascade as a 
collection of isolated vacancies and interstitials. Instead, a 
dense cluster of point defects called a displacement spike or 
depleted zone is formed. Because of the proximity of the 
point defects in a displacement spike, the probability of 
near-instantaneous annihilation of many of the vacancies 
and interstitials produced by the high-energy collisions 
becomes large. In fact, the number of point defects that 
actually survive a cascade and are capable of producing 
observable radiation effects can be as low as 1% of the 
number predicted by simple cascade theory. 

The cascade is initiated by a primary knock-on atom. 
The cascade therefore consists of many interactions be- 
tween moving and stationary atoms of the same kind. The 
primary knock-on atom, on the other hand, is produced by 
a bombarding particle arising directly from some nuclear 
event, principally the fission process. In terms of damage- 
producing capabilities, the most important nuclear particles 
are the fission fragments (in fuel materials) and fast 
neutrons (in the cladding and structural materials). Other 
energetic subatomic particles, such as electrons, protons, 
alpha particles, and gamma rays, can also initiate displace- 
ment cascades. However, these particles are either far less 
damaging than fission fragments (e-and y)  or  are produced 
in such small quantities in reactor fuel elements that their 
contribution to  the total damage is negligible (p and a ) .  
Only fast neutrons and fission fragments are considered as 
bombarding particles in this chapter, and only the theo- 
retical treatment of radiation damage in monatomic solids 
will be reviewed. For practical purposes of estimating 
damage in reactor materials, the calculations for elemental 
solids are usually simply applied without modification to 
multielement systems, such as the fuel (U,Pu)02 or the 
alloy stainless steel. 

To calculate the displacement rate, we must know the 
total flux and the energy spectrum of the bombarding 
particles. For fast neutrons the differential flux, $(E,,), is 
obtained from reactor-physics calculations. The equivalent 
quantity for fission fragments can be obtained from the 
fission density, F ,  and a reasonable assumption concerning 
the energy loss of the fragments in the fuel. If the energy 
spectrum of the flux of bombarding particles and the 
energy-transfer cross section for collisions between these 
particles and atoms of the lattice are known, the number of 
primary knock-on atoms in a differential energy range can 
be computed. The final step is to use this source spectrum 
of the primary knock-on atoms to  determine the total 
number of recoils, o r  displaced atoms, using cascade theory. 
Such a computation provides the best available estimate of 
the damage inflicted on a solid by irradiation for those 
properties which depend primarily on the presence of 
isolated point defects (e.g., irradiation creep and 
void growth). On the other hand, when such forms of 
damage as irradiation hardening or embrittlement are of 
interest, the size and number density of displacement spikes 
are more important than the concentration of isolated 
vacancies and interstitials that have escaped from the spike. 
In  this instance, analytic cascade theories that predict only 
the number of displaced atoms, no  matter how sophisti- 
cated from the point of view of atomic collisions, are not 
germane. The characteristics of the clusters of defects 

created by a PKA can best be ascertained by computer 
simulation of the radiation-damage process. 

To predict either the number of displaced atoms by an 
analytical isolated point-defect cascade model or t o  com- 
pute the configuration of a displacement spike by a 
computer experiment requires that the interatomic poten- 
tial between atoms of the solid be known. A great deal of 
information on atomic interaction potentials has been 
obtained by analysis of the equilibrium properties of a solid 
(Chap. 4) .  Unfortunately, these potential functions repre- 
sent the interaction a t  separation distances of the order of a 
lattice constant, whereas the potential at much smaller 
separations is relevant in radiation-damage calculations, 
which involve much higher particle energies. For very high 
energies the colliding atoms approach each other so closely 
that the bare nuclei interact in a manner prescribed by a 
Coulomb potential. In the energy range characterizing most 
of the collisions responsible for cascade production, how- 
ever, the nuclear charges are partially screened by the 
atomic electrons, and no completely satisfactory inter- 
atomic potential describes the interaction. The screened 
Coulomb potential (sometimes called the Bohr potential), 
the inverse power law potential, and the Born-Mayer 
potential are frequently used. Because of the computational 
difficulties involved in dealing with potential functions that 
lead to  nonisotropic scattering in the center-of-mass system, 
these potentials are often used only to  compute the radius 
of the equivalent hard sphere characterizing the collision, 
but the collision dynamics are determined from the 
hard-sphere model (which gives isotropic scattering in 
center-of-mass coordinates). In radiation-damage calcula- 
tions only the repulsive portion of the interatomic potential 
function is needed. The attractive forces between lattice 
atoms, which are important in the equilibrium properties of 
the solid, play no part in the events associated with 
radiation damage. 

The interaction between a moving atom and the lattice 
atoms is almost universally treated as a sequence of 
two-body elastic collisions. The binary-collision assumption 
is quite satisfactory a t  high interaction energies because the 
approach distances giving substantial energy transfer are 
very much smaller than the distances between lattice atoms; 
thus the collisions can be considered to occur between 
isolated pairs of atoms. At energies approaching the 
threshold energy for displacement, however, the cross 
section for atom-atom interaction is large, and the 
incoming atom can interact with more than one atom a t  the 
same time. 

The collision between a recoil and a lattice atom is 
often assumed to  be elastic, which means that kinetic 
energy is conserved in the event. Inelasticity can arise from 
excitation or ionization of the orbital electrons of the 
atoms involved in the collision. Indeed, interaction of 
moving atoms or ions with the electrons of the solid 
constitute the major energy-loss process a t  high energies. 
Transfer of energy from the moving atom to  electrons does 
not lead to displacement, only to heat; the low electron 
mass means that they carry little momentum even though 
they may be quite energetic. Consequently, it is important 
to be able to  estimate the degree to  which the energy of a 
recoil atom is partitioned between electronic excitation and 
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elastic atom-atom collisions. Only the energy transferred 
in the latter process is available for causing displacements. 
Energy is transferred to the electrons in small increments so 
closely spaced that the process can be regarded as a 
continuous loss of energy hy the moving 
continues to travel in a straight line hut SI 
were passing through a viscous medium. The atom-atom 
interactions, on the other hand, occur at widely spaced 
intervals, transfer a significant portion of the initial kinetic 
energy of the moving atom in an essentially instantaneous 
collision, and produce substantial deflections of the original 
energetic atom. Consequently, the total energy loss of a 
moving atom can he accurately separated into two parts: 
(1) discrete elastic atom-atom encounters which hoth 
reduce the energy of the incident atom and produce lattice 
displacements and ( 2 )  a continuous process of electronic 
excitation which contributes to energy loss hut not to 
displacements. 

Not all the energy transferred to a stationary lattice 
atom by a recoil atom by process 1 is used to  displace the 
former. A substantial portion of the initial energy of the 
PKA is degraded to heat by atom-atom collisions that do  
not deliver the requisite displacement energy to the struck 
atom. In this event the struck atom simply rattles about in 
its lattice site, ultimately degrading the energy it received in 
the collision to heat. 

There are several excellent books dealing with the 
subject of radiation damage in a comprehensive and 
detailed manner.'-6 In this chapter only those aspects of 
the theory pertinent to the performance of nuclear fuel 
elements are considered. Details of some derivations have 
been omitted when they can be found in one of the books 
devoted solely to the field of radiation damage. 

17.2 BINARY ELASTIC-COLLISION 
DYNAMICS 

\ 

17.2.1 S c a t t e r i n g  Ang les  and Energy Trans fe r  

Many useful aspects of binary collisions can be obtained 
without knowledge of the interatomic potential by applica- 
tion of the laws of momentum and energy conservation. 
Only nonrelativistic elastic collisions are considered. The 
masses of the interacting particles are denoted by M I  and 
M 2 .  Particle 1 (the projectile) approaches stationary parti- 
cle 2 (the target) with speed v ,  o .  Figure 17.l(a) shows the 
speeds and directions of the particles before and after the 
collision in the laboratory frame of reference, which is at  
rest with respect t o  the observer. The analysis is simplified 
by transforming the  coordinates from the laboratory 
system to  one that moves with the velocity of the center of 
mass of the two-particle system. The speed of the  center of 
mass is given by 

(17.1) 

& Since the center-of-mass velocity is unchanged by the 
collision, the event appears in the new coordinate system as 
shown in Fig. 17.1(b). The initial speeds of the particles in 

/ , , 

/ 

Fig. 17.1 Binary collision between a projectile of m a s  MI 
and a target particle of m a s  M 2 .  (a) Laboratory frame of 
reference. (b) Center-of-mass coordinates. (c) Vector dia- 
gram relating the velocities in the  two coordinate systems. 

the center-of-mass system are related to those in the 
laboratory system by 

u10 = V I 0  - v c m  (17.2a) 

u20 = v,, (17.2b) 

The direction of u20  is opposite to that of u 1  o .  The 
scattering angle in the center-of-mass system is 6'. 

When the collision is viewed in the center-of-mass 
system, the recoiling particles appear to move away from 
each other in opposite directions. Momentum conservation 
along the axes of approach and departure yield 

and conservation of kinetic energy requires that 

1 1 1 
- M , U : ~  + - M 2 u i 0  = L M l u : f  + - M 2 u ; f  (17.4) 2 2 2 2 

Equations 17.3 and 17.4 are satisfied only if 

U ]  f = u ,  0 = V I  0 - v,, 

U 2 f  = u20 = vcm 

(17.5a) 

(17.5b) 
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The particle velocities in the laboratory system after the 
collision are determined by vectorially adding the center- 
of-mass velocity t o  u I  and u2 c, or 

V I f = U ~ c + V c r n  (17.6a) 

V ? i = U ? f + V c m  (17.6b) 

The magnitudes of v l f  and v Z f  can be obtained from the 
vector diagrams shown in Fig. 17.1(c). Application of the 
law of cosines to  the lower diagram yields 

v2 ~ 

2 
Z f  ~ v,, + u;f - 2VcmU2f cos0 

- - 2  2v,, ( 1  -cos 0 )  (17.7) 

where uZc  was expressed by Eq. 17.5b in order to arrive at  
the second equality in the above equation. We can eliminate 
v,, from Eq. 17.7 by using Eq. 17.1, which produces 

( 1 - c o s 0 )  2M: v: 
v'f ( M i  + M2)  

Noting that E i o  = M l v t 0 / 2  is the kinetic energy of the 
projectile and = M 2 v i f / 2  is the kinetic energy of the 
recoil particle, we can write the above formula 

T o  simplify this notation for subsequent use, we replace 
E l  by E and denote E z r  by T, the energy transferred to 
the struck particle by the collision. The group containing 
the mass numbers is given a special symbol: 

(17.8) 

and the energy-transfer equation becomes 

(17.9) 

The maximum possible energy transferred from the moving 
particle t o  the stationary one occurs in a head-on collision, 
for which 0 = n and 

T, = AE (17.10) 

If the particles are identical, A = 1, and any energy between 
0 and E can be transferred in the collision. 

The scattering angle in the laboratory system, G I ,  and 
the direction of the struck atom after the collision, & ,  can 
be related to  the scattering angle in the center-of-mass 
system with the aid of the vector diagram of Fig. 17.1(c). 
Applying the law of sines to  the triangle representing the 
scattered projectile yields 

1 
2 

T = - A E ( ~ - c o s ~ )  

U I  f V'Lf - 
sin G I  sin (n - 0 )  

where u l f  is given by Eq. 17.5(a), from which v,, can be 
eliminated by Eq. 17.1, giving 

Applying the law of cosines to the same triangle yields 

vz - 2 1 f - u1 f + V:m - 2V,,Ul f cos (71 - 0 )  

Combining these three equations and rearranging yields 

(17.1 l a )  
(M2 / M ,  ) sin 0 

tan$1 = 1 + (M2 /MI ) cos 0 

Similarly, the law of sines for the vector diagram for the 
recoil particle yields 

U ? f  V 2 f  

sin $I? sin 0 

which, when combined with Eqs. 17.5b and 17.7, results in 
the relation 

sin 0 
1 - cos 0 tan$, = (17.11b) 

17.2.2 Some Properties of the Head-on Collision 
The preceding analysis is valid for any nonrelativistic 

elastic collision for any center-of-mass scattering angle 0 
provided the collision partners in the initial and final states 
are sufficiently far apart that the interaction energy 
between them is negligible compared to their kinetic 
energies. During the collision event, however, the separation 
distance is small, and the conversion of kinetic energy to 
potential energy is important. I n  particular, for a head-on 
collision (0 = n), the kinetic energy (exclusive of the kinetic 
energy of the center of mass) becomes zero a t  the point 
where the particles turn around and begin to  retrace their 
paths. During a head-on collision, momentum conservation 
can be expressed by 

where v i  and v 2  are the laboratory-system speeds of the 
two particles at  some point during the collision. The 
relative speed of the two particles is defined by" 

g = v ,  - v *  (17.12) 

Rearrangement of the above two formulas permits v1  and 
v2 to be expressed as functions of v,, and g: 

The total kinetic energy of the two particles is given by 
1 1 

KE=-M,v :  + - M ~ v ;  
2 2 

or, when expressed in terms of vCm and g, by 

Q 

*In the general elastic collision treated in Sec. 17.2.1, 
the initial and final relative speeds go and gf are represented 
by the distances separating the two particles in the diagram 
of Fig. 1 7 . l ( b )  before and after the collision. The values of 
go and gf have the same magnitude; the collision simply 
rotates the relative velocity vector by an angle 8. 
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where Equation 17.18 defines the total collision cross section 
between the incident and target species when the energy of 
the former is E. The total cross section is a measure of the 
probability of occurrence of any type of collision between 
the two particles. Cross sections of more restricted types of 
interactions can be similarly defined. For example, we may 
require that the collision transfer energy between T and 
T + dT to the target particle during the collision and define 
the differential energy-transfer cross section by: 

(17.14) w=- 
is the reduced mass of the system. Thus, the total kinetic 
energy can be divided into two parts, one due to the 
motion of the system as a whole described by v,, and the 
other arising from the relative kinetic energy of the two 
particles. The latter is 

M, M2 

M1 + M 2  

1 
E, = - pg2 2 

N o(E,T) dT dx  = Probability of a collision in the distance 
(17.15) dx which transfers energy in the range 

(T,dT) to the target particle (17.19) 

The differential and total cross sections are related by During the collision the kinetic energy of the center of mass 
is unchanged, but the relative kinetic energy decreases as 

o(E)  = joTm o(E,T) dT (17.20) 

where T, is the maximum energy transferable in a 
collision. For elastic collisions, T, is given by Eq. 17.10. 

the potential energy becomes significant, which occurs at 
close separation distances. Conservation of total energy a t  
any point in the collision requires that 

(17.16) 

where V(x) is the potential energy of interaction at  a 
head-on separation distance x and ErO is the relative kinetic 
energy in the initial state, which is taken to be a t  infinite 
separation. An important special case of Eq. 17.16 occurs 
a t  the distance of closest approach, x,, where the relative 
kinetic energy is zero. If the collision partners are of the 
same mass, 1-1 = M / 2 ,  and i f  the target atom is initially at  
rest, go = v1 , Eq. 17.16 then reduces to  

E, + V(X) = E,o 

(DENSITY = N J  

PROJECTIL 
PARTICLE 

(17.17) ENERGY E 
E 
2 V(X,) = - 

where E = M,vTo/2 is the kinetic energy of the projectile. 
This formula will be used to deduce equivalent hard-sphere 
radii as a function of energy for particular types of 
interatomic potential functions. w UNIT A R F A  

17.3 BASIC CONCEPTS Fig. 17.2 The collision cross section. 

The terminology pertinent to the collision and energy- 
loss processes involving large numbers of energetic atoms in 
a solid is reviewed in this section. 

17.3.1 Cross Section 

The primitive idea of a cross section is shown in 
Fig. 17.2. Consider a single projectile (or bombarding 
particle) passing through a medium consisting of N target 
particles per unit volume. Target species are assumed to be 
distributed randomly. We wish to formulate the probability 
that the projectile collides with a target particle while 
traversing a path length dx in the medium. If the incident 
particle strikes the front face of the dx-thick slice within 
any one of the projected areas, u, characterizing the target 
particles, a collision occurs. The volume element in the 
drawing contains N dx particles whose projected areas 
occupy a fraction crN dx of the front face of the volume 
element. The chance of an interaction is therefore: 

N u(E) dx = Probability of the collision of an incident 
particle with a target particle in dx (17.18) 

The differential angular cross section describes the 
probability of an interaction that results in deflection of 
the incident particle by an angle 6' in the center-of-mass 
system: 

N o(E,O) dR dx = Probability of a collision in dx 
which scatters the incident particle 
into a center-of-mass angle in the 
range (0 ,dR) (17.21) 

where d R  is an element of solid angle about the scattering 
direction 0 .  Inasmuch as scattering is azimuthally sym- 
metric (Le., equally probable in any direction in the plane 
perpendicular to the x-direction in Fig. 17.2),  the solid- 
angle increment is 

dL? = 277 d(cos 0 )  

For elastic scattering, Eq. 17.9 provides a unique relation 
between T and 0 ;  thus the angular and energy-transfer 
differential cross sections are connected by 

277 o(E,O) d(cos 0 )  = u(E,T) d T  
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or  

(17.22) 

The ratio of the differential elements d(cos0)  and dT is 
obtained from Eq. 17.9. The second equality in Eq. 17.22 
contains this transformation. The notation 0 (T) means that 
0 is expressed as a function of T using the same equation. 
Equation 17.22 permits the differential energy-transfer 
cross section to be determined if the differential angular 
cross section is known. When scattering is isotropic in the 
center-of-mass system, n[E,O(T)] = n(E)/4n. 

17.3.2 Mean Free Path 
The mean free path  is the average distance travelled by 

an incident particle between collisions. Equation 17.18 
shows that the number of collisions per unit path length is 
N a(E). The reciprocal of this quantity is the average path 
length per collision, or 

I(E) = __ - - Mean free path of a particle 
of energy E (17.23) 

17.3.3 Current a n d  Flux 

The current describes the rate of transport of particles 
if  they are all travelling in one direction, and the f l u x  is the 
analogous measure for particles that are moving in many 
different directions. 

The total current is defined by 

I = Number of particles crossing a plane of 
unit area perpendicular to the particle 
direction per second (17.24) 

When the particles are not moving in a single direction, 
the flux is defined in terms of the unit sphere: 

(1) = Number of particles crossing a sphere of unit 
projected area per second (17.25) 

The flux can be restricted to those particles within the 
energy range from E to E + dE: 

@(E) dE = Number of particles with energies in the 
range (E,dE) crossing the unit sphere 
per second (17.26) 

where @(E) is the differential energy flux, or simply the 
differential flux or the energy flux and is related to the 
total flux by 

(1, = @(E) dE (17.27) 

17.3.4 Collision Density 
If the current of incident particles entering the volume 

element in Fig. 17.2 is I and if each particle has a 
probability given by Eq. 17.18 of interacting, the number 
of collisions per unit volume per second is NIn. This 
expression can be generalized to describe the collision rate 

in a flux spectrum for interactions that transfer energy in a 
particular range. Thus 

F(E,T) dE d T  = Collisions per unit volume per unit 
time between target particles and 
incident particles in the range (E,dE) 
which result in energy transfer t o  the 
target particle in the range (T,dT) 

= N @(E) a(E,T) dE dT (17.28) 

Equation 17.28 can also be regarded as a source term 
expressing the volumetric rate of production of the recoils 
in the energy range (T,dT): 

N [lom @(E) o(E,T) dE]dT = Number of recoil atoms 
produced per unit volume 
per unit time with energies 
in the range (T,dT) 

17.3.5 Stopping Power and Range 
The stopping power is the energy lost by a moving 

particle per unit of length travelled in the medium. 
Equation 17.19 gives the probability of a collision in path 
length dx which results in energy loss between T and 
T + dT. The average energy loss in dx  is obtained by 
multiplying Eq. 17.19 by the energy transfer T and 
integrating over all possible values of T: 

(dE) = N 1;: T o(E,T) d T  dx  

= Average energy loss of a particle of energy 
E in moving a distance dx 

Dividing this equation by dx and omitting the averaging 
symbol on  dE gives the stopping power: 

dE dx = N sLrn T o(E,T) d T  (17.29) 

The minimum energy transferred, T o ,  need not be zero. 
The stopping cross section is defined as 

=SI'"' T a(E,T) dT (17.29a) 

The range is a measure of the path length in the solid 
traversed by a particle from the point of its birth in or  
entry into the solid to the point at  which it no longer 
possesses kinetic energy. Two ranges can be defined: one 
easy to calculate and the other easy to  measure. Figure 17.3 
shows a typical history of a particle that makes a number of 
collisions before it is stopped. The arrows indicate the path 
length between successive collisions. They are approxi- 

I 
I 

Fig. 17.3 Path of a typical particle slowing down in a solid 
showing the mean and projected ranges. 
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mately equal to the mean free path. The total range is 17.4.1 Potential Functions 
defined as the mean value of the sum of the linear segments 
between collisions between birth and stopping of the 
particle: 

Because no single potential function applies over the 
entire range of separation distances between atoms or  ions, 
it is useful to consider the limiting cases of very-high-energy 

Rt,,, (XI,) collisions (small distances of approach) and near-thermal 
energies (i.e., tens of electron volts) where the electronic 
clouds of the two species just begin to overlap. There are 

K t o  t 1 two principal contributions to the repulsive potential 
between two atoms which correspond to these extremes: 
(1) the electrostatic repulsion between the positively 

The total range is related to the stopping power by 

(17.30) dx = LE 
(dE‘/dx) 

The total range can be computed i f  the dependence of the 
stopping power on energy is known. According to 
Eq. 17.29 the differential energy-transfer cross section is 
needed for this calculation. 

The projected range, R,, is the component of the total 
range along the initial direction of the particle. For an 
interatomic potential that varies as the inverse square of the 
separation distance, the two ranges are related by: 

(17.31) 

where M2 and M, are the masses of the target and 
projectile species, respectively. Although R, is always less 
than R t o t ,  the difference between the two ranges is reduced 
as the average energy transferred per collision becomes 
smaller (i.e., for M2 /MI  < 1). 

The concepts of stopping power and range are most 
useful when many small-energy-transfer collisions occur 
during particle slowing down. In this case the energy loss 
process is nearly continuous, and the deflection per 
collision is also small. The interaction of atomic particles 
with the electrons of a solid is an example of this type of 
slowing down. The maximum energy transferred to an 
electron by a particle of mass M is a fraction, 
4m,/M- 0.002/M, of the kinetic energy of the moving 
atom, and, according to Eq. 17.11a, the deflection angle 
per collision is m,/M E lo-’ radians. 

17.4 POTENTIAL FUNCTIONS AND 
ENERGY -TRANSFER CROSS SECTIONS 

The manner in which the potential energy of a 
two-particle system varies with the distance separating the 
two centers determines both the equilibrium proper- 
ties of an assembly of atoms and the way that energetic 
particles interact with a lattice of stationary atoms. The 
relation between the interatomic potential function and the 
equilibrium properties of the solid is discussed in Chap. 4. 
The potential function appears in radiation-damage theory 
via the differential energy-transfer cross section, a(E,T), 
which determines the energy loss rates, the collision 
density, the mean free path, and other properties of the 
slowing-down process. The differential energy-transfer cross 
section is uniquely determined by the potential function, 
although the connection between V(r) and o(E,T) is rather 
complex. Only a few simple potential functions can be 
converted to analytical expressions for the differential cross 
section. 

charged nuclei and (2) the increase in energy required to 
maintain the electrons of nearby atoms in the same region 
of space without violating the Pauli exclusion principle. 
Since no two electrons can occupy the same position, 
overlapping of electrons from two atoms must be accom- 
panied by promotion of some of the electrons to higher, 
unoccupied levels of the atomic structure. The energy 
required for this process increases as the atoms approach 
each other because B larger number of the orbital electrons 
become affected. 

At separations somewhat smaller than the equilibrium 
spacing of the atoms in the crystal lattice, which is of the 
order of a lattice constant, the nuclear repulsion is small 
because the positive nuclear charges are nearly completely 
shielded by the intervening electrons [Fig. 17.4(c)]. In this 
region the potential energy of interaction is adequately 
represented by the Born-Mayer potential : 

(17.32) 

Although the constants A and p in this formula cannot be 
determined from theory, they can be obtained from the 
equilibrium properties of the solid (Chap. 4). 

As the separation distance between the two atoms 
decreases, the closed-shell repulsion described by Eq. 17.32 
increases but, since there are fewer electrons between the 
two nuclei to shield the positive charges from each other, so 
does the electrostatic repulsion contribution to the poten- 
tial energy. When the interaction energy is so large that the 
two nuclei are separated by distances smaller than the 
radius of the inner electron shells (the K-shells), the 
principal contribution to the total potential energy of the 
system is due to the electrostatic force between the two 
positively charged nuclei [Fig. 17.4(a)l .  In this limit the 
interaction is satisfactorily described by the Coulomb 
potential: 

Z ,  Z2e2  
V(r) = ~ r 

(17.33) 

where Z I  and Z2 are the atomic numbers of the two atoms 
or ions and e is the electronic charge (e2 = 14.4 eV-8) .  

The intermediate region where both Coulombic repul- 
sion and closed-shell repulsion are of comparable magni- 
tudes is the most difficult to describe accurately. Unfortu- 
nately, these separation distances are just those most likely 
to  occur in radiation-damage situations. This region, which 
is depicted in Fig. 17.4(b), is often represented by the 
screened Coulomb potential, which reflects the diminution 
of the pure Coulomb repulsion between the nuclei due to  
the electrostatic screening of the positive charges by the 
intervening inner-shell electrons. This potential is given by 
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Fig. 17.4 Regions of applicability of various interatomic 
potential functions. The + sign represents the nuclear 
charge, and the shaded annular zones depict the radii 
between the innermost electronic shells and the ionic 
radius, where most of the atomic electrons are located. The 
cross-hatched areas dencte the regions of overlap of the 
electron clouds of the two atoms. 

where a is the screening radius, given by 

(17.35) 

where a B  is the Bohr radius and h is a constant of order 
unity (values from 0.707 to 2.09 have been used in various 
calculations). The screening radius decreases as the atomic 
numbers of the atomic species increase because the number 
of electrons with orbital radii less than a specified value r 
increases with the charge of the nucleus. As r < a,  the 
screened Coulomb potential reduces smoothly to the 
Coulomb potential function. 

Equation 17.34 does not account for the potential 
energy due to  closed-shell repulsion, which decreases less 
rapidly than the potential arising from screened repulsion 
of the nuclear charges. Although Eq. 17.34 extends the 
range of the Coulomb potential somewhat, it falls off much 
more rapidly than the Born-Mayer potential. Hence, the 
screened Coulomb potential cannot be used to bridge the 
entire gap between the Coulomb and Born-Mayer potential 

functions. A number of theoretical and empirical potentials 
for describing this region have been proposed (Ref. 1, 
pp. 95-105; Ref. 2,  Chap. 6, and Refs. 8 and 9). 

Inverse power potentials of the form 

(17.36) V(r) = -  (s = 2,3) 

have also beeen used extensively. The constants A and s are 
obtained by fitting Eq. 17.36 to the screened Coulomb 
potential at  small r o r  to the Born-Mayer potential 
function a t  large r. In this manner the entire interatomic 
potential can be spliced together by a series of functions of 
different form (Fig. 17.5). 
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Fig. 17.5 Composite potential function for interaction 
between copper atoms. 

17.4.2 Energy-Transfer Cross Sections 

I t  is in principle possible to  transform any of the 
potentials described in the preceding section into a differen- 
tial angular cross section o(E,O) and then to a differential 
energy-transfer cross section (see Ref. I, pp. 105-107). 
However, only the Coulomb and inverse power potentials 
yield analytical formulas for o(E,T). The Coulomb poten- 
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tial leads to  the familiar Rutherford scattering cross The latter can be obtained from Eqs. 17.17 and 17.34 as a 
1 section: solution of 

Z2e2 exp (-x,/a) E 

Setting x, = a and determining a from 17.35 for 
Z1 = Z2 and h = 1 yields the critical energy separating 
Rutherford and hard-sphere scattering when projectile and 
target atoms are the same kind: 

_ _  
Xm 2 

The inverse power potential of Eq. 17.36 yields the 
differential cross section: 

1 1  
W , T )  = Constant E'is Tl+o (17.38) 

A form of the differential energy-transfer cross section 
which is particularly convenient for radiation-damage prob- 
lems is based on  the billiard-ball dynamics of hard spheres. 
This potential is V = 00 for r < 2r, and V = 0 for r > 2r,, 
where ro is the radius of the colliding hard spheres. It is 
well known that the angular cross section for hard-sphere 
scattering is isotropic in the center-of-mass system, or  
a(E,O) = ~ ( 2 r , ) ~  /47r. Introducing this expression into 
Eq. 17.22 yields the  energy-transfer cross section: 

4 7 4  - o(E) 
AE AE u(E,T) = - - __ (17.39) 

The major computational advantage of Eq. 17.39 is its lack 
of dependence on  T,  which considerably simplifies the 
integrals required to determine energy loss and collisional 
properties of radiation damage. The prime disadvantage of 
this formula, of course, is that it is based on an unrealistic 
interatomic potential function. 

The utility of the hard-sphere model can be retained 
and yet some flavor of the correct interatomic potential can 
be introduced by allowing the hard-sphere radius r, to vary 
with particle energy. This so-called equivalent or energy- 
dependent hard-sphere model can be applied to any 
interatomic potential function. The recipe for determining 
ro is to equate 2r, to the distance of closest approach in a 
head-on collision. The latter is determined from the actual 
potential function V(r). For identical atoms, V(2r0) = E / 2  
(Eq. 17.17), which serves to fix ro as a function of E. For 
the screened Coulomb potential, this procedure yields 

where Z1 = Z2 for collisions between like atoms. 

lent hard-sphere radius is 
For the Born-Mayer potential of Eq. 17.32, the equiva- 

1 
2 r,(E) = - p  In (g) (17.41) 

The energy-transfer cross section is given when Eq. 17.39 is 
combined with either Eq. 17.40 or  17.41. 

Collisions become more hard-sphere-like as the poten- 
tial function steepens. Figure 17.5 shows that V(r) is 
changing most rapidly with r a t  low energies, where the 
inverse power or Born-Mayer potentials are applicable. The 
Coulomb potential, which varies as r-', cannot be ade- 
quately approximated by an equivalent hard sphere. The 
crudest approach to  delineating the energy below which the 
equivalent hard-sphere model can be employed is to equate 
the screening radius with the distance of closest approach in 
a head-on collision in pure screened Coulomb scattering. 

3 

(17.42) 
2zY3e2 exp (-1) 

al3 

Figure 17.5 shows the transition for copper a t  -50 keV. 
Although the hard-sphere model is to  be used for projectile 
energies less than the value given by Eq. 17.42, the total 
cross section can vary with energy according to ro formulas, 
such as Eqs. 17.40 and 17.41, or the equivalent expression 
for an inverse power potential. 

The principal difference between the energy-transfer 
cross sections derived from realistic potentials, such as the 
Coulomb and inverse power functions, and from the 
hard-sphere model is the dependence upon T. Equa- 
tion 17.39 shows that all energy transfers between 0 and 
T, = AE are equally probable, whereas Eqs. 17.37 and 
17.38 strongly favor forward scattering, in which the 
energy transfer is small. Despite the shortcomings of the 
hard-sphere model, the fact that it considerably simplifies 
the analysis makes it valuable for qualitatively demon- 
strating the salient features of radiation-damage processes. 

17.5 ENERGY LOSS TO ELECTRONS 

The rate a t  which high-velocity heavy particles lose 
energy to  the electrons of the medium through which they 
are travelling is important in many radiation-damage calcu- 
lations; the range of a charged particle in matter is primarily 
determined by (dE/dx), (Eq. 17.30). The ability of a 
primary knock-on atom to create displacements in the 
lattice is in part determined by the fraction of the initial 
energy of the PKA which is dissipated in electronic 
interactions during slowing down. 

The complexity of accurately accounting for electronic 
energy losses in cascade theory can be avoided by the 
simple expedient of determining an energy E, below which 
the moving atom cannot transfer enough energy to an 
electron of the medium to  remove the latter from whatever 
bound state it may be in. Let I be the binding energy of an 
electron to  an atom of the solid. For an electron to  acquire 
energy I in a head-on collision with a moving atom of mass 
M I ,  the energy of the atom must be (Eqs. 17.8 and 17.10 
with E = E, and M2 = me,  the electron mass): 

For ionic or covalent solids, the most reasonable choice for 
I is the energy needed to bridge the forbidden zone 
between the valence and conduction bands, which is several 
electron volts. In metals, electrons very near the top  of the 
Fermi sea can be excited by any amount of energy, no  
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matter how small. However, the bulk of the conduction 
electrons in a metal lie well below the Fermi level, and 
excitation by arbitrarily small additions of kinetic energy is 
precluded by the fact that higher levels are occupied 
(Chap. 4). The average electron in metal, therefore, needs 
to  receive about one-half the Fermi energy in order to 
become excited and thereby remove energy from the 
moving atom. Setting me = l j 2000  amu and I = 2 eV, we 
find the critical energy for all substances to be roughly 
equal to the mass number of the moving atom in 
kiloelectron volts: 

E, = 1 0 3 M 1  (eV) = M I  (keV) (17.43) 

When the kinetic energy of the moving atoms or  ions falls 
below this value, energy losses to the electrons of the solid 
rapidly become small compared to the energy that the 
moving atom can transfer to stationary atoms of the lattice 
by elastic collisions. As a corollary, energy transfer by 
atomic collisions for E > E, is presumed to  be negligible 
compared to the electronic stopping of the moving particle. 

It will be shown later that electronic energy loss in 
metals continues for energies below the value given by 
Eq. 17.43 and that this loss mode is important in assessing 
the amount of damage that can be inflicted by nuclear 
radiations. It is therefore useful to analyze energy transfer 
t o  the electrons of a solid on a more realistic basis than that 
described above. Two calculations of (dE/dx), are reviewed 
below. 

17.5.1 Electronic Stopping at High Energies 
When a heavy particle a t  high energy (i.e., more than 

several million electron volts) penetrates a solid, the great 
velocity strips off its outer orbital electrons. As a conse- 
quence, it moves through the solid as an ion whose charge is 
denoted as Z I  (this is not the atomic number of the moving 
atom). The moving ion transfers energy to  the electrons of 
the medium by Coulombic interaction. The energy-transfer 
cross section for the process is given by Eq. 17.37 in which 
the second particle is an electron (Z, = 1, M2 = me). Thus, 

(17.44) 

where E is the energy of the moving ion and T, is the 
energy transferred to the electron during the binary 
encounter. If the ion energy is sufficiently high, all the 
electrons in the solid can be excited, and the density of 
electrons is ZN, where N is the atom density of the solid 
and Z is the atomic number of the atoms of the solid. The 
electronic stopping power is given by Eq. 17.29 in which 
T, = 4(m,/M1 )E and To = T, the average ionization energy 
of the target atoms. The energy-transfer cross section is 
given by Eq. 17.44 so the electronic stopping power 
can be expressed by 

Performing the integration yields 

When multiplied by a factor of 2 (which arises when the 
correct quantum-mechanical calculation is performed 
instead of the above classical analysis), Eq. 17.45 is known 
as Bethe’s formula. 

As the ion loses energy, the probability of capturing an 
electron from the medium increases. Or, the charge Z1 is 
dependent on the energy of the ion. Bohr’ has calculated 
an effective charge (so called because it need not be an 
integer) by assuming that the ion retains in its outer shell 
only those electrons with orbital velocities that exceed the 
velocity of the moving ion. The Thomas-Fermi distribu- 
tion of the velocities of electrons in atoms permits the 
number of electrons in the atom with velocities less than 
the ion velocity (2E/MI)$ to be computed. These electrons 
are assumed to be stripped from the ion. The effective 
charge of the moving ion is given by 

(17.46) 

where h is Planck’s constant divided by 277 and Z ,  now 
denotes the atomic number of the moving ion. Electron 
capture and loss from an atom or ion moving in a solid are 
dynamic processes, and noninteger charges should be 
interpreted as a result of weighting integer charge states 
(including the neutral atom) with the fraction of the time 
that is spent in each charge state. The effective charge 
cannot exceed the atomic number of the moving ion, of 
course, but Eq. 17.46 indicates that the ion will retain some 
charge no matter how low its kinetic energy. Actually, 
there is a lower energy, Eneu t ,  at  which a neutralized 
moving atom cannot be reionized by impact with a 
stationary electron in the solid. Consider the collision of 
the most weakly bound electron in the moving atom with a 
stationary electron in the medium. Instead of the atom 
traversing a sea of stationary electrons with a velocity 
v I  = (2E/M1)”,  consider the atom to be stationary and let 
the lattice electrons move with velocity v I  (i.e., change the 
frame of reference from the laboratory to the moving 
atom). If one of the lattice electrons makes a head-on 
collision with an electron in the atom, energy equal to 
mev:/2 is transferred from the former to the latter. If this 
quantity of energy is less than the minimum ionization 
energy of the moving atom, I, reionization cannot occur 
and the atom remains neutral for the remainder of the 
slowing-down process. The condition 

leads to numerical values of very similar to those 
determined for the opposite process (ionization of a lattice 
atom by a moving atom). Within the framework of this 
simple treatment, the minimum energy that a moving 
particle needs in order to maintain some positive charge is 
approximately given by its mass number in kiloelectron 
volts: 

r’. 
E,,,,t = M I  ( k e V  (17.47) 

is zero and Eq. 17.46 does not Below this energy, (Z,  
apply. 
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Actually, Eq. 17.45 ceases to be valid at  much greater 
energies than the tens of kiloelectron. volts suggested by 
simple consideration of charge neutralization. The Bethe 
formula is in fact valid only on the portion of the stopping 
power curve where (dE/dx), is decreasing with energy. For 
heavy ions this occurs at  energies8 as high as,lOO meV. The 
PKA created by fast neutrons scattering from the atoms of 
a metal are generally not energetic enough to fall in the 
range of applicability of Eq. 17.45; so a different mecha- 
nism is needed to explain the electronic stopping of 
predominantly neutral atoms passing through a lattice 
consisting of the same species. 

17.5.2 Electronic Stopping at Low Energies 
In order to compute (dE/dx),  for atoms or ions moving 

in a metal of the same type, we compute the energy 
transfer to the conduction electrons very near the Fermi 
surface. As noted previously, these electrons can become 
excited by collisions that transfer considerably less energy 
than the energy needed to excite the average conduction 
electron (which requires -c1<./2). Consider an atom of mass 
M, and velocity v 1  which makes a head-on collision with a 
conduction electron moving in the opposite direction with 
a velocity v,. According to Eq. 17.12, with v I  = v 1  and 
v 2  = -v,, the initial relative speed of the two particles is 
g,, = v l  + v,. In a head-on collision, the relative velocity 
v e c t o r  c h a n g e s  s ign  b u t  no t  magnitude; thus 
g, = - (v l  (, + v,). The speed of the atom following the 
collision with the electron is given by Eq. 17.13a: 

where m, has been neglected compared to M I .  The energy 
loss suffered by the atom in the collision is 

Similarly, the electron velocity after the collision is given 
by Eq. 17.13b: 

- 0 - + (A) ( V I  0 + ve) 
M I  + m e  MI + m e  

= 2V1" + ve 

Or, the increase in the velocity of the electron is 

Av, = v,f - V, = 2 ~ 1 0  (17.49) 

In a monovalent metal the number of conduction electrons 
is approximately equal to the atom density N. However, 
only those electrons with velocities lying in the range Av, 

of the Fermi velocity v F  are able to participate in the 
slowing-down process. Or, the density of effective electrons 
in the metal is 

Now consider a reference frame attached to the moving 
atom. The current of effective electrons impinging on the 
atom is 

I, = negO = n,(vl 0 + v,) E n,v, (17.51) 

and the number of collisions of the effective electrons per 
second with a single moving atom is u,I,, where u, is the 
cross section for the interaction of the moving atom with 
the conduction electrons, The rate at  which a moving atom 
loses energy to the effective electrons is u,I, AE, which, 
when divided by the distance moved by the atom in 1 sec 
(v, ()), gives the stopping power: 

Energy loss/sec-atom - u,I, 4 E  -____ ( E), = Distance travelled/sec-atom vI  0 

Substituting Eqs. 17.48, 17.50, and 17.51 into the above 
formula and expressing v, and v1  as 2 ~ , / m ,  and 
(2E/M1 )%, respectively, yields 

( E), = 8n,N ( 2 )  E' 

Or, writing the coefficient of Ex as a constant k, the 
stopping power becomes 

= k EH (17.52) 

More accurate analyses of this stopping mechanism than the 
simple model described above produce different values for 
the constant k, but the dependence upon Ex  remains (see 
Ref. 9 for a review of this subject). For like atoms the 
k-value derived by Lindhard is 

k = 0.3NZZh, eVx/i8 ( 17.5 3a) 

where N is the atomic density of the metal in units of 
and Z is the atomic number of the atoms of the metal. 
Equations 17.52 and 17.53 are valid for the energy range 

0 < E(keV) < 37Z1" (17.53b) 

In this formula and in Eq. 17.53a, use has been made of the 
fact that Z/M = 0.43 2 0.03 for all elements except hydro- 
gen. 

17.6 THE DISPLACEMENT THRESHOLD 

All analytical cascade theories are based on  the assump- 
tion that a lattice atom struck by a PKA or  a higher order 
recoil must receive a minimum amount of energy in the 
collision in order to be displaced from its lattice site. This 
quantity of energy is called the displacement energy or the 
displacement threshoid and is denoted by E,. If the energy 
transfer, T, is less than E,, the struck atom undergoes large 
amplitude vibrations without leaving the potential well 
forming its stable lattice position. The vibrational energy is 
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quickly communicated to the nearest neighbors of the 
struck atom and appears as a localized source of heat. On 
the other hand, i f  T > Ed, the struck atom is able to pass 
over the potential barrier and move off into the lattice as a 
displaced atom. 

Because of the crystallographic structure of the solid, 
the potential barrier surrounding a lattice atom in its 
equilibrium position is not uniform in all directions. If the 
struck atom moves off in a direction where its nearest 
neighbors are favorably disposed to remove energy from the 
struck atom before it escapes, the barrier is high. However, 
the potential barrier in a direction of high lattice symmetry 
resembles a mountain pass. These “saddle points” where 
the displacement threshold is low may be along either 
relatively open direction, such as the (111) directions in the 
fcc lattice, or along close-packed directions, such as the 
(110) directions in the same structure. The direction 
acquired by the recoil is dictated by the dynamics of the 
collision and hence is random in the sphere surrounding the 
equilibrium site. The single value of the displacement 
energy used in radiation-damage theory is in reality a 
spherical average of the saddle points in the potential 
barrier surrounding the equilibrium lattice site. 

The displacement energy can in principle be computed 
if  the interaction potential between atoms of the lattice is 
known. The procedure is to move the atom from its 
equilibrium position in a chosen direction and sum the 
interaction energies between the moving atoms and all the 
nearest neighbors for each position along the line (or curve) 
representing the trajectory of the struck atom. When the 
total potential energy reaches a maximum, the position 
corresponds to a saddle point, and the difference between 
the energy of the atom at the saddle point, E ’ ,  and its 
energy in the equilibrium position, ceq,  represents the 
displacement threshold for the particular direction. Such 
calculations are usually carried out by computer’ ’ ’ I  * using 
a Born-Mayer potential to represent the repulsive forces 
between the struck atom and the nearest neighbors it 
encounters during motion. Because the interaction energies 
involved in these threshold calculations are only tens of 
electron volts, the Born-Mayer potential is the correct one 
to  use. 

In this section we illustrate the basic features of such 
calculations by using a simpler (but unrealistic) description 
of the interaction between neighboring atoms. 

The atom in the lower left-hand corner of Fig. 17.6(a) 
is assumed to  receive energy by collision with an energetic 
recoil and to  start to move in a direction in the octant of 
the sphere represented by the unit cell in the drawing. We 
calculate the potential energy of the struck atom, which is 
moving in the [ill] direction. The saddle point for this 
direction is the center of the triangle formed by the three 
nearest neighbors to the struck atom, which are connected 
by the wavey lines in Fig. 17.6(a). The energy of the struck 
atom as a function of position along the [lll] direction is 
shown schematically in Fig. 17.6(b). 

To describe the interaction energies, we describe the 
solid by the simple bond theory used primarily for covalent 
substances. In this theory, cohesion of the solid is the result 
of bonds of strength D acting in pairs between nearest 
neighbors. In an fcc lattice, each atom is surrounded by 12 

nearest neighbors; thus the energy of a single atom in a 
normal lattice site is 

= -12D (17.54) 

The zero in energy is taken as the isolated atom. In the 
bond theory of solids, the bond energy may be computed 
from the energy of sublimation (Eq. 4.45 and Table 4.1). 
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Fig. 17.6 Displacement of a lattice atom recoiling from a 
collision with an energetic atom. 

This quantity is just half the energy of an interior atom 
since sublimation represents removal of an atom from the 
surface, a process that involves breaking only half as many 
bonds as is necessary in removing an atom from the inside 
of the solid. Thus, for the fcc lattice 

AE;,, (0°K) = 6D (17.55) 

Since the sublimation energy of metals in the transition 
region of the periodic table is 5 to 6 eV, the bond energy in 
the fcc lattice is D 1 eV. When atoms of the lattice are 
pushed closer to each other than the equilibrium nearest- 
neighbor distance, req ,  the potential energy increases. 
Instead of using a Born-Mayer potential to describe this 
repulsion, we use a simple parabolic repulsion. The interac- 
tion potential between two lattice atoms is represented by 

1 
V(r) = -D + ~ k(req - r)’ 

2 
(for r < req)  

- 

V(r) = 0 (for r > req) 
(17.56) 
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where the force constant k characterizing the repulsive 
portion of the potential can be computed as follows. Atoms 
in the crystal can be made to approach each other more 
closely than req either by the movement of an energetic 
a tom in the crystal (which is pertinent to the displacement 
threshold computation) or in a uniform manner by exerting 
external pressure to compress the entire crystal. The 
resistance of the solid to compression is measured by the 
compressibility, 0. In Chap. 4 we showed that compress- 
ibility is related to the second derivative of the crystal 
energy by 

where U is the energy per atom of the crystal when the 
specific volume is v. For the fcc lattice, v = a:/4,where a, is 
the lattice constant. The nearest-neighbor separation dis- 
tance is r = a,/2%; thus v = r3 12%. The above formula can 
therefore be written in terms of r as 

In the bond model of the fcc solid, the crystal energy U( r) 
is equal to l2V(r ) /2  = 6V(r), and the compressibility is 
given by 

3ao 3veq 

Thus the force constant of the repulsive portion of the 
interaction potential is 

Typical values of veq and /3 for metals are -15 A3 and 
-5 X lo-' cm2 /dyne, respectively, which yield ka;] u 60 
eV. We assume that the potential function of Eq. 17.56, in 
which the constants were obtained from the equilibrium 
properties of heat of sublimation and compressibility, is 
applicable to the interaction of the moving atom in the 
lattice. 

When the atom is at  the center of the triangle shown in 
Fig. 17.6(a), it interacts with the three atoms a t  the corners 
a distance a,/6I4 away. The energy at  the saddle point is 

E* = 3V($) = ?[-D.'(ka:)($-$)'] 2 

The displacement energy in the [ 1111 direction is thus 

E,, (111) = E* - E , ~  = 9 D  + 

Using the values of D and ka;] computed above, this 
equation gives E d ( l l l )  = 15.6 eV. Displacement thresholds 
calculated by computer for copper are shown in Table 17.1. 
The figures shown in the last two columns of the table 
indicate that displacement is considerably easier when the 
direction of the struck atom is along a line of atoms in the 
crystal (i.e., the (100) and (110) directions) than it is in the 
open (111) directions. The ease of displacement in the 
former directions is explained by the phenomenon of 
focusing whereby replacement of the next atom in the line 
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by the struck atom is followed by replacement of the third 
atom by the second, etc. 

Displacement thresholds corresponding to initial direc- 
tions other than the three illustrated in Fig. 17.6(a) and 
Table 17 .1  can be obtained by similar computational 
techniques. A schematic representation of the results for all 
directions i n  the plane formed by the [ 1001, [ 1111, and 
I l l 0 1  directions in Fig. 17.6(a) [i.e., directions lying in the 
( l i 0 )  plane] is shown in Fig. 17.7. Local minimums in the 
displacement energies are found in the [ 1101, [ 1111, and 
[ 1101 directions. Similar calculations out of the (110) 
plane show that the minimums along these crystallographic 
directions are true troughs, not saddle points. The single 
threshold energy used in most radiation-damage calcula- 
tions represents the average of results such as those shown 
in Fig. 17.7 and comparable out-of-plane profiles over all 
polar and azimuthal angles in the octant delineated by the 
unit cell with the  struck atom a t  one corner. 

The directional dependence of Ed,  coupled with the 
randomness of the initial directions of the struck atom, 
implies that the notion of a sharp displacement threshold is 

Table 17.1 Displacement Threshold Energies in Copper 

Displacement energy, eV 

Direction Ref. 11* Ref. 1 2  Ref. 131- 

Ed(100) 1 8 , 3 4  24 1 5 , 3 4  
Ed(111) 1 9 , 4 3  80 70, 52 
E,(] 10) 25 31, 1 5  

*The two values were obtained by two sets of the 
constants A and p in the Born-Mayer potential function 
of Eq. 17.32. 

?These constants were determined by fitting 
radiation-damage data. The two sets of threshold ener- 
gies listed f i t  the data equally well 
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Fig. 17.7 Directional dependence of the displacement 
threshold. 
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oversimplified. Rather, there is a range of displacement 
energies, from Ed(,in) to Ed(max) ,  for which displacement 
may occur. For  example, in Fig. 17.7, E d ( m i n )  corresponds 
to  E,(100) and Ed(max)  to an -30" polar angle. This 
smearing out of the displacement threshold due to crys- 
tallographic direction of the struck atom is commonly 
incorporated into radiation-damage calculations by defining 
a displacement probability, Pd(T), which gives the proba- 
bility that a struck atom is displaced upon receipt of energy 
T. This probability P,(T) is taken to be of the form 

pcl(T) = I for  < E d ( m i n ) l  

= f(T) Ifor E d ( m i n )  < < E d ( m a x ) l  

= 1 [ f o r T  > Ed(max) ]  (17.57) 

Sosin' lists seven different functions f(T) which have been 
used to  generate displacement probability curves. The single 
displacement energy concept most commonly used in 
damage analyses corresponds to a step-function displace- 
ment probability in which E d ( m i n )  = E d ( m a x )  = E,: 

Pd(T) = 0 (for T < E,) 

= 1 ( f o r T  > Ed) (17.58) 

In this model, E, is fixed at  a value between 25 and 50 eV, 
the lower figure being the one most commonly used. 

17.7 DISPLACEMENTS PRODUCED BY A 
PRIMARY KNOCK-ON 

The crux of the damage-producing effect of fast 
neutrons and fission fragments is the production of 
displaced atoms by the primary knock-ons. In this section 
the theoretical basis for calculating the total number of 
displaced atoms resulting from a single PKA of energy E is 
reviewed. The number of displaced atoms is denoted by 
v(E). 

17.7.1 Elementary Theory 
The simplest theory of the displacement cascade is that 

due to Kinchin and Pease.' ' Their analysis is based on the 
following assumptions: 

1. The cascade is created by a sequence of two-body 
elastic collisions between a t o m .  

2. The displacement probability is given by Eq. 17.58. 
3. The energy Ed consumed in displacing an atom is 

neglected in the energy balance of the binary collision that 
transfers kinetic energy to  the struck atom. 

4. Energy loss by electron stopping is treated by the 
cutoff energy of Eq. 17.43. If the PKA energy is greater 
than E,, no displacements occur until electronic energy 
losses reduce the  PKA energy to E,. For all energies less 
than E,, electronic stopping is ignored, and only atomic 
collisions take place. 

5. The energy-transfer cross section is given by the 
hard-sphere model. 

6. The arrangement of the atoms in the solid is random; 
effects due to  the crystal structure are neglected. 

Later on  in this section, we will relax restrictions (3), 
(4),  and (5). In the subsequent section, assumption (6) will 
be removed from the analysis. Assumption (1) is funda- 
mental to all theories of a cascade consisting of isolated 
point defects. When this restriction is eliminated, the 
cascade resembles a displacement spike, which is treated a t  
the end of this chapter. 

The cascade is initiated by a single PKA of energy E, 
which eventually produces v(E) displaced atoms. At some 
time during the development of the cascade, the number of 
energetic, moving atoms is larger than 1 but less than u(E), 
and the average kinetic energy of the moving atoms is less 
than E but still not zero. However, the population of 
moving atoms at  any intermediate stage will ultimately 
produce the same number of stationary displaced atoms as 
the original PKA, namely, u(E). Therefore, the quantity 
v(E) is conserved in the sense that it can be determined by 
starting with the energy distribution of the moving atoms a t  
any time after birth of the PKA but before the final 
displaced configuration is achieved. In particular, u(E) can 
be determined by considering the two moving atoms that 
are created when the PKA first strikes a stationary lattice 
atom (Fig. 17.8). Thus, if the PKA of energy E transfers 
energy T to the struck atom and leaves the collision with 
energy E - T,  we can say that 

v(E) = u(E - T) + v(T) (17.59) 

Note that the energy E, required to displace the struck 
atom has not been deducted from the energy of the recoil 
[assumption (3) ] .  Had this energy loss been included, the 
last term in Eq. 17.59 would be written as v(T - E,). 

Equation 17.59 does not suffice to determine u ( E )  
because the energy transfer T is not specified. Since the 
PKA and the lattice atoms are identical, T can be anywhere 
from 0 to E. However, if we know the probability of 
transferring energy between T and T + d T  in a collision, we 
can multiply Eq. 17.59 by this probability and integrate 
over all permissible values of T. Invoking the hard-sphere 
assumption (5), the energy-transfer cross section is given by 
Eq. 17.39, and the probability that a PKA of energy E 
transfers energy in the range (T,dT) to the struck atom is 

(17.60) dT - - -  dT (for A = 1) 
u(E) E 

Fig. 17.8 Before and after the first collision of a cascade. 
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Multiplying the right-hand side of Eq. 17.59 by dT/E and 
integrating from 0 to  E yields '1 

The right side of this equation consists of two integrals, 
which may be shown to be identical by changing the 
variable of integration in the first from T to T' = E - T, and 
Eq. 17.61 reduces to 

v(E) = v(T) d T  (17.62) 

Before attempting to solve this integral equation, we first 
consider the behavior of v(E) near the threshold energy E , .  
Clearly when E < E,, , not even the PKA is displaced, and 

v(E)  = 0 (for 0 < E < Ed)  (17.63) 

When the PKA is born with an energy between E, and 
2Ed, the first collision with a lattice atom has one of two 
possible results: I f  energy in excess of E,, but necessarily 
less than 2Ed, is transferred to the lattice atom, the latter is 
displaced, but the initial PKA is left with energy less than 
E,. The struck atom moves off its lattice site, but the PKA 
falls into the vacated site, dissipating its remaining kinetic 
energy as heat. Conversely, if the original PKA transfers less 
than Ed,  the struck atom is not displaced. In either of the 
above two possibilities, the first PKA collision results in 
only one moving atom, which has an energy less than the 
original PKA. The Same arguments advanced above can be 
applied to the second-generation moving atom, and the 
conclusion is that it too is incapable of creating any 
additional displacements. Therefore, a PKA with kinetic 
energy between E, and 2Ed produces only one displaced 
atom, or 

v(E) 1 (for E, < E < 2Ed) (17.64) 

We may split the integral in Eq. 17.62 into ranges from 
0 to  E,, E, to 2Ed, and 2E, t o  E and evaluate the first two 
using Eqs. 17.63 and 17.64. Thus we arrive a t  

v(E) = ++ ltd u ( T )  dT (17.65) E 

This equation can be solved by multiplying by E and 
differentiating with respect to E, which yields the differen- 
tial equation 

du 
E,=u 
un 

(17.66) 

the solution of which is 

u =  CE (17.67) 

The constant C is obtained by substitution of Eq. 17.67 
into Eq. 17.65, which shows C = (2Ed)-I. Therefore the 
number of displacements is 

E 
v(E) = __ (for 2Ed < E < E,) (17.68) 

2Ed 

The upper limit on the validity of Eq. 17.68 has been set 
equal t o  E, since, by assumption (4), only electronic energy 
loss occurs for higher energies. When the PKA is born with 
an energy greater than E,, the number of displacements is 

(17.69) E 
v(E) = (for E > E,) 

2Ed 

The Kinchin-Pease displacement function, which consists 
of Eqs. 17.63, 17.64, 17.68, and 17.69, is shown in 
Fig. 17.9. The scale is distorted to illustrate the four regions 
predicted by the model. If drawn to scale, the ioniza- 
tion cutoff E, would be 10 to  20 times further out along 
the abcissa than shown in the drawing. 

Fig. 17.9 The number of displaced atoms in the cascade as 
a function of PKA energy according to  the model of 
Kinchin and Pease. (After Ref. 15.) 

17.7.2 Use of a Realistic Energy-Transfer 
Cross Section 

The hard-sphere assumption (5) can be removed by not 
introducing Eq. 17.60 into the analysis. In this case 
Eq. 17.61 should be written as 

i PE 
v(E) = ~ u(E,T) [u(E - T) + v(T)] dT (17.70) 

o;E) J, 
The arguments leading to Eqs. 17.63 and 17.64 are still 
valid (inasmuch as they depend only on energy conserva- 
tion and not on the nature of the energy-transfer cross 
section), and the appropriate integral equation is 

u(E,T) dT +- U( E)  = 
- 
u(E) s2Ed E d  

x o(E,T) [u(E - T) + u ( T ) ]  d T  (17.71) 

This equation has been solved by Sanders16 for the 
energy-transfer cross section based on the inverse power 
potential (Eq. 17.38). The result is 

(for E, < E <E,)  (17.72) 

which, for s =  2, reduces the Kinchin-Pease result by a 
factor of - 2. Robinson' summarizes the extensive efforts 
that have been devoted to  relieving cascade analysis of the 
hard-sphere assumption. 

17.7.3 Energy Loss from the Cascade 
by Electronic Excitation 

Relaxation of assumption (4) s f  cascade theory requires 
reformulation of the conservation principle for v(E). In 
this case, collisions of the PKA with electrons compete 



388 FUNDAMENTAL ASPECTS O F  NUCLEAR R E A C T O R  FUEL ELEMENTS 

COLLISION WITH 
ELECTRON 

COLLISION WITH 
LATTICE ATOM 

NO COLLISION 

Fig. 17.10 Possible fates o f  a PKA on passing through a thickness dx  of solid. 

with atomic collisions with lattice atoms. As discussed in 
Sec. 17.1, these two processes can be treated indepen- 
dently, and each can be represented by separate energy- 
transfer cross sections. We formulate the basic integral 
equation in the manner originally presented by Lindhard 
e t  al.I7 by considering what happens to  the PKA as it 
traverses a small distance dx of solid (Fig. 17.10). Accord- 
ing to the basic definition of the differential energy-transfer 
cross section (Eq. 17.21), the probability pe dT, that a 
collision between the PKA and an electron in the interval 
dx which transfers energy in the range (T,,dT,) to the 
electron is 

pe dl', = N u,(E,T,) dT, dx (17.73) 

where a,(E,T,) is the energy-transfer cross section from the 
PKA t o  an electron. Similarly, the probability of a collision 
in dx  which transfers energy (T,,dT,) to a lattice atom is 

pa dT, = N aa(E,T,) dT, dx (17.74) 

In  these equations, N is the density of atoms in the solid. 
The probability that nothing happens in dx  is given by 

Substituting Eqs. 17.73 and 17.74 for pe and pa and 
Eq. 17.75 for po yields 

lo,(E) + o,(E)I 4 E )  = JoF' 1W - T,) + W',)1 

x ua(E,Ta) dT, 

+ joTcrn v(E - T,) uc(E,'I',) dT, 

(17.77) 

We now note that the maximum energy transferrable to an 
electron is very small compared to E; thus v(E - T,) can be 
expanded in a Taylor series and truncated after the second 
term: 

(17.78) dv 
dE 

v(E - T,) = v(E) - - T, 

The last term in Eq. 17.77 can therefore be written as 
Tern 

v(E ~ T,) u,(E,T,) dT, = u(E) 

= 1 - N dx [/oT"n uC(E,Tc) dT, + ioE ua(E,Til) dT,I 

or 

PO = 1 - N dx [u,(E) - oa(E)] (17.75) 

where Tern is the maximum energy transferrable to an 
electron by a PKA of energy E and u,(E) and o,(E) are the 
total cross sections for collisions of the PKA with electrons 
and lattice atoms, respectively." 

We now apply the principle of conservation of u(E) by 
requiring that this quantity be the same whether computed 
from the original PKA at its birth energy or whether it is 
determined by the products of the possible collisions that 
occur in dx. The v-value associated with each of the recoil 
atoms in Fig. 17.10 is weighted with the appropriate 
probability for the process by which it is created and is 
integrated over the permissible ranges of the energy 
transfers. Thus 

E 

v(E) = Jo [v(E - Tal + v(T,)1 Pa dT, 

+ v(E - T,)p, dT, + po v(E) (17.76) 

*The analysis is not affected by the fact that the total 
cross section for energy transfer to electrons is infinite. 

R"" T, o,(E,T,) dT, (17.79) 

The first integral on the right of Eq. 17.79'is the total 
cross section for collisions of the PKA with the electron. 
This term cancels the corresponding term on the left of 
Eq. 17.77. The second integral on the right of Eq. 17.79 is, 
according to  Eq. 17.29, the electronic stopping power of 
the medium divided by the atom density, o r  (dE/dx),/N. 
When Eq. 17.79 is substituted into Eq. 17.77, the result is 

(dE/dx)e dv - [v(E - T)  + v(T)] +[ N a (E)  ]E -1" 
x ['SI dT (17.80) 

The subscript "a" on T and u has been deleted with the 
understanding that these two quantities refer t o  atomic 
collisions. When (dE/dx), is neglected, Eq. 17.80 reduces to  
Eq. 17.70, and, when, in addition, the hard-sphere model is 
used to  fix the energy-transfer probability on the right side 
of the above equation, the original Kinchin-Pease formula, 
Eq. 17.61, is recovered. 

To show the effect of electronic stopping on the 
number of displaced atoms, we solve Eq. 17.80 with the 
hard-sphere assumption retained but with (dE/dx), given 
by the square-root law (Eq. 17.52). With this simplification, 
Eq. 17.80 reduces to  



v(T) dT - __- Ex dv (17.81) 

where Eqs. 17.63 and 17.64 have been used to  split up  the 

a N ,  dE 

integral over T. We will also assume that the hard-sphere 
collision cross section u is energy-independent; thus k/uN is 
a constant. To simplify the analysis, we introduce the 
following dimensionless energy variable : 

E 
Y=- 

2Ed 
(17.82) 

and Eq. 17.81 is transformed to  

v = - +  - J Y  v(y’) dy’- A y g  - dv 
Y Y  dY 

(17.83) 

where 

(17.84) 

is a dimensionless constant. If A = 0, the Kinchin-Pease 
solution v = y (see Eq. 17.68) is recovered. If A is small 
compared to unity, electronic stopping only slightly per- 
turbs the basic Kinchin-Pease result. Assuming this to be 
the case, the number of displacements can be written as a 
power series in the perturbation parameter A: 

v = y + f(y) A . . . (17.85) 

where the first term on the right is the solution for A = 0, 
and f(y) is a function to  be determined by insertion of 
Eq. 17.85 into the integral equation, Eq. 17.83, which 
yields 

y v2 (17.86) 

The solution of this equation can be obtained by 
differentiating, solving the differential equation, and deter- 
mining the constant of integration by substitution into 
Eq. 17.86. In this way we find 

f (y)  = -4y + 3 y %  (17.87) 

If we restrict attention to high PKA energies (E 9 Ed) ,  then 
y 9 1, and the second term on the right in Eq. 17.87 can be 
dropped. Substituting -4y for f(y) in Eq. 17.85 gives 

v = y(  1 - 4A) (17.88) 
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coefficient of E/2Ed in Eq. 17.89 is 0.3, or electronic 
energy losses have reduced the displacement efficiency of 
the PKA by 70%. 

The sensitivity of the above calculation to the choice of 
the hard-sphere cross section suggests that the model should 
be entirely purged of hard-sphere characteristics and that 
realistic energy-transfer cross sections must be employed if 
reliable predictions are to  be obtained. The complete 
calculation of Lindhard’ ’, as a matter of fact, used 
u,(E,T,) based on the Thomas-Fermi potential function 
rather than on the hard-sphere result. 

Lindhard noted that the parameter v(E) in Eq. 17.80 
need not be interpreted solely as the number of displace- 
ments produced by a PKA. Rather, the integral equation is 
valid for a number of other radiation-damage effects, such 
as the number of ion pairs in a gas or the number of 
electron-hole pairs in a semiconductor. In  the original 
analysis,’ v(E) was actually taken t o  be that part of the 
original PKA energy which is transferred to  the atoms of 
the lattice (rather than to the electrons) during slowing 
down. The ratio of Lindhard’s u(E) t o  E is the fraction of 
the cascade energy transformed into atomic motion, which 
may be denoted by ((E). Strictly speaking, Lindhard’s 
application of Eq. 17.80 is not a displacement theory 
because it does not incorporate the displacement threshold 
restrictions at  low energies, which are contained in 
Eys. 17.63 and 17.64.* Lindhard’s analysis has become 
known as the energy -part itioriirig theory . 

Lindhard’s energy-partitioning results can be used to 
predict displacements, however. For sufficiently high PKA 
energies, the number of displaced atoms is proportional to 
the original PKA energy (e.g., see Eq. 17.68 for an example 
of this proportionality in the simple Kinchin-Pease the- 
ory). Therefore, Lindhard’s ((E) can be used as a correction 
factor to the simple theory, and the number of displaced 
atoms is given by 

Lindhard’s numerical solution of Eq. 17.80, using (dE/dx), 
given by Eq. 17.52 and ua(E,Ta) determined from an 
interaction potential based on the T h o m a s F e r m i  model of 
the atom, can be expressed in the analytical form by 

1 
((E)  = 1 + 0.13(3.4& + 0.4t% + E )  

where E is a reduced PKA energy: or 

4k 
oN (2Ed)i](&) (for E 9 Ed) (17.89) 

E 
(2z2 e’ /a) 

E =  

(17.91) 

(17.92) 

and a is the screening radius of Eq. 17.35 with h = 0.88 and 
z ,  = z2:  

Note that the validity of Eq. 17.89 is not subject to an 
upper limit on E, as is the case for Eq. 17.68. When 

0.88aB 
Z% (17.93) electronic stopping is properly accounted for in the basic 

integral equation, the entire concept of a definite energy E, 
a=- 

separating regimes of electronic energy loss from atomic 
collisions can be jettisoned. 

To assess the importance of electronic stopping on 
displacement Production by energetic primary knock-ons, 
consider iron (z 261, for which k = 0.21 e v w - a  
(Eq. 17.53) and N = 0.085 A-7. We take E, = 25 eV, and, 
for illustrative purposes, set a = 2A2. With these values the 

*When only energy transfer to, and not displacement 
of, lattice a t o m  is considered, the notion of a displacement 
energy E, does not enter the calculation a t  all. Hence u(E) 
increases continuously from E = 0, and the lower limit on 
the integral in Eq. 17.80 is kept as it  is written. 
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Figure 17.11 shows the damage efficiency function t: for 
various elements (Le., for different values of Z). The dashed 
line represents the locus of the step-function ionization 
cutoff energies (E,) employed in the Kinchin-Pease the- 
ory. 

1 0 1  I I I I I 

10’ 1 o2 1 o3 1 o4 105 

P K A  ENERGY ( E l ,  PV 

Fig. 17.11 Fraction of PKA energy deposited in the solid 
in the form of atomic collisions with lattice atoms (also 
used as the damage efficiency of the  PKA). Solid lines are 
based o n  Lindhard’s energy partitioning theory.’ The 
dashed line gives the ionization cutoff for use in the 
Kinchin-Pease model. (E, is read from the abscissa below 
the point at  which the dashed line intersects the solid line 
for the particular elements.) (After Ref. 8.) 

17.8 FOCUSING AND CHANNELING 

The simple cascade analysis, even when modified to 
account for a realistic energy-transfer cross section or for 
electron excitation losses during slowing down, implicitly 
assumes that the solid consists of a random array of atoms. 
However, when the cascade is considered to  occur in the 
ordered structure of a crystalline solid, two important 
phenomena appear: Focusing refers to the transfer of 
energy and atoms by nearly head-on collisions along a row 
of atoms and channeling is the complementary process 
whereby atoms move long distances in the solid along open 
directions in the crystal structure. In  this case the moving 
atom is kept in its channel by glancing collisions with the 
atomic rows that serve as walls. Focusing and channeling 
affect both the number and configuration of displaced 
atoms in a cascade. First, atoms moving along the crystallo- 
graphic direction favorable t o  either focusing or channeling 
lose energy only by glancing collisions with the atoms 
ringing the axis of motion. The energy transfer in these 
collisions is well below E,, with the result that more energy 
is dissipated in subthreshold collisions than is predicted by 
the cascade theory reviewed in the preceding section [ i.e., 
the number‘v(E) is smaller when the crystal effects are 
considered than when the PKA enters a random array of 
atoms].  Second, the focused or channeled atoms are able t o  
move much larger distances before coming to rest than 
ordinary knock-ons. In fact, the former may constitute the 
lion’s share of the displaced atoms that escape recombina- 
tion with the vacancies which are also produced in the 
cascade. As such, displaced atoms that have been created by 
focusing or channeling mechanisms contribute dispropor- 

tionately to  the radiation-produced interstitials that control 
radiation effects, such as diffusion-enhanced creep and void 
growth. 

17.8.1 Focusing 
The phenomenon of focusing can be seen in the 

calculations of the displacement threshold energies dis- 
cussed in Sec. 17.6. When such calculations are made for 
various initial knock-on directions in the lattice (Fig. 17.7), 
we find that E, is particularly small for certain low index 
directions in the crystal, For the fcc structure, for example, 
Fig. 17.7 shows that the (100) and (110) directions permit 
displacement t o  take place a t  the lowest energy transfer of 
any other lattice direction. This result a t  first seems 
somewhat unexpected, since in these directions the knock- 
on encounters a densely packed row of atoms rather than 
an open space with an interstitial site following it. The open 
configuration would be expected to permit displacement 
most easily. When directed along the (100) or (110) atomic 
rows in the fcc structure, the mechanism of knock-on 
penetration in the solid is very different from the way in 
which knock-ons initially headed in a more or less random 
direction achieve displacement. Along the closely packed 
directions, the knock-on hits a line of atoms head-on, and 
displacement can occur by the knock-on striking and 
replacing the nearest lattice atom along the row. The latter 
then collides with the next atom in a similar manner and 
replaces it. In this manner the well-known billiard-ball 
phenomenon in which a direct hit on the lead ball transfers 
the impact t o  the last ball in the line takes place. The last 
ball goes off with essentially the same energy with which 
the lead ball was hit. Such a linear collision chain can occur 
easily along the (100) and (110) directions in the fcc lattice 
(Fig. 17.6). 

If a precise head-on collision were required t o  produce a 
linear collision chain, the phenomenon would be of no  
significance since the probability of its occurrence would be 
very small. The direction of a primary knock-on is random; 
so focusing must be possible for a sizable range of polar 
angles off the exact close-packed direction. Under certain 
circumstances the angle between the knock-on and the axis 
of the row of atoms is reduced in each successive collision. 
This property of the linear collision is responsible for the 
name “focused collision sequence.” 

easily if each atom is ;&ated as a 

a t  the instant that the 

sines to  the tiiangle (A,,, A:,, A,,+, ) gives ,,’ 
,,*‘ 

s i n ( n - - * 1 - - 0 , 1 + , ) = ~  
sin 0, 2r,, 
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'\Fig. 17.12 The focused-collision sequence. ,/' 

\ J '.. 
\ 

which, for small angles, reduces to \\ 

This relation is a first-order homogeneous finite-diffsrence 
equation, the solution of which can be found by inspection 
t o  be '.. 

(17.94) "' 

where 0, is the angle that the primary knock-on makes 
with the crystallographic direction of the atomic row. 

than unity, and 0, is larger than 0, ;  thus the recoil angle! 
becomes larger with each collision, and defocusing occur$ 
However, if D < 4r, (which is the situation depicted4in 
Fig. 17.12), 0, decreases with increasing n, and,ithe 
collisions become more head-on in character. In this'cxe 
the collision sequence is said to be focused. The cri'terion 
for focusing to just occur is D = 4r0. 

The focusing condition derived above is strictly geomet- 
ric in origin since it relates the separation distance D to  the 
radius r, of the hard spheres comprising the li/ne of atoms. 
However, some degree of realism can be inj&ted into the 
analysis by considering the radius ro tojhepend on the 
energy of the collision according to the"equiva1ent hard- 
sphere model (Sec. 17.4) .  For the Born-Mayer potential 
function, which is appropriate to the5ow energies where 
focusing is important, ro depends on energy according to 
Eq. 17.41. We may determine thi! energy E, a t  which 
focusing is just possible by eLiminating r,(E) between 
Eq. 17.41 and the geometfic focusing requirement, 

/? (17.95) 

D = 4r,(E), which leads to 

E < Ef = 2A exp (-D/2p) 

If  the energy of the ini,[ial collision is greater than Ef,  
focusing is impossible. 1 

In the fcc s t ruc tye ,  D is 2 %  a,, a,, and a,/2% for the 
( I l l ) ,  ( loo),  and (JAO) directions, respectively (a, is the 
lattice parameter)./Thus focusing should occur most easily 
(Le., Ef is the larg6st) along the close-packed (110) direction 
in metals with ,this crystal form. The focusing energy, E f ,  
also depends on the parameters A and p of the Born-Mayer 
potential. When these parameters are estimated for a variety 
of  metals, E, for any direction increases rapidly with the 

If D > 4r,, the coefficient of 0 ,  in Eq. 17.94 is larger ,)I 

k 
f 

d 

i 

J 

/ 

OF 

z 
mass of the elemenft. For example, Ef(l lO) is about 80 eV 
in copper (using Eq. 17.95 and the Born-Mayer function 
shown in Fig. f7.5).  For gold, it is about 600 eV. In both 
cases, howev,er, the maximum energy at  which focusing can 
occur (E,) i'i small compared to typical PKA energies; thus 
focusing is important only in low-energy cascades or a t  the 
very end of a high-energy cascade. 

Eydation 17.94 states only the condition for which the 
recqjl angle of the struck atom, O n ,  is reduced by successive 

'\collisions. It does not set any limit on the magnitude of the 
ZB . in$lal angle 0 ,  at which focusing is possible. The maximum 
/ ,/angleat which focusing just occurs, o f , ,  for a PKA of energy 

./ E < E~~.,can be determined by examining the situation in 
which th,e dashed circles in Fig. 17.12 are tangent to the 
solid circks. In this case all angles along the chain are equal 
t o  the initial angle O O .  The triangle (A,,,Ak,Al,+l) is 
isosceles, and\t)e critical angle for focusing is determined 

/ 

1 

!. 
i 

by '\ 

- -  - \  
2p In (2A/E) '. 

- In (2h/,Ef) 
In (2Aik.). 

(17.96) 

\ 
where r,(E) has been expressed by Eq. 1q.41 and Eq. 17.95 
has been used to obtain the last form of the critical-angle 

The condition for focusing can be exprdssed by either 
of two quantities: (1) Eq. 17.95 gives the ehe{gy Ef  for 
which focusing occurs for a head-on PKA collision, ( O 0  = 0) 
and (2) Eq. 17.96 gives the maximum angular deviation 
from a head-on collision, O;, a t  which a PKA of energy E 
can initiate a focused collision sequence. In  this case E must 
be less than .Ef. 

Equation 17.96 can be used to obtain an important 
parameter that governs the reduction in the number of 
displaced atoms produced in a cascade owing to  focused 
collisions. If any member of the cacade  is produced in a 
collision that sends the struck atom within an angle Of, to 
an atomic row, a focused collision sequence results, and the 
energy of the recoil is dissipated without making additional 

1 
formula. \ 
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displacements. In an ordinary displacement collision, the 
struck atom moves off its lattice site in a random direction. 
The pr,obability that the initial direction of the struck atom 
is withh.,,a cone of apex angle 0 ,  about an atomic r,6w is, 
for small angles, given in spherical geometry by (O,<j2 /2 .  If 
we use theyyritical angle Of, given by Eq. 17'96, the 
probability thaba  struck atom of energy E starts a focused 1. 

i. / 
collision sequence i$ i 

Since Ef /2A % 1 but E/df is 
becomes very small), $e second 
can be neglected, an,d'we obtain ., \ 

, 
17.8.2 D y n a m i c  C r o w d i o n s  ', 

\ 

Successive head-on collisions along a line of hard-sphere 
atoms transport the initial kinetic energy of the initiating 
atom down the row. In addition, the entire row of atoms 
can be displaced by one lattice site in the direction of the 
travelling energy pulse provided the following condition is 
met: With reference to Fig. 17.12, if the A i  is beyond the 
midpoint of the initial separation between A, and A,+, , 
then A, will fall into the site vacated by the recoiling 
A,+1. This replacement event is repeated along the line of 
atoms, with the net result that a vacant site appears a t  the 
starting location of the collision sequence and an interstitial 
is lodged in the solid somewhere far down the line of atoms 
where, by some other mechanism, the chain of head-on 
collisions is terminated. This long-range transport of a single 
atom is known as a focused replacement or a dynamic 
crowd ion. * 

I f  we adhere to the hard-sphere model that was used 
previously to calculate the energy focusing criteria Ef or 
P,(E), we would find that the focused replacement is 
impossible; focusing (with or without replacement) occurs 
only when D < 4r0; yet in a head-on collision with this 
restriction, the center of the first atom at the point of 
impact ( A i  in Fig. 17.12) is always closer to A, than to  
A,+l. Consequently, if we are to describe the focused 
replacement process, the hard-sphere assumption must be 
modified earlier in the analysis than it was in the argument 
leading t o  prediction of the focusing criterion. In the latter 
case the possibility of focusing was decided by purely 
geometric arguments based on the relative magnitudes of D 
and ro,  and the real interatomic potential was introduced 

*The term crowdion refers to an extra atom squeezed 
into a line of atoms. I t  is a type of interstitial similar to the 
split interstitials shown in Fig. 6.4. The dynamic crowdion 
is a crowdion in motion. 

only a t  the end by allowing ro to depend on E according to 
the equivalent hard-sphere model. In the present case, 
however, we must permit the interaction to begin before 
the distance of closest approach is reached and the relative 
velocity of the colliding particles vanishes. In this way atom 
A,+, is induced to move as soon as atom A, starts to 
move, and, consequently, A,,+I is to the right of its initial 
position when the turnaround occurs. 

It is sufficient to analyze the focused replacement 
process in terms of the head-on collision shown in 
Fig. 17.13(a). As the collision proceeds, the distance x 
between A, and A,+1 decreases continuously as shown in 
Fig. 17.13(b). At any point during the collision, the relative 
speed of the two atoms, g, is related to the interaction 
energy V(x) according to Eqs. 17.15 and 17.16: 

where the reduced mass I-( is equal to M / 2  since the colliding 
atoms are identical and the initial relative speed, go, is equal 
to the initial speed of atom A,, v ,  ,. Equation 17.98 also 
assumes that the interaction energy a t  the initial separation, 
V(D), is small compared with the initial relative kinetic 
energy, I-(g:/2. The time rate of change of the separation is 
equal to the relative speed 

dx  
dt -g -= (17.99) 

Since the curve shown in Fig. 17.13(b) is symmetric about 
the midpoint, the collision time t, is twice the time needed 
to reach the distance of closest approach, or 

where x, is the distance of closest approach in the head-on 
collision. Note that V(D) is not set equal t o  zero in the 
above integral. If we evaluate dV/dx from the Born-Mayer 
potential function of Eq. 17.32 and solve Eq. 17.98 for g as 
a function of V (using the conditions 1-1 = M/2 and 
pg2,/2 = E/2, where E is the kinetic energy received by atom 
A, in its previous collision), t, becomes 

where the definition of the equivalent hard-sphere radius 
given by Eq. 17.17 has been used for the upper integration 
limit. For V(D)/E e 1, the above formula can be simplified 
t o  yield 

('F) In ["I (17.100) t , = p  __ 
V(D) 

The speed of the center of mass of the two-particle system 
is v1 , / 2  = (E/2M)s. The distance moved by the center of 
mass during the collision time t, is t, (E/2M)%. If this 
distance is larger than one-half the initial separation, D/2, 
then atom A, will end up to the right of the halfway point 
between the atoms before collision. When this situation 
occurs, atom A, enters the lattice site vacated by atom 
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A,+I instead of returning to  its own lattice position. 
Replacement has occurred. According to  the above argu- 
ments, focused replacement is possible when the energy 
being transported in the collision chain satisfies 

Regardless of whether or not replacement, occurs, no 
focusing is possible i f  the energy is larger than E,. Thus, 
dynamic crowdions can be created by a knock-on with 
energy between E f / 4  and E, but not with energies outside 
this range. In metals of interest in reactor technology 
(primarily iron), the focusing energy E, in the close-packed 
direction is -100 eV. Therefore, the replacement energy 
E, = E f / 4  is probably somewhat smaller than the displace- 
ment energy E,, and the formation of a dynamic crowdion 
has a slightly lower threshold than the production of a 
random displaced atom. This conclusion is consistent with 
the displacement thresholds shown in Fig. 17.7, which 
indicate that the (100) direction, for which D = a,, has a 
smaller replacement threshold than does the (110) direc- 
tion, where D = a,/2$. On the basis of Eq. 17.101, one 
would expect that the replacement threshold in the (111) 
direction should be even smaller since here D = 2’h a,. In 
this case, however, displacement is governed by the energy 
required to  force the struck atom through the triangle of 
atoms along the (111) direction and not by the energy 
needed to  generate a dynamic crowdion. Hence, Eq. 17.101 
does not apply to  the (111) direction in the fcc structure. 

Thus far the analysis of the dynamic crowdion has been 
restricted to  the behavior of the atomic row along which 
both energy and atoms are transported. In this idealized 
model the collision sequence continues indefinitely since 

X 

t 
X l l l  DM --- 

Fig. 17.13 Head-on collisions in a focused chain when the 
interaction potential acts continuously during the collision. 
(a) Atom positions during the collision initiated by the 
atom o n  the left. (b) Separation of atoms A, and A,+I 
during the collision. 

there is no  mechanism for removing energy from the chain. 
Two effects appear when the interaction of the neighboring 
rows of atoms with the row along which a focused collision 
is occurring is taken into account. 

First, the neighboring atoms, by their repulsion of a 
moving atom that approaches more closely than the 
equilibrium separation, act as a lens and aid in the focusing 
process (i.e., they tend to  reduce the angle 8, on successive 
collisions to a gfeater extent than predicted by simple 
hard-sphere mechanics along the  chain). The net result of 
this process, which is called assisted focusing, is to  increase 
the critical energy E, a t  which a focused collision sequence 
is possible. Focusing is rendered more probable by the 
presence of the surrounding atomic rows (see Ref. 1 for a 
detailed discussion of assisted focusing). 

Second, in addition to aiding the focusing process, the 
rings of atoms surrounding a focusing axis in the crystal 
provide the only means by which the energy of the collision 
sequence is dissipated. The energy loss results from glancing 
collisions between the atoms moving in the linear collision 
sequence and the atoms ringing this chain. This energy 
transfer occurs as a result of the decrease in the separation 
distance between an atom in the focused collision chain and 
its transverse nearest neighbors as the former moves off of 
its equilibrium position along the focusing axis. The 
increment of potential energy which results from the 
smaller separation between the moving atom in the chain 
and the neighboring atoms ringing the chain is lost t o  the 
energy pulse moving along the line (see problem 17.5 at  the 
end of this chapter). This effect is augmented by vibration 
of the surrounding atoms transverse to the focusing 
direction, which increases with the temperature of the 
solid. 

Figure 17.14 shows the number of collisions in a 
focused chain of initial energy E in room-temperature 
copper. The transport of energy along the focusing axis 
ends when interaction with the neighboring atoms has 
removed the entire initial energy of the knock-on that 
started the sequence. Focused replacement ceases when the 
energy left in the chain is reduced to Ef /4 .  Thus the length 
of the dynamic crowdion for initial knock-on energy E is 
the difference between the ordinate value corresponding to 

a 
w 
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Fig. 17.14 Length and probability of the collision chain in 
a (110) collision sequence in copper at  room temperature. 
(After Ref. 1.) 
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E/Ef and the  ordinate value for E/Ef  = ‘b.  The length of the 
chain or of the dynamic crowdion decreases as the 
temperature increases due to the greater interference of 
displaced neighboring atoms with the collision sequence as 
the thermal vibration amplitude increases. The probability 
of forming a correlated collision sequence according to 
Eq. 17.97 is also shown in Fig. 17.14. 

The presence of atoms of unequal mass in the atomic 
row also Serves to dissipate energy from the collision chain. 
Consider a light atom sandwiched between two heavy 
atoms along the focusing axis. When struck, the light atom 
not only collides with the downstream heavy atom but may 
also rebound rapidly enough to  re-collide with the upstream 
heavy atom from which it received the original impact. 
Such multiple collision events destroy the unidirectional 
nature of the energy pulse and result in substantial energy 
loss. This dissipation mechanism may be important in 
stainless steel, which contains substantial quantities of 
low-mass additives such as carbon and boron in addition to  
the transition metals iron, nickel, and chromium, which 
have not too  different masses. A similar effect would be 
expected if a focusing axis intersected a lattice defect, such 
as a vacancy. 

Extended lattice defects, such as a dislocation or a 
stacking fault (i.e., an interruption of the stacking sequence 
of the planes of a crystal), represent such large distortions 
of the crystal symmetry that they probably terminate the 
dynamic crowdion, which then becomes lodged in the solid 
as an  interstitial atom. For a heavily deformed matrix with 
a dislocation density of 10 l2  cm”, for example, the 
average distance between dislocation lines is about 100 8,  
or 40 atom separation distances in the (110) direction of 
the fcc lattice. This chain length is three times longer than 
the average number of collisions along the focusing axis 
when interaction with the atoms surrounding the focusing 
axis is responsible for energy dissipation (Fig. 17.14). 
Limitation of the length of a dynamic crowdion is most 
probably controlled by this intrinsic dissipation mechanism 

rather than by interaction with dislocations, especially a t  
high temperature. 

17.8.3 Channeling 
Channeling refers t o  the long-distance displacement of 

an energetic knock-on down an open direction in the 
lattice. The walls of the passageway or  channel consist of 
atomic rows. Figure 17.15 shows the (110) channel in the 
fcc structure, which is bounded by four close-packed (110) 
atomic rows. Atoms moving by the focusing or channeling 
mechanisms both prefer t o  do  so in close-packed directions 
in the lattice. However, dynamic crowdions move in the 
close-packed rows, whereas channeled atoms move in 
between the close-packed rows. 

The moving atom is kept in a channel by glancing 
collisions with the bordering atoms. If the atomic rows 
surrounding the channel are close packed, the discrete 
repulsive force between atoms, which is responsible for the 
channeling action, is smeared out,  and the atom appears t o  
be travelling in a long cylindrical tube. The equivalent 
radius of the channel, R c h ,  can be determined by equating 
i-rR;,, with the actual area of the open region between the 
surrounding atomic rows. The cross-sectional area of the 
(110) channel shown in Fig. 17.15, for example, is a:/Sg; so 
Rcl,  = 0.34a0 r 0.85 8.  

I f  the amplitude of the lateral oscillations of the moving 
atom in the channel is small compared to R c h ,  the 
effective potential well provided by the channel wall is 
approximately parabolic in the direction transverse to  the 
channel axis. The interaction of the moving atom with the 
channel walls can be described by a harmonic channel 
potential of the form 

vch (r) = Kr2 (17.102) 

where r is the lateral distance from the axis. The force 
constant, K ,  depends on the potential function describing 
atom-atom repulsion and the channel dimensions Rch. An 

T 

Fig. 17.15 The (110) channel in the fcc lattice. 
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approximate derivation of the force constant is given in 
Ref. 1. For the Born-Mayer function, for example, it is 

\, 

where D is the atomic spacing of the atoms in the rows 
forming the channel walls. 

Analysis of the trajectory of the channeled atoms with 
the aid of the parabolic channel potential of Eq. 17.102 is 
straightforward. The moving atom enters into the channel 
with a velocity component along the axis (the z-direction) 
given by 

V, 0 = (2E/M)' COS 0 0 (17.104) 

where 0" is the off-axis angle at  which the knock-on of 
energy E is injected into the channel. The axial velocity is 
gradually reduced by electron stopping. 

The moving atom undergoes simple harmonic motion in 
the r-direction with a period 7 given by 

M K  
7 = 2n (%) (17.105) 

The initial wavelength of the oscillation is equal to v z o r  for 
00 = 0, or to 

X =  2 4 ; y  ( I  7.106) 

The amplitude of the lateral oscillation is determined by 
the injection angle, O o ,  and the kinetic energy of the 
injected atom, E. The r-component of the atom velocity as 
it enters the channel is (2E/M)y2 sin O o  E (2E/M)'h O O .  Or, 
the radial component of the entrance kinetic energy is EO:, 
which is equal to the potential energy a t  the transverse 
amplitude, KrLd1,. Solving for r m a x  yields 

(17.107) 

and the trajectory of the channeled atom is 

r = O o  (:)"sin [(+)'2 z] (17.108) 

A typical trajectory is shown in Fig. 17.16. 
Just as in the case of focusing, there is a critical angle 

beyond which channeling cannot occur. In the harmonic 
approximation, Oyax is obtained by requiring that the 
transverse amplitude rmax  be less than Rch,  which leads to 

0 ax = (+) H 
(17.109) 

Equation 17.109 is the analog of the critical-angle formula 
derived for focusing (Eq. 17.96). However, the former 
cannot be used to determine a channeling probability, Pch,  
in the way that the focusing probability, Pf ,  given by 
Eq. 17.97 was obtained from Eq. 17.96. The reason is that 
for channeling to  begin an energetic knock-on must be 
driven into the open space offered by the channel. For the 
very reason that a channel is open, there are no normal 
lattice atoms near the channel axis t o  act as the channeled 
atom. Instead, channeling probably starts with an impact 
on one of the atoms in the row forming the channel walls. 

If this atom leaves its lattice position at  a small angle with 
respect t o  the axis, it may begin to  channel. Equa- 
tion 17.109 was derived for an atom entering the channel a t  
r = 0 and cannot be applied to a knock-on entering a t  
r = Re,. Although no analytical expression for the channel- 
ing probability is available, computer simulations of radia- 
tion damage indicate that P,, is between 1 and 10%. I t  is 
usually assumed to be independent of knock-on energy. 

,--CHANNEL 
WALL 

i 
CHANNEL 

"ci, POTENTIA1 
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Fig. 17.16 Typical trajectory of channeled atom. 

Contrary to the phenomenon of focusing, there is no  
upper limit to the knock-on energy at  which channeling is 
possible; the maximum allowable injection angle simply 
becomes smaller as the energy increases. However, there is a 
minimum energy below which the oscillatory motion is 
terminated by a violent collision with the channel wall. 
Equation 17.106 shows that the wavelength decreases as 
the energy of the channeled atom decreases. When X is of 
the order of a few atom spacings along the bounding rows, 
a large-angle collision becomes probable. The minimum 
channeling energy, E,,, can be estimated by setting X in 
Eq. 17.106 equal to 2D, which yields 

E,, = 0 . 1 ~ D ~  (17.110) 

For copper, E,, = 300 eV. The energy E,, increases 
directly as K .  When available Born-Mayer parameters are 
used in Eq. 17.103, K ,  and hence E,,, are found to  be 
larger for heavy elements than for light ones. Thus, 
channeling is a high-energy phenomenon of most signifi- 
cance in low-atomic-weight metals. Conversely, focusing is 
possible only at  low energies and is more important in 
heavy elements than in light ones. 
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17.8.4 Effect of Focusing and Channeling on 
the Number of Displaced Atoms 

If in the course of formation of a cascade a recoil 
becomes channeled or develops into a dynamic crowdion, 
the kinetic energy of the recoil is lost t o  the cascade; i.e., its 
energy is transformed to heat through electronic stopping 
or subthreshold atomic collisions. The probability of the 
occurrence of a crystal effect is a function of recoil energy. 
The notation P(E) is used for either of the probabilities P, 
or Pch. However, the effect of focused collision sequences 
on the displacement cascade is quite small owing to  the 
upper energy limit Ef of -100 eV in the focusing process. 

The basic integral equation governing cascade formation 
can be modified to account for crystal effects by amending 
Eq. 17.65 to 

The first term on the right represents the lone displaced 
atom (i.e., the PKA itself) which results if  the PKA is 
channeled or focused on its first collision. The second term, 
which is weighted with the probability 1 - P(E), gives the 
number of displacements created by a PKA that makes an 
ordinary displacing first collision. This equation can be 
solved by the method used in the previous section if the 
probability P is assumed to be independent of energy. 
Taking the derivative of Eq. 17.111 with respect t o  E then 
yields 

E = (1 - 2P)v + P 
dE 

which can be integrated to give 

CE(1-2') - p v = ______ 
1 - 2P 

The integration constant C can be found by substituting 
this solution into Eq. 17.111: 

The complete solution is therefore 

Equation 17.112 was first obtained by Oen and 
Robinson.' Equation 17.112 reduces to the Kinchin- 
Pease result (Eq. 17.68) when P = 0. The crystal effect 
(principally channeling) is most important for large PKA 
energies, which simply reflects the greater number of recoils 
susceptible to  loss from the cascade by this means. For 
P = 7%, for example, a 10-keV PKA in iron produces 100 
displaced atoms according to  Eq. 17.112. When channeling 
is neglected, twice this number is generated. 

17.9 DISPLACEMENTS AND DAMAGE IN 
A FAST-NEUTRON FLUX 

Up until this point we have been concerned with the 
methods of calculating u(E), the number of displaced atoms 

produced by a single PKA that receives energy E from a 
collision with the bombarding particle. In this section the 
supply of energy to  the atoms of a metal from fast neutrons 
is coupled with cascade theory to  permit calculation of the 
rate at  which vacancies and interstitials are produced in a 
specified neutron flux spectrum. N o  account is taken of the 
reduction in the number of displacements due to  recombi- 
nation within the volume of the cascade. 

Let u, (E, ,E) dE be the differential energy-transfer 
cross section for the production of PKAs with energies in 
(E,dE) due to neutrons of energy E,,. Each PKA goes on to 
produce u(E) displaced atoms. If the differential neutron 
flux i s@(En) ,  the rate at which atoms are displaced is 

(17.113) 
displaced atoms 

cm3 jsec 
- 

X u,> (E,, $1 v(E) dE 

The energy-transfer parameter, A,  is given by Eq. 17.8, 
which, for the case of neutrons, can be written 

4A 
(1 + A)' 

A=- (17.1 14) 

where A is the mass number of the lattice atom in atomic 
mass units. The upper limit on  the  inner integral of 
Eq. 17.113 is the maximum-energy PKA that can be 
produced by a neutron of energy E,,, and the lower limit on 
the outer integral is the minimum neutron energy that 
produces a PKA of energy E,. Neutrons of energies less 
than E,/A (which is about 200 eV for the major constitu- 
ents of stainless steel) create n o  displacements by elastic 
collisions with the nuclei of lattice atoms. 

Therefore, thermal neutrons (mean energy -0.1 eV) are 
incapable of causing damage t o  structural or cladding 
metals by direct collision energy transfer. However, thermal 
neutrons can cau.se displacements by becoming absorbed in 
a nucleus and producing a radioactive species that decays 
by etnission of a high-energy gamma ray. The decay- 
product atom recoils from this event with sufficient energy 
to displace itself and perhaps a few other lattice atoms. We 
do  not treat this process here, inasmuch as the scattering 
collisions between lattice atoms and energetic neutrons are 
far more important in fast reactors than is the damage 
caused by capture reactions involving slow neutrons. 
Problem 17.7 at  the end of the chapter deals with the recoil 
energy of lattice atoms that become radioactive by virtue of 
neutron capture. 

17.9.1 Displacement Cross Section 

displacement cross section: 
Equation 17.113 can be written in terms of the 

where ud is c %(En) = JEAEn d u,(En,E) u(E) dE (17.116) 

The displacement cross section can be computed if the 
nuclear scattering cross section for neutrons with the 
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element comprising the lattice is known. As mentioned 
above, v(E) must be known as well. Graphs giving ud as a 
function of neutron energy can then be constructed for 
each nuclide (isotopes included) contained in an alloy such 
as steel or zircaloy. This graphical information can then be 
combined with the neutron-flux spectrum characteristic of 
the particular location in the reactor in which irradiation 
occurs in the same manner prescribed by Eq. 17.115. In 
this way the results of experiments conducted in one flux 
spectrum can be used to estimate material behavior in a 
reactor with a different neutron-flux spectrum. 

The scattering of fast neutrons by the nucleus of a 
lattice atom can be elastic or inelastic. In  elastic scattering 
the nucleus of the struck atom is not excited to  a higher 
energy state as a result of the collision; kinetic energy is 
conserved in the scattering event. In inelastic scattering the 
nucleus recoils from the collision in an excited state. The 
excitation energy, Q, is provided at  the expense of the 
kinetic energies of the scattered neutron and the recoiling 
nucleus; total energy rather than kinetic energy is conserved 
in the collision. Inelastic scattering becomes important 
when the neutron energy becomes just a bit larger than the 
excitation energy, Q. When E, < Q, inelastic scattering is 
energetically impossible. The lowest excited state of the 
nucleus generally has an energy of -1 MeV above the 
ground-state energy. 

In  inelastic scattering, one neutron is ejected from the 
nucleus for each neutron absorbed. At higher neutron 
energies the nucleus may be left in such a highly excited 
state as a result of momentarily absorbing the bombarding 
neutron that two neutrons are emitted in the decay of the 
compound nucleus. This interaction is the (n,2n) reaction. 
Because the flux of fast reactors is low a t  the threshold 
energies of the (n,2n) reaction, the contribution of this 
reaction t o  damage is smaller than elastic or inelastic 
neutron scattering. 

Neutron scattering can also be characterized as isotropic 
or anisotropic. In inelastic scattering the incident neutron 
is first absorbed by the nucleus, and the scattered neutron 
is in reality emitted a very short time later from the 
compound nucleus. Because absorption precedes reemission 
of the neutron, the angular distribution of the inelastically 
scattered neutrons is to a very good approximation iso- 
tropic in the center-of-mass system. 

Below about 0.1 MeV, elastic neutron scattering is also 
isotropic in the center-of-mass system. At  higher energies, 
however, the elastically scattered neutrons have a distinct 
forward bias. This phenomenon is known as p-wave 
scattering. 

To explicitly account for elastic and inelastic neutron 
scattering, we can write Eq. 17.116 as 

J -._ 

7A,bIn(E, ,E)  v(E) dE (17.117) 

where u e l  (E,,E) and u,,(E,,E) are the differential 
energy-transfer cross sections for elastic and inelastic 
neutron scattering, respectively, and Emin and E,,, are 
the limiting recoil energies in the inelastic-scattering 
process. Equation 17.117 can also be written in terms of 

I) i( 

the differential angular cross sections for the scattering 
reactions by use of the first equality in Eq. 17.22: 

The angular dependence of the elastic-scattering cross 
section can be written in a series of Legendre polynomials: 

1=0 

where ue l  (E,) is the total elastic-scattering cross section 
for a neutron energy E,, PI is the Ith Legendre polynomial, 
and values of al are the energy-dependent coefficients of 
the cross-section expansion. At the neutron energies en- 
countered in fast reactors, it is sufficient to retain only the 
1 = 0 and 1 = 1 terms in the series expansion of Eq. 17.119. 
Since Po = 1 and P I  = cos 0 ,  we can write 

'e 1 (E,,O) = ~ u e ' ( E n )  [ l  + a ,  (E,) cos U ]  (17.120) 4n 

where a. has been set equal to unity for normalization and 
a l  (E,) represents the degree of anisotropy of the elastic- 
scattering reaction. If a l  = 0, the differential cross section 
for isotropic elastic scattering is recovered. 

When scattering is elastic, the angle-energy transforma- 
tion derivative is given by Eq. 17.9 with T and E replaced 
by E and E,, respectively: 

d( cos 0 ) 2 (17.121) 

Equation 17.121 is valid for both isotropic and anisotropic 
elastic scattering. 

Since inelastic scattering is isotropic in the center-of- 
mass system, uin(E,,O) simplifies to 

(17.122) 

where uin (E,) is the total inelastic-scattering cross section. 
The inelastic-scattering process can excite the struck 

nucleus to a number of discrete levels having energies Qi 
above the ground state or to a continuum of levels at  high 
energies. For simplicity, we treat here the case in which 
only a single discrete state with excitation energy Q is 
produced. 

Because the recoiling nucleus has absorbed energy in 
the collision, the elastic-scattering formula relating energy 
transferred to scattering angle, Eq. 17.9, is no  longer valid. 
Instead, the collision kinematics must be based on conserva- 
tion of total (rather than kinetic) energy, which results in 
addition of a term Q to the right-hand side of Eq. 17.4. The 
analog of Eq. 17.9 for an inelastic collision wherein the 
struck nucleus retains an energy Q is 
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l + A  Q 
2 [ 2A E, E = - A E ,  1--- 

- (l---) I + A  Q H c o s 8  ] (17.123) 
A En 

which reduces to Eq. 17.9 if Q = 0. The maximum and 
minimum recoil energies are obtained by setting cos 8 equal 
t o  -1 and 1, respectively: 

1 + A  Q 
2 [ 2A E, Emax = -/\E, 1 - __ - 

+ (1 ---)"I l + A  Q (17.124 
A E, 

- (1 - 9 $)'I (17.125) 

The threshold energy for production of the excited state is 
given by the requirement that the term under the square- 
root sign be greater than zero, or 

Q ( 17.126) l + A  
A (Enlrnin = ~ 

where ui,(E,) is zero for E,, < ( E n ) m i n .  

transfer is 
The transformation from scattering angle to  energy 

- %  
1 - "1 (17.127) 

d( cos 8 ) 2 l ~ l i n = ~ [  A E, 

Substituting Eqs. 17.120, 17.121, 17.122, and 17.127 into 
17.118 yields 

(1 7.128) 

If more than one excited state contributes to  the inelastic 
scattering process, the last term in Eq. 17.128 is replaced 
by a sum over the excited states, each with its particular 

To proceed further, we must specify v(E). A simple 
result can be obtained by using the Kinchin-Pease expres- 
sion for v(E). Substituting Eq. 17.68 into Eq. 17.128 and 
neglecting E, compared to AE, in the first integral results 
in 

(sin, Q,Ernax,andErnin.  

We have assumed for illustrative purposes that the maxi- 
mum PKA energy AE, is less than the ionization limit given 
by Eq. 17.43. 

Except for resonances, the elastic-scattering cross sec- 
tion, ue l  (E,), is more or less constant with neutron energy. 
The inelastic-scattering cross section, . however, sharply 
increases with energy above the threshold (En)rnin. The 
anisotropy factor a ,  (E,) tends to decrease the displace- 
ment cross section because forward scattering transfers less 
energy, on the average, than does isotropic scattering. If 
both inelastic scattering and anisotropic elastic scattering 
are neglected and the elastic-scattering cross section is 
assumed to be energy independent, Eq. 17.129 reduces to  

c 

(17.1 30) 

In this simplest of cases, the displacement cross section 
increases linearly with neutron energy. 

Inasmuch as AE,/2 is the average energy transferred to  
the lattice atom by a neutron of energy E,, the coefficient 
AEn/4E, is the average number of displacements produced 
by a neutron of energy E,l. For 0.5-MeV neutrons in iron 
(A = 56),  the displacement cross section is -350 times 
larger than the nuclear scattering cross section. The total 
displacement rate for this case can be obtained by inserting 
Eq. 17.130 into Eq. 17.115: 

Rd E,, @(E,) dE, 
4Ed Ed/A 

= Nu,, (%)@ (17.131) 

where E, is the average neutron energy and (P is the total 
neutron flux (with energies above Ed/i\). For the condi- 
tions 

N = 0.85 x loz3 atoms/cm3 

u C I  = 3 barns 

(1) = IO' ' neutrons cm- sec-' 
- 

= 350 displaced atoms/neutron collision 
4Ed 

we find that R,, is 9 x 1 0 '  sec? . 
Or, dividing by N ,  the displacement rate per atom (dpa/sec) 
is - 10% ; each atom in the metal is displaced from a normal 
lattice site once every 1 2  days. 

Although Eq. 17.130 is useful for illustrating the order 
of magnitude of the displacement cross section, it is not 
sufficiently accurate for predicting mechanical-property 
behavior under irradiation. Doran' and Piercy'" have 
calculated displacement cross sections for stainless steel and 
zirconium, respectively, using the Lindhard model for u(E) 
(Eqs. 17.90 to  17.93) and available data on the energy 
dependence of the elastic- and inelastic-scattering cross 
sections and the anisotropy parameter a l  (E,). Figure 17.17 
shows the displacement cross section for stainless steel. The 
jagged appearance of the curves is due to resonances in the 
elastic scattering cross section. 

Figure 17.18 shows the differential neutron-flux spectra 
in two fast reactors and one thermal reactor. The average 
neutron energy in the all-metal Experimental Breeder 
Reactor 11 (EBR-11) core is 0.85 MeV. In the mixed-oxide 
Fast Test Reactor (FTR) core, the average neutron energy 

displaced atoms 
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Fig. 17.17 Displacement cross section for stainless steel. 
(After Ref. 19.) 

10 10 10 1 0 '  1 I O  
NEUTRON ENERGY M e V  

Fig. 17.18 Comparison of neutron-flux spectra for three 
reactors (FTR, Fast Test Reactor; EBR-11, Experimental 
Breeder Reactor 11; ETR, Engineering Test Reactor). The 
FTR and EBR-I1 are fast reactors; the ETR is a thermal 
reactor. The fission-neutron-energy spectrum is shown for 
comparison. (After W.  N. McElroy and R. E. Dahl, Jr., 
ASTM Special Technical Publication No. 484, p. 375, 
American Society for Testing and Materials, 1970.) 

is 0.45 MeV. The fission neutron spectrum (average 
energy = 1 MeV) is shown for comparison. To compute the 
displacement rate in stainless steel, we multiply the curve of 
Fig. 17.17 by one of the spectra in Fig. 17.18 and integrate 
the product according to  Eq. 17.115. 

17.9.2 Damage Functions 
The ultimate objective of calculating Rd is to permit 

prediction of the extent of a particular mechanical-property 
change in a fast reactor from the results of experiments 
conducted in irradiation facilities that have considerably 
different neu tron-flux spectra. Typical mechanical-property 
changes induced by fast-neutron irradiation are the yield 
strength, the ductile-to-brittle transition temperature, and 
swelling. I t  is by no  means generally true that the change in 
any of these properties is proportional t o  the number of 

displaced atoms produced by an irradiation of known 
duration. Although the extent of void formation in metals 
appears t o  depend primarily on  the number of vacancy- 
interstitial pairs created by irradiation, mechanical proper- 
ties such as yield strength are determined by the clusters of 
vacancies and interstitial loops that remain after the nascent 
cascade has annealed and the isolated vacancies and 
interstitials have disappeared a t  the various sinks in the 
solid. The proper theoretical approach in the latter case is 
to compute the production of stable point-defect clusters 
resulting from radiation, not the total number of displaced 
atoms. This can be accomplished by replacing v(E) in 
Eq. 17.116 with the number of clusters that are produced 
by a PKA of energy E, which may be estimated from 
computer simulations of radiation damage. The resulting 
rate of cluster formation, Rcluster ,  should be a better 
measure of the damage (Le., the yield-strength change) than 
is the rate of formation of total displaced atoms, Rd .  
Calculations of this sort have been performed by Russcher 
and Dahl.' ' 

These completely theoretical attempts to predict some 
microscopic property of radiation damage (e.g., rate of 
formation of displaced atoms or rate of formation of 
clusters) are not sufficient to correlate macroscopic prop- 
erty changes in reactors of different flux spectra primarily 
because other consequences of irradiation besides the 
number of displacements or  clusters affect the macroscopic 
property in question. Thus, although void formation 
certainly depends on the rate of production of vacancies 
and interstitial atoms by radiation, it is also a functiop of 
the quantity of helium gas generated by (n,oc) reactions in 
the metal because helium appears t o  be necessary to 
stabilue embryo voids. Calculation of the displacement rate 
RC1, no matter how accurate, provides no information on 
the helium-production rate. 

Because of the inability of displacement calculations to 
cope with the complexity of most macroscopic radiation 
effects, a semiempirical method, known as the damage 
function method, has evolved.22 In this method the rate of 
displaced-atom production appearing on the left-hand side 
of Eq.  17.115 is replaced by the change in a particular 
macroscopic property , in a time t of irradiation, and the 
displacement cross section on  the right is eliminated in 
favor of a function G(E,), which is to  be determined. The 
damage function for the particular mechanical property is 
G(E,). Thus, Eq. 17.115 is replaced by 

In this equation, APi represents the change in the property 
labeled by the index i during an irradiation of time t in a 
neutron flux 9. The spectrum of the flux in the irradiation 
facility is @(E,). The equation has been multiplied and 
divided by the total neutron flux 

9 =Jaw @(En) dEn (17.133) 

so the ratio $(E,)/J@(E,) dE, is a normalized flux 
spectrum. The product @t IS tiic total neutron fluence. 

The term Gi(En) is the damage function for property i 
for neutrons of energy E,. The conditions under which the 
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property Pi is measured after irradiation and the conditions 
(exclusive of the neutron flux) during irradiation must be 
carefully specified. The damage function depends on these 
nonneutronic conditions. For instance, if Pi is the yield 
strength of a particular metal, the temperature a t  which the 
irradiation and the subsequent mechanical test are carried 
out must be known. The derived damage function may 
change if either of these two auxiliary conditions is altered. 

The technique for obtaining Gi(E,) is t o  measure APi in 
as many different (but known) neutron-flux spectra as 
possible. One then attempts to  deduce a single function 
G,(E,) from the data obtained in each irradiation by using 
equations of the form given by Eq. 17.132. This process is 
called damage-function unfolding. Deduction of G,(E,) 
from a set of measured APi values in different neutron-flux 
spectra is analogous to the determination of the flux 
spectrum of a reactor by activation of foils of a number of 
neutron absorbers of different energy-dependent capture 
cross sections. The damage function is determined by 
iterative solution of the set of equations given by 
Eq. 17.132; a first guess of Gi(E,,) is inserted into the set of 
integrals, and the calculated property changes AP, are 
compared with the measured values. The function Gi(E,,) is 
then adjusted, and the calculation is repeated until the 
measured property changes are reproduced as closely as 
possible by the integrals on the right of Eq. 17.132. 

In  this process both the number of iterations required 
and even the accuracy of the damage function ultimately 
obtained depend on the availability of a good first guess of 
the damage function. The best initial estimate of G,(E,,j is 
the displacement cross section ud (E,) on  the assumption 
that the damage (i.e., the change in the mechanical 
property in question) should be roughly proportional t o  the 
number of displaced atoms. 

Figure 17.19(a) shows the damage functions for the 
yield strength and swelling of stainless steel determined by 
the method described above. The units of the damage 
functions are those of the property [yield strength in kilo 
Newtons per square meter (kN/m2),  swelling in percent(%)] 
divided by the total neutron fluence (units of neutrons/ 
cm2) .  Each damage function was determined from tests 
conducted in several different reactors with different flux 
spectra. The dashed lines in the graphs are the displacement 
cross section of Fig. 17.17 extended to  lower energies than 
in Fig. 17.17. The increase of ud(En) and Gi(E,,j at  neutron 
energies below MeV is due to  damage produced by 
recoil atoms activated by (n,?) reactions with slow neutrons 
( the  cross sections for capture reactions are proportional to 
the inverse of the neutron speed). Although the damage 
function is appreciable a t  very low neutron energies, the 
property change APi is not greatly affected by this 
low-energy tail of Gi(En) because the flux spectrum of fast 
reactors contains relatively few low-energy neutrons 
(Fig. 17.18). The insensitivity of damage t o  low-energy 
neutrons is reflected by the breadth of the error band for 
E, i 

The yield-strength damage function is very close to  the 
displacement cross section used as the input first guess of 
Gi(E,). This accord implies that whatever features of the 
displacement cascade are responsible for an increase in the 
strength of irradiated steel are a t  least proportional t o  the 
number of displaced atoms. The damage function deduced 

MeV in Fig. 17.19(a). 

t I ‘  
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Fig. 17.19 Damage functions for two radiation effects in 
304 stainless steel. (a) Yield strength for irradiation and test 
temperatures of 480°C. [From R. L. Simmons et ai., Nucl. 
Techno/., 16: 14  (1972) . ]  (b )  Swelling at 450°C [From 
R. L. Simmons et  at., Tram. Anzcr. Nucl. SOC., 15: 249 
(1972).] 

from the initial guess G,(E,) = constant is shown as the 
dotted curve in Fig. 17.19(a). This curve is vastly different 
from the damage function obtained with the aid of an input 
displacement function, for which the initial guess is 
G,(En) a a,(E,). The dotted curve isincorrect and reflects 
the stringent requirement of a good first guess if the 
iterative method is t o  converge t o  the correct damage 
function. 

Figure 17.19(b) shows the damage function obtained 
for stainless-steel swelling due to void formation. The 
damage function for this property change is similar to, but 
not identical to,  that for the yield strength. 

17.9.3 Damage Production by Ion Bombardment 
The extent of radiation damage produced by exposure 

of a structural metal t o  a fast-neutron flux depends on the 
duration of irradiation. The damage increases with the 
fast-neutron fluence, which is the product of the fast- 
neutron flux, +, and the irradiation time, t. The economics 
of nuclear power requires that the fuel of commercial fast 
breeder reactors remain in service for a fluence in excess of 

neutrons/cm* (i.e., for a year at  a flux approaching 
10 l6  neutrons cm-’ sec-‘). Accurate assessment of the 
durability of structural metals for use in LMFBR cores 
requires that the radiation effects produced a t  these 

c 
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fluences either be measured directly in an irradiation 
facility where the expected fluences can be obtained or be 
extrapolated from tests a t  much lower fluences by recourse 
t o  a n  appropriate theoretical model. Acceptable theoretical 
models are often not available for particular radiation 
effects, and sound fuel-element design can be achieved only 
by testing to  the expected service fluences. Thi" situation 
applies to  swelling of the cladding due to  void formation; 
no accurate theory is available for prediction of void 
production, and extrapolation of low-fluence swelling data 
is risky because the phenomenon is not linear with fluence. 

Even if adequate irradiation facilities with a fast- 
neutron flux of 10 '  s neutrons cm-2 sec-' were available, 
3-year-duration tests would be required t o  attain the design 
fluences of a n  LMFBR core. In a test facility with a flux of 
10 '  neutrons cm-2 sec-I , 30 years would be necessary. 
There is therefore a great incentive to devise irradiation 
tests that  can simulate fast-neutron damage at fluences of 
lo2  neutrons/cm2 in a reasonable amount of time (say of 
the order of days). 

Bombardment of metals by energetic heavy ions has 
proven t o  be a useful tool for compressing the  time scale of 
irradiation tests by many orders of magnitude. Reasonable 
currents of  H', C', and metal-ion beams of energies from 1 
to 10 MeV can be obtained from accelerators. Because the 
range of heavy ions in solids is quite small (typically 10 
pm), all the initial energy of the ion can be dissipated in a 
small volume of the specimen. Since the number of 
displaced atoms in an irradiation experiment is a reasonable 
measure of the extent of radiation damage, we  calculate the 
rate at which a beam of energetic heavy ions causes lattice 
displacements and compare this figure with that  attainable 
in fast-neutron irradiations. 

Figure 17.20 shows some features of ion stopping in 
solids. In Fig. 17.20(a) a beam of ions enters a solid target 
with energy EIo. The ions slow down in the solid and come 
to rest at a depth given by the projected range. Figure 
17.20(b) shows the energy-loss characteristics of the ions 
while traversing the solid. Because the incident energies are 
in the million electron volt range, electronic excitation is 
the principal energy-loss mechanism over most of the range. 
Figure 17.20(c) shows schematic plots of the electronic and 
atomic stopping powers as  functions of ion energy. The  
electronic stopping power is based on Eq. 17.52, and the 
atomic stopping power is obtained by inserting the appro- 
priate cross section for energy transfer from the ion to  the 
lattice atoms into Eq. 17.29. The ion energy a t  depth x can 
be obtained by integrating the electronic stopping-power 
formula of Eq. 17.52: 

i 

E ~ ( x )  = [ (Eio)h ' -- i k x ] '  (17.134) 

The number of atomic collisions between the ions and 
the lattice atoms at  depth x can be calculated from the 
following considerations. Let o(E,,E) d E  be the differential 
cross section for transferring energy in the range (E,dE) t o  
lattice atoms by  an ion of energy E,. The probability of a 
collision between an ion and a lattice atom in d x  which 
transfers energy in the range (E,dE) is N a(E,,E) d E  d x  (see 
Eq. 17.19). Since I ions/cm2 pass depth x per second, the 
number of collisions per second in the volume element of 
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Fig. 17.20 Paths and energy losses of ions penetrating 
solids. 

unit cross-sectional area and thickness d x  which transfer 
energy in (E,dE) t o  the atoms in this element is 
NI o(Ei,E) d E  dx.  Or, the number of collisions per unit 
volume per unit time which transfer energy in (E,dE) at 
depth x is NI a(Ei ,E)dE.  Now the number of displaced 
atoms for each collision that produces a PKA of energy E is 
v(E). Therefore, the rate of production of displaced atoms 
at depth x is 

R ~ ( x )  = NI  J l d E i ' ~ ( E i , E )  v(E) dE 

displaced atoms 
cm3 -sec 

(17.135) 

where Ei is given in terms of x by Eq. 17.134 and A is given 
by Eq. 17.8. Multiplication of the above equation b y  the 
irradiation time t and division by the lattice a tom density N 
gives the number of displacements per lattice a tom in 
irradiation of fluence It: 

displacements - 
dpa = a tom I t L I E i O ( E i , E )  v(E) d E  (17.136) 

Division of Eq. 17.136 by the fluence yields 

dpa a t d e p t h  x =  L I E i u ( E i , E )  v(E) d E  (17.137) (ions/cm2 ) 

A simple illustrative integration of the right-hand side of 
Eq. 17.137 can be obtained i f  the  cross section o(Ei,E) is 
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assumed to be given by the Rutherford formula and if  the 
Lindhard model is used for v(E). Substituting Eqs. 17.37 
and 17.90 into Eq. 17.137 and assuming the coefficient 
E(E) in  Eq. 17.90 t o  be a constant equal to -0.5, we obtain 

dpa - - nZzZ2e4 (:)In(?) (17.138) 
(ions/cm2 ) 4Ed Ei 

where the subscript i denotes the incident ion and the 
unsubscripted properties refer t o  the lattice atom. Eval- 
uating the right-hand side of Eq. 17,138 for bombardment 
of nickel by 20  MeV C' ions gives a damage rate a t  the 
target surface (Ei = Eio)  of -3 x lo- '  

Inasmuch as  Ei decreases with x,  Eq. 17.138 shows that 
the damage efficiency should increase until just before the 
ion stops. Kulcinski e t  a1.23 have used Eq. 17.137 t o  
determine the efficiency of displacement production by 
various ion beams. Figure 17.21 shows graphs of  the 
displacement-damage effectiveness for various ions imping- 
ing on  nickel. 

dpa/(ions/cm'). 

1 r- 
7.5-MeV Tat G' 
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Fig. 17.21 Displacement-damage effectiveness as a func- 
tion of penetration depth for ions impinging o n  nickel. 
(From Ref. 23.) 

The amount of damage produced in a given time 
depends on the intensity of the ion beam. For medium- 
weight particles, such as H' and C', intensities of the order 
of 10 '  ions cm7 sec-' can be obtained from accelerators. 
The maximum intensities of heavy-ion beams, such as Ni' 
and Ta', are roughly an order of magnitude smaller. Using 
the maximum displacement rate for 20-MeV C' ions from 
Fig. 17.21 and a C+ beam intensity of 1 0 '  ions cm7 sec-' 
shows that u p  t o  -4 X dpa/sec can be achieved. By 
way of comparison, the calculated figure for a fast-neutron 
flux of l o 1  neutrons cm-' sec I based on  Eq. 17.131 gives 
a displacement rate of dpa/sec. The ion bom- 

, 

bardment is -4000 times as effective as neutron bombard- 
ment; the same number of displaced atoms are produced by 
a 6-hr ion bombardment as are produced by a 3-year 
neutron irradiation. 

Ion bombardment is not simply a matter of telescoping 
the time scale of damage production. Figure 17.21 shows 
that the damage is contained within a very thin layer of the 
specimen close to the surface and moreover vanes by  an 
order of magnitude with depth. Fast-neutron damage, o n  
the other  hand, occurs rather uniformly throughout the 
entire volume o f  the metal. Such a variation in displacement 
efficiency over the damaged zone in a n  ion-bombarded 
metal is equivalent t o  a comparable variation in fluence in 
neutron irradiation. Damage effects in ion bombardment 
are contained in a narmw band between a free surface and 
undamaged bulk solid a t  depths greater than the ion range. 
The influence of the nearby free surface and the close 
proximity of the highly damaged zone t o  undamaged metal 
on radiation effects involving migration of the point defects 
created by the collision cascades is difficult to assess. 

17.10 COMPUTER SIMULATION OF 
COLLISION CASCADES 

Sections 17.7 and 17.8 of this chapter reviewed the 
analytical methods of predicting the principal feature of a 
collision cascade, namely, the number v(E) of displaced 
atoms (and hence the number of  vacancies) created by a 
PKA of energy E. The simplest model due t o  Kinchin and 
Pease was modified to  account for 

1. A realistic energy-transfer cross section. 
2. Continuous electronic energy loss during cascade 

3. Channeling of recoils. 
formation. 

Each of these factors reduces the predicted value of v(E) by 
some 1 0  to 5076, depending on the PKA energy. All 
analytical cascade theories, however, deal with the  mechan- 
ics by  which a collection of isolated Frenkel pairs is created 
by an energetic a tom. That is, no interaction between the 
vacancies and the interstitials or  between point defects of 
the same type was permitted. The former process leads t o  
mutual annihilation o f  Frenkel pairs and is accompanied by 
a marked reduction in v(E). The latter process accounts for 
the clustering of like point defects; these clusters are  the 
precursors o f  interstitial dislocation loops o r  embryonic 
voids. Both of these entities exert a powerful influence on  
the mechanical behavior of the irradiated metal. 

Within the last decade the  advent of large computers 
has made possible the direct solution of the equations of 
motion of a large enough collection of atoms (a crystallite) 
t o  accurately simulate a macroscopic crystalline specimen 
undergoing irradiation.247 In these computer experi- 
ments, one atom in a static assembly of several hundred to 
several thousand atoms arranged in one of the cubic 
structures (fcc or  bcc) is given an initial pulse of kinetic 
energy in a particular direction. This initial state simulates a 
lattice a tom struck by a fast neutron and thereby trans- 
formed into a PKA. The PKA goes on  to  strike one of  the 
neighboring atoms, which is set in motion (and displaced if 
the energy transfer is great enough). The entire sequence of 
collisions between atoms in the crystallite is followed as  a 
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function of time. The positions of all atoms in the 
crystallite during the cascade is governed by a set of several 
hundred equations of motion of the type 

( for i  = 1 , 2 , .  . . ,n)  (17.139) 

where F,  is the force o n  the ilh a tom due t o  the repulsive 
interaction of its neighbors. These forces may be repre- 
sented as the sum of the pair-interaction potentials between 
the ith a tom and the surrounding atoms: 

F , = C  "v 
ih,, 

I f 1  

where rll = Ix, - x,I is the distance between the ith and jth 
atom of time t .  Since the repulsive force represented by  the 
gradient of the interaction potential V is short range, only 
atoms in the immediate vicinity of the ith a tom (nearest 
and next-nearest neighbors) need be included in the above 
sum. The potentialenergy function is of the form shown in 
Fig. 17.5. Since typical kinetic energies of moving atoms in 
the cascade are - I O  keV, potential functions of the 
Born-Mayer type are most frequently used. As in analyt- 
ical cascade theory, displacement is assumed to  occur if  a 
struck atom receives energy in excess of a step threshold E,, 
(usually taken as 25 eV). 

We first examine the results of computer simulations 
for PKA energies close t o  the displacement threshold. 
Figure 17.22 shows the atom trajectories created by a 
40-eV knock-on in a small crystallite (about 500 atoms) of 
copper. According to  Eq. 17.64, only one Frenkel pair is 

[ O O l l  lo1 11 

t 
8 0 0 0  

f 
o f 3 0 0 0  0 6 0 0  

created by a 4 0 e V  PKA. The atom labelled A in the  figure 
is the PKA. The diagram represents a section through the 
(100) plane, in which the atom positions are denoted by 
large circles. The small dots represent the centers of the 
atoms. The initial direction of the PKA in Fig. 
17.22(a) lies in the (100) plane at an angle of 15" t o  the 
[ O l O ]  direction. Atom A strikes a tom B with sufficient 
energy transfer to displace B. After the collision, A falls 
into the site vacated by B. This is called a replacement 
collision. Atom B then goes on to  dislodge C which, 
however, does not have sufficient energy left to  displace D. 
The final positions of the atoms along the [ O l O ]  direction 
are marked with primes; a vacant site is left at the original 
PKA position, atoms A and B occupy the former sites of B 
and C, respectively, and atom C becomes an interstitial. 
These movements constitute a miniature focused replace- 
ment sequence of the  type described in Sec. 17.8. The 
remaining atoms in the crystallite receive subthreshold 
increments of energy and simply oscillate about their 
equilibrium positions. The wriggles about the initial atom 
centers in the diagram show the motion of the atoms during 
the cascade. Focused energy propagation is apparent in the 
[Oil] direction, as expected, and to  a lesser extent along 
the [OOl] direction from atom A. 

Figure 17.22(b) shows the same event with a change in 
the takeoff direction of the PKA, which is 22.5" with 
respect to  the [010] direction. In this case the [ O l l ]  
focused replacement chain is activated, and a dynamic 
crowdion propagates in this direction. The displaced atom 
appears a t  E' a t  the end of the period of cascade formation. 
Only focused energy transfer occurs in the [ O l O ]  direction, 
which in the previous case provided a displaced atom as 
well. The vacancy is produced at A. 

0 

Fig. 17.22 Atom trajectories and displacements due t o  a 0.04-keV (40 eV) PKA in the (100) plane of 
copper. The PKA was created at A. For two PKA takeoff directions: (a) 15" t o  [OlO] . (b) 22.5" to [ O l O ] .  
[After Gibson e t  al., Phys. Reu., 120: 1229 (1960).] 
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17.10.1 Displacement Spikes 
In the preceding discussion of a near-threshold collision 

cascade, the question of the spatial configuration of the 
displaced atoms was trivial; only one Frenkel pair was 
created, and, thanks t o  focusing, the vacancy and inter- 
stitial were sufficiently separated to  prevent annihilation by 
spontaneous recombination. In collision cascades produced 
by high-energy PKAs, however, many Frenkel pairs are 
created, and their relative positions are crucial in deter- 
mining the number of them that survive annihilation or 
immobilization by clustering. 

The question of the configuration of the displaced 
atoms and vacancies in a collision cascade was investigated 
analytically by Brinkman’ before large computers were 
available to  describe the cascade in atomic detail. Brinkman 
calculated the mean free path of an energetic recoil in the 
lattice and found that when E was of the order of several 
tens of kiloelectron volts the spacing between successive 
collisions approached atomic separation distances. This 
means that every atom in the path of the primary is 
displaced and the cascade cannot be thought of as a 
collection of isolated Frenkel pairs. The essence of Brink- 
man’s analysis can be conveyed in the following simple (but  
not very accurate) calculation. The mean free path for any 
type of collision is defined by Eq. 17.23. The particular 
type of collision of interest here is the one that causes 
atomic displacement, i.e., which transfers energy in excess 
of Ed.  The cross section for this process is given in terms of 
the differential energy-transfer cross section between lattice 
atoms by 

E: 
o;(E) = .fEd u(E,T) dT (17.140) 

Note that a;(E) is not the same as the displacement cross 
section of Eq. 17.116, which refers to  the number of 
displaced atoms created by a neutron of a particular energy. 
Equation 17.140 has nothing t o  do with neutrons. In order 
t o  evaluate a;(E), we use the equivalent hard-sphere model, 
for which u(E,T) is given by Eq. 17.39 (with A = 1 in the 
present case since identical atoms are involved in the 
collision). Insertion of Eq. 17.39 into Eq. 17.140 and 
integration yield 

u;(E) = u(E) ( 1 - (17.141) 
E 

where u(E) = 4nr;(E) is the total collision cross section 
between lattice atoms, one of which is moving with 
energy E. The term r,(E) is the equivalent hard-sphere 
radius, which we take to  be given by Eq. 17.41. Thus we 
have for o(E) 

2 

o(E) = np2 [In (%)I (17.142) 

Finally, the mean free path for displacement collisions is 
given by 

Equations 17.142 and 17.143 are plotted in Fig. 17.22. The 
Born-Mayer constants for copper shown in Fig. 17.5 have 

been used. The onset of closely spaced displacement 
collisions (i.e., when I, is of the order of 3 to  1 0  A)  is seen 
t o  lie between a few tenths of a kiloelectron volt and 
several kiloelectron volts. Because the reduction in I,, with 
PKA energy is rather gradual a t  low energy, assignment of a 
specific energy at which a displacement spike is generated is 
impossible. We also do not know whether collisions must be 
separated by one,  two,  or  three interatomic distances to  
generate a displacement spike. Finally, the Id(E) curves are 
very sensitive to  the interaction potential used in the 
calculation and t o  the method used to  estimate energy 
transfer. However, all calculations of this sort suggest that 
the displacements caused by a recoil with an energy 
between 1 t o  1 0  keV are separated by only one o r  two 
lattice parameters. Now the average energy of the PKA 
produced by a neutron flux in which the average neutron 
energy is E, is given by 

For stainless steel (A = 60) in a typical LMFBR core (E, = 

0.5 MeV), the above formula shows that the average PKA 
energy is about 15 keV, which is just about the energy at  
which the displacement collisions become separated by 
distances of the order of a lattice parameter. Thus the bulk 
of the PKAs generated in the cladding of a fast reactor 
should create collision cascades that consist of displacement 
of every atom in the path of the  PKA. 

10 

1 ”, 
3 

What does such a collision cascade look like? It most 
certainly does not resemble the collection of isolated 
Frenkel pairs envisaged in analytical cascade theory. Figure 
17.24 shows Brinkman’s conception of  the collision cascade 
created by a typical 5- to 20-keV PKA. The high density of  
collisions along the path of the primary ejects atoms 
outward. These atoms appear as a shell of interstitial atoms 
surrounding a hollow core of vacancies. Brinkman called 
this collision cascade a displacement spike. It would seem 
that the  configuration shown in Fig. 17.24 is unstable, and 
indeed it probably is. The collapse of the structure, 
however, need not result in annihilation of all the vacancies 
and interstitials that were formed, although it is likely that 
a large fraction of the point defects will be  eliminated very 
soon after the energetic event is over. 

c 
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Brinkman proposed the displacement spike before the 
phenomenon of focusing was discovered. Seeger2 modi- 
fied Brinkman’s picture of the displacement spike to 
account for the long-range transport of the atoms struck by 
the PKA by focused collision sequences. Seeger’s schematic 
of the closely spaced collision cascade is shown in Fig. 
17.25. The main difference between the configurations 
shown in Figs. 17.24 and 17.25 is the greater separation of 
the annular shell of interstitials from the central core of 
vacancies in the latter. This difference is due to  the 
transport of displaced atoms as  dynamic crowdions. Seeger 
called the nearly empty hole a depleted zone 

The displacement spike of Fig. 17.24 o r  the depleted 
zone of Fig. 17.25 must be regarded as educated guesses of 
the configuration of a collision cascade. Quantitative 
description of the  displacement spike was made possible 
only by  computer simulation of crystallites large enough to 
contain the secondaries and higher order recoils of PKAs 
with energies in the range from 5 to 100 keV. 

i 

I 

I 

Fig. 17.24 Original version of the  displacement spike. 
[After J. A.  Brinkman, Amer.  J .  Phys., 24: 251 (1956).] 
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4 Fig. 17.25 Later version (still qualitative) of the displace- 
ment spike. n, vacancy. ., interstitial atom. -, path of 
neutron. - - -, path of PKA. (After Ref. 28.) 
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( a )  

0 Vacancy 
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Fig. 17.26 Computer simulation of displacement spike due 
t o  a 5-keV PKA in iron. All out-of-plane damage has been 
projected onto  the (001) plane shown in the figure. 
(a) Recoil trajectories. (b) Vacancies and interstitial atoms 
a t  end of  the collision cascade (0°K). The diagonal line in 
(b) shows the effect of channeling (see text). (After Ref. 
26.) 

The cascade shown in Fig. 17.26 represents the final 
configuration of  the displaced atoms and vacancies in bcc 
iron resulting from interaction with a 5-keV PKA. The 
temperature of 0°K is assigned t o  the calculation because 
no motion of  the point defects which requires thermal 
activation (i.e., processes with a rate governed by a 
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creat ion 
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Fig. 17.27 
J. R. Beeler, Jr., Phys. Reu., 150:  470 (1966).] 

Displacement spike due to  a 20-keV PKA in iron projected onto the (001)  plane (0°K). [After  

Boltzmann factor) is allowed. Spontaneous recombination 
of vacancies and interstitials has been included by simply 
removing from the calculation any vacancy that is within a 
sphere containing -30 lattice sites around an interstitial 
and vice versa. The size of this spontaneous recombination 
volume is not well established (see Sec. 13.4). Lines joining 
adjacent vacancies indicate stable vacancy clusters, which 
are formed by chance during cascade generation. 

Figure 17.26(a) shows the trajectories of all the 
displaced atoms projected onto the (001) plane. The short 
thick track is that of the  PKA, and the paths of the 
secondary knock-ons are represented by heavy dot ted 
tracks. The thin dashed o r  solid tracks are those of the 
higher order recoils. Figure 17.26(b) shows the damage 
pattern created by the trajectories of Fig. 17.26(a). Again 
the three-dimensional configuration has been projected 
onto the (001) plane for illustrative purposes. The quali- 
tative concepts of Brinkman and Seeger are confirmed by 
the computer experiment. The interstitials appear in a shell 
around a vacancy-rich core [lower left-hand corner of Fig. 
17.26(b)] . Focused collision chains were responsible for 
removing the interstitials from the core. In addition, the 
importance of channeling is dramatically illustrated; all 
damage above the diagonal line in Fig. 17.26(b) disappears 
when a very slight change is made in the initial PKA 
direction to permit the head-on secondary in Fig. 17.26(a) 

\ 

t o  channel. In this case it loses essentially all its energy by 
electronic stopping while moving down a [110]  channel. 

Figure 17.27 shows a displacement spike created by a 
20-keV PKA in iron. The numbers o n  the plot indicate 
clusters of point defects. The cascade is slightly larger than 
the 5-keV cascade and is elongated in the direction of  the 
initial PKA. The Kinchin-Pease formula (Eq. 17.68)  
predicts that 20,000/(2 X 25) = 400 Frenkel pairs should 
have been created by the 20-keV PKA. There are 1 9 8  
vacancies and 1 9 8  interstitials in Fig. 17.27. The reduction 
in displacement efficiency is due primarily t o  spontaneous 
annihilation of defects of opposite type which happened t o  
have been created within the 30-site recombination volume. 

17.10.2 Annealing of Displacement Spikes 
When a collision cascade is produced in a metal a t  a 

temperature greater than absolute zero, thermal motion of 
the point defects produces recombination and clustering 
beyond that which occurred in the nascent cascade. The 
lifetime of cascade formation can be considered t o  be the 
interval between the initial energizing of the PKA and the 
stopping of the last higher order recoil. Cascade lifetimes, 
including spontaneous recombination of unstable Frenkel 
pairs, are -lo-' sec. The annealing period during which 
the spike matures into a more or  less stable entity requires 
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from t o  sec (which is the time required for each 
point defect to  make several hundred to  several thousand 
jumps). At the end of the annealing period, most of the 
very mobile components of the spike, such as mono- and 
divacancies and mono- and diinterstitials, have escaped 
from the spike center (which is roughly where the PKA was 
born) and have joined the general point-defect population 
in the bulk of the metal. What remains of the initial 
collision cascade is a collection of practically immobile 
clusters of interstitial atoms and vacancies and a few 
sluggish monovacancies. The clusters may either very slowly 
atrophy by thermally shedding point defects or grow by 
accretion of mobile point defects from the environment. 

Doran*' has developed a computer simulation of 
displacement spike annealing. The calculation uses as input 
information 0°K cascade configurations such as those 
shown in Figs. 17.26 and 17.27. The point defects are 
permitted t o  commence random walks in the damaged 
solid. A Monte Carlo technique is used t o  determine the 
jump directions of each point defect. Since the interstitials 
are quite a bit more mobile than the vacancies, the 
interstitials are permitted t o  jump more frequently than the 
vacancies. The jump frequencies of these two point defects 
are related by (Chap. 7) :  

5 = exp (7) s, - S" exp (- 7) E ,  - E ,  

wv 
The migration energy of a vacancy, E " ,  is quite a bit larger 
than that of an interstitial, E , ;  so wi/w, is greater than unity 
and is temperature dependent. At low temperature (i.e., 
300"K), w, /w,  is several thousand, and, a t  temperatures of 
about 800"K, the ratio is -100. Real time during the 
anneal is not computed accurately (there is no need to  do 
so)-the point-defect jump rate serves as a clock during 
annealing. The ratio of the jump rates is chosen to  be 
consistent with the same annealing time. For example, 
6000 interstitial jumps and 60 vacancy jumps at  800°K 
both correspond t o  a real time of 

If a point defect jumps into the prescribed recombina- 
tion volume around a point defect of opposite sign, the two 
are annihilated. A point defect moving into a lattice site 
adjacent t o  a cluster composed of the same type of defect 
increases the cluster size by one.:i: If a point defect joins a 
cluster of opposite type, the cluster shrinks by one. 

The computation is continued until a stable state is 
attained, which usually occurs after most of the mobile 
interstitials that have not  been annihilated o r  incorporated 
into clusters early in the anneal escape from the spike. At 
the end of the anneal, up  to  80% of the defects in the 
nascent cascade have been annihilated (this figure is in 
addition to  the losses that occurred by athermal point- 
defect recombination during cascade formation). The anni- 
hilation loss increases as the temperature becomes higher. 

The final state of the 20-keV cascade shown in Fig. 
17.27 after annealing at  800°K is depicted in Fig. 17.28. 
Twelve interstitials that have escaped from the confines of 
the region covered by the diagram are not  shown. The 
annealed displacement spike consists mostly of clusters, 

sec. 

*Next-nearest-neighbor vacancies also form stable clus- 
ters. 

some of which contain a sizable number of point defects. 
Figure 17.29 shows the effect of the short annealing period 
o n  the distribution of clusters in the spike. Although 93% 
of the interstitial atoms were present as isolated point 
defects a t  t.he start of the anneal [Fig. 17.29(a)] ,  the 
number of mono- and diinterstitials remaining after anneal- 
ing is just about equal t o  the number of interstitials 
contained in clusters of three or  more members. Vacancy 
clustering during the anneal is even more nonuniform [Fig. 
17.29(b)l .  Only about 7% of the vacancies present in the 
nascent cascade (whether clustered or not) survive the 
annealing as monovacancies. The rest (-13% of the initial 
quantity) are contained in clusters of four or more 
vacancies. 

17.10.3 Cascade Overlap 
The final state of the annealed cascade typified by Fig. 

17.28 is stable for relatively long times. In a prolonged 
irradiation, it is likely that a second o r  even a third 
displacement spike will be created in the same region of 
solid as the first one. Beeler3" has examined the conse- 
quences of cascade overlap by computer simulation tech- 
niques. The result of three collision cascades similar to  the 
one shown in Fig. 17.26 at  nearly the same location is 
shown in Fig. 17.30. Spike annealing was not considered. 
Nonetheless, a 25-vacancy cluster was found in the particu- 
lar experiment shown in Fig. 17.30. Whether a cluster 
grows or  shrinks as a result of the interaction of cascades 
depends on a large number of factors, including the 
separation and directions of the PKAs initiating the 
successive spikes and the relative size of the spikes (i.e., 
initial PKA energies). In particular, the vacancy clusters in a 
spike can be destroyed by the long-range dynamic crowd- 
ions from a nearby (not necessarily overlapping) collision 
cascade. One is led to  expect that vacancy clusters in an 
irradiated metal will reach a saturation concentration at 
large fast-neutron fluences. 

17.11 FISSION-FRAGMENT COLLISION 
CASCADES IN NUCLEAR FUELS 

So far, the theoretical analysis of radiation damage has 
been restricted t o  monatomic substances. Although com- 
puter simulation of collision cascades in metals is rather 
advanced, very little comparable work o n  binary inorganic 
compounds has been reported. Reference 3 describes low- 
energy PKA computer simulations of displacement cascades 
in lead iodide, and Beeler and Besco have studied radiation 
damage in beryllium oxide.3 ' No computer simulation of 
damage in heavy-metal oxides has been published. Most of 
the analytical studies intended t o  elucidate the  damaging 
effect of fission fragments on  reactor fuels have been 
confined to uranium metal. To apply these results t o  
mixed-oxide fuels, we  must consider the collisional proper- 
ties of oxygen. The simplest approach to  this problem is t o  
consider the interaction of the fission fragment with two 
monatomic substances, one consisting of uranium atoms 
and the other composed of oxygen atoms. The radiation- 
damage parameter for the compound U 0 2  is assumed t o  be 
the average of the values for the two elemental calculations. 
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Fig. 17.28 Displacement spike [projected onto the (001)  plane] due to a 20-keV PKA in iron after 
annealing at 800°K (6000 interstitial jumps and 60 vacancy jumps). The preannealed spike is shown in 
Fig. 17.27. Numbers on the diagram denote cluster sizes. Twelve interstitials have migrated outside the 
range of the diagram and are not shown. (After Ref. 29.) 

There is some justification for  this approach. Because the 
energy-transfer parameter A (Eq. 17.8) is unity for U-U 
and 0-0 collisions but only 0.23 for 0-U collisions, a 
uranium PKA transfers energy more efficiently t o  the 
cation sublattice than t o  the anion sublattice. Similarly, a 
collision cascade begun by an oxygen PKA tends to remain 
on the  oxygen sublattice. Considering radiation damage in a 
binary fuel as the  sum of two independent elemental 
damage problems is a t  least preferable to simply assuming 
that  UO2 behaves as uranium metal. 

In this section, we  use the above approach to  calculate 
two quantities that were used in Chap. 13 t o  describe 
different features of fission-fragment interaction in oxide 
fuels, namely, the Frenkel-pair yield per fission Y,, and the 
microscopic fission-gas re-solution parameter b. To treat 
these problems in a concise, yet  tolerably accurate, manner, 
we introduce a number of simplifying assumptions, the 
most significant of which is the independence of the total 
stopping power of the fission fragment (electronic plus 
atomic) o n  energy. Because of the large initial energy of the 
fission fragments, -90% of the energy loss is due to  
electronic stopping, which is better approximated by  the 
square-root stopping law (Ref. 3, p. 219 and Ref. 32) than 
by a constant stopping power. However, the constant 
stopping-power simplification is often applied t o  describe 
fission-fragment slowing down and will be employed here. 

17.11.1 Frenkel-Pair Yield from Fission 
Fragments 

A general relation between the energy spectrum of the 
fission-fragment flux (assuming all fragments t o  be born at  
a specific energy E E a X )  can be obtained as follows. We do 
not yet invoke the constant stopping-power assumption. 
Consider a sphere of unit cross-sectional area at some point 
within the fuel and set @(Ef,) d E f f  as the number of fission 
fragments with energies in the range (E,,, dE,,) crossing 
this unit sphere per second. Since the stopping power vs. 
energy formula provides, by integration, a unique relation 
between fragment energy and penetration distance, all 
fragments in the energy range (Eff,dEf,) which cross the 
unit sphere must have come from a spherical shell of  
thickness d x  at  a radial distance x from the unit sphere. The 
volume of this shell is 47rx2 dx.  The rate a t  which fission 
fragments are produced per unit volume of fuel is 2F, 
where F is the fission density. Of those fragments born at  a 
distance x from the unit sphere, a fraction 1/(47rx2) crosses 
the latter (the angular distribution of the fission fragments 
being isotropic). Thus the energy spectrum of the fission- 

fragment flux is - 
1 '(rrv 

@(Eff)  dEff  = 2F(4rxz dx)  7 = 2 F d x  
47rx 
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Fig. 17.30 A 25-vacancy cluster formed by the overlap of 
three successive 5-keV displacement spikes in copper 
(0°K). (After Ref. 30.) 
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(17.146) 

The rate a t  which displaced atoms are produced by fission 
fragments is obtained by the same arguments that led to 
Eq. 17.113 for fast neutrons. Division of the displacement 
rate per unit volume by the fission density yields the 
Frenkel-pair yield per fission on the uranium sublattice: 

Fig. 17.29 Cluster distributions following a 20-keV PKA 
collision cascade in iron. The nascent cascade (preannealed 
state) contained about 200 of each type of point defect. 
Annealing a t  800°K. (a) Interstitials. (b)  Vacancies. (After 
Ref. 29.) 

Now the distance interval d x  can be related to  the energy 
range d E f f  by the definition of the stopping power: 

dEf f 

(dEff /dx)t,,t  
d x  = 

where ( d E f f / d x ) t o t  is the sum of the electronic and atomic 
stopping powers for both oxygen and uranium (taken 
together). The energy spectrum of the fission-fragment flux 
is 

off .u(Eff ,E)  v(E) d E  (17.147) 

where N U  is the density of uranium atoms and A' is the 
energy-transfer parameter for collisions between fission 
fragments and lattice uranium atoms. Assuming the fission- 
fragment mass t o  be one-half the uranium atom mass, 

(17.148) (17.145) 

If we now introduce the constant stopping-power assump- 
tion, (dEff /dx) , , , ,  can be replaced by E?;""/pff, where v f f  
is the range of fission fragments in the fuel. Equation 
17.145 reduces to  

To evaluate the integral in Eq. 17.147, we take 
v(E) = E/(2Ed) and rrff .U(Eff ,E)  as the Rutherford cross 
section between fission fragments and lattice atoms (Eq. 
17.37 ):  
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(17.149) 

Subject to  the above simplifications, the Frenkel-pair yield 
per fission in uranium is 

X [ In (.A ~ ')I2 (1 7.1 50)  

When evaluated for the heavy fission fragment = 67 
MeV, range in U 0 2  Y 6 p m )  on  the uranium sublattice in 
U 0 2  ( N u  = 0.025 U atomslk')), the above formula gives 
(Y,,,)" = 2.8 X l o ' .  For the same fission fragment inter- 
acting with the oxygen sublattice of U 0 2  (No = 0.049 0 
a toms/a3  ), the Frenkel-pair yield is (Y,,)o = 5.5 X lo4. 
We weight these yields with the probability that the fission 
fragment collides with an oxygen or uranium atom. The 
weighting function is 

Probability of a f f  collision with a U a tom 

which yields a Frenkel-pair yield in U 0 2  of 2.4 X lo ' .  This 
figure can be reduced by nearly an order of  magnitude if  
the collision cascades o n  each sublattice are not isolated 
from each other, as has been assumed. 

17.11.2 The Microscopic Re-solution Parameter 
In Sec. 13.7 the parameter b governing the probability 

per second of  ejection of  a gas atom from a bubble into the 
fuel matrix was derived on  the assumption that direct 
encounters of the gas atoms and fission fragments con- 
trolled the process. Here we analyze the dynamics of  
fission-gas re-solution when the collision cascades generated 
by fission fragments passing near the bubble cause energy 
transfer to  gas atoms. That is, instead of  transferring energy 
directly from the fission fragment t o  the gas a tom, the 
former first energizes the lattice atoms, which then transmit 
their energy t o  the gas atoms. We follow the treatment of 
Nelson (Ref. 45  of Chap. 13) who only considered the 
collision cascades on the uranium sublattice; the oxygen 
sublattice was ignored. 

The collision cascades created by energetic fission 
fragments in a region of fuel containing bubbles set u p  a 
flux spectrum, 4(E,.), of recoil atoms (which, following 
Nelson, are taken to be uranium atoms). The term E, is the 
energy of a recoil atom, which may vary from zero t o  
A 'EEdx.  Consider a fission-gas bubble containing m gas 
atoms immersed in a spatially uniform flux of recoil atoms. 
The recoil flux in the fuel is assumed to be the same as the 
recoil flux in the gas bubble. Let Rdg be the rate of 
collisions between recoils and gas atoms in the bubble 
which result in transfer of  energy t o  the  latter in excess of 
the minimum required for re-solution (Tm,,,). Let the 
differential energy-transfer cross section between uranium 
recoils and gas atoms be U~.~(E,,T), where T is the energy 

imparted t o  the gas atom by  collision with a recoil of 
energy E,. The re-solution parameter is given by Rd,/m, or, 
on formulating Rdg in an analogous fashion t o  the 
displacement rate in Eq. 17.147, by 

X I*'"' uu.,(Er,T) d T  (17.151) 

Note that Nelson does not account for multiplication of the 
collision cascade within the bubble; v(T) is set equal t o  
unity. 

To evaluate b we must derive expressions for the 
recoil-flux spectrum, @(E,), and the  differential cross 
section for scattering of gas atoms by recoils, uU,(E,,T). 
Let us consider the  latter quantity first. Nelson argues that 
since the recoils have energies below -100 keV the 
equivalent hard-sphere approximation can be  used to  
determine the cross section. Thus we may write (Eq. 
17.39) : 

Tmin 

(1 7.152) 

where 2r,, is the distance of closest approach between a 
recoil of energy E, and a stationary gas atom. This quantity 
is obtained from the interatomic potential between these 
two species, Vu-g(r) ,  and the criterion relating the distance 
of  closest approach and the relative kinetic energy of  the 
collision. The latter is given for equal mass collision 
partners by Eq. 17.17. For the present case the relative 
kinetic energy of the collision is M,E,/(M, + M U ) ,  where 
the recoil-atom mass is that of uranium. If we assume the 
gas-atom mass t o  be the same as that of the fission 
fragments (the gas atoms were once fission fragments), we 
find the unequal mass analog of Eq. 17.17 is 

We now need an expression for the potential function 
VUJr) .  Nelson takes the inverse-square potential (Eq. 
17.36 with s = 2): 

A 
VU.,(r) = - (17.154) 

r2 

in which the constant A is determined by matching the 
above potential to  the screened Coulomb potential, Eq. 
17.34, a t  r = a,  where a is the screening radius given by Eq. 
17.35. From this we deduce 

A = ZuZffae2  exp(-1) (17.155) 

where we have taken Z ,  = Z f f .  
Combining Eqs. 17.153 t o  17.155 gives the equivalent 

hard-sphere radius, from which the desired cross section 
follows from Eq. 17.152 c 
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where, using the screening radius formula given by Eq. 
17.35 w i t h h  = 1, the constant K is* 

2 'hnZuZfiaBe2 exp(-1) MI, + M f i  
K =  ,\I@; + zx H ( M f i  ) (17.157) 

[ I )  

Inserting numerical values for the quantities in Eq. 17.157, 
we find K = 2.1 x 10-l * rV-cm2. 

We now approach the more difficult task of calculating 
the recoil-flux spectrum, @(E,.). The analysis involves only 
moving lattice atoms and is not affected by the presence of 
gas atoms in bubbles. The energy of the PKA produced by 
collision of a fission fragment with a lattice atom is denoted 
by E. The energy of the higher order recoils in the collision 
cascade is designated by E,. Consider first the case in which 
one PKA of energy E is produced in the lattice per unit 
volume per unit time (i.e., the distribution of PKA energies 
is not yet considered). We wish to calculate the slowing- 
down density of recoils due to  this monoenergetic unit 
source: q ,  (E,E,) = recoils slowing down past energy E, per 
cubic centimeter per second due to a source o f  one PKA of 
energy E per cubic centimeter per second. The recoil 
slowing-down density defined above is entirely analogous to  
the neutron slowing-down density commonly encountered 
in reactor physics analyses. 

The first collision of the PKA produces one secondary 
of energy T while the PKA energy is degraded to  E - T 
(Fig. 17.8). Just as in the analysis of the number of 
displaced atoms i n  Sec. 17.7, the slowing-down density due 
t o  the PKA is equal to  the sum of the slowing-down 
densities of the two moving atoms arising from the first 
collision : 

We now invoke the hard-sphere scattering assumption and 
take the probability of an energy transfer in the range 
(T,dT) to  be dT/E.  The right side of Eq. 17.158 is weighted 
with this probability and integrated over all possible recoil 
energies. We must, however, carefully consider the contri- 
butions t o  t h e  slowing down density from the f ive regions 
of energy transfer T shown in Fig. 17.31. 

Region I :  0 < T < EC1 ; (E  - Eel) < ( E  - T) < E. When 
the secondary receives an energy less than E d ,  it is not 
displaced and so contributes nothing t o  the slowing-down 
density. The scattered PKA, however, contributes to q l  . 
The contribution t o  q I from region I is 

Region II: E d <  T <  ( E - E r ) ;  E , <  ( E - - ) <  
( E -  
1 atom (itself) t o  q , and 

In this region the secondary contributes only 

1 E-Ed 
q y I '  = - E JE-', ~ ( 1 .  (1) d T  + L,. q I  (E - T,Er)  d(E - T) 

or 

Region III:  ( E - E , ) <  T <  E,.; ( E - E , . ) <  ( E - - ) <  
E,. In this type collision, both the scattered PKA and the 
secondary are reduced in energy below E, and thus 
contribute 1 atom each t o  q l  . However, they cannot cause 
any more displacements that contribute to  q l  . 

q \ I I ' '  = - JEr ( l ) d T + '  JEr  ( l ) d ( E - T )  
E E-E,. E E-E, 

Region IV: E, < T < ( E -  Eel); Ed < ( E - T )  < 
( E  - Er) .  Region IV is equivalent to  region 11 (by symmetry 
of the diagram of Fig. 17.31), and we have 

Rcgiotz V:  ( E  - E d )  < T < E; 0 < ( E  - 7') < E,, . Region 
V is equivalent to region I: 

Adding the preceding five components of the slowing-down 
density yields 

A similar analysis for E, < E / 2  produces the same result. 
Converting this integral equation to a differential equation 
and solving the latter by the same methods applied to Eq. 
17.65 (i.e., differentiation with respect to  E) yields the 
solution 

*Nelson's cross section differs from the value given by 
combining Eqs. 17.156 and 17.157 by a factor of 2 s / ( Z u  + 
Z$)x = 0.25. One of the Bohr radii in Nelson's Eq. 10 
should have been the  screening radius. Other than this 
error, his formulation reduces t o  the present one i f  it is 
noted that the  Rydberg energy is equal to e* /2aB. 

Y The function f(E,) can be obtained by  inserting the above 
solution for q ,  into the integral equatinn, which results in 

(for E, < E) (17.160) 
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Fig. 17.31 Diagram for calculating the recoil slowing-down 
density due to  contributions from five regions of energy of 
the secondary. 

Note that 

in accord with the Kinchin-Pease result for the number of 
displaced atoms; the latter are just recoils that have slowed 
down to energies less than 2ECi. 

Since we are generally interested in recoil energies far 
above the  displacement threshold E,, Eq. 17.160 can be 
simplified to  

2E 
q l  (E&) =- (for E, < E) (17.161) 

Er 

When the PKA energy is less than E,, the slowing-down 
density is 

q 1  (E,E,) = 0 (for E, > E) (17.162) 

Equation 17.162 applies t o  a unit volumetric source of 
PKAs all of energy E. Fission-fragment bombardment of 
the lattice, however, creates a PKA source with a distribu- 
tion of energies. Let F(Eff ,E)  dE d E f f  be the rate at which 
PKAs in the  energy range (E,dE) are created per unit 
volume and per unit time by fission fragments in the energy 
range ( E f f r d E f f ) .  The slowing-down density t o  this dis- 
tributed source is given by 

where A'Eff  is the maximum possible PKA energy due to  
collision of a lattice atom with a fission fragment of energy 

E f f .  Using Eqs. 17.161 and 17.162 for q , (E,E,) ,  we find 
that the slowing-down density IS 

q(E,) =?- G'" 
dE, ,  Jd:"ff EF(Eff ,E)  d E  (17.163) 

E, 6, /A '  

The slowing-down density can be converted t o  the 
recoil-flux spectrum using the continuous slowing-down 
model commonly applied to  similar problems in neutron 
thermalization.3 For hard-sphere collisions between like 
atoms, one of which is moving with energy E,, the average 
energy loss per collision is E,/2. Therefore, in order to  pass 
through an energy range dE,, dE,/(E,./2) collisions per a tom 
are needed. If  q(E,) recoils cm-.' sec-' are passing through 
dE,, the number of collisions per cubic centimeter per 
second which occurs due t o  the recoils in the energy range 
(E,,dEr) is 2q(E,.) dE,/E,. On the other hand, the total 
collision density is also given by U , .~ (E , . )  N u  @(E,) dE,, 
where U ~ . ~ ( E , . )  i s  the  total cross section for scattering of 
stationary lattice atoms by lattice atoms moving with 
energy E,.. Equating these two expressions for the collision 
density yields 

T h e  sourcc term in Eq. 17.163 is given by Eq. 17.28: 

where the fission-fragment flux is given by Eq. 17.146 and 
the fission-fragment-uranium atom scattering cross section 
is of the Rutherford type given by Eq. 17.149. 

Substituting Eqs. 17.164 and 17.165 into 17.163 yields 

/ \ ' E f f  

X JF,, 
E uf f -u(Ecf ,E)  d E  (17.166) 

Inserting the appropriate expressions for @(Eff )  and 
uff .u(Eff ,E)  and integrating give 

X [ In ~ (17.167) 

Nelson takes a very rough approximation t o  the cross 
section C J ~ . ~ ( E , ) .  He assumes that it is equal t o  the square 
of the lattice parameter of UOz (ac) = 5.47 A) :  

(17.168) 

The last equality in the above formula is derived from the 
relation between atom density and the fcc structure of the 
cation sublattice of U 0 2  (i.e., N U  = 4/ai) .  Using Eq. 
17.168 in 17.167, we find the recoil flux t o  be 
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B F  [ (A’ 
@(E,) =T In ~ 

Er 
(17.169) 

where B is a constant:” 

Inserting numerical values into Eq. 17.170, we find 
B = 0.73 X eV-cm. 

Substituting Eqs. 17.156 and 17.169 into Eq. 17.151 
and neglecting T m l n  compared with A’E,, we  find the 
microscopic re-solution parameter t o  be 

b = W  {ln[  (A’)* E:’’ F (17.171) 
2’; in Tm in 

Using the values of the constants K and B found in Eqs. 
17.157 and 17.170 and assuming Tmin  = 300 eV, we find 
that the above formula gives b = 1.7 X I O - ’  F sec-’. This 
value is -40 times larger than the re-solution parameter 
based on direct encounters between fission fragments and 
gas atoms in a bubble (Eq. 13.116). Note that  the 
re-solution parameter given by Eq. 17.171 is very sensitive 
to  the value of T,,,,, (which was just guessed by Nelson), 
does not consider the role of the oxygen sublattice in UOz 
at  all, incorporates what appears to be a rather large cross 
section between uranium atoms in the cascade, and assumes 
a constant electronic stopping power. 

17.12 NOMENCLATURE 

a = screening radius 
aB = Bohr radius of the hydrogen atom 
a,, = lattice constant 
a! = coefficients representing degree of nonisotropy 

of elastic neutron-scattering cross section 
A = constant given by Eq. 17.84; constant in poten- 

tial function; mass number 
b = re-solution parameter 
B = constant given by Eq. 17.170 

dpa = displacements per atom 
D = b o n d  energy; distance between atoms in a 

e = electronic charge 
E = kinetic energy of a particle 

particular direction 

E, = energy below which the hard-sphere model is 

E, = energy below which ionization does not take 
valid 

place 
E c h  = channeling energy 
Ed = displacement energy 
E, = focusing energy 

*Equations 17.169 and 17.170. can be transformed 
i n t o  Nelson’s Eq. 9 b y  making the substiLutiotx 
EK,,d = e* / (2aB)  and 4, = 2 F p f f .  The latter is obtained by 
integraling Eq. 17.146 over 0 < Eff  < E E a x .  

Ei = energy of bombarding ion 
E, = neutron energy 

E n e u t  = energy below which a moving atom cannot be 
ionized by collision with electrons in the solid 

E, =relative kinetic energy of two particles in a 
head-on collision; energy of a recoil atom; 
maximum energy for replacement during a 
focused collision chain 

dE/dx  = stopping power 
AE,”,, = energy of sublimation 

F = collision density 
F = fissions cm-3 sec-’ 
Fi = force on  lattice atom i 
g = relative speed of two particles in head-on 

collision 
Gi = damage function for property i 

11 = Planck’s constant divided by 271 
I = particle current; binding energy of an electron 

in the solid 
k = force constant in a parabolic potential; BoItz- 

mann’s constant; constant in Lindhard’s stop- 
ping power formula, Eq. 17.53a 

K = constant given by Eq. 17.157 
KE = total kinetic energy of two particles 

1 = average path length between collisions 
I, = average path length between displacement colli- 

M = particle mass 
me = electronic mass 

N = density of target particles 
n, =densi ty  of electrons in a solid capable of 

sions 

absorbing energy from a moving particle 
p = probability of energy transfer 
P = probability of channeling o r  focusing 

Pd = displacement probability 
Pf = focusing probability 
PI = Legendre polynomial 
P, = mechanical or  dimensional property of a solid 

PKA = primary knock-on atom 
q = slowingdown density 
Q = excitation energy of nucleus 
r = separation distance 

ro = hard-sphere radius 
Rch = radius of a channel 
Rd = displacement rate per unit volume in a neutron 

- rate of collisions between recoils and gas atoms Rdg 

flux 

in bubble which result in re-solution 
R, = projected range of particle 

R t o t  = total range of particle 
s = exponent in the inverse-power potential; en- 

t = time 
t, = collision time 
T =temperature, O K ;  kinetic energy transferred to  

T, = maximum kinetic energy transferable to a 

u = particle velocity in center-of-mass coordinates 
U = energy per atom in a solid 
v = volume per atom in a solid; particle speed in 

laboratory conditions 

tropy of motion 

struck particle 

struck particle 
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v,, =speed of the center of mass of a two-particle 

v, = velocity of channeled particle along the channel 

V(r) = potential energy between two particles that are 

system 

axis 

a distance r apart 
V,,,(r) = channel potential 

w = j u m p  frequency 
x = path length 

collision 
x ,  =distance of closest approach in a head-on 

y = dimensionless energy variable, Eq. 17.82 

z = channel axis 
Z = atomic number 

Yi, = yield of Frenkel pairs per fission 

Greek letters 
/3 = compressibility 
E = migration energy; reduced energy in Lindhard's 

model 
E* = energy of atom at  saddle point 

E,,, = energy of atom in equilibrium position in lattice 
K = force constant of the channel potential 
h =wavelength of particle trajectory in channel; 

parameter in the screening radius formula, Eq. 
17.35 

. A = mass-number group, Eq. 17.8 
p = reduced mass, Eq. 17.14 

prf = fission-fragment range in a solid 
v = number of displaced atoms per PKA 

d.Q = differential solid-angle element 

, @ 2  = scattering angles in laboratory coordinates 
@(E) = differential energy flux 

(I, = to ta l  particle flux 
p = constant in the Born-Mayer potential function 

o(E) = total atomic collision cross section 
o( E,T) = differential energy-transfer cross section 
o(E,O) = differential angular cross section 

od(En)  = displacement cross section for neutrons of 

o;(E) = cross section for energy transfers between Ed 

u,,( E,,,E) = differential energy-transfer cross section for 

energy E,, 

and E 

neutron scattering 
0 = scattering angle in center-of-mass coordinates 

0, = recoil angle in focused collision chain 
Of, = maximum angle for  which focusing is possible 

0;" = maximum injection angle into a channel 
=fraction of PKA energy lost by electronic 

excitation during slowing down 

Subscripts 
a = lattice atom 
e = electron 

el = elastic scattering 
eq = at equilibrium 

f = final state (after collision) 
f f  = fission fragment 
g = fission gas 
i = interstitial 

in = inelastic scattering 
0 = oxygen 

U = uranium 
v = vacancy 
1 = particle one 
2 = particle two 
0 = initial state (before collision) 
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17.14 PROBLEMS 

17.1 Figure 15.6 shows a portion of a fission-fragment 
track in U O z .  At one point, the track changes direction 
slightly, which indicates that the fragment has made a 
Rutherford collision with a lattice atom at this point. The 
fragment, which may be assumed to  have a birth energy of 
100 MeV, an atomic number of 42, and a mass number of 
100,  has travelled 2 p m  before undergoing the collision. 

(a) What is the effective charge of the fragment at 
birth? 

(h) Prior to the Rutherford collision, the fission frag- 
ment loses energy by electronic excitation according to the 
Bethe formula. Calculate the fragment energy at  the point 
of the Rutherford collision. Assume the mean excitation 
energy in the Bethe formula is7 = 8.82  (ev) .  

(c) If the scattering angle on  the photograph is 5” ,  
calculate the energy transferred to  the struck lattice atom 
(1) if the latter is oxygen and ( 2 )  if the latter is uranium. 

17.2 Derive the differential angular cross section for 
Rutherford scattering from the  differential energy-transfer 
cross section (Eq. 17.37) .  

17.3 It is desired to join the screened Coulomb potential 
t o  the inverse power potential in which the constants A and 
s are known. The matching point (i.e., the energy E* above 
which the screened Coulomb potential is used and below 
which the inverse power potential is applicable) is deter- 
mined by the criterion that the distance of closest approach 
in a head-on collision is the same when computed by  both 
potential functions. Derive the equation from which E* can 
be calculated. 

17.4 The simple bond theory of lattice cohesion is used to 
calculate the displacement threshold in tantalum for a 
knock-on moving in the direction shown in the sketch. The 
repulsive potential between lattice atoms is approximated 
by the harmonic-force law. 

4 

(a) If the energy of sublimation of tantalum is 8.1 eV, 
what is the bond strength D? 

(b) If the coefficient of compressibility of tantalum is 
0 .53 x l o - ’  cm2 /dyne and the density of tantalum is 16.6 
g/cm3,  what is the product of the force constant k and the 
square of the lattice parameter? 

(c) What are the Miller indices of the PKA direction 
shown in the sketch? 

(d) At what point along this direction is the PKA 
potential energy a maximum? Calculate the difference 
between the PKA energy at  this saddle point and the energy 
in the  equilibrium (lattice) site. This potential-energy 
difference is identified with the displacement energy Ed for  
this direction. 

(e)The location marked with an X in the sketch is an 
octahedral interstitial site in the bcc lattice. What is the 
energy of t h r  PKA when it reaches this position? 

( f )  Sketch (but  d o  not compute) the variation of the 
PKA potential energy as it moves along the specified 
direction. 

17.5 Energy losses t o  the ring of atoms surrounding the 
focusing direction provide a mechanism for terminating a 

107 -- 
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focused collision sequence. Consider a (110) focusing 
sequence in the fcc lattice. In the sketch the atom A, is 
struck and moves off in the direction of A 2 .  Along this 
path it must pass through the ring of atoms labeled B. 

(a) Calculate the B-A, distance when collision of A,  
and A2 occurs. Note that A , ,  A 2 ,  and a B atom lie on  a 
close-packed (111) plane. Assume that the equivalent 
hard-sphere diameter based o n  the Born-Mayer potential 
(2r,) is smaller than the interatomic distance along the 
chain (D).  Express ro in terms of the energy of A ,  (denoted 
by E)  and D in terms of the focusing energy E f .  

(b) Calculate the increase in the four A, -B interaction 
energies as A, moves from its initial position to the 
collision point. 

(c) The total of A,  -B interaction energy calculated in 
(b)  is lost to the  focused collision sequence (this energy 
appears as  thermal energy in the lattice when the four B 
atoms and A, relax and then oscillate about their equilib- 
rium positions). How many collisions can a dynamic 
crowdion of initial energy E ,  < Ef encounter along the 
(110) direction before it stops? 

17.6 A 30-keV ion enters a channel in the solid lattice and 
loses energy only by electronic excilation. Using the 
Lindhard stopping-power formula, determine the distance 
travelled by the ion before it is dechanneled. The minimum 
channeling energy is equal to  300 eV. 

17.7 The (n,?) reaction in “Fe releases a prompt gamma 
ray of E, = 7 MeV. 

(a) What is the recoil energy of the s 7  Fe product 
nucleus? 

(b) Use the Lindhard model t o  determine the number 
of displaced atoms per s 7 F e  recoil. Compare this result 
with that obtained by the Kinchin-Pease formula. Assume 
E,, = 25 eV. 

(c) If the thermal component of the  neutron flux in a 
fast reactor is 1 0 ’  neutrons cm7 sec-I, what is the 
damage production rate (i.e., displacements sec-’ ) due 

, . , i to  the (n,?) reaction in 5 h  Fe?( 7 
,? I ” 1 (d) If the fast flux is given hy 

.~ ---- -- 

@ f ( E n )  = 10’  fi(E,, - 0.5) (E,, in MeV) /’/ ,; 
/ 

what is the damage production rate due to  the fast flux in 
iron? Assume that scattering of 0.5-MeV neutrons from 
iron is elastic and isotropic in the centeraf-mass system. 

Use the Kinchin-Pease displacement formula in (c) and 
(d) .and-look-up-t-he-nFcessary n-eutron=cross-section-data.+-... 

17.8 For a monoenergetic fast-neutron flux of energy 0.5 
MeV, calculate the number of displacements per atom 
(dpa) in iron a t  a fast-neutron fluence of 10” neutrons/ 
cm2 . 
17.9 Calculate the average iron PKA energy in a fission- 
neutron spectrum : 

@(E,,) = constant X exp (-E,,) sinh (2E,,)% 

average PKA energy due to collision with the neutron of 
average energy? Assume isotropic, elastic scattering and an 
energy -inde pen den t scattering cross sect ion. 

17.10 Calculate the number of at,oms displaced by a 
14-MeV neutron incident on  the stainless-steel first wall of 
a fusion reactor. Compare this result with the number of 
displacements produced by a 0.5-MeV neutron, which is the 
average neutron energy in an LMFBR. Obtain displacement 
cross sections from Fig. 17.17. 

17.11 Only relatively energetic electrons are capable of 
causing atomic displacements in metals. For electrons in the 
million electron volt range, relativistic kinematics of the 
collision process must be employed. The energy transferred 
to a stationary atom of mass M and atomic number Z by an 
electron of energy E,. is 

E,, ( 1 + E , ) (  1 - COS 0 ) 

where m,. is the mass of the electron, 0 is the center-of-mass 
scattering angle and all energies are expressed in MeV. 

The interaction leading t o  displacement is nuclear 
Rutherford scattering between the electron and the un- 
screened nucleus of the atom. The differential energy- 
transfer cross section for this process is given by 

where p is the ratio of the electron speed t o  the speed of 
light and the electron energy is 

(in all the above formulas, the electron rest mass is taken as 
0.5 MeV instead of the accurate value of 0.51 MeV). 

(a) Determine the minimum electron energy, ELn”’, 
required to  produce displacements in a metal for  which the 
displacement threshold is E,. 

(b) If an electron of energy E: > E%’” is injected into 
o r  is born in the metal and deposits all its energy there, 
determine the total number of displacements per electron 
n(E,). Consider the process as one of occasional electron- 
a tom collisions between which the electron loses energy by 
radiation (bremsstrahlung) and by interaction with the 
other electrons of the medium. The total stopping power 
(dE,/dx), due t o  these two processes is nearly energy 
independent for  0.2 < E, < 3 MeV (Ref. 2,  p. 161) .  To 
determine the number of displaced atoms, begin by 
formulating the probability pd(E,,T) dT = average number 
of displacement collisions per unit energy loss which 
produces PKAs in (T,dT). 

(c) For the limiting case of E: just slightly larger than - 
E:’,’, obtain an analytical solution to (b)  

17.12 It is desired to calculate the rate of atom displace- 
ments in a medium that is subject to a gamma-ray flux of 

I’ 

where E,, is the neutron energy in MeV. How does this 
value compare with the approximation of calculating the 
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known spectrum. All damage can be assumed due to the 
Compton electrons produced by the interaction of the 
gamma rays with the electrons in the solid. The Compton 
electrons are produced with a spectrum of energies; a s u m e  
that the number of displaced atoms produced by a single 
Compton electron of energy E, is known. 

The following quantities can be considered known: 

i 

N = the  total a tom density of the sblid' 
M = t h e  mass of an atom in the solid 

E,, = t h e  minimum energy that an atom must 
receive to  be displaced, eV 

Q(&) = t h e  energy spectrum of the gamma-ray 
flux in the medium; the maximum photon 
energy of the spectrum is E; 

o,(Ey,E,) dE, = the differential cross section for produc- 
tion of Compton electrons with energy in 
the range E to E, + dE, by photons of 
energy Ey (i.e., the Klein-Nishina for- 
mula) 

n(E,) = t h e  number of displaced atoms produced 
by an electron of energy E,. 

(a) Derive an integral expression for Rc1, the number of 
displaced atoms cm-' sec-I; pay careful attention t o  the 
limits of integration. 

(b) What is the minimum value of E; a t  which damage 
can occur? 

17.13 In the fuel, fast neutrons, as well as fission 
fragments and recoils, can cause re-solution of fission-gas 
bubbles. What is the re-solution parameter b for a known 
fast-neutron-flux spectrum, #(E,)? 

Determine b for a monoenergetic fast flux of l o t 5  
neutrons cm7 sec-' a t  E,, = 0.5 MeV and an elastic 
scattering cross section that is isotropic and equal to  10 
barns. For this fast flux, calculate the fission density in a 
mixed-oxide fuel containing 15% plutonium (see Chap. 10). 
It is shown in Sec. 17.11 that b for fission-fragment recoils 
is 1.7 x lo- '  F .  Compare re-solution by fast neutrons with 
that by fission-fragment recoils. 

17.14 Helium atoms contained in helium bubbles that  
have precipitated in stainlesss-steel cladding can be redis- 
solved by energetic collisions with fast neutrons or with 
recoil metal atoms. Calculate the re-solution parameter b 
for the processes due to:  

(a) Direct collisions of fast neutrons with helium atoms. 
(b) Collisions of helium atoms in the bubble with recoil 

atoms (assumed to  be iron) produced in the collision 
cascade. 

Use the following property values. Elastic-neutron- 
scattering cross sections: helium, 1 barn; iron, 3 barns. 
Iron-iron atomic cross section, 5 A'. Fast-neutron flux 
(assume monoenergetic with E,, = 0.5 MeV, (I> = 10' 
neutrons cm? sec-l ). Minimum helium-atom energy for 
re-solution, 200 eV. 

\ 
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Chapter 18 

Radiation Effects in Metals: 
Hardening, Embrittlement, and Fracture 

18.1 STRUCTURAL METALS FOR 
FAST REACTORS 

The neutron economy of a fast reactor is not  so 
significantly affected by neutron capture in the structural 
materials in the core as is that of a thermal reactor. First, 
most neutron-capture cross sections increase with de- 
creasing neutron energy, and the neutron population of the 
liquid-metal fast breeder reactor (LMFBR) contains a far 
lower percentage of thermal neutrons than does that of a 
light-water reactor (LWR). Second, the ratio of the mass of 
structural metal to  the mass of fissile materials is much 
smaller in a fast reactor than in a thermal reactor. 
Consequently, metals that in a thermal reactor would 
severely impair neutron economy are acceptable in a fast 
reactor, and the selection of core structural materials for 
the LMFBR can be based primarily on cost and mechanical 
and chemical properties. The downgrading of neutron- 
absorption characteristics from the selection criteria for  
core structural metals means that the costly zirconium 
alloys used in thermal reactors need not be employed in 
fast reactors. However, parasitic neutron absorption by 
nonfuel components is important enough to cause LMFRR 
core designers to  be quite sparing in using certain structural 
metals. The irradiation properties of high-nickel alloys, for 
example, are generally superior to those of conventional 
stainless steel, but  nickel has a seriously large cross section 
for absorption of fast neutrons. 

The most important metallic component of a reactor 
core is the fuel cladding; this member provides structural 
integrity to  the fuel element, prevents fission products from 
escaping to  the primary coolant system, and separates the 
sodium coolant from the ceramic oxide fuel (with which it 
reacts). The cladding must be thin-walled tubing that can 
remain intact in a fast reactor environment for periods of 
up to 3 years a t  temperatures 60 800°C, diametral strains of 
3%, and fluences up to  3 X 10; neutrons cm-' sec-' . The 
cladding alloy selected for the LMFBR is the austenitic 
stainless steel described as type 316. This material has an 
fcc crystal structure. (Austenite is the fcc modification of 

iron. It is the stable form of pure iron between 910 and 
1400°C. The addition of nickel stabilizes this structure 
above room temperature.) It has good high-temperature 
creep strength and resists corrosion by liquid-sodium and 
hypostoichiometric mixed-oxide fuels. Moreover, it is 
cheaper than more exotic metals, available in sufficient 
quantities for the fast reactor program, and is easy to 
fabricate. The compositions of two austenitic stainless 
steels are given in Table 18.1. 

The austenitic stainless steels, however, are highly 
susceptible to  swelling owing to  void formation and to  
high-temperature embrittlement by the helium produced in 
neutron reactions with constituents o f  the alloy. Corn- 
mercial nickel alloys (e.g., Inconel and Incaloy) are backup 
materials for core structural components in the liquid-metal 
fast breeder reactor. These alloys appear to be less prone to 
v o i d  s w e l l i n g ,  b u t  t h e i r  n e u t r o n - a b s o r p t i o n  
cross section is higher than that of steel. Vanadium-based 
and refractory-metal alloys are long-range candidates for 
LMFBR fuel-element cladding. These two classes of metals 
both possess bcc lattice structures and are more resistant to  
helium embrittlement than are the austenitic stainless steels 
or nickel alloys. In addition, the refractory metals (e.g., 
molybdenum) d o  not form voids under large fast-neutron 
fluences at the cladding service temperatures of the 
LMFBR. However, both vanadium alloys and the refractory 
metals are much more costly than stainless steel, and their 
use as cladding would significantly increase the capital cost 
of a fast reactor. 

Although the generally favorable high-temperature 
properties of the austenitic stainless steel are utilized in the 
fast reactor core compounds (e.g., in cladding and assembly 
wrappers), the lower flux, lower temperature environment 
outside the core permits less expensive steels to be used for 
the reactor pressure vessel. In both LMFBR and LWR 
systems, ordinary ferritic or alloy steel is used for this 
component. (Ferrite is a bcc modification of iron.) Typical 
alloy-steel compositions are shown in Table 18.2. This 
material does not possess, nor does it need to possess, the 
high-temperature strength and corrosion resistance of stain- 

418 
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\ Table 18.1 Composition of Austenitic Stainless Steels 
-. 

Type 304, Type 316. 
Element wt. 7" wt. % 

Fe 7 0  
CY 1 9  
Ni 9 

Major 
constituents 

65 
17  
1 3  

1.8 
C 0.06 
Mn 0.8 

1nterstit.ial 
impurities } P 0.02 

S 0.02 
Si 0.5 0.3 
B 0.0005 0.0005 

M o  0.2 
co 

N 0.03 J 
Substitutional 

0.3 2 .2  1 impurities 

Table 18.2 Composition of Pressure-Vessel Steels 

Element 
A302-B, 

wt. % 

Fe 

C 
Mn 
P 
Si 
S 

Cr 
Ni 
Mo 

97 

0.2 
1 . 3  
0.01 
0.3 
0.02 

0.2 
0.2 
0.5 

A212-B, 
wt. % 

98 

0.3 

Interstitial 
impurities 0.3 

0.03 

Substitutional 
0.02 impurities 

less steel, but il is much cheaper. In common with most bcc 
metals, ferritic steel exhibits one potentially serious radia- 
tion effect. Below a certain temperature known as the 
ductile-brittle transition temperature (DBTT), or nil- 
ductility temperature (NDT), the metal is susceptible to 
brittle fracture. As long as the lowest operating temperature 
is greater than the nil-ductility temperature, the metal is 
ductile. However, the nil-ductility temperature increases 
dramatically with neutron exposure, and, toward the end of 
a 30-year lifetime, a pressure vessel can be subject to brittle 
failure. Such catastrophic failures have occasionally oc- 
curred in bridges, large storage tanks, and ships. Usually the 
entire structure breaks apart when brittle fracture occurs. 

Four broad categories of mechanical behavior are 
pertinent to  reactor performance: 

1. Radiation hardening. 
2. Embrittlement and fracture. 
3. Swelling. 
4. Irradiation creep. 

This chapter deals with the first two of these features. 
Swelling and irradiation creep are considered in the 
following chapter. 

Radiation hardening usually means the increase in the 
yield stress and the ultimate tensile stress as a function of 
fast-neutron fluence and temperature. The yield strength 
and ultimate strength are measured in tests in which 

deformation occurs at high stresses and rather quickly. 
However, the strength of fuel-element cladding is most 
accurately represented by the resistance of the metal to 
slow deformation by creep, since the internal loading on 
the cladding never reaches the yield stress. The creep 
strength of a metal is usually determined by the time 
required for failure under a fixed applied stress (i.e., a stress 
rupture test). 

Embrittlement of a metal is measured by the amount of 
plastic or creep deformation that occurs before fracture. 
Fast-neutron irradiation invariably renders a metal less 
ductile than the unirradiated material. Fracture can be of 
the brittle type in which a small crack swiftly propagates 
across an entire piece, o r  it can occur only after long times 
at stress and after appreciable deformation. Failure by 
stress rupture takes place by linkup of small intergranular 
cracks or cavities that have developed throughout the 
interior of the metal. 

18.2 EVOLUTION OF THE MICROSTRUC- 
TURE OF STEEL DURING NEUTRON 
IRKADIATION 

The radiation-produced entities responsible for changes 
in the mechanical properties of neutron-bombarded metals 
can be identified, counted, and sized with the aid of the 
electron microscope. When an electron beam of several- 
hundred kiloelectron volts energy passes through a thin 
metal specimen, some of the electrons are transmitted 
through the foil, and others are diffracted in much the same 
way that X rays are diffracted by parallel atomic planes 
near the surface of a crystal. The foil is sufficiently thin 
(1000 to 5000 A)  and the incident electron beam suf- 
ficiently well collimated (spot size of several micrometers) 
that only a part of a single grain is probed. Within this 
single-crystal region of the material, some atomic planes are 
properly oriented to diffract the incident electron beam. 
The angle of the diffracted beam relative t o  the incident 
electron beam is determined by the Bragg condition based 
on the de Broglie wavelength of the incident electrons and 
the spacing of the atomic planes of the solid. The intensity 
of the transmitted beam is reduced to the extent that the 
intervening solid satisfies the Bragg condition and produces 
strong diffraction. Figure 18.1 is a sketch of the setup for 
bright-field transmission-electron microscopy. The trans- 
mitted electrons are brought into focus a t  an aperture by 
means of an electrostatic lens. The position of the aperture 
is adjusted so that only transmitted electrons are permitted 
to pass; the diffracted beams are stopped. Any defect that 
locally destroys the perfection of the crystal lattice also 
alters the diffraction conditions at  this point. When the 
orientation and/or spacing of the atomic planes around the 
defect more closely satisfy the Bragg condition than d o  the 
planes in the perfect crystal, the diffraction phenomenon is 
stronger for the planes around the defect than for those in 
the perfect crystal. With reference to  Fig. 18.1, if Ib > I,,, 
then the transmitted beam from the vicinity of the defect is 
weaker than that from the perfect crystal. The defect 
appears on the photographic plate behind the aperture as a 
dark image on a bright background. The contrast of the 
image is proportional to  IT - I!,-. Such photographs repre- 



420 FUNDAMENTAL ASPECTS OF N U C L E A R  R E A C T O R  FUEL ELEMENTS 

INCIDENT 
ELECTRON 
BEAM 10 

Fig. 18.1 Illustration of image formation in bright-field 
electron microscopy. The values I., and I, denote the 
intensities of the transmitted and diffracted beams for 
incident electrons passing through a region of perfect 
crystal. The primed quantities denote the analogous intensi- 
ties from the region of the defect. 

sent the projected image of the three-dimensional crystal 
defect. Atomic planes that are out of register (as those near 
a grain boundary or  a stacking fault) or zones of the crystal 
that are distorted by a strain field (as around dislocations) 
produce interference patterns and can therefore be imaged. 

Gas-filled "bubbles a t  equilibrium (i.e., gas pressure 
balanced by surface tension) d o  not strain the surrounding 
solid, which therefore behaves as undistorted crystal. Even 
when the cavity contains no gas (a void), the strain field in 
the vicinity of the defect is negligible. Bubbles and voids are 
detectable by virtue of the smaller absorption of the 
electron beam passing through the cavity compared with 
the electrons that pass through a section of the foil 
consisting entirely of solid. 

Figure 18.2 shows the microstructure of a typical 
unirradiated austenitic stainless steel used for fast reactor 
fuel-element cladding. Figure 18.2(a) shows an ordinary 
photomicrograph of a polished specimen. The grains are 
clearly visible and average 25 pm in size. The transmission- 
electron micrograph of Fig. 18.2(b) contains only segments 
of the dislocation network of the as-fabricated metal. 

18.2.1 Black-Dot Structure 
Figure 18.3 shows the microstructure of a specimen 

irradiated at  -100°C by a fast-neutron fluence of -10' I 

neutrons/cm2. The defects produced at these conditions 
appear as black dots in the electron micrograph. The 
defects are too small to permit their structure to  be 
revealed by the electron microscope, but they are believed 

Fig. 18.2 Microstructure of unirradiated type 304 stainless steel (a) Photomicrograph showing grain struc- 
ture. (b) Electron micrograph showing dislocation structure. (From E. E. Bloom, An Investigation of Fast 
Neutron Radiation Damage in An Austenitic Stainless Steel, USAEC Report ORNL-4580, Oak Ridge Na- 
tional Laboratory, 1970.) 
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Fig. 18.3 Type 304 stainless steel irradiated at  93°C. 
[From E. E. Bloom, W. R. Martin, J. 0. Stiegler, and J. R. 
Weir, J .  Nucl .  Mater., 22: 6 8  (1967). J 

to  represent the depleted zones or vacancy clusters pre- 
dicted by radiation-damage theory (Figs. 17.25 and 17.30). 
As long as the irradiation temperature is below -350"C, 
increasing fluence simply increases the density of the 
black-dot damage. 

When irradiation is carried out  a t  temperatures greater 
than -350"C, the nature of the microstructure is entirely 
different from the black-dot pattern characteristic of 
low-temperature irradiation. In stainless steel irradiated 
above 350"C, the point defects created by the collision 
cascades are sufficiently mobile to move about in the solid 
and agglomerate into larger defect clusters. The damage 
structure consists of dislocation loops and voids. 

18.2.2 Loops 

The defect agglomeration commonly called a loop is 
formed by condensation of radiation-produced vacancies or 
interstitials into roughly circular disks followed by collapse 
of the atomic planes adjacent to  the platelet. Vacancy-loop 
formation is shown in Figs. 18.4(a) and 18.4(b), and the 
corresponding process for interstitials is depicted in Figs. 
18.4(c) and 18.4(d). The end result of the condensation/ 
collapse process is a region delineated by a circular edge 
dislocation. In the fcc structure, loops invariably form on 
(111) planes. When a (111) plane is added to or removed 
from the lattice by agglomeration of a disk of interstitials 
or vacancies, the stacking sequence of the perfect close- 
packed structure (Sec. 3.6) is disturbed. The circular edge 
dislocation thus encloses a stacking fault .  

The dislocation loops shown in Figs. 18.4(b) and 
18.4(d) are called Frank sessile dislocations or  simply Frank 
loops. The term sessile means immobile. Because the 
dislocation encloses a stacking fault, Frank loops are also 
called faulted loops. The Burgers vector of a Frank 
dislocation is perpendicular to the  plane of the loop, and its 
magnitude is equal to  the separation of the (111) planes. 
This Burgers vector is denoted symbolically by 

(18.1) 

The direction is indicated by the Miller indices in the 
brackets. The sign depends on whether the loop was formed 
from vacancies or interstitials. The length of the Burgers 
vector is given by the square root of the sum of the squares 
of the Miller indices times the coefficient ao /3 ,  or 
(a,/3)3X = a,/3!. 

Edge dislocations can slip only in the direction of their 
Burgers vector. The cylinder normal to the loop on which 
the dislocation can move is not a (110) glide direction for 
fcc slip [Fig. 8.2(a)]. Therefore, the Frank dislocation loop 
cannot move in the direction of its Burgers vector and 
hence is immobile, o r  sessile. The loop can change diameter 
by absorbing or emitting point defects (i.e., by climb). Net 
addition of the same type of point defect causes the loop to  
grow, whereas absorption of the opposite type of point 
defect causes shrinkage. The stacking fault can be elimi- 
nated by moving the crystal above the loop relative to the 
solid below it. This shearing action is accomplished by 
passage of another type of dislocation, called a Shockley 
dislocation, across the faulted area. The Shockley disloca- 
tion and the Frank dislocation react to  form a dislocation 
loop at the same position as the original Frank loop but 
with the interior of the loop now in perfect stacking 
registry with the neighboring (111) planes. The loop 
unfaulting process occurs spontaneously in stainless steel a t  
about 600°C. The Burgers vector of the unfaulted loop is 

a0 
b = + -  [ l l O ]  2 (18.2) 

This Burgers vector is properly oriented for glide in the fcc 
lattice [Fig. 8.2(a)], and the loop is therefore mobile. As it 
moves by slip, il sweeps out  a cylindrical surface tilted at an 

CONDENSATION OF 
VACANCIES IN VACANCY LOOP \r 

I 

CONDENSATION OF 
VACANCIES IN VACANCY LOOP \r 

I 

( a i  ( h )  

CONDENSATION OF 
INTERSTITIACS BETWEEN 

CRYSTAL PLANES 
INTERSTITIAL LOOP 

I \  

Fig. 18.4 Formation of vacancy loops and interstitial loops. 



~ 

422 FUNDAMENTAL ASPECTS OF N U C L E A R  R E A C T O R  FUEL ELEMENTS 

angle to  the (111) plane. Because of the shape of slip 
pattern, the unfaulted loop is often called a prismatic loop. 
It is distinguished from the shear loop shown in Fig. 8.6 by 
the direction of the Burgers vector with respect to-the plane 
of the loop. The Burgers vector of a shear loop lies in the 
plane of the loop, whereas the Burgers vector of a prismatic 
loop lies outside the plane of the loop. The dislocation of 
the unfaulted loop given by Eq. 18.2 is perfect in the sense 
that movement along the slip plane leaves the atoms in 
positions equivalent to those previously occupied. The 
dislocation characterizing the Frank sessile loop (Eq. 18.1) 
does not satisfy this criterion, and the Frank loop is said to  
be imperfect. 

Faulted and unfaulted dislocation loops are shown in 
Figs. 18.5(a) and 18.5(b), respectively. Because of the 
stacking fault they enclose, the faulted loops in Fig. 18.5(a) 
appear in the electron microscope as opaque circles. 
Removal of the faulted region renders the interior of the 
loop identical to the rest of the solid, and only the outline 
of the loop remains [Fig. 18.5(b)]. Since the unfaulted 
dislocation loops are mobile, they easily lose their dis- 
tinctive circular shape by gliding under an applied stress and 

( b )  

Fig. 18.5 Dislocation loops in type 304 stainless steel. (a) 
Faulted. (b) Unfaulted. (From E. E. Bloom and J. 0. 
Stiegler, in ASTM Special Technical Publication 484, 
p. 451, American Society for  Testing and Materials, Phila- 
delphia, 1970.) 

becoming tangled with the natural o r  deformation- 
produced dislocation network of the solid. Loops disappear 
from the irradiated solid a t  about 600 to 650°C. 

18.2.3 Voids 
Under some conditions the embryo collection of 

vacancies of Fig. 18.4(a) can begin to  grow in a three- 
dimensional manner rather than collapse into a dislocation 
loop, This route leads to  the formation of voids in metals 
and consequent swelling of the structure (Chap. 19). Voids 
produced in stainless steel by high-fluence fast-neutron 
bombardment a t  525°C are shown in Fig. 18.6. The voids 
are not spherical. Rather, they assume the shape of a 
regular octahedron with { 111} planes as surfaces. The ends 
of the octahedron, however, are truncated by (100) planes. 
Voids are annealed out  of the microstructure a t  about 
750°C. 

18.2.4 Carbide Precipitates 
In pure metals, only voids and dislocation loops are 

produced by intermediate-temperature irradiation. In a 
material as complex as stainless steel, however, neutron 
irradiation also causes different solid phases to  precipitate. 
Carbon is added to steel in the molten state, where the 
solubility of carbon is high. Carbon solubility, whether in 
the solid or  in the liquid forms of steel, decreases rapidly as 
the temperature is reduced. However, when the steel is 
rapidly quenched from the melt, the kinetics of carbon 
precipitation are too slow to keep up  with the rapid 
decrease in the mobility of the atomic species in the solid. 
Consequently, the 0.06 wt.% carbon in steel (Table 18.1) is 
maintained in atomic form as a supersaturated solution. 
When the steel is heated to  temperatures a t  which super- 
saturation persists but atomic mobility is appreciable, the 
carbon can be expelled from solution and form a second 
phase in the metal. When steel is aged (i.e., heated for long 
periods of time at  elevated temperatures), dissolved carbon 
reacts with the matrix elements iron and chromium t o  form 
a compound M23C6 (M = Cr and Fe) which is insoluble in 
the austenite or gamma phase. These carbides are formed by 
the reaction 

23M(y) + 6C(y) = M2 3C6 (mixed carbide) 

where y denotes the austenitic phase. The carbide formed is 
a mixture of Fez ? C h  and Cr2 3 C G .  Since chromium is a 
strong carbide-former, the mixed carbide consists primarily 
of Cr2 3 C h .  The nickel constituent of stainless steel does 
not form stable carbides. 

Neutron irradiation accelerates the diffusional processes 
that control the mobililies of the atomic species in the 
lattice and hence the kinetics of the preceding precipitation 
reaction. Carbide precipitation occurs a t  much lower 
temperatures and shorter times than those required for aging 
in the absence of irradiation. Radiation accelerates the rates 
of precipitation reactions when such processes are thermo- 
dynamically favorable. If the irradiation temperature is 
above that a t  which the solubility limit of carbon is equal 
t o  the carbon content of the steel, irradiation cannot cause 
precipitation. For type 316 stainless steel containing 0.06% 
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Fig. 18.6 Type 316 stainless-steel specimen irradiated at  
525°C to 7.1 x neutrons/cm2 (E > 0.1 MeV). Mean 
void diameter, 640 8; void number density, 4.4 X 1 0 l 4  
voids/cm3. [From W. K. Appleby et al., in Radiation- 
Induced Voids in Metals, Albany, N .  Y . ,  James W. Corbett 
and Louis C. Ianniello (Eds.), USAEC Symposium Series, 
CONF-710601, p. 166,  1971.1 

carbpn, ,for example, carbide precipitation is thermo- 
dynamically unfavorable at temperatures greater than 
-900°C. At temperatures lower than -4OO"C, diffusional 
processes are too slow (even when enhanced by irradiation) 
to  cause observable precipitation in reasonable irradiation 
times. Between 400 and 900"C, however, exposure of 
austenitic stainless steel to fast-neutron fluences between 
lo2  and l o 2  neutrons/cm2 produces carbide precipita- 
tion. Figure 18.7 shows an electron micrograph of carbide 
precipitation in type 316 stainless steel. Carbide particles 
are found both within the grains of the y phase (austenite) 
and on the grain boundaries. The presence of precipitates 
on the grain boundaries affects the creep strength of the 
alloy. 

18.2.5 Helium Bubbles 
At temperatures above -8OO"C, dislocation loops and 

voids are not found in irradiated steel. In addition t o  

with the major constituents, principally nickel. At tempera- 
tures below -650"C, the helium atoms produced by 
stopping the alpha particles in the material are not mobile 
enough to migrate and nucleate bubbles. Consequently, 
helium,.rema;ins:Ain solution and is invisible to the electron 
microscope. 'At high temperatures helium bubbles form in 
the metal in the same way that fission-gas bubbles form in 
ceramic oxide fuel material (Chap. 13). The helium bubbles 
in the metal are nearly spherical, which suggests that the 
internal gas pressure is very nearly balanced by surface- 
tension forces. Figure 18.8 shows the helium bubbles in 
stainless steel a t  800°C. In this instance, the helium was 
injected into the specimen by a cyclotron. The bubbles on 
the grain boundaries are larger than those in the matrix. 
The intergranular helium plays an important role in the 
high-temperature embrittlement of stainless steel. Short of 
melting, helium bubbles cannot he removed from the metal 
by annealing. 

18.3 MECHANICAL-PROPERTIES TESTS 
Much of the mechanical testing designed to elucidate 

the effects of neutron irradiation on structural metals is 
performed after irradiation with conventional metallurgical 
testing machines. Usually the specimens are irradiated in a 
neutron flux of known energy spectrum for a fixed period 
of time and then removed for testing. The effects of large 
neutron fluences (i.e., very long irradiations) can he 

grain boundaries, dislocations (augmented by the un- 
faulted loops that have joined the original dislocation Fig. 18.7 Nearly continuous M2 3C6 precipitation along 
network), and carbide precipitates, the microstructure grain boundary of solution-treated type 316 irradiated a t  
contains small helium-filled bubbles. Helium is generated by neutrons/cm2. [From H. R. Brager 
( n p )  reactions with the boron impurity in the steel and 

850°C t o  5.1 X 
and J. L. Straalsund,J. Nucl. Mater. ,  46: 134 (1973).] 
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Fig. 18.8 Transmission electron micrographs of stainless 
steel injected with 5 x lo-' a tom fraction helium, tested at  
800OC. Large helium bubbles are seen in (a) the grain 
boundary and (b) in the grain boundary, with smaller 
bubbles in the matrix. (From D. Kramer et al., in ASTM 
Special Technical Publication 484, p. 509, American Soci- 
ety for Testing and Materials, Philadelphia, 1970.) 

determined by the simple expedient of removing core 
components of a reactor and fabricating test samples from 
them. Aside from the problems associated with handling 
and shielding radioactive samples, post-irradiation testing is 
a routine operation, and a large amount of mechanical- 
properties data can be accumulated quickly and in- 
expensively. 

The mechanical properties of irradiated structural steels 
depend on  the  irradiation temperature. When testing is 
done after removal from the reactor, the testing tempera- 
ture is unavoidably introduced as an additional parameter. 
This additional degree of flexibility is often valuable; tensile 
tests over a range of test temperatures on  specimens 

irradiated at  a fixed temperature provide information on  
the thermal stability of defects that are responsible for the 
change in strength brought about by irradiation. For some 
properties, however, out-of-pile testing, even at  a test 
temperature equal to  the irradiation temperature, does not 
adequately represent the behavior of the metal in the 
reactor environment. This complication can be eliminated 
by performing mechanical tests during irradiation; such 
experiments, however, are difficult and costly. In-pile 
testing is usually restricted to measurement of mechanical 
properties that depend critically on the neutron flux as well 
as on  the neutron fluence (e.g., irradiation creep). 

This section reviews some of the conventional 
mechanical-property tests that are applied to irradiated 
structural steels. 

18.3.1 Tensile Test 
The tensile test provides a means of uniaxially loading a 

rod or  bar-shaped specimen and of measuring the elongation 
for various applied loads (Fig. 18.9). When a specimen of 
initial length lo and cross sectional area A" is subjected to 
an applied load in tension P, the length increases to  I, and 
the cross-sectional area is reduced to A. The engineering 
stress in the test is defined as the ratio of the load to  the 
initial cross sectional area, or P/Ao.  The true lensile stress, 
however, is based on the actual specimen area, or 

P 
A 

( J -  (18.3) 

The engineering strain is the elongation divided by the 
initial specimen length, or (1 - l o ) / l o .  The true strain, on 
the other hand, is the integral of the increments of strain 
over the specimen length: 

(18.4) 

The true strain is always somewhat larger than the 
engineering strain. The true strain defined by Eq. 18.4 is 

Fig. 18.9 The tensile test. (a) Test specimen. (b) Uniform 
elongation. (c) Necking. 
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not equivalent to  the strain components commonly em- 
ployed in elasticity theory (Le., Eq. A.10 of the Appendix). 
The relation between the infinitesimal strain components 
and displacement is determined by Taylor series expan- 
sions, which neglect products of strain components. The 
strain of Eq. 18.4 is applicable t o  finite deformations 
encountered in tensile tests far into the plastic region. It is 
also called the  logarithmic strain. 

In the elastic stress region, the true stress-strain curve 
obeys Hooke's law, which for the uniaxial tensile test is 
u = EE. However, tensile tests are generally intended to  
investigate the behavior of the metal a t  much larger stresses 
than those for which Hooke's law is followed. The large, 
irreversible plastic strains in most tensile tests take place at  
essentially constant volume because deformation occurs 
primarily by shear. With the specimen volume constant, 
area reduction is related to elongation by 

or 

d l -  dA 
I A 

Thus, the true strain can also be expressed by 

c =Ll (-?)=In (2) 

True stress-strain curve >,/'x 

/ 
ooke's 
w regton 
I / 

\-strain Engineering x F  

._ 

Work 
hardening Necking 

curve 

(18.5) 

STRAIN 

(18.6) 

The preceding equations apply without qualification to 
the portion of the deformation in which the cross-sectional 
area of the specimen is reduced by the same amount over 
the entire length of the specimen. This mode of deforma- 
tion is called un i form elongation [Fig. 18.9(b)] .  At a 
certain load the cross-sectional area of a localized section of 
the specimen begins to  decrease more rapidly than the 
remainder of the bar [Fig. 18.9(c)]. This phenomenon is 
called necking, and the stress or strain a t  which it begins is 
the point of plastic instabilily. 

The s t resss t ra in  curves for a typical (unirradiated) 
low-alloy steel are shown in Fig. 18.10. The general shapes 
of these curves are characteristic of most metals that 
crystallize in the bcc lattice structure. The solid line depicts 
the engineering stress-strain curve, which is a plot of P/Ao 
vs. ( I  - 1,1)/1,, . The material deforms elastically according to 
Hooke's law up to  the point U, where the specimen appears 
t o  give way or to  yield. The load then drops with increasing 
elongation to  the point L. The points U and L are called the 
upper and lower yield points, respectively. The reported 

' yield strength of a material is usually the stress a t  the lower 
yield point. For a short strain interval following point L,  
plastic deformation proceeds with no increase in load. This 
interval is called the Luders strain. The stress level 
characterizing the Luders strain region is essentially the 
same as the lower yield point, although it is sometimes 
called the f l o w  stress of the material. 

Following the Luders strain is a region where the stress 
required t o  produce further strain increases. This portion of 
the s t resss t ra in  curve is called the strain-hardening or 
work-hardening region because the material becomes 

Fig. 18.10 Stress-strain curve for ferritic steel. 
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stronger as a result of the deformation process. Plastic 
instability terminates the work-hardening portion of the 
stress-strain curve a t  the point labeled UTS, which stands 
for ultimate tensile stress. This point represents the 
maximum load-bearing capacity of the specimen. At all 
times during deformation, the load is equal to the product 
of the actual cross-sectional area and the true stress, or 
P = uA. At  the UTS, dP = 0, or 

do dA 
U A 

- = - _  

According to Eq. 18.6, -dA/A = de; so the onset of 
necking, which occurs a t  the UTS, is located on  the true 
stress-strain curve at  the point a t  which 

(18.7) 

Up to plastic instability, the true stress-strain curve 
(the dashed curve in Fig. 18.10) can be constructed using 
Eqs. 18.3 and 18.4. During necking, Eq. 18.4 does not 
apply if the  gauge length 1 is interpreted as the total 
specimen length. However, nowhere has it been specified 
that 1 must be  the entire specimen length; it could very well 
have been chosen as a very short segment right in the 
necking region. Over this small segment, elongation is 
uniform. It is experimentally difficult to measure length 
changes in a very tiny gauge length. However, Eq. 18.6 
applies to  the necked region provided that the area A is the 
cross-sectional area a t  the most severely necked part of the 
specimen. Therefore, application of Eqs. 18.3 and 18.6 
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with the necked area taken for A permits the true 
stress-strain curve to be extended from the UTS t o  
fracture (point F). The true strain and stress a t  fracture are 
always larger than those based on  the engineering stress- 
strain curve. At small strains, however, the difference 
between the two stress-strain curves is negligible, The yield 
stress, for example, can be represented by either curve with 
no appreciable error. 

Figure 18.11 shows the tensile behavior of a typical 
austenitic steel. The primary difference between the stress- 
strain curves in Figs. 18.10 and 18.11 is the absence of a 
well-defined yield point in Fig. 18.11. For most metals with 
an fcc structure, the s t resss t ra in  curve continuously 

Hooke's 
law 

I 

I X  F 
4 

.True stress-strain 
curve 

i ' UTS 

Engineering 
stress-strain 

X F  

I 1 0 . 2 %  offset 
I 
I 
I 

STRAIN 

Figs. 18.10 and 18.11. The yield stress is reduced a t  low 
strain rates because the slow motion of dislocations a t  low 
stress levels becomes sufficient to  become manifest as 
plastic deformation. In unirradiated steels, ductility is not 
significantly affected by strain rate. 

Strain rates of 0.01 min-' are characteristic of conven- 
tional tensile tests. This figure is also approximately equal 
to the strain rates induced in cladding by typical reactor 
power transients (shutdown, startup, and power cycling). 
When the strain rate in the test is reduced t o  min-' 
and the temperature is high, the test is called a creep- 
rupture test. This strain rate is typical of that imposed on 
cladding by fuel swelling in the reactor. 

18.3.2 Tube-Burst Tests-Biaxial 
Stress State 

The tensile test described above is an experimentally 
convenient way of measuring the mechanical properties of a 
metal. In addition, theoretical interpretation of the stress- 
strain curves is simplified by the fact that there is only one 
nonzero component of the stress tensor, namely, the 
normal stress in the direction of the applied load. However, 
the stress state of fuel-element cladding loaded internally 
by fission-gas pressure and fuel swelling more closely 
resembles that in a long thin-walled cylindrical tube closed 
a t  both ends and pressurized by a gas. Since cladding fails 
by creep rupture after long periods of being subjected to  
stresses well below the yield stress, considerable creep- 
rupture testing of unirradiated and irradiated steel tubing 
has been performed by pressurizing closed tubing with an 
inert gas. These tests are called tube-burst tests. 

According to elasticity theory, the normal stresses in 
,-%tedq tubes loaded by an internal gas pressure p are given 

by (see problem 18.6) 

PD 
01) = - 

2t (18.8a) 

(18.8b) 

Fig. 18.11 Stress-strain curve for austenitic steel. 
( I ,  2 0 ( 1 8 . 8 ~ )  

deviates from Hooke's law as the stress is increased, and it is 
impossible to  assign a definite stress a t  which plastic 
deformation begins. That is, the metal does not yield in an 
unequivocal manner. Hence, yielding (or the onset of 
plastic flow) in such metals is arbitrarily considered to  
occur when the permanent strain in the tensile test is 0.2%. 
This stress, denoted by uy in Fig. 18.11, is called the 0.2% 
offsel yield strength of the metal. 

Ductility is measured either by the amount of strain 
between the true fracture stress and the yield stress 
(eF - c y )  or  more commonly by the total uniform elonga- 
tion up  to necking. Embri t t lement  means a reduction in 
either of these two measures of ductility. A brittle material 
fails when yield occurs or, in the case of a material having 
no sharp yield point, when failure occurs before 0.2% offset 
strain. 

The rate at which deformation is imposed in the tensile 
test, or the strain rate, affects the s t resss t ra in  curves of 

where D is the tube diameter and t is the wall thickness 
(t D). The infinitesimal radial and tangential strains 
appropriate to  conventional elasticity theory are ( t  - t o ) / t o  
and (D - Do)/Do,  respectively. The logarithmic strains 
should be used when appreciable deformation occurs. The 
true (logarithmic) strains are 

E ,  = In (i) (1  8.9a) 

(18.9b) 

c, = 0 ( 1 8 . 9 ~ )  

where Do and to are the initial tube diameter and wall 
thickness, respectively. By varying the gas pressure, p, 
plastic deformation of the tube can be induced. Because the 
tube wall is subject to  two stress components of com- 
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parable magnitude, the stress state is biaxial. To interpret 
the results o f  tube-burst tests, one needs to  know the 
correspondence between the states of plastic stress and 
plastic strain for the uniaxial and biaxial situations. For 
example, if  yield occurs in the tensile test a t  a true stress of 
u y ,  at what gas pressure should the tube yield? , .  

More generally, the criterion for yielding in multiaxial 
stress states i:; needed. In the tensile and tube-burst tests, no 
shear stresses are involved. In these cases the coordinates 
(x,y,z) and (r,U,z) are called the principal axes, and the 
normal stresses acting on planes perpendicular to  these axes 
are the principal stresses. In situations where the shear 
strains are not zero, it is always possible to rotate the 
conventional coordinate system (Cartesian, cylindrical, and 
spherical) into another set of coordinates, called 1, 2, and 3, 
for which the shear stresses vanish. The normal stresses 
acting along these axes, u1 , (I?, and u 3 ,  are the principal 
stresses of the system. Although no coordinate rotation is 
necessary in the tensile and tube-burst tests, the multiaxial 
yield criterion will be developed in terms of the principal 
stresses, o ,, ( J? ,  and u 3 ,  and then specialized to the two 
cases of interest. 

In the absence of a shear stress, the elastic strain energy 
density of a deformed solid is given by Eq. A.26 of the 
Appendix as 

A general yielding criterion could be based on the 
hypothesis that yielding occurs when the strain energy, E,,, 
reaches a critical value. However, this criterion is not 
enough, because it is well known that large amounts of 
strain energy can be stored by the action of purely 
hydrostatic stresses without causing the material to deform 
permanently. Von Mises proposed that the appropriate 
strain energy is the difference between the total energy 
density of Eq. 18.10 and the energy density that the solid 
would acquire had it been subject to the mean of the three 
principal stresses. The mean normal stress is 

In the uniaxial tensile test, u ,  = u,, u2 = uy = 0, and 
u3  = u, = 0. Equation 18.13 reduces to 

(18.14) 

When the right-hand sides of Eqs. 18.13 and 18.14 are 
equated, the stress u, is interpreted as the true stress in a 
uniaxial tensile test, which is equivalent to  the multiaxial 
stress state characterized by the principal stresses, 0 ,  , a?. 
and u 3 .  The equiualetzl stress is then 

To emphasize the concept of equivalent stress, we replace 
the uniaxial stress 0, with the notation u*:. This quantity is 
also called the stress deviator because it pertains only to 
that portion of the stress system which leads to  distortion 
in specimen shape but does not include the stresses that 
contribute to  volume dilatation. 

For the tube-burst test, u l  = u g ,  u2 = u7, = u0/2 ,  and 
u3 = or = 0. Substituting these stresses into the right-hand 
side of Eq. 18.15 gives 

(18.16) 

Equations 18.15 and 18.16 apply from the yield point to 
fracture. To determine the internal gas pressure that should 
cause yielding of a closed tube, we set U* equal to  u y ,  the 
measured yield stress in a tensile test; ug is given by 
Eq. 18.8a. Equation 18.16 then gives the pressure to cause 
yielding o f  the tube 

3% 
2 uo CJ* =-  

p(yielding) = 
4 t  _ _  

3% D " 

The strain deviator analogous to  the stress deviator of 
Eq. 18.15 is defined as 

and the elas1,ic-energy density arising from the hydrostatic 
stress is obtained by substituting oh for 0 1 ,  0 2 ,  and 0 3  in 
Eq. 18.10, 

The strain deviator, E*,  is also called the equivalent strain. 
The coefficient ( 2 / 3 ) %  arises because we want e4' to reduce 
to E ]  = E ,  in a tensile test. Although the stress is uniaxial in 
the tensile test, the plastic strains are not. The transverse 
strains are equal t o  each other, but, because the material is 
incompressible in plastic flow, we have 

3 1-22v 
(Eel)h = z ( T ) . ;  

(18.12) 0 (18.18) 

According t o  von Mises, yielding occurs when the distortion 
energy, Eel -- (Eel)h,  exceeds a critical value. This energy 
density is obtained from Eqs. 18.10 and 18.12 as 

or, with = E 3  

1 
e2 = E 3  = - -  2 E 1  

(Eel )d  = Ed - (Eel)h and Eq. 18.17 shows that E* = E ]  = E,,  as desired. 
For a pressurized tube, E ,  = -EO (since E ,  = 0), and the 

equivalent strain is given by 

2(2+ E* = = 
+ (01 - 0 3 ) ~  + (02 - 03)' ] (18.13) 3 (18.19) 
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where €0 is given by Eq. 18.9b. The radial strain is difficult 
t o  measure during plastic deformation of a tube, but eo ,  
which is called the diametral strain, is more accessible. 

Although pressurized-tube-deformation measurements 
can be used to  generate stress-strain curves, tensile tests are 
much more suitable for this purpose. The principal use of 
the tube pressurization experiments is to  measure the time 
required t o  burst the tube under a fixed gas pressure. Since 
these rupture times are generally rather long (ranging from 
-1 to 10,000 hr) ,  the phenomenon is called creep rupture. 
The diametral strain can also be measured at  rupture. This 
quantity is a qualitative indication of the ductility of the 
specimen. Similarly, the time derivative of the diametral 
strain is a measure of the creep rate. If steady-state creep 
(Fig. 8.22) prevails for most of the test, the rupture t ime,  
tR ,  is given by 

EF 
tK = 7 

f 
(18.20) 

where eF  is the diametral strain a t  failure and 6 is the creep 
rate, which is assumed to be constant for 0 < t < tR. 

Figure 18.12 shows typical stress-rupture curves for 
type 316 stainless steel a t  various temperatures. The stress 

of the two testing methods are indeed collapsed into single 
curves when plotted according to  Eq. 18.21. 

18.3.3 Impact Testing and Transition 
Tempera tures 

One of the major differences between the mechanical 
behavior of austenitic and ferritic steels is that ferritic steels 
tend t o  become brittle a t  low temperatures, whereas 
austenitic steels remain ductile to as low temperatures as it 
is possible t o  reach in tensile tests. The degree of ductility 
or brittleness is related to  the strain a t  fracture (the point F 
in Fig. 18.10). As the temperature a t  which a tensile test is 
conducted is reduced, the fracture stress becomes smaller 
and eventually coincides with the onset of yielding. 
Another measure of the ability of a metal t o  deform 
plastically before fracture is the energy per unit volume 
required for fracture. This quantity, which is called 
toughness, is the area under the s t resss t ra in  curve up to  
point F in Fig. 18.10. Determining the energy of fracture 
by measuring and then integrating a complete s t resss t ra in  
curve is tedious, and quicker methods, known as impact 
tests, have been devised. These tests are not intended t o  

Fig. 18.12 Rupture life of unirradiated type 316 stainless steel.-, uniaxial. - - -,biaxial. (After A. J. 
Lovell and R. W. Barker, in ASTM Special Technical Publication 484, p. 468, American Society for Testing 
and Materials, Philadelphia, 1970.) 

dependence of the rupture time can be obtained by 
substituting Eq. 8.46 for 6 into Eq. 18.20. If the diametral 
rupture strain is considered constant for tests a t  different 
stresses and temperatures, we obtain 

- l / m  
(18.21) 

In this equation, E is the activation energy for steady-state 
creep. 

For dislocation climb creep (Sec. 16.7), the exponent m 
is -4, so the slope of the creep-rupture line on  a log-log 
plot should be 0.2-0.3. Figure 18.12 confirms this expecta- 
tion. Equation 18.21 also suggests that  the temperature 
dependence of the stress-rupture plot can be removed by 
plotting the stress as a function of the product t R  exp(-E/ 
kT) rather than simply tR. The compound variable is called 
the Dorn theta parameter. The curves in Fig. 18.12 for each 

provide an accurate measure of the true energy of fracture; 
rather they can quickly and reproducibly indicate the effect 
of such variables as temperature and radiation o n  the 
change in the brittle characteristics of ferritic steels. Impact 
tests are generally referred to  as comparative tests as 
opposed to  tensile and tube-burst tests, which are designed 
to  measure one or  more well-defined mechanical properties 
of the metal. 

The most commonly used impact test for mild steels is 
the Charpy V-notch test illustrated in Fig. 18.13(a). A 
notched specimen of standard size and shape (1 by 1 by 6 
cm3) is end-mounted in a holder (shown as the solid 
triangles in the drawing). A hammer attached to  the end of 
a pendulum is raised to  an initial height h ,  above the 
specimen which corresponds to an energy of 325 J at  the 
moment of contact with the specimen. The difference 
between the initial and final heights of the hammer 



- 

HARDENING,  EMBRITTLEMENT,  A N D  F R A C T U R E  429 

I N I T I A L  
:$HAMMER 

FINAL A T  IMPACT 

// I I  
,!I I I  

temperature is called the nil ductility temperature (NDT). 
At temperatures above the NDT, the specimen bends under 
impact but does not break. The NDT is approximately 
equal t o  the DBTT obtained from the Charpy test. Because 
the small size of the Charpy test specimens make them 
easier to  load into capsules for irradiation, most irradiation 
embrittlement studies are made with the Charpy test. 
However, the NDT correlates well with the DBTT, and the 
two terms are used interchangeably. 

1 I I 
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Fig. 18.14 The drop-weight impact test. 
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Fig. 18.13 The Charpy V-notch test. (a) Test setup. (b) 
Variation of absorbed energy with temperature. 

(h ,  - h 2 )  gives the energy absorbed by the specimen in the 
fracture process. When Charpy tests are performed on 
specimens at  different temperatures, the absorbed energy 
(called the impact energy) varies as shown in Fig. 18.13(b). 
The impact energy increases from 1 1 5  J at  low tempera- 
tures to  a high-temperature plateau known as the shelf 
energy, which is typically 100  to 150 J. The transition 
occurs over a rather narrow temperature range, and the 
temperature a t  which the impact energy is 40.7 J is 
arbitrarily used to  separate the ductile and brittle regimes. 
This temperature is called the ductile-brittle transition 
temperature (DBTT). For unirradiated mild steels, the 
DBTT is between -50 and 20°C. 

The drop weight test illustrated in Fig. 18.14 is perhaps 
the simplest of the impact class of tests designed to  assess 
the susceptibility of a metal to brittle fracture. In this test a 
bead of weld material is deposited on the bottom of a test 
plate (9 by 35 by 2.5 em3), and a small crack or notch is 
made in the weld. The test consists of dropping a weight 
from a fixed height on top of the plate directly over the 
bead. The height of the end supports for the plate is fixed 
so that the maximum deformation of the specimen corre- 
sponds t o  5" of bend. At low temperatures the specimen 
fractures in the test. As the test temperature is increased, a 
temperature is reached a t  which the fracture does not 
extend thrniigh the entire thickness of the plate. This 

Because of the empirical nature of the impact tests, 
neither transition temperature has a well-defined theoretical 
significance. However, changes in the DBTT or the NDT 
due to  neutron irradiation can be related to  fracture theory. 

18.4 THEORIES OF RADIATION HARDENING 

Over 20 years of intensive experimental effort has 
established that  exposure of all metals to  fast-neutron 
irradiation results in an increase in the yield strength. In 
ferritic steels this radiation hardening appears as an increase 
in the lower yield point. Irradiation causes an increase in 
the 0.2% offset yield strength of austenitic steels and may 
even result in the development of a s t resss t ra in  curve that 
exhibits a definite yield point (Le., the curve resembles that 
shown in Fig. 18.10 rather than that of Fig. 18.11). 

Typical engineering stress-strain curves for the two 
types of steels are shown in Fig. 18.15. In addition to  
increasing yield strength with irradiation, the ductility (as 
measured either by  total elongation or  by uniform elonga- 
tion) is reduced. The curves shown for the two types of 
steels apply only when the testing temperature is low [less 
than one-half or two-thirds the melting point ("K), depend- 
ing on the neutron fluencel. Austenitic steels irradiated and 
tested a t  high temperatures show no increase in either yield 
or  ultimate strength; only the ductility reduction persists 
[bot tom curve of Fig. 18.15(a)]. When bcc metals are 
irradiated and tested at  high temperatures, the s t resss t ra in  
curve of the unirradiated material is completely recovered. 
Whatever radiation-produced defects are responsible for 
strengthening and the loss of ductility are removed by 
annealing processes a t  high temperatures. 
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Fig. 18.15 Effect of fast-neutron irradiation on the tensile 
properties of reactor steels. (a) Face-centered cubic struc- 
ture. ( b )  Body-centered cubic structure. 

For  both the austenitic and ferritic steels, irradiation 
increases the yield strength much more than it does the 
ultimate tensile strength. The approach of the yield 
strength to  the UTS as a result of irradiation is responsible 
for the ductility loss. The upper curve in Fig. 18.15(b) 
shows a case in which the yield and ultimate strengths 
coincide. When this occurs, there is no uniform elongation, 
and necking begins as soon as the specimen departs from 
the line representing elastic straining. In the bcc metals, 
when the testing temperature is low enough and the 
irradiation exposure large enough, there may not even be a 
region of necking deformation; the specimen can fracture 
while still on the elastic line. Such specimens are totally 
brittle. 

Radiation hardening in both fcc and bcc metals is 
attributed t o  the production by radiation of various defects 
within the grains. Defects produced by neutron irradiation 
of metals include 

1. Point defects (vacancies and interstitials). 
2. Impurity atoms (atomically dispersed transmutation 

3. Small vacancy clusters (depleted zones). 
4. Dislocation loops (faulted or unfaulted, vacancy or 

5. Dislocation lines (unfaulted loops that have joined 

products). 

interstitial type). 

the dislocation network of the original microstructure). 

6. Cavities (voids and helium bubbles). 
7. Precipitates (in the case of stainless steel, Mz3C6 

carbides or intermetallic phases). 

In this section theories that predict the increase in 
strength due to  defects 3 through 7 in the list are presented. 
Point defects and impurity atoms are believed to  contribute 
negligibly to  hardening compared to  the effect of the larger 
defect clusters. 

Radiation strengthens a metal in two different ways: 
(1) It can increase the stress required to  start a dislocation 
moving on its glide plane. Resistance to  dislocation startup 
is called source hardening. The applied stress required to 
release a dislocation into its slip plane is called the 
unpinning or unlocking stress. (2) Once moving, dislocation 
can be impeded by natural or radiation-produced obstacles 
close to or lying in the slip plane. This is called friction 
hardening. 

18.4.1 Source Hardening 
In unirradiated fcc metals, the stress required to  initiate 

dislocation motion can be identified with the unpinning 
stress of the Frank-Read sources in the metal (Eq. 8.16), 
which is inversely proportional to  the distance between 
pinning points. ' The gradual onset of yielding characteristic 
of this class of metals can be explained by the distribution 
of stresses required t o  operate the sources. At low applied 
stress, the sources easiest to operate (Le., those with large 
separation between pinning points) generate dislocations. 
Plastic strain ceases when pileups produce a back stress on 
the sources which stops their operation. As the stress is 
increased, more dislocation sources operate and the strain 
increases. The multiplication of dislocations in the crystal 
causes tangling of the moving dislocations, and additional 
applied stress is necessary for parallel dislocations to move 
past each other or for nonparallel dislocations to cut 
through each other. This process of work hardening causes 
the smooth increase in stress as a function of strain 
illustrated in Fig. 18.11. 

Although source hardening is not found in unirradiated 
fcc metals and alloys, this phenomenon is common in bcc 
metals in the unirradiated state. Source hardening is 
manifest by upper and lower yield points in the stress- 
strain curve. Unirradiated ferritic steels show this effect 
quite clearly [Figs. 18.10 and 18.15(b)]. In fcc metals the 
yield drop that indicates the presence of source hardening is 
observed only after irradiation [Fig. 18.15(a) I .  The de- 
velopment of source hardening in irradiated fcc metals is 
probably due to the irradiation-produced defect clusters in 
the vicinity of Frank-Read sources. These obstacles raise 
the stress required to  expand the loops and to permit 
multiplication to  continue, which is tantamount to  increas- 
ing the stress required to  operate the source. Once the stress 
level is sufficient t o  release the source, the moving 
dislocations can destroy the small defect clusters (loops) 
and thus reduce the stress needed to  continue deformation. 
Therefore, a yield drop similar t o  that observed in 
unirradiated ferritic steel is found in irradiated austenitic 
steel but for a quite different reason. (The origin of source 
hardening in unirradiated ferritic steels is discussed in 
Sec. 18.12.) 
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PORTIONS OF DISLOCATION 
NETWORK RESPONSIBLE FOR 
LONG RANGE STRESSES 

18.4.2 Friction Hardening 
The forces responsible for resisting the motion of a 

dislocation through the crystal can be characterized as long 
range or short range. The total applied shear stress 
necessary to  move the dislocation is the sum of the 
long-range and short-range stresses: 7, 

T 
['I = UI ,R  + Os (18.22) 

where u, is the friction stress and the subscripts LR and s 
represent the long-range and short-range contributions, re- 
spectively. An increase in u, due t o  irradiation, to  work 
hardening, or t o  aging is termed friction hardening. The 
friction stress is roughly equal t o  the true stress a t  any point 
in the plastic deformation region of the stress-strain plot. 

Long- Range Stresses 
The long-range forces' arise from the repulsive interac- 

tion between the moving dislocation and the components 
of the dislocation network of the solid. Although the 
dislocation network of a metal does not resemble a regular 
array, it is often represented as a series of cubes the edges 
of which are formed of dislocation lines. Figure 18.16 
shows such an idealized dislocation network with a loop on 
a glide plane parallel to the top  and bottom faces of the 
cube. The long-range forces are due to  the interaction of 
the stress fields of the dislocation forming the loop and of 
the network dislocations that make up  the edges of the top 
and bot tom planes of the cube, which are parallel to the 
loop. For simplicity, assume that the interaction forces 
between the loop and the network dislocations parallel to  it 
can be approximated by the force between parallel edge 
dislocations (Eq. 8.24). Setting f,(O) equal to its maximum 
value of 1 / 4 ,  taking 1 - u l / 2 ,  and approximating the 
distance between the loop and the nearest parallel network 
dislocation as one-half the cube side (y l /2) ,  we obtain 
the long-range force on the moving dislocation, 

G b 2 / 4  -~ Gb2 
FL I2 = 

(an)(% ) ( l P )  an' 

The stress needed to  overcome this force is F,, /b; thus, 

Gb 
ULR =- 

2711 
(18.23) 

The dislocation network depicted in Fig. 18.16 is the same 
as that employed in the BUBL swelling code (Sec. 13.12). 
From Eq. 13.280, the length 1 is related to  the dislocation 
density pd  by 

] =  (;&J - (18.24) 

Any process that increases the dislocation density of 
the material (e.g., cold working, unfaulting of radiation- 
produced prismatic loops, or work hardening) decreases I 
and increases the long-range stress on mobile dislocations. 

In addition to dislocations in the network, pileups of 
dislocations on  slip planes parallel to the slip plane of an 
expanding loop can exert long-range forces capable of 
resisting and even stopping motion of the mobile disloca- 
tion (Fig. 8.18). 

I 
LEXPANDING LOOP 

Fig. 18.16 Model of the dislocation network in a solid. 

Short-Range Stresses 
Short-range forces are due to  obstacles that lie in the 

slip plane of the moving dislocation (these represent what 
are called planar barriers). The short-range forces are active 
only when the moving dislocation comes very close to or 
contacts the obstacle. Such obstacles exert a force on the 
moving dislocation only at the point of contact. Short- 
range forces can be further subdivided into athermal and 
thermally activated components. An athermal stress com- 
ponent is one whose magnitude is independent of tempera- 
ture. Athermal mechanisms normally involve bowing of a 
dislocation around an impenetrable obstacle. In a thermally 
activated process, overcoming the obstacle usually requires 
that the moving dislocation cut through or climb over the 
barrier in its path. Inasmuch as passage of a dislocation line 
through or over an obstacle requires energy that can be 
partly supplied by thermal fluctuations, the thermally 
activated component of the short-range stresses decreases 
with increasing temperature. 

The friction stress due to a dispersion of barriers 
depends on the average separation between the obstacles in 
the slip plane of the moving dislocation (not  the average 
separation between obstacles in three dimensions). Figure 
18.17 shows a unit area of a slip plane that is intersected by 
portions of spherical objects of radius r which are randomly 

OBSTACLES, 
RADIUS r 

F---------- ,? 

t 
Fig. 18.17 The intersection of spherical obstacles with a 
slip plane t o  form an array of planar barriers. 
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distributed throughout the solid a t  a concentration N ~ m - ~ .  
Any sphere that has its center within the slab of volume 2r 
centered on the slip plane intersects the slip plane. The 
number of obstacles in this volume element is 2rN, which is 
also the number of intersections per unit area on the slip 
plane. Since the inverse square of the average obstacle 
spacing along the slip plane is equal to  the density of  
intersections on the plane, we have 

1 I = -  
(2rN)% 

(18.25) 

A 

18.5 HARDENING BY DEPLETED ZONES 

At low temperatures and low fluences, the main 
microstructural effect of the neutron irradiation of steel is 
the production of depleted zones. The irradiation condi- 
tions that result in depleted-zone damage exclusively are 
most likely to  be found in the region of the reactor pressure 
vessel. Core components are subject to  high-temperature 
and high-fluence conditions that produce the larger defects 
listed at the beginning of Sec. 18.4. However, hardening 
due to  depleted zones has been observed in both austenitic 
and ferritic steels a t  low temperature and low fast-neutron 
fluence. The effect of the depleted zones on mechanical 
properties can be classified as friction hardening of the 
short-range thermally activated type. A theory proposed by 
Seeger3 for the radiation strengthening of metals due to  the 
formation of depleted zones is reviewed in this section. 

A dislocation line wending its way through a metal 
containing a uniform distribution of depleted zones is 
pressed against a number of these obstacles a t  all times. The 
plane of the drawing in Fig. 18.18(a) represents the slip 
plane of the dislocation, which is shown as the solid line 
pressed against the obstacles A ,  B, and C under the 
influence of the applied shear stress. According to  Eq. 
18.22, the net stress available for moving the dislocation 
through the metal is the difference between the applied 
stress (u,)  and the stress necessary to move the dislocation 
against the long-range forces of the dislocation network 
naturally present in the solid ( u ~ , ~ ) .  Thus, the dislocation 
segments between obstacles A,  B, and C are acted on by a 
shear stress u, = a, - u L R .  Because of this applied stress, 
dislocations move through the field of obstacles and 
thereby produce a macroscopic strain rate t in the solid. 
However, the motion of each dislocation line is jerky rather 
than smooth, and the entire dislocation line does not move 
at  the same time. The line progresses from the left to the 
right in Fig. 18.18(a) as points on  the dislocation line cut 
through obstacles one at  a time. Thus, the line is held up a t  
points A, B, and C; but, with the help of thermal 
fluctuations, enough energy can be supplied for the line to 
penetrate the obstacle a t  B. When this event occurs, the line 
quickly moves to the position shown by the dashed line, 
where it is pressed against obstacles A, D, and C. The area 
of the slip plane sheared by this elementary step is shown as 
the dotted zone. 

In general, the  distance lo between pinning points is 
greater than the average separation of obstacles in the slip 
plane (1 given by Eq. 18.25). The distance that the 
dislocation advances when the obstacle B is cut is denoted 

4 

l a )  

Fig. 18.18 A dislocation line pressed against depleted 
zones in its slip plane. A, B, C, and D are pinning points. 

by h in Fig. 18.18(b). In any array of points on a plane, the 
larger l o  is, the smaller h is. In fact, the distances I ,  l o ,  and h 
are related by (see problem 18.3): 

I* = hlo (18.26) 

The value of lo  is determined by the requirement that 
the curvature of each segment of the dislocation line 
between pinning points is at all times fixed by the balance 
between line tension of the dislocation and the net applied 
stress. Equation 8.15 shows that the radius of curvature of 
the line under applied shear stress oxy = us is 

Gb /'3 = - 

0 s  

The geometry of Fig. 18.18(b) shows that 

8' = l $  + ( , % - h ) 2  

Combining the preceding three equations and assuming 
hi2 .%< 1, we obtain 

According to  this formula, the dislocation line adjusts its 
orientation in the slip plane according to  the applied stress; 
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it selects positions where the separation between pinning 
points satisfies Eq. 18.27. The means by which this spacing 
is attained is illustrated in Fig. 18.18(c), which shows the 
shapes assumed by the line when the actual pinning point 
spacing I; does not satisfy Eq. 18.27. 

When I; < l o ,  the equilibrium bowing of the line after it 
cuts the obstacle B is shown as the dashed line in Fig. 
18.18(c). In this case, the next obstacle, D, is not reached. 
Because the line remains between the points B and D, the 
value of I; effectively has been doubled, a change that is in 
the proper direction for rectifying the inequality I; < l o .  

When 1; > l o ,  the dislocation line bows out  and touches 
obstacle D before cutting obstacle B. Therefore, ADBC, not 
ABC, is the stable configuration of the line before any 
obstacle is cut. In the solid curve shown in the figure, I; is 
approximately equal to the distances AD or  BD, both of 
which are smaller than the original I; = AB. Again, the line 
rearranges its position in a manner that tends to  drive the 
interobstacle distance toward the value expressed by Eq. 
18.27. 

There is a stress above which Eq. 18.27 is no longer 
valid. When us is large enough for lo  = I ,  Eq. 18.27 shows 
that us = 2Gb/l. We shall see later that this stress is the 
critical stress at which a dislocation line can move through 
an array of obstacles solely by bowing around them. 
Cutting through the obstacle is no longer a prerequisite to 
motion. 

We next compute the shear strain rate due to  the type 
of dislocation motion described above. The strain rate is 
given by Eq. 8.21: 

6 = pbv,  (18.28) 

where p is the density of mobile dislocations (total 
dislocation density less the density of dislocations com- 
prising the immobile network) and vd is the velocity of the 
moving dislocations. This velocity is 

vd = hI’= I f ’  (18.29) 

where I’  is the probability per unit time that one segment 
cuts through an obstacle against which it is pressed. For the 
purpose of computing the dislocation velocity, the distinc- 
tion between I and lo  has been neglected. If 1 N l o ,  Eq. 
18.26 shows that h N 1. 

The cutting frequency I’ is calculated by analogy to  the 
jump frequency of an atom jumping from one equilibrium 
site to  another over the saddle-point energy barrier. To 
penetrate an obstacle, the segment of the dislocation line in 
contact with the obstacle must acquire an activation energy 
U*, which is supplied by thermal fluctuations. The disloca- 
tion line at the obstacle can be imagined t o  be vibrating 
with a frequency v, striking the obstacle a t  each vibration. 
The fraction of the vibrations sufficiently strong to  
penetrate the obstacle is, by analogy to  the atomic 
jump-frequency formula (Eq. 7.41), given by 

r = v e x p ( - K )  (18.30) 

Substituting Eqs. 18.29 and 18.30 into Eq. 18.28 gives the 

i. = plbu ex,(- E) 
433 

(18.31) 

The depleted zones are modeled as spheres each of 
radius r (equal to  -10 A).  The energy U* is the energy 
required for the dislocation to cut through the approxi- 
mately circular region on the slip plane which is intersected 
by the spherical depleted zone. The shaded circles in Fig. 
18.17 depict these intersections. In the absence of applied 
stress, the variation of the energy with the distance of 
penetration of the line through the zone resembles the 
sketch shown in Fig. 18.19(a). The energy rises by an 
amount Uo from the point of contact of the line and the 
zone to  the point at which cutting is complete. The average 
radius of the circle of intersection of the depleted zone and 
the slip plane is smaller than the radius of the spherical 
zone proper because the slip plane in general does not  pass 
through the center of the depleted zone (Fig. 18.17). The 
average radius of the circle of intersection of the zone and 
the slip plane is (see problem 10.5) 

--I- 

(18.32) 

At any point -r’ < x G r), the force resisting dislocation 
motion is -dU/dx. 

When an applied stress acts on the slip plane, the energy 
profile is altered as shown in Fig. 18.19(b). The shear stress 
exerts a force of magnitude u,b per unit length of 
dislocation line in the +x-direction. Since the obstacles are 

‘ I  I I  “ I  

I 
I I  X 

U 

- r ’  0 r 

( a )  

: I  I 

Fig. 18.19 Energy profiles of a dislocation line cutting 
through a depleted zone. (a) No stress. (b) Shear stress in 
the x-direction. (From Ref. 3.) strain rate: 
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separated by a distance l o ,  the force exerted by the applied 
stress on each obstacle is u,blo. Let U(x,u,) be the shape of 
the energy profile in Fig. 18.19(b) and U(x,O) be the shape 
in the absence of applied stress. When a stress is applied, the 
force a t  every point during penetration is given by . 

d d 
dx dx 

U(X,U,) = - -  U(X,O) + Usblo _-  

That is, the  force in the absence of the stress (the first term 
on the right-hand side) is reduced by the contribution of 
the applied stress (the !ast term). Integrating this equation 
gives 

U(x,u,) = U(x,O) - u,blox + constant (18.33) 

Inspection of Fig. 18.19(b) shows that the energy barrier t o  
penetration with an applied stress is reduced from Uo to  

U* = U(r’,us) - u(-r’,uS) (18.34) 

To calculate U*, we must know the energy profile of 
Fig. 18.19(a). Seeger assumes it to  be of the form 

] (18.35) 
1 + exp (x/r’). 

The exact functional form of U(x,O) is not important; it 
simply must have the approximate shape of the curve 
shown in Fig. 18.19(a), which Eq. 18.35 has. Substituting 
Eq. 18.35 into 18.33 and forming the difference on the 
right of Eq. 18.34 yields the following expression for U:b 

(see problem 18.3 for  details): a -4- 

When us is large enough to  render the right-hand term in 
the parentheses of this formula larger than unity, the 
dislocation can cut  through the depleted zone without any 
assistance from thermal fluctuations. The stress u,” a t  which 
the term on the right in the parentheses is equal to unity 
reduces the barrier height U:@ to zero. Thus, u,” represents 
the stress required to move dislocations through the 
obstacles a t  0°K. Using Eq. 18.27 for l o ,  Eq. 18.32 for r’, 
and Eq. 18.25 for I ,  we find 

where 0,” is the maximum frictional hardening due to  
depleted zones of radius r present in the solid a t  a 
volumetric concentration N. 

The effect of temperature on depleted-zone hardening 
can be obtained by solving Eq. 18.31 for U’!’ and equating 
the result to the right-hand side of Eq. 18.36. Eliminating 
l o ,  r’, and I as before, we obtain 

u s = u ,  1 - -  ” [ (18.38) 

where u,” is given by Eq. 18.37 and T, is a characteristic 
temperature given by 

(18.39) 

and is not truly constant because it depends on  the strain 

UO 
T, = 

k In [pbv/k(2rN)H] 

rate i at  which the metal is deforming and on the 
concentration of depleted zones, N ,  which increases with 
irradiation time. However, these quantities appear in a 
logarithmic term, and the effect of their variation on T, is 
small enough to be neglected. 

The stress us of Eqs. 18.37 to  18.39 represents the 
radiation hardening due to depleted zones. At temperatures 
below -350°C in steel, os is manifest experimentally as the 
increase in the yield point due to  irradiation on the 
stress-strain curves shown in Fig. 18.15. The hardening 
effect given by Eq. 18.38 decreases with increasing tem- 
perature and disappears entirely for T > T,. At tempera- 
tures around 350°C in steel, depleted-zone hardening 
decreases even more rapidly with increasing temperature 
than the prediction of Eq. 18.38. In the postirradiation 
tensile tests that are usually used to measure hardening, 
high testing temperatures cause annealing (i.e., destruction) 
of the depleted zones, which results in a decrease in N with 
increasing temperature. 

Seeger’s theory has been verified e ~ p e r i m e n t a l l y . ~  
Figure 18.20 shows the frictional hardening effect of 
low-fluence low-temperature neutron irradiation on  copper 
and nickel. Both sets of data are plotted on coordinates 
suggested by Eq. 18.38. The predicted linear relationship 
between (os)% and Tz4 is exhibited with high precision by 
copper. The curve for nickel, however, shows two distinct 
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Fig. 18.20 Irradiation hardening of copper and nickel 
plotted according to  Seeger’s theory. Fluence, 7 X 10’ 
neutrons/cm* ; irradiation temperature, 100°C; test tem- 
peratures, -200 to 200°C. (From Ref. 4.) 
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linear segments, which suggests that two types of depleted 
zones are created by irradiation. The type that pre- 
dominates a t  low temperature (type A) apparently has a 
lower Uo ,  and hence lower T,, than does type B (see 
Eq. 18.39). To a first approximation, Uo can be considered 
to be proportional to the area of the circle of intersection 
of the depleted zone with the slip plane, or Uo a r 2 .  
However, type A zones must be created more frequently by 
neutron collisions with the metal lattice than type B zones, 
since the hardening at  0°K is greater for type A than type 
B. In general, a spectrum of zones with continuous 
distributions of size r and energy barrier Uo is probably 
formed by irradiation. 

Additional support for Seeger's theory has been ob- 
tained by comparing hardening due to neutrons and 4-MeV 
electrons.s The irradiation temperature and the range of 
tensile-test temperatures were identical for both types of 
radiation, and the doses were adjusted to produce the same 
number of Frenkel pairs as calculated by simple cascade 
theory (Chap. 17) .  The hardening due to electrons was 
found to be very small compared to  that from neutrons. 
Using the two-body kinematics appropriate to relativistic 
electrons, we can show that each 4-MeV electron can 
transfer a maximum of 66 eV t o  a copper knock-on. 
According to  the Kinchin-Pease model, this energy transfer 
produces a cascade consisting of only two or three 
members. Thus displacement spikes (or  depleted zones) 
cannot be formed by electron irradiation, and the d a m a p  
consists of isolated vacancies and interstitials. These defects 
anneal out  a t  very low temperatures (interstitials are mobile 
a t  a few tens of O K ) .  By way of contrast, the depleted zones 
are thermally stable up to -350°K. In addition, isolated 
point defects are not as efficient strengtheners as is a 
vacancy cluster. The virtual absence of radiation hardening 
due t o  electron irradiation supports the hypothesis that the 
depleted zones are real and are responsible for  strengthen- 
ing of metals a t  low temperatures. 

18.5.1 Saturation of Radiation Hardening 

According to  Eq. 18.37, us should increase as (N)K. In 
the absence of mechanisms of destruction of the depleted 
zones, N is proportional to the total neutron fluence, and 
the theory a t  this stage predicts that 

(18.40) 

Two models have been proposed to explain the observa- 
tion that hardening does not follow this formula a t  high 
fluence. Both of these theories introduce processes that 
remove depleted zones and thereby permit a steady-state 
value of N to  be attained at  large fluence. 

18.5.2 Makin's Theory 

Makin and Minter4 postulate the existence of a volume 
v around each depleted zone within which no new zone can 
be formed. This notion appears to  be contrary to the 
computer experiments simulating radiation damage, which 
showed that  cascade overlap causes the zone to  grow (Fig. 
17.30). However, a single large zone created by, say, n 

displacement spikes in a localized region can be a less 
effective hardener than n smaller, isolated zones. 

To predict the increase of the depleted-zone concentra- 
tion with fluence, the rate of production of zones must be 
estimated. There are C s c P  neutron collisions cm-3 sec-' 
with lattice atoms, where C, is the macroscopic scattering 
cross section and (1) is the total fast flux. If the average 
fast-neutron energy is 0.5 MeV (typical of FBR spectra) 
and A = 56 (iron), Eq. 17.114 shows that the average 
energy of the knock-ons is -20 keV. The depleted zone 
responsible for radiation hardening is believed to  be 
restricted to  clusters containing 1 0  or more vacancies. The 
distribution of vacancy-cluster sizes resulting from knock- 
ons of 20 keV is shown in Fig. 17.29(b). The number of 
point defects included in the cluster distribution shown in 
this figure is -200, of which -576, or -10 vacancies, are 
contained in a cluster of >10 members. Therefore, one 
cluster containing more than 10 vacancies is formed by the 
average fast-neutron collision in iron. The time rate of 
change of the density of clusters of this size is given by 

d N  -~ ~ cuC,(I) (1 - vN) 
d t  

where cu is the number of clusters (zones) created per 
neutron collision. It is approximately unity. The term in 
parentheses represents the fraction of the solid volume 
which, according to Makin's theory, is available for the 
creation of new depleted zones. The fraction vN of the 
volume is inactivated by the presence of the depleted zones. 
Integration of the preceding differential equation yields 

N = - 1 [ 1 - exp (-cuvC,(l)t) I 
v 

(18.41) 

which, when used in Eq. 18.37, predicts 

us a [ I  - exp (--otvC,(l)t)l' (18.42) 

The capture volume v has been estimated from radiation- 
hardening data to  be between 50 and 80 A equivalent 
spherical diameter.' This size can be compared with the 
estimated 20-?, diameter of the depleted zone proper, 
which occupies the center of the capture volume. 

18.5.3 Thermal Annealing of Depleted Zones 

We have mentioned that thermal annealing is a potential 
mechanism for destroying depleted zones. Dollins7 has 
presented an analysis of depleted-zone dynamics which 
includes thermal annealing. The object is to  predict the 
concentration of depleted zones as  a function of neutron 
fluence and temperature. It is assumed that one depleted 
zone of radius Ro is formed per neutron collision with a 
lattice atom. Once formed, the zone serves as a sink for  free 
vacancies and interstitial atoms that  are created along with 
the depleted zones in the collision cascade. Because the 
zone can absorb point defects that reach it by diffusion, 
there will be a size distribution of zones, N(R,t), a t  any 
time t during irradiatinn. The conservation of depleted 
zones can be formulated in a manner similar to that applied 
to  determine the size distribution of fission-gas bubbles in 
the fuel, which grow by absorption of atomically dispersed 
xenon and krypton (Sec. 13.9). This type of conservation 



statement, which focuses on  a fixed particle-size interval 
and equates the difference in fluxes across the boundaries 
of the interval to the time derivative of the particle 
concentration, is appropriately termed Eulerian. In many 
cases an equally acceptable conservation principle can be 
formulated in a Lagrangian manner by following a small 
group of particles from the time they are created up to 
current time. The size of the particle as it ages is 
determined by a growth law, dR/dt ,  which is appropriate to  
the particular system. For example, the growth law for a 
cavity in a solid supersaturated with point defects is given 
by Eq. 13.171. This growth law can be applied to  the 
depleted zones: * 

The very low equilibrium interstitial concentration permits 
C,K t o  be neglected. The vacancy concentration at  the 
surface is obtained by treating the zone as a small void, for 
which the CVR is obtained from Eq. 13.176 with the 
internal-gas-pressure term neglected:? 

Combining these equations yields 

I ’ \  ,w- The steady-state point-defect balances that serve to fix 
C, and C, are similar to  Eqs. 13.186 and 13.187. For this 
calculation the defect production rates are determined in 
the following manner. Because some of the vacancies 
produced in the collision cascade initiated by a fast neutron 
are contained in the depleted zone formed a t  the same time 
as the free point defects, the yield Y , ,  is replaced by v, 
interstitials and v, free vacancies per primary knock-on 

~ 
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I 

atom (PKA). These quantities are related to the size of the 
nascent depleted zone (only one is assumed formed per 
neutron collision) by 

47rRi 13 
n vi = v, +- (18.44) 

*In the growth law us2d by doll in^,^ the second term 
in the brackets appears multiplied by R/a,, where a,, is the 
lattice constant. This difference arises from the assumption 
of reaction-rate-controlled vacancy capture by the depleted 
zone instead of the diffusion-limited capture assumed in 
this equation. Comparison of Eqs. 13.70 and 13.95 shows 
that these two limiting rates differ by a factor of R/a,. The 
interstitial capture rate by the zone (the first term in the 
growth law), on the other hand, is taken by Dollins to be 
diffusion controlled. For consistency, we will assume 
diffusion-limited kinetics for both types of point-defect 
capture by the depleted zones. The mixed control formula, 
Eq. 13.96, is probably most appropriate because of the 
small zone radii but, for simplicity, will not be employed. 

?The argument of the exponential term of C,, in 
Dollins’ analysis’ is the difference between the vacancy- 
formation energy and the binding energy of a vacancy to 
the depleted zone. If the zone is large enough to bp treated 
as a macroscopic cavity, the capillarity formulation used 
above is applicable. 

where v, is computed from isolated cascade theory (e.g., the 
Kinchin-Pease model) and reduced by the vacancy- 
interstitial annihilation that takes place during cascade 
formation. In Dollins’ analysis v, is estimated to  be 10% of 
the Kinchin-Pease value. 

The PKA production rate on the left in Eqs. 13.186 and 
13.187 (Le., what has been termed F when the bombarding 
particles are fission fragments) is written as L,+, the 
fast-neutron collision density. 

The numbers Z, and Z,, in Eqs. 13.186 and 13.187 are 
given by the last terms of Eqs. 13.182 and 13.183. 
Neglecting the first terms on the right-hand sides of these 
formulas is equivalent to assuming that point-defect ab- 
sorption by dislocations is purely diffusion controlled. The 
dislocation-core radius is assumed to  be the same for 
vacancies and interstitials (i.e., Z, = Z, = Z). 

The interstitial supersaturation is assumed large enough 
to neglect CpcI compared to C,. 

Finally, Eqs. 13.186 and 13.187 are supplemented by 
additional terms representing the absorption of point 
defects by the depleted zones, and the point-defect 
balances become 

+ JnR04nD,RCi N(R,t) d R  (18.45a) 

- C;q exp ( y = ) ] N ( R , t )  2y R d R  (18.45b) 

The integrals are terminated at R = Ro because the 
zones shrink rather than grow; so the newly created zones 
are the largest in the distribution. 

The size distribution of depleted zones can be deter- 
mined as follows. The zones in the size range R to  R + dR 
at  time t are those which were created (at size R,) in a 
previous time interval d r  a t  r ,  or 

(18.46) N(R,t) dR = d.r 

This conservation statement is equivalent to conserving 
depleted zones in a fixed size range (e.g., by adapting Eq. 
13.196 to  depleted zones). Using the preceding reaction, we 
obtain the distribution function: 

The shrinkage law is employed to determine the ratio of the 
intervals d r  and dR (i.e., the Jacobian of the transformation 
between R and 7 ) .  The value R,  which is the radius at time t 
of a zone created at  time r ,  can be obtained by integrating 
Eq. 18.43 provided that only the steady-state situation is 
considered. In this case Ci and C, are constants and R is a 
function of R alone. Integration yields 

(18.47) 
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I I 1 I 1 I , I Differentiating with respect to  R yields , - - - - - - - - - - - - - - - - - [&It = - R  1 - 

- 
and the distribution function of zones at steady state is 

c (1, 
N(R) = - 7 

- 

R - 

(18.48) 0 
R 

D,Ci - D,, C,, - C:Q exp 0 4 8 12  16 20 [ t x 10-6, sec 

Note that analytic integration of the shrinkage law cannot 

dependent. 

18.44 yields 

be performed in the unsteady state when Ci and C ,  are time Fig. 18.21 Approach to saturation Of  the concentration Of  

depleted zones in an irradiated metal. For Makin’s model 
the capture has been assumed to be 75 A i n  
diameter. The following parameters were used in Dollins’ 
computation: D, = 0.38 exp (-117,00O/RT) om2 /sec; Di = 

7.5 X exp(-29,000/RT) cm2 /sec; rd = 3.23 8; R = 24 
/i3; C, = 0.16 cm-l ; C$q = exp (--117,00O/RT)/~1 
cm-3 ; R,, = 7.95 A; (I, = neutrons cm-* sec? ; 
T = 573°K; pd = 5 X 10’O cm-*; y = 250 dynes/cm; and 
v, = 90. Activation energies in J/mole. 

Subtracting Eq. 18.45b from Eq. 18.45a and using Eq. 

ZSd) ($ TR;) R = Zp, [DIG,  - D,, (C, - C $ q ) ]  

+ 471 lRo { D,Ci - D, [Cy 

- CFQ exp (2 g)]}RN(R) d R  

Substituting Eq. 18.48 into this equation, we find that the 
left-hand side is identical to  the second term on the right, 
which leads t o  the following relation between C, and C , :  

D,C, - D ,  ( C ,  - C:q) = 0 (18.49) 

and Eq. 18.48, after the exponential term is expanded in a 
two-term Taylor series, simplifies to 

The total density of depleted zones at  steady state is 
obtained by integrating the distribution N( R ) ,  

thermal-annealing analysis predicts a much slower approach 
to  saturation than does Makin’s simpler model. The reason 
for this is the built-in time lag in the annealing calculation 
due to  the necessity of diffusing point defects to  the zones 
t o  make the zones shrink. Makin’s capture-volume calcula- 
tion, on the other hand, provides a mechanism for 
instantaneous reduction in the rate of zone formation. 

The thermal-annealing computation is extremely sensi- 
tive to  the value of Ro selected. The N(m) is temperature 
insensitive in Makin’s analysis but is very sensitive to  
temperature if  thermal annealing is responsible for 
depleted-zone destruction. A drastic drop in the steady- 
state concentration of zones is calculated to  occur between 
300 and 450°C, although this result is also highly de- 
pendent on input parameters in the annealing analysis. 

C,cl)Ri 

3D,C;qQ2 (2ylkT) 18.6 HARDENING BY IMPENETRABLE N = L K o N ( R )  dR = (18.51) 

If desired, the concentrations C, and C, can be determined 
by inserting Eqs. 18.49 and 18.50 into either of the 

0 BST ACLE S-PREC IP IT ATES 
AND VOIDS 

point-defect balances (Eq. 18.45a or Eq. 18.45b) and 
solving for one of the point-defect concentrations. Equa- 
tion 18.49 then determines the other. 

Dollins7 treated the unsteady-state case of depleted- 
zone formation and annealing, of which the preceding 
analysis represents the limit as t 3 m(saturation). The 
variation of the depleted-zone concentration according t o  
Dollins’ thermal-annealing model is compared with Makin’s 
capture-volume mechanism (Eq. 18.41 with a capture 
volume equivalent to  a 75-,4 diameter sphere) in Fig. 18.21. 
The agreement between the saturation-zone densities pre- 
dicted by the two methods is somewhat fortuitous, 
inasmuch as the N(m) predicted by Makin’s theory is 
inversely proportional to  the cube of the capture-volume 
radius. Even with v taken to  give approximately equal 
saturation concentrations from the two models, the 

Often the barriers that lie in the glide plane of a moving 
dislocation cannot be cut  by the dislocation as could the 
depleted zones. A dislocation line moves through a field of 
impenetrable obstacles by bowing around them. The 
increased strength produced by obstacles of this sort is 
often exploited in the metal treatment called precipitation 
hardening. Neutron irradiation can precipitate MZ Cb 
carbides or hard intermetallic phases consisting of the major 
components of steel (e.g., the sigma phase). 

There is usually a misfit between the precipitate particle 
and the matrix in which the particle is lodged. If the 
precipitate volume is larger than the metal it replaced, the 
particle acts as a point center of compression and creates a 
stress field in the surrounding solid. A dislocation “feels” 
the presence of such a particle (which is called a coherent 
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precipitate) via the stress field before actual contact is 
made. On the other hand, if the precipitate occupies a 
smaller volume than the material that has been replaced, 
there are n o  internal stresses in the solid around the foreign 
particle. For  these incoherent precipitates, the dislocation 
must physically contact the particle before the inteiaction 
force is appreciable. 

Figure 18.22(a) illustrates a mechanism by which a 
moving dislocation line (or a portion of an expanding 

DISLOCATION PRECIPITATE LOOPS AROUND 
LINE 7 PARTICLES 7 PRECIPITATES 1 / 

- T 
! 
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Fig. 18.22 Passage of a dislocation through an array of 
barriers intersecting the glide plane of the dislocation. (a) 
Precipitate particles. (b) Cavities (voids or  helium bubbles). 

dislocation loop) negotiates an array of precipitate particles 
in its glide plane. Four stages of the process are shown in 
the drawing. Having been stopped by the particles (l), the 
line bows out between contact points because of the 
effective stress, which is the applied shear stress less the 
internal stresses due to long-range forces (2). When the 
applied stress is high enough to result in a radius of 
curvature of the bowed segments which is equal to  one-half 
the interparticle spacing, the semicircular sections on either 
side of a particle meet (3) and pinch off, in much the same 

manner as a Frank-Read dislocation source operates 
(Fig. 8.13). The final state (4) is a free dislocation line and 
precipitate particles surrounded by small dislocation rings 
left as debris of the interaction. 

At the pinch-off point, R in Eq. 8.15 is l /2,  and the 
stress needed to force passage of a dislocation line through 
the obstacle array is: 

2Gb 
0, = ~ 

I 
(18.52) 

The factor of 2 arises because the line tension of the 
dislocation has been taken as G b 2 .  Had the line tension 
been given by Gb2/2,  the factor of 2 would not appear. The 
particle-separation distance on  the glide plane, I, is given by 
Eq. 18.25, in which N is the volumetric concentration of 
precipitate particles and r is their radius. 

Equation 18.52, which is called the Orowan stress, is 
the largest possible resistance lo dislocation motion for an 
array of barriers of planar spacing I .  I t  has been derived 
assuming a regular pattern of obstacle intersections with the 
glide plane. If the array were random (as it actually is), the 
Orowan stress would be reduced by -20%. This reduction, 
however, is less than the factor of 2 uncertainty in the 
numerical coefficient of Eq. 18.52. 

Passage of a mobile dislocation line through solid 
containing cavities (voids or helium bubbles) that intersect 
the glide plane is shown in Fig. 18.22(b). The only 
difference between the precipitate particles and the cavities 
as obstacles is that the bowed arcs of the dislocation line 
meet the surface of the cavity a t  right angles. The critical 
stress required to move the dislocation is identical to  that 
derived for the coherent precipitate. Unlike the pre- 
cipitate, no dislocation rings decorate the cavity after the 
process is complete. A more detailed account of void 
hardening is given by Coulomb.8 

In addition t o  bowing and pinching off, a dislocation 
may be able to  cut through a cavity as it does through a 
depleted zone.' If the dislocation is capable of cutting 
through the cavity, the structure of the dislocation and the 
void are the same after the event as before. Therefore, the 
interaction energy between these two objects as a function 
of their separation is symmetric about the overlapping 
position, instead of having the shape shown in Fig. 18.19(a) 
for dislocations cutting through depleted zones. Aside from 
this distinction, the stress required to force a dislocation 
through a void can be obtained by the method applied in 
Sec. 18.5 to  analyze cutting of a depleted zone (see 
problem 18.3). If the maximum interaction energy between 
the dislocation and the void is Uo,  the stress to cut through 
is 

U 0 

us = ~ 

blR 

where R is the radius of the cavity. The interaction energy 
Uo can be approximated as the elastic strain energy 
contained in the volume of solid equal to the cavity volume 
and centered on the line. This strain energy is released when 
the cavity attaches to the line and must be supplied to 
separate the two. The elastic-energy density around a screw 
dislocation is given by Eq. 8.8. Instead of integrating this 
expression over the volume of a sphere centered on the 
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dislocation, we replace the sphere with a cylinder of radius 
R and length 2R. The total elastic energy contained in this 
volume (which is the void-dislocation interaction energy) 
is 

Combining the preceding two formulas gives the stress 
required for a dislocation to cut through a void or bubble: 

(I, = - ~ (18.53) 

which differs from the Orowan stress (Eq. 18.52) by a 
factor of ln(R/r~,)/47r. It appears that it should be easier for 
dislocations to  cut rattier than bypass small cavities, but the 
stress requirements for the two mechanisms are so close and 
the analyses so approximate that use of the Orowan stress is 
the more prudent approach. 

Cb In(R/r,,) 
I 27: 

18.7 LOOP HARDENING 

The dislocation loops formed by condensation of 
irradiation-produced interstitial atoms are either of the 
pure-edge type if the loop is faulted or of mixed-edge and 
screw character if  the loop is unfaulted. If the glide plane of 
a mobile dislocation passes close to or intersects a loop, 
dislocations on the plane will experience a resistance to 
motion. To  exert a significant retarding force on the mobile 
dislocation, the c e n k r  of the loop must lie close t o  the 
glide plane (say within a loop diameter). Since the loop 
diameter is generally much less than the distance between 
loops on the slip plane, each loop is viewed as exerting a 
force on the dislocation line only at  the point a t  which 
contact is made. The applied shear stress needed to  
overcome the loop resistance corresponds to the maximum 
force, F,,,., between the loop and the dislocation line. If 
the spacing of the loops on the glide plane is I ,  the retarding 
force per unit length experienced by the line is F,,, / I .  The 
oppositely directed force on the line due to the applied 
shear stress is usbe, where b, is the Burgers vector of the 
mobile dislocation. If all loops exerted the same maximum 
force on the mobile dislocations in the solid, a sharp yield 
point would be expected when usb, equalled or exceeded 
F,,,/I. More precisely, the increase in the yield stress of 
the metal due to the presence of the loops (loop hardening) 
is given by 

(18.54) 

The calculation of (5, can be performed in two steps: 
1. Calculation of F,,,, which characterizes the interac- 

tion of a single loop and the dislocation line. 
2. Calculation of the distance I between loop intersec- 

tions with the glide plane. 

Calculation of F,,, is of necessity approximate owing 
to the large number of orientations of a circular loop with 
respect to a particular glide plane and the different possible 
Burgers vectors of both the loop and the mobile disloca- 
tion. Since the loop is a circular dislocation, classical 

elasticity theory is often used to describe the loop- 
dislocation-line interaction. This procedure, however, is of 
dubious validity when the line actually cuts the loop. 
Calculation of the purely elastic interaction between a 
straight, rigid dislocation line that passes near to, but does 
not intersect, an immobile circular loop is presented i n  this 
section as an example of the type of analysis needed to 
provide F m a x .  The results for intersecting loops and lines 
are of the same general form as those obtained from 
long-range elastic interactions. 

Figure 18.23 shows a long, straight edge dislocation 
whose slip plane lies a distance y from the plane of a 
circular loop of pure-edge character. We wish to compute 
the force F, between the two entities as a function of the 
distance x. To  d o  so, we first calculate the work required to 
grow the loop from zero size to  radius R,. We then 
differentiate this work with respect to x to obtain F,. 
Calculations of this sort have been performed for a variety 
of loop/line combinations.’ 

EDGE DISLOCATION-\ ,SLIP PLANE 

I \ I 

Fig. 18.23 Straight-edge dislocation passing by a faulted 
dislocation loop. The slip plane of the dislocation is parallel 
to  the plane containing the stacking fault of the loop. 

The stress field in the solid adjacent to a straight edge 
dislocation coniists of a shear component and normal 
components u,, u s ,  and u,. The shear component acts in 
the plane of the loop shown in Fig. 18.23 but in a direction 
perpendicular to  the Burgers vector bl of the loop. Hence, 
this stress component exerts no force on the loop (i.e., the 
b component in the first term of Eq. 8.13 is zero). 
Similarly, the normal stress components u, and u, d o  not 
exert forces on the loop which act to retard its growth. The 
normal stress u y ,  on the other hand, tends to pull apart or 
push together the stacking fault, which is surrounded by 
the loop. Therefore, this stress component exerts a radial 
force on the loop. Figure 8.10(b) is equivalent to  the 
situation depicted in Fig. 18.23. The total force on the loop 
due to  the stress component uy is (27rRl)u,bl. The work 
done as the loop expands from R, to  R, + dR, is 

dW ( 2 7 i R l ) ~ ~ b l  dR1 

or the total work for the loop to expand against the stress 
from the nearby straight edge dislocation is 

W = 7iR: usbl  (18.55) 
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The stress uy  is 

x-FORCE IN UNITS OF 

- 

Gb, y(x2 - y 2 )  
27r(l- v )  (x2 + y2)2 

uy = (18.56) 

1 

Equation 18.56 was obtained from the stress components 
in cylindrical components shown in Fig. 8.8 .in the manner 
indicated a t  the beginning of Sec. 8.6 for obtaining other 
components in Cartesian coordinates. Inserting Eq. 18.56 
into Eq. 18.55 and taking the derivative of W with respect 
to  x yields 

1 1  
- ( I  

II 
I I  - II 
4 
I Fig. 18.25 Three stages of the movement of a dislocation 

In deriving Eq. 18.55, we have assumed that the stress 
uy does not vary appreciably over the area of the loop. 
This simplification is acceptable only when the line is far 
from the loop (i.e., x2 + y2 > R;). For close approach of 
the line to  the loop, the variation of uv over the loop area 
must be taken into account, and the F, formula is 
considerably more complicated than Eq. 18.57. The results 
of the complete calculation for y = R1 and y = O.lRl  are 
shown in Fig. 18.24. The maximum force occurs a t  x = R, 
and increases as y decreases. For y > R, the approximate 
treatment discussed above gives the maximum force as 

to  loops distributed uniformly in a slab of thickness 2Kl 
about the slip plane is 

1 
Fmay 'S Gbcbi (18.59) 

Interaction forces due to loops outside of this slab are 
negligible because of the f 2  dependence of F,,, (Eq.  
18.58). Using Eq. 18.59 in 18.54 shows that the hardening 
effect of the loops is 

Gbl 
us = ~ 

81 
(18.60) 

Foreman' has performed computer calculations of 
loop hardening in which the elastic interaction forces of the 
model presented above are neglected. Instead, the critical 
stress for tearing the line away from the loop is based on 
the stability of the junctions formed when the loop and the 
line intersect. In the calculations a shear stress drives a 
dislocation line into a solid containing an array of loops of 
specified size and spacing. At stresses below the value 
needed t o  move the line entirely through the array of loops, 
the dislocation reaches an equilibrium position. As the 
stress is increased in small steps, the line moves forward to  
new equilibrium positions. Figure 18.25 shows the equi- 
librium configurations of a dislocation line (initially of pure 

aGb,,bI screw character) in a cloud of loops whose diameter is 7, 
- -(3)2 (18.58) 

2(1  - V I  Y (Fx),,, = F,,,, - 

where the numerical coefficient o( (which is of order unity) 
depends on the relative orientations and the Burgers vector 
of the loop and the dislocation line. Averaging over all 
orientations and Burgers vector combinations, Kroupa and 
Hirsch' ' find that the average of the maximum forces due 
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of the loop spacing in the glide plane. Each dot  on the 
drawing corresponds to a loop cutting the glide plane of the 
dislocation. The three positions of the line correspond to 
three different values of the applied shear stress, which acts 
upward in the diagram. When the applied stress exceeds the 
value corresponding to the equilibrium position (c), the 
array of loops can no longer prevent motion of the 
dislocation. That is, the  array of loops exhibits a well- 
defined yield point a t  a certain critical stress. When 
averaged over all dislocation and loop orientations, Fore- 
man's computer simulation gives a critical stress of 

Gb 
(I, = - 

41 (18.61) 

Foreman's results differ from those of Kroupa and 
Hirsch (Eq. 18.60) not only in the numerical factor in the 
denominator but in the interpretation of the spacing 1 as 
well. In Foreman's analysis 1 is given by Eq. 18.25. In 
Kroupa and Hirsch's analysis, 1 is larger than this value 
because of zigzagging of the dislocation through the array 
of loops. This difference further increases the discrepancy 
between Eqs. 18.60 and 18.61. The bulk of experimental 
evidence on loop hardening favors relations of the type of 
Eq. 18.61 with 1 given by Eq. 18.25: 

Gb(2R,N,)X 
(18.62) 

P 
(I, = 

where N, is the concentration of loops in the solid and 13 is a 
numerical factor between 2 and 4. With either of these 
constants, the increased strength due to loops is only -20% 
of the ful l  Orowan stress (Eq. 18.53) which results from an 
array of impenetrable obstacles. 

18.8 TENSILE PROPERTIES OF IRRADIATED 
AUSTENITIC STAINLESS STEEL 

Two features dominate the effects of fast-neutron 
irradiation on the austenitic stainless-steels-hardening, or 
an increase in the stress needed to initiate plastic deforma- 
tion (the yield stress, the proportional elastic limit, or the 
flow stress), and embrittlement, o r  the reduction in 
specimen elongation prior to fracture. 

18.8.1 Radiation Hardening 

The strengthening effect of fast-neutron irradiation 
depends on the fluence and the temperature (both irradia- 
tion and test temperatures). 'High temperatures act to 
remove damage inflicted by fast-neutron collisions with 
lattice atoms. During irradiation, creation and thermal 
annealing of defects proceed simultaneously. During testing 
at sufficiently high temperatures, only thermal annealing 
continues, and this process tends to  mitigate the hardening 
effect of the neutron irradiation. Damage effects can be 
roughly classified by regions of fluerice and temperature. 
The fluence regions above and below -lo2 ' neutrons/cm2 
(fast) correspond approximately to the dosages received by 
in-core structural components in fast and thermal reactors, 
respectively. 

. -. 
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18.8.2 Low Fluence 
In this regime ((Dt < l o 2 '  neutrons/cm2), the primary 

form of radiation damage consists of the depleted zones 
described in Sec. 18.5. Because of the low fluence, sizable 
quantities of dislocation loops and voids have not formed. 
Temperature subdivisions in the low-fluence regime are 
approximately divided by one-half the melting point in 
degrees Kelvin, which for stainless steel is 550 to 600°C. 
(The melting point of steel is 1650 to  1700°K.) For 
T < T, / a ,  sufficient displacement damage survives anneal- 
ing during irradiation and testing to cause an increase in the 
yield strength of the steel. This form of hardening decreases 
with test temperature according to Eq. 18.38. A typical 
s t resss t ra in curve following a low-temperature low-fluence 
irradiation is shown at the top of Fig. 18.15(a). At 
temperatures greater than T, / a ,  the depleted zones and 
embryonic interstitial loops anneal so rapidly during irra- 
diation and/or testing that no hardening is observed in 
tensile tests. The s t resss t ra in  curve coincides with that of 
the unirradiated tnaterial [lower curve of Fig. 18.15(a)] .  

18.8.3 High Fluence 
At high fast-neutron fluences ((Pt > l o 2  neutrons/ 

cm2) ,  dislocation loops and voids grow t o  large sizes. These 
large defects require appreciable time to  anneal out  even in 
elevated-temperature mechanical tests; so their effect on  
mechanical properties persists to  higher temperatures than 
does the effect of the depleted zones. Complete recovery of 
the radiation hardening does not take place until tempera- 
tures in excess of 800°C (-2T, /3) .  Figure 18.26 shows the 
postirradiation yield stress of type 304 stainless steel as a 
function of the test temperature. The specimens were 
irradiated at a temperature equal to one-half the melting 
point in a fast fluence in excess of 102  neutrons/cm2. At 
testing temperatures up to  about 400°C, the hardening is 
due to  a combination of depleted zones, dislocation loops, 
and voids. The displacement damage (i.e., hardening due to  
the depleted zones) becomes negligible at about 400°C 
owing both to  thermally activated cutting of the Lones by 
mobile dislocations and to  removal of depleted zones by 
thermal annealing during the test. Between 400 and 550°C, 
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Fig. 18.26 Yield strength of type 304 stainless steel before 
and after irradiation at T - T,/2 to a fluence of 
1.7 X l o2  ' neutrons/cm* . [After J. J. Holmes et al., Acla  
M e t . ,  16:  95.5 (1968) . ]  
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the hardening is temperature independent (athermal). At  
temperatures between 550 and 650"C, the loops are either 
unfaulted or annealed out during the test. Radiation 
hardening diminishes until a t  650°C only hardening due 
to  voids remains. The voids are not completely eliminated 
until temperatures above 800°C. The rather distinct regions 
of radiation hardening determined by tensile testing cor- 
respond to electron-microscope evidence of depleted zones 
(black dots), loops, or voids in the microstructure of the 
specimens. The measured hardening due to loops and voids 
shown in Fig. 18.26 is somewhat lower than the values 
predicted by the theories outlined in the previous section, 
although the athermal nature of strengthening due to these 
defects is in agreement with theoretical expectations. The 
discrepancy in the magnitudes of the experimental and 
predicted hardening can be due to undercounting the 
concentration of defects from electron micrographs, which 
d o  not  reveal defects less than a few tens of angstroms in 
diameter. With Eq. 18.25 the defect concentration can he 
used to  determine the obstacle spacing on the glide plane. 
This latter quantity enters the void-hardening expression 
(Eq. 18.53) and the loop-hardening formulas (Eqs. 18.61 
and 18.62). 

The only radiation-produced defects that can be seen in 
the electron microscope for T > 800°C are helium bubbles, 
and these are not  numerous enough to cause appreciable 
hardening. They do, however, dramatically reduce ductility 
a t  temperatures up  to the melting point. 

18.8.4 Plastic Instability 
The sizable increase in the yield strength of austenitic 

stainless steel resulting from low-temperature irradiation is 
not matched by a corresponding increase in the ultimate 
tensile strength of the metal. Figure 18.15 shows that the 
percentage increase in the yield strength is much larger than 
the percentage increase in the ultimate tensile strength 
(which is the stress a t  the maximum of the engineering 
s t resss t ra in  curve). The radiation-produced defects are 
more effective in impeding the motion of dislocations than 
they are in preventing the theoretical fracture stress from 
being exceeded in the specimen. The former ability is re- 
sponsible for the large yield strength increase, and the latter 
function accounts for the modest increase in ultimate 
strength. Thus, the net effect of radiation is to decrease the 
difference between the ultimate and yield strengths of the 
steel, or t o  decrease the work-hardening rate, du/de. 

Work hardening of an unirradiated metal arises from the 
creation of obstacles to  dislocation motion as mobile 
dislocations become tangled with each other and with the 
preexisting dislocation network of the solid. In an irra- 
diated metal there are already so many radiation-produced 
obstacles to dislocation motion that the additional harden- 
ing effect of dislocation tangling (normal work hardening) 
is a small increment t o  the fyictional stress. 

According to Eq. 18.7, when the work-hardening rate 
du/de is reduced, the stress a t  which necking or plastic 
instability occurs is correspondingly lowered. If the stress 
for necking is lower, so is the strain a t  this point. Therefore, 
the reduction in ductility which occurs in conjunction with 
hardening (i.e., a t  low temperatures) is simply a conse- 
quence of the early onset of plastic instability. 

18.8.5 Dislocation Channeling 
In some highly irradiated metals, the onset of necking 

can coincide with yielding. That is, there may be no 
uniform elongation a t  all during a tensile test. An example 
of the stress-strain curve for a specimen exhibiting this sort 
of instability is shown as  the upper curve in Fig. 18.15(b). 
This unusual macroscopic behavior during deformation is 
believed to be associated with the microscopic phenomenon 
of dislocation channeling.' In this process defects im- 
peding dislocation motion in a metal are destroyed as the 
dislocation moves through them. Succeeding mobile dis- 
locations therefore experience a smaller resistance to 
motion than their predecessors and thus move along the 
partially denuded glide plane more easily than the disloca- 
tions that first cleared the way. The stress required to  move 
dislocations over slip planes that have been cleared of 
radiation-produced obstacles is far lower than the stress 
required to start the first dislocation moving. Thus an 
avalanche of dislocations can be released along the planar 
channels that have been cleared of obstacles. The strain due 
to this type of dislocation motion is highly localized. A 
group of closely spaced parallel slip planes that have been 
stripped of defects by moving dislocations is called a 
dislocation channel. Dislocations continue to be generated 
in and move along a cleared channel until normal work- 
hardening processes (intersection of glide dislocations with 
the dislocation network of the metal) increase the stresses 
required to maintain dislocation motion. Many channels 
can become activated during deformation. Evidence of 
deformation by dislocation channeling is seen in Fig. 18.27. 
The dark bands, which are called slip traces, represent 

Fig. 18.27 Type 304 stainless steel deformed 10% after 
irradiation a t  121°C. The slip traces (dark bands) represent 
the intersection of (111) planes with the surface of the 
specimen. I From E. E. Bloom et al.,J. Nucl. Muter., 22: 6 8  
(1967). ] 
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Fig. 18.28 A mechanism of loop destruction by a moving dislocation. The glide dislocation G cuts (a) into 
the loop L to  form stable junctions J a t  the points of interaction (b). Glide of both parts of the loop causes 
the junctions to  lengthen until they join at  J’ i n  (c) t o  extend around half the loop. The two halves of the 
loop then glide together (d) along their glide cylinders owing to  mutual attraction and coalesce. [After 
A .  J. E. Foremen and J. V. Sharp, Phil. Mag., 19: 931 (1969).] 

dislocation channels where large localized deformation has 
occurred. The material between the slip bands is not 
deformed. Each of the slip bands in the photograph 
corresponds to the intersection of a group of (111) planes 
with the surface. The (111) planes are the preferred glide 
planes in the fcc structure [Fig. 8.2(a)]. 

The radiation-produced defect most likely destroyed by 
moving glide dislocations is the dislocation loop. Figure 
18.28 shows how an immobile loop can be transformed 
into a part of the moving dislocation as a result of the 
intersection of these two species. After passage of the glide 
dislocation, the loop completely disappears. Other models 
of loop destruction by moving dislocations involve 
chopping, the loop into smaller bits, some of which can be 
incorporated into the moving dislocation. 

18.9 CREEP RUPTURE 

Creep rupture refers t o  the failure of a specimen that 
has been subject to  stresses well below the yield stress for 
long periods of time. Deformation of the metal occurs by 
creep rather than by the nearly instantaneous plastic 
deformation characteristic of a tensile test. Creep-rupture 
tests can be conducted either in equipment similar to  that 
employed for tensile tests or by tube-burst tests, in which a 
closed tubular specimen is loaded by internal gas pressure. 
In both types of tests, the time to  failure, or the rupture 
life, t R ,  and the elongation at failure, E F ,  are measured. 
Provided that steady-state creep prevails for the major 
portion of the test, these two quantities are related to the 
creep rate by Eq. 18.20. The creep-rupture properties 
depend on the extent of irradiation, the irradiation and 
testing temperatures, and on  the degree of cold work of the 
specimens. These variables directly control the creep r a k ,  i, 
and the elongation a t  fracture, fF. The rupture life, t R ,  is 

indirectly affected by the same variables because it is the 
ratio of f F  t o  6.  

Figure 18.29 shows typical results of large fast-neutron 
fluences on the creep-rupture properties of an austenitic 
stainless steel. In this particular set o f  experiments, the 
specimens were annealed (i.e., not cold worked), and the 
neutron exposure, testing temperature, and the applied 
stress were fixed. Only the irradiation temperature was 
varied. The data indicate that the creep rate, e,  is lower i n  
the irradiated specimens than in the unirradiated metal. The 
reduction is greatest a t  the lowest irradiation temperature. 
This trend is consistent with the effect of temperature on 
the tensile strength of irradiated steel (see previous sect.ion). 
The decreased creep rate is attributed to the depleted 
zones, Frank loops, and voids produced by  t h e  fast-neutron 
bombardment, all of which impede the motion of disloca- 
tions through the solid. As the irradiation temperature is 
raised, these obstacles to dislocation motion are progres- 
sively removed from the specimen by annealing, and the 
creep rate increases. At 780°C the creep rate is practically 
equal to that of the unirradiated material. 

Not all investigations have confirmed the observation of 
reduced steady-state creep rate in neutron-irradiated steel. 
The opposite effect, occasionally found, is attributed t o  the 
removal of atomically dispersed carbon from the matrix by 
the formation of large carbide particles (M23C6)  by the 
process of radiation-induced precipitation. The dissolved 
carbon apparently acts as a stronger barrier to dislocation 
motion than the larger but more widely spaced carbide 
particles. 

Figure 18.29 also demonstrates that radiation reduces 
the elongation t o  fracture. As in the case of the creep rate, 
the strain a t  rupture is smallest for the specimen irradiated 
at  the lowest temperature. This reduction in E~ is most 
probably due to  the loss of work hardenability accompany- 
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tion temperature is increased, the eloygation to fracture 
begins to  return to the value characteristic of the unirra- 
diated material. Work hardenability is recovered as the 
radiation-induced increase in yield strength is removed by 
thermal annealing. However, even at  780°C, where radia- 
tion strengthening should have completely annealed out ,  
the creep test shows a significant loss in ductility. In fact, as 
the irradiation temperature is increased to  values greater 
than those shown on Fig. 18.29, the elongation to fracture 
again decreases. This high-temperature loss of ductility is 
associated with the helium produced by ( n p )  reactions in 
the metal (see following section). 

The effect of fast-neutron fluence on the elongation to 
fracture with all other variables held fixed is shown in 
Fig. 18.30. The ductility (strain at fracture) is reduced from 
a value of -20% for the unirradiated material to  -0.1% a t  
fluences expected in LMFBR service. For this particular set 
of conditions, radiation causes a 200% reduction in the 
ductility of the specimen. 

The combined effects of fluence and temperature on 
the creep-rupture properties can also be demonstrated by 
rupture life graphs of the type shown in Fig. 18.12, which 
illustrated that, for unirradiated steel, increasing the test 
temperature markedly reduced the rupture life. This effect 
is a manifestation of the rapid increase in the steady-state 
creep rate, e ,  with test temperature (i.e., in an Arrhenius 
fashion, Eq. 8.46). Figure 18.31 shows that a t  fixed stress 
and fixed test temperature radiation reduces the rupture 
life, often by as much as an order of magnitude. Reduction 
of t R  is due predominantly to  the severe loss in ductility 
induced by radiation. The effect of test temperature (which 
should not be confused with the influence of the irradiation 
temperature indicated by Fig. 18.29) is similar to  that 
found in unirradiated specimens (Fig. 18.12). 

The effect of neutron fluence on  t R  is exhibited in 
Fig. 18.32. The rupture life decreases drastically with 
increased fluence primarily because of the loss in ductility 
illustrated by Fig. 18.30. 
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;i 2 -  Fig. 18.29 Effect of irradiation temperature on the creep - 
rupture of annealed type 304 stainless steel irradiated to  
1.9 x 10' ' neutrons/cm2 (> 0.1 MeV) and tested at  550°C 
under a stress of 3 x l o 5  kN/m2.  [After E. E. Bloom and 
J. R. Weir, Jr., iVucl. Technol., 16:  45  (1972) . ]  
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Fig. 18.30 Postirradiation ductility of type 304 stainless 
steel irradiated at  various temperatures between 370 and 
470°C and tested at  600°C and 1 .9  x lo5  kN/m2.  (After 
E. E. Bloom and J. 0.  Stiegler, in ASTM Special Technical 
Publication 484, p. 451, American Society for Testing and 
Materials, Philadelphia, 1970.) 
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Fig. 18.31 Rupture life of type 316 stainless steel irradi- 
ated to  a total neutron fluence of 1.2 x 10" neutronslcm' 
a t  a n  irradiation temperature of 440°C. Tested at  various 
temperatures in uniaxial tension.-, unirradiated.- - -, 
irradiated. (After A. J. Lovell and R. W. Barker, in ASTM 
Special Technical Publication 484, p. 468, American Soci- 
ety for Testing and Materials, Philadelphia, 1970.) 
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Fig. 18.32 Effect of neutron fluence on the postirradia- 
tion rupture life of type 304 stainless steel. The irradiation 
temperatures were between 370 and 430°C. The tests were 
performed a t  600°C a t  a stress of 1.9 x l o s  kN/m2.  (After 
E. E. Bloom and J. 0. Steigler, ASTM Special Technical 
Publication 484, p. 451, American Society for Testing and 
Materials, Philadelphia, 1970.) 

The degree of cold work of the tubing used in the fuel 
elements is a controllable fabrication variable that can be 
used to  optimize the in-pile performance of the cladding. 
Cold working is measured by the percentage reduction in 
cross-sectional area resultirg from drawing the tubing a t  
room temperature. Microstructurally, the degree of cold 
work appears as  a higher dislocation density than in the 
annealed metal. Cold working increases the strength of the 
metal by mechanisms similar to  those responsible for 
radiation hardening, but, in common with this phenome- 
non, the effects of cold work diminish greatly a t  elevated 
temperatures owing to the removal of the mechanically 
produced dislocation tangles by thermal processes (re- 
covery). The effect of cold work on the stress rupture 
properties of stainless steel is shown in Fig. 18.33. 
Moderate cold working (10 t o  30%) enhances the short- 
term stress rupture strength, but the long-term strength 
eventually becomes poorer than that of the fully annealed 
material. If a long rupture life a t  low stress was the sole 
criterion for choosing a cladding material, the  fully an- 
nealed metal would be superior to all grades of cold-worked 
metal. However, the principal value of cold working of the 

cladding is that void formation and swelling are suppressed 
(see Chap. 19). Consequently, a 10% cold-worked material 
appears to  represent the best compromise between improve- 
ment of swelling resistance a t  the expense of some 
degradation of the creep rupture properties. 

18.9.1 High-Temperature Fracture 
The nature of the fractures that  terminate the high- 

temperature creep process is quite different from the mode 
of fracture exhibited by metals and alloys following tensile 
tests a t  low temperatures. At low temperatures fracture 
tends to result from shearing through grains of the metal 
(i.e., the transgranular mode) and often occurs only after 
appreciable deformation. The fracture mode that termi- 
nates the third stage of high-temperature creep or the 
deformation in a high-temperature tensile test is usually of 
the intergranular type. In addition, high-temperature frac- 
ture is often accompanied by the observation of minute 
cracks or cavities in the metal adjacent to the fracture 
surface. 

The nature of the r,ietal after fracture in a relatively 
high-stress tensile test is shown in Fig. 18.34. In the 
unirradiated specimen [Fig. 18.34(a)] ,  the metal in the 
vicinity of the fracture is full of wedge-shaped cracks. The 
actual fracture surface probably followed grain boundaries 
along a path that had a high density of such cracks. The 
grains are deformed in the direction of the applied stress. In 
the irradiated specimen [Fig. 18 .34(b) ] ,  the small internal 
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Fig. 18.33 The effect of cold working on the rupture life 
of type 316 stainless steel. Tested at 700°C. (From 
T. Lauritzen, Stress-Rupture Behavior of Austenitic Steel 
Tubing. Influence of Cold Work and Effect of Surface 
Defects, USAEC Report GEAP-13897, General Electric 
Company, 1972.)  
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Fig. 18.34 Fractures of type 347 stainless steel after a 
tensile test a t  600°C. (a) Unirradiated, E F  = 18%. (b)  
Irradiated to  a fast fluence of 2 ~ 1 0 ~ ~  neutrons/cm2, 
E@. = 3%. (From M. Kangilaski e t  al., ASTM Special Techni- 
cal Publication 457, p. 67,  American Society for Testing 
and Materials, Philadelphia, 1969.) 

cracks are absent, and the grains d o  not appear to have been 
deformed. 

Figure 18.35 shows similar photomicrographs of the 
fracture surface produced in a creep-rupture test. The metal 
near the fracture in the unirradiated specimen contains 
many small cavities on  the grain boundaries rather than the 
wedge-shaped cracks that appeared in the high-stress tensile 
fracture [Fig. 18.34(a) 1 .  Grain deformation perpendicular 
to the fracture surface is evident in the failed unirradiated 
specimen. The general appearance of the fracture surface 
following the creep-rupture test of neutron-irradiated steel 
[Fig. 18.35(b)]  is practically indistinguishable from that 
observed after a tensile test [Fig. 18.34(b)]. In both cases, 
intergranular cracking apparently occurred rapidly as soon 
as a few grain-boundary cracks or cavities were formed. The 
absence of internal cracks or cavities near the crack surface 
and the lack of grain deformation are both due to  the 
radiation hardening of the matrix of the grains, which 
forces failure in a nearly brittle manner along grain 
boundaries. In contrast to the rapid failure of irradiated 
specimens as soon as a small number of cracks or cavities 

are created, fracture of the unirradiated metal is a result of 
the slow growth of cracks or cavities by grain-boundary 
sliding diffusional processes. 

18.9.2 Wedge Cracks 
The high-temperature fracture process can be divided 

into nucleation and growth regimes. Small wedge cracks are 
spontaneously formed a t  grain-boundary triple points when 

Fig. 18.35 Fractures of type 347 stainless steel after a 
s t r e s s - r u p t u r e  t e s t  a t  650°C.  (a) Unirradiated; 
stress = 2.4 x 1 Os kN/m2 ; tR = 32 hr; cF  = 23%. (b)  Irradi- 
a t e d  t o  a f l u e n c e  o f  2 X lo2’  neutrons/cm’; 
stress = 2 x l o 5  kN/m’ ; t R  = 21 hr; E@- < 0.2%. [From 
M. Kangilaski et al., Trans. Amcr. Nucl. Soc., 12: 574 
( 1969). 1 
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the applied stress exceeds a critical value. Stroh' calcu- 
lated the critical stress for the nucleation of wedge cracks 
on the assumption that dislocation pileups in a slip band 
provided the necessary stress concentration. Figure 18.36 
shows a grain containing a dislocation source that has 
emitted dislocations into a slip plane under the .action of 
the applied shear stress u,,.. The dislocations are stopped 
by a grain boundary, and a pileup ensues."iAs.;noted in 
Sec. 8.6, the pileup develops a tensile stress u that tends to 
open up a crack at the head of' the slip band. The tensile 

Fig. 18.36 Crack nucleation by the pileup of dislocations 
against a grain boundary. (From Stroh, Ref. 14 . )  

stress is greatest a t  an angle of 70" to the slip plane 
containing the pileup; so the crack develops in the 
orientation shown in the drawing. The stress concentration 
is given by Eq. 8.41 in which the distance from the tip to 
the pileup is taken as the crack length, or 

u2 c = Lu:, (18.63) 

where C is the length of the crack and L is the length of the 
pileup. The stability of the crack is determined by the 
Griffith energy criterion, which balances the loss of elastic 
energy of the solid with the gain of surface energy of the 
crack. When the exact stress distribution in the vicinity of 
the crack is employed t o  compute the elastic-energy term, 
the work required t o  form the crack is 

7 r ( l  -v)C2uZ 
+ 2Cy (18.64) 8G 

W = Etot  - Eel = - 

12yG 
u n u c 1 =  (x) (18.66) 

A method of estimating L and of accommodating 
Stroh's analysis t o  the observation that the wedge-shaped 
cracks ;almost a1;ways occur a t  grain corners (Le., triple 
points, see Fig. 16.18) has been proposed by McLean.' He 
argues that the,'slip planes within the grains on which the 
pileups occur in Stroh's theory can be replaced by sliding 
grain boundaries. The cracks formed by this process are 
shown in Fig. 18.37. In applying Eq. 18.66 to  the triple- 
point crack, we  assume that L is the length of the sliding 
interface, which is approximately equal to  the grain size. 

When precipitates (e.g., helium bubbles or hT2 jC6 
particles) have collected on  the grain boundary, sliding is 
impeded. Consequently, Weaver' ' suggests that the length 
L should be taken as the average distance between particles 
on the grain boundary. 

If no plastic deformation occurs around the tip of the 
crack, y in Eq. 18.66 is best approximated by the differ- 
ence between the energy of two free surfaces which were 
formed and the one grain boundary which was eliminated 
a t  the time the crack appeared: 

(18.67) 

Modifiers of stainless steel (e.g., titanium) affect the 
creep-rupture properties by increasing the effective surface 
energy either by segregating on grain boundaries or by 
removing impurities such as oxygen and nitrogen from the 
grain boundaries.' In either case, one or  the other of the 
terms on  the right of Eq. 18.67 is altered. 

When the grains of the metal are capable of deforming 
plastically, the stress concentration at  the tip of the crack 
can be partially relieved by plastic flow. The net effect of 
grain deformation is to  increase the energy required to form 

1 
y = ys - 3 Y g b  

rr 

TRIPLE POINT- - where EZl is t h e  elastic energy of the perfect solid and y is 
the energy required to  produce a unit area of crack surface. 

---- 

Fig. 18.37 A wedge crack forming on a grain-boundary 
riple point as a result of an applied stress normal t o  one of 
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a unit area of fresh crack surface, or to  increase y above the 
value predicted by Eq. 18.67. In fairly soft metals, crack 
nucleation occurs only a t  stresses that correspond to 
y E lOOy,. Thus, any process that strengthens the grains 
and prevents their deformation decreases the stress required 
t o  nucleate cracks and thus makes the metal less ductile. 
Matrix strengthening by irradiation-produced defects is 
probably one mechanism of the loss of ductility in 
neutron-bombarded steel. 

The nucleation condition given by Eq. 18.66 is applica- 
ble only to  small cracks. As the crack grows, contributions 
t o  the energy balance which depend on the crack width 
become important. Inclusion of these terms leads to a new 
critical stress for unstable crack growth and, for stresses 
below the critical value, t o  an equilibrium crack size. The 
width of the crack is assumed to  he equal to the product of 
the number of dislocations in the pileup, n, and the width 
of each dislocation, which is approximately equal to the 
magnitude of the Burgers vector, b. That is, the crack is 
visualized as a condensation of n single dislocations into a 
superdislocation of Burgers vector nb. 

The work per unit length required to  form the crack is 
given by 

+ a In?$)- uV, (18.68) 
471( 1 - V )  

The first two terms are contained in the energy balance for 
small cracks. They represent the elastic energy of the crack 
in the applied stress field and the surface energy of the 
crack. The third term is the elastic energy per unit length 
(i.e., the line tension) of the superdislocation. This quantity 
has been calculated for a single dislocation in Sec. 8.3. 
Equation 8.9 gives the energy per unit length of a screw 
dislocation of Burgers vector b, and the corresponding 
result for a single-edge dislocation is obtained by division 
by 1 - v. With the crack modeled as an edge superdisloca- 
tion, the Burgers vector is nb, and the core radius is 
replaced by C/4. The cutoff radius of the stress field of the 
superdislocation, ,??, need not be known, because only the 
derivative of W with respect t o  C is needed. 

The last term in Eq. 18.68 represents the work done by 
the applied stress in opening the crack to  a finite volume 
V,. The crack has the shape of a triangle of base n b  and 
height C;  so 

1 V, = -(nb)C 2 (18.69) 

Equation 18.69 is substituted into Eq. 18.68, and 
dWjdC is set equal to zero, thereby yielding the following 
quadratic equation for the stable values of the crack length: 

where 

G(nb)* 
8ny( 1 - v) A =  (18.71) 

(18.72) 

Inspection of Eq. 18.70 shows that the roots C are real i f  

8yG B = ~~ 

rr(1- v)u2 

B > 16A and imaginary i f  B < 16A. If B > 16A, the smaller 
of the two roots represents the stable crack length, and, if 
B < 16A, the cracks are unstable and fracture occurs. The 
condition of neutral stability is given by B = ZBA, or 

u(nb) = 2y (18.73) 

The crack width n b  in this formula is obtained from the 
theory of the dislocation pileup discussed in Sec. 8.6. I n  
applying Eq. 8.39 to determine nb, we assume that the 
pileup length (Le., the distance from the dislocation source 
t o  the crack) is approximately eqlial to one-half the grain 
size d. The crack growth criterion on which the preceding 
analysis was based assumed that the metal was subject t o  a 
tensile stress u normal to  the grain boundary in  which 
cracks appeared. The dislocation pileup responsible for 
development of the crack, however, is produced by a shear 
stress along the slip band (or grain boundary in this case). 
The dislocations that move along the grain boundary and 
condense into the crack are impeded by the frictional stress 
u, due to  obstacles in the matrix (Sec. 18.5). In estimating 
nb, the shear stress in Eq.  8.39 is reduced by this amount, 
and we have 

(18.74) 

where the length of the pileup has been taken as one-half 
the  grain size. 

Substituting Eq. 18.74 into 18.73 yields the critical 
tensile stress: 

(18.75) 

In Fig. 18.37 the component of the applied stress that 
produces shear along the grain boundary u x y  is approxi- 
mately equal to oj2. If, in addition, ui is small, the critical 
tensile stress for unstable triple-point crack growth given by 
Eq. 18.75 is very nearly equal to  the critical shear stress for 
crack nucleation in Stroh’s theory (Eq. 18.66). Because the 
internal stress ui is generally appreciable, ucrit given by 
Eq. 18.75 is larger than the value given by Eq. 18.66, which 
means that fracture is controlled by crack growth rather 
than by crack nucleation. Thus, ucrit  of Eq. 18.75 repre- 
sents the ultimate strength of a metal when failure occurs 
by the formation and extension of grain-boundary cracks. 

The foregoing analysis of crack stability can be applied 
to  estimate the elongation a t  fracture when failure is due t o  
grain-boundary triple-point cracks. Elongation (or creep 
strain) of a grain occurs because n dislocations have 
traversed the grain and coalesced into a crack. Each of the n 
dislocations causes a displacement b; so the displacement 
due to  a crack of width n b  is equal to nb. The elongation, 
or fractional displacement, of the grain is nb/d. Equa- 
tion 18.73 can be regarded as the condition giving the 
critical crack width (at which fracture occurs) for a 
specified applied stress. A t  the point of fracture, nb is the 
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product of the grain diameter and the elongation a t  
fracture; elongation can be found from Eq. 18.73: 

2Y 
E F  = - 

ud (18.76) 

Equation 18.76, which was first proposed by Williams,’ 
has been applied to  the embrittlement of neutron-irradiated 
Inconel (a nickel-based alloy).’ ‘ 

The prediction that grain refinement (Le., reduction in 
d) reduces embrittlement is borne out  by experiment. 
Equation 18.76 also predicts that ductility is improved by 
increasing the surface energy y. This parameter is the 
energy required to  form a unit area of fresh surface at  the 
crack tip. If the metal is hard and brittle, y approaches its 
minimum value given by Eq. 18.67. On the other hand, soft 
metals permit plastic flow at  the crack tip, thereby 
requiring more energy t o  create fresh surface than just the 
surface energy. In this case, y can be very much larger than 
ys. By hardening the matrix, irradiation acts to  reduce the 
extent of plastic flow around the crack tip during creep, 
thereby decreasing y. In general, any phenomenon that 
hardens the matrix of the grains without increasing the 
strength of the grain boundaries makes the metal more 
britt le. 

The inverse dependence of tF on the applied stress 
indicated by Eq. 18.76 does not appear to  have been 
verified experimentally. 

18.9.3 Grain-Boundary Voids 
Creep in metals a t  high temperature can be accom- 

panied by the growth of voids (or cavities) lying on grain 
boundaries that are transverse to  the applied tensile stress. 
These grain-boundary voids can grow a t  stresses well below 
the critical stress required for unstable growth of wedge 
cracks (Eq. 18.75). 

The condition of mechanical equilibrium of a gas-free 
spherical cavity in a solid subject to  tensile stress u is given 
by E q .  13.4 (in this relation, however, u represents a 
compressive stress). A cavity will tend to  grow i f  its radius 
is greater than the critical radius given by 

( 18.77) 

To describe creep rupture by growth of such voids, we must 
inquire as t o  the mechanism of the creation of void nuclei 
with radii large enough to satisfy the above stability 
criterion and then determine the rate a t  which these voids 
grow. 

Voids are most easily nucleated on grain boundaries 
where stress concentrations occur. The triple-point wedge 
cracks shown in Fig. 18.37 can have equivalent radii large 
enough for the right-hand side of Eq. 18.77 to  be smaller 
than the applied stress, even though the applied stress does 
not exceed the critical stress for wedge-crack growth. 
However, voids in creep specimens are observed all over the 
grain boundaries and not just at triple points. Defects in the 
grain boundary that can lead to void nucleation include 
precipitate particles or small ledges, both of which are 
effective stress concentrators. 

Once nucleated, voids are believed to  grow by absorbing 
vacancies from the bulk until they are large enough to  
interlink and cause fracture. Vacancies probably flow to the 
voids via the grain boundary since, a t  modest temperatures, 
grain-boundary diffusion is more rapid than lattice diffu- 
sion. The description of a quantitative model of the growth 
of grain-boundary voids under stress, proposed by Hull and 
Rimmer’ ‘) and laundered by Speight and Harris,* ’ follows. 

Assume that Ngb voids of radius Ro have been 
nucleated per unit area of grain boundary transverse t o  the 
tensile stress by one or a combination of the mechanisms 
listed in the preceding paragraph. The  R o  is assumed t o  be 
greater than RCrl t  of Eq. 18.77. Figure 18.38 shows such a 
void at  some stage of the growth process when the  radius 
has increased to  R. The analysis neglects nucleation of new 
voids during growth of the batch nucleated a t  the time the 
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Fig. 18.38 A model for  the growth of voids on grain 
boundaries during creep by diffusion of vacancies in the 
grain boundary. 

tensile stress was applied. By analogy t o  the treatment of 
the three-dimensional growth of gas bubbles in the fuel 
(Chap. 13) ,  the  void population is divided into a series of 
identical unit cells, each with a central void surrounded by 
the associated grain-boundary area. The extent of grain 
boundary from which the void draws its vacancies is 
determined by 

(n.%’)N,,, = 1 (18.78) 

Vacancies are assumed to be created at a uniform rate 
in the annular disk R < r < ,%surrounding each void. The 
thickness of the disk is taken to be the grain-boundary 
thickness, w. The vacancies created in the annulus diffuse 
t o  and are absorbed by the void at  the center, causing the 
latter t o  grow. Because of the unit cell approximation 
embodied in Eq. 18.78, the void and its associated grain- 
boundary area are treated as an isolated entity; so the 
vacancy flux at  r = .‘A is zero. The vacancy-diffusion 
equation in the wheel-shaped region surrounding each void 
is 

where Dvgb is the diffusion coefficient of vacancies in the 
grain boundary, C, is the volumetric concentration of 
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vacancies, and G, is the uniform volumetric source of 
vacancies in the diffusion zone. The vacancy concentration 
a t  the void surface” (r  = R)  is given by Eq. 13.176 with 
p =  0:  

(18.80) 

which means that because of surface tension the solid in the 
vicinity of the void surface is placed in traction, thereby 
increasing the equilibrium vacancy concentration above the 
value in the stress-free solid. The boundary condition at  
r =,% is 

(%),*> = 
(18.81) 

The solution of Eq. 18.79 with the above boundary 
conditions is 

The vacancy-concentration profile in the grain bound- 
ary around the pore depends on the rate of vacancy 
creation in the grain boundary, G,. This quantity is not 
known a priori, and Speight and Harris invoke the arbitrary 
condition that G, is just sufficient to  render the vacancy 
concentration midway between voids (i.e., a t  r =.%) equal 
to the thermodynamic equilibrium value appropriate t o  the 
solid under the applied tensile stress (see Chap. 13). Or G, 
is determined by applying the auxiliary condition 

(18.83) 

to Eq. 18.82. 

of vacancies to  the void by 
Having solved the diffusion problem, we obtain the flux 

Assuming that the void remains spherical despite the fact 
that its vacancy supply is restricted to a belt of width 
w < R a t  its middle, we find the time rate of change of the 
volume of the void to  be 

The gradient a t  the void surface is obtained using Eq. 18.82, 
and G, is eliminated by use of Eq. 18.83. The product 
D,gbC:qR is identified with the grain-boundary self-diffu- 
sion coefficient (see Eq. 16.44). Because the arguments of 
the exponentials in Eqs. 18.80 and 18.83 are small, ex i s  
approximated by I + x. Equation 18.84 yields 

*We assume that the void radius R is much larger than 
the gain-boundary thickness w. The void q r r a c e  within the 
grain boundary is approximated by a cylinder of radius R.  

This equation shows that the growth rate becomes 
positive when the void size exceeds the critical value given 
by Eq. 18.77. Cavities smaller in radius than Rcrit  sinter at 
a rate given by Eq. 18.85 and eventually disappear. Voids 
for which R, > Rcri t  grow a t  an ever-increasing rate. 

The fraction of the grain-boundary area occupied by 
voids is 

f =  (;;)2 (18.86) 

Fracture (or creep rupture) is assumed t o  occur when the 
voids touch. If the spherical voids are disposed on a regular 
square array, linkage occurs when the fractional area 
occupied by the voids is 7rR;?/(2RF j2 = n/4, where RF is 
the void radius a t  fracture. Setting f = 7r/4 in Eq. 18.86 
yields 

% 
RF =(:) .Y? (18.87) 

The time t o  rupture is obtained by integration of the 
growth law from R = R, to  R = R F ,  or 

(18.88) 

The elongation (creep strain) a t  fracture can be esti- 
mated as follows. Imagine the solid to be divided into 
right-square prisms oriented parallel to  the applied stress. 
The height of each prism is the grain siLe d ,  and the base of 
the prism is a square with sides equal to 2R1,.. A void 
nucleus is located a t  the center of the top and bottom 
bases. The volume of solid contained in each prism is 
(2RF)*d.  At fracture Ihe top and bottom bases of each 
prism have been transformed into hemispheres of radius 
R,, , representing the voids that developed from the nuclei. 
The centers of the hemispheres a t  either end of the prism 
are separated by a distance d + %,  where f i  is chosen so 
that the volume of solid in the original and in the final 
prisms is the same. Thus, 

4 
3 (2RF)’d = (2RF)2  (d + 2 )  - - nRS. 

where the last term on the right represents the volume of 
the two hemispherical cavities a t  either end of the prism. 
The fractional elongation of the grain a t  fracture is % / d ,  
which from the preceding formula is found to  be 

Substituting Eq. 18.87 for R,, yields 

.3,’2 .@ 7r c I . ’ = y - -  
6 d 6d(N,,)y2 ( 18.89) 

/-7 
According to  this formula, ductility in materials that fail by 
cavitation is improved by grain refinement and by de- 
creasing the density of void nuclei on grain boundaries. 
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The lheory of void nucleation in the grain boundaries However, the majority of the workers in this field 
(as opposed to the growth theory just presented) is not  attribute embrittlement t o  the stressinduced growth of 
sufficiently well developed to permit prediction of the void helium bubbles on grain boundaries which eventually link 
spacing ,%'. However, this quantity can be determined by up  and cause intergranular failure.'5-' 
measuring the void density on grain boundaries from 
micrographs of the fracture surface and employing 18.10.1 Helium Production Rates 
Eq. 18.78. Estimates of the time t o  rupture based on the 
preceding analysis are in reasonable agreement with the 
results of creep-rupture tests for many metals. Except for 
the arbitrariness of the condition of Eq. 18.83, the Hull- 
Rimmer theory provides a physically acceptable explana- 
tion of creep rupture by grain-boundary voids a t  stresses 
below lhat required for wedge-crack propagation. An 
alternative analysis of the growth process is considered in 
problem 18.10. 

Before discussing the embrittlement mechanism in 
detail, we first determine the amount of helium produced 
by the neutron flux. The transmutations that produce an 
alpha particle (which is the nucleus of a helium atom) can 
be divided into reactions which occur preferentially in a 
thermal-neutron flux and those which require a fast- 
neutron flux. 

In a thermal flux spectrum, the primary source of 
helium in steel is due t o  the reaction 

18.10 HELIUM EMBRITTLEMENT 

Helium gas produced by transmutation of the conipo- 
nents of stainless steel causes embrittlement (loss of 
ductility), which cannot be eliminated by high-temperature 
annealing. Like fission gases produced in the fuel, helium is 
thermodynamically insoluble in metals and tends to  precipi- 
tate into bubbles i f  the temperature is high enough for the 
helium atoms t o  migrate. I f  the helium bubbles are formed 
in the matrix, they can contribute t o  radiation hardening of 
the  metal in the same manner as voids (i.e., by Eq. 18.53). 
However, when the temperature is low enough for stable 
dislocation loops and voids (i.e., T < 700 to 800"C), the 
increment of strength provided by the helium bubbles is 
small compared with lhe contributions of the other 
radiation-produced defects. At  temperatures that result in 
elimination of voids and dislocations by annealing, the 
strength of the steel returns t o  i t s  unirradiated value (see 
Fig. 18.26). The  helium bubbles may have coarsened by 
coalescence t o  the point that not enough bubbles are 
present t o  cause appreciable hardening. 

At elevated temperatures, however, helium causes se- 
vere embrittlement of the steel. The elongation to fracture 
never recovers at high temperatures its does the yield 
strength. Fracture in the unirradiated metal occurs in a 
transgranular or combination transgranular-intergranular 
mode, whereas fracture of irradiated steel occurs invariably 
along grain boundaries. The extent of helium embrittlement 
depends on fast-neutron fluence, steel composition, and 
temperature. 

Various mechanisms for explaining helium embrittle- 
ment have been suggested. Woodford, Smith, and Moteff" 
proposed that the helium bubbles remain in the matrix 
where they impede the motion of dislocation lines. The 
increased strength of the matrix prevents relaxation of 
stress concentrations at  grain-boundary triple points and 
thereby enhances failure by propagation of wedge cracks. 

Kramer et  aLZ3 observed that helium bubbles are 
nucleated mainly on grain-boundary carbide particles (i.e., 
M2 3 C 6 ) ,  thereby allowing cracks t o  form without the 
necessity of satisfying Stroh's nucleation stress criterion of 
Eq. 18.66. ReiffZ4 has shown that the presence of helium 
in triple-point cracks permits unstable growth of these 
cracks a t  stresses lower than that required for a gas-free 
crack (Eq. 18.75). 

B '  " + n '  + Li7 + He4 (18.90) 

which has an effective cross section in excess of 3000 barns 
in a Maxwellian (i.e., thermal) flux spectrum. Thus, even 
the small quantities of boron in stainless steel (Table 18.1) 
produce substantial quantities of helium. Moreover, the 
boron in steel is often a5sociated with grain-boundary 
carbides, which have the generic formula M 2  (CB), . Here 
M denotes iron or chromium, and (CB) means that boron 
and carbon are interchangeable in the compound. Thus, the 
helium produced from the boron reaction is strategically 
available close to  grain boundaries, where it can d o  the 
most dam age. 

Natural boron contains only 20% B"', and, in view of 
the small concentrations of lhis impurity in most steels, the 
available B"' is burned out of the cladding by reaction 
18.90 early in the life of the fuel element. However, the 
amount of helium found in the cladding continues to  
increase, partly because of the following two-step reaction 
involving thermal neutrons and nickel:' x - 3 0  

Ni58 + n l  + N i s g  + Y  

Nis ' + n '  i Fes" + He4 

(18.91a) 

(18.91b) 

The effective thermal-neutron cross sections for these 
reactions are 4.4 and 13 barns, respectively. Because the 
supply of nickel in austenitic stainless steel is inexhaustible 
(from a nuclear reaction point of view), the helium 
produced by the two-step reaction of neutrons and nickel 
continues throughout the life of the fuel element. 

In the fast breeder reactors the fast-neutron flux is some 
four orders of magnitude greater than the thermaFeutron 
flux. By comparison the fast and thermal components of 
the neutron flux in the so-called thermal reactors are about 
equal (see Table 10.1). Thus, although reactions 18.90 and 
18.91 produce helium in the cladding of an LMFBR, 
the fast flux induces ( n p )  reactions in all components of 
the metal. [ Fast-neutron irradiation also produces (n,p) 
reactions on nearly all nuclides. However, the hydrogen 
produced by these reactions does not cause embrittlement 
because of rapid diftusiwn of this element in steel, which 
leads to  escape from the cladding.] Birss3' has reviewed 
the reactions that produce helium in reactor materials. The 
most important helium producers in the steel are the nickel 
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and iron. The other major constituent of steel (chromium) 
also produces significant quantities of helium. The impuri- 
ties nitrogen and boron also release helium as a result of 
(n,cuj reactions induced by fast neutrons. The ( n p )  reac- 
tions in the metals and the light impurity elements in steel 
are of the threshold type, which means that the cross 
section is zero for all energies below a minimum or 
threshold value. The threshold energy occurs because the 
reactions are endothermic and hence require the kinetic 
energy supplied by the neutron t o  proceed. By contrast, 
reactions 18.90 and 18.91 are exothermic with cross 
sections that increase as E-%. Figure 18.39 shows the energy 
dependence of the cross sections for a typical ( n p j  

E,,,. MeV 

NEUTRON ENERGY 

Fig. 18.39 Energy dependence of a typical (n,cu) cross 
section. 

reaction. The threshold energy is of the order of 1 t o  
5 MeV. When multiplied by the energy spectrum of the flux 
(Fig. 17.18) and by the density of the particular nuclide, 
the rate of production of helium is given by 

N $(E) U ( , , , ~ ) ( E )  dE = rate of He production 

per unit volume of metal (18.92) 

where N is the density of the nuclide in question and @(E)  
is the flux spectrum. An effective cross section in a 
particular flux spectrum can be defined by 

The denominator of Eq. 18.93 is the total fast-neutron flux 
(E > 0.1 MeV). The effective (n,cu) cross section for the 
major constituents and two impurities in stainless steel in a 
fission spectrum are listed in Table 18.3. The cross sections 
represent the values for each stable isotope of the element 
in the list weighted with the natural abundance and 
summed. 

Note that the cross sections for the metals are of the 
order of millibarns, whereas the thermal cross sections of 
reactions 18.90 and 18.91 are three t o  four orders of 
magnitude larger. The nitrogen and boron fast flux ( n p j  
cross sections are much larger than those of the major 
constituents of the steel; so these impurity elements are 

Table 18 .3  Effective ( n , u )  Cross Sections in a 
Fission-Neutron Spectrum 

Element u ( n , u ) e f f ,  mb 

Cr 0 2  
Fe 0 2 3  
N I  1 2  
N 17 
B 623 

significant contributors of helium in fast reactor fuel- 
element cladding. The effective ( n p j  cross sections in the 
flux spectrum of a typical LMFBR are about equal to those 
given for the fission-neutron spectrum in Table 18.3. 

Figure 18.40 shows the helium concentrations pro- 
duced in fast and thermal reactor cladding. The disconti- 
nuity in the helium production rate in the thermal reactor 
is due t o  burnout of B ' O .  The continued rise in helium 
concentration is due to threshold (n,cu) reactions in the fast 
component of the neutron flux. The two-step nickel 
reaction of Eq. 18.91 is not  considered in the plot. The 
helium concentration in the fast reactor cladding becomes 
larger than that in the thermal reactor after -100 days. 
Despite the small cross sections, the fluxes in the fast 
reactor are larger than in the thermal reactor. After 
approximately a 2-year irradiation period, the helium 
concentration in the cladding approaches 100 ppm. 

18.10.2 Stress-Induced Growth of 
Helium Bubbles on Grain 
Boundaries 

The analysis of the rate of growth of helium bubbles 
lying on grain boundaries perpendicular t o  the direction of 
the applied tensile stress is based on the Hull-Rimmer void 
calculation presented in the previous section. Only two 
aspects of the void analysis need to  be changed: the 
stability criterion and the vacancy concentration at  the 
bubble surface during growth. 

The stability criterion for voids is given by Eq. 18.77. 
The analogous criterion for gas-filled bubbles in mechanical 
equilibrium with the solid was deduced by Hyam and 

g 100 I I I I 
Q 

U "  
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IRRADIATION TIME, days 

Fig. 18.40 Helium concentration in type 304 stainless steel 
exposed to  LMFBR and LWR flux spectra. [After 
A. DePino, Jr., Trans. Amer. Nucl. SOC., 9: 386 (1966).] 
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Sumner.3z Consider a bubble that contains m helium 
atoms. In the absence of stress in the surrounding solid, the 
radius of the bubble is given by Eq. 13.16; we have assumed 
that the bubble is large enough to  permit application of the 
perfect gas law, a condition which is less restrictive for 
helium than i t  is for xenon. Thus, 

(18.94) 

When a tensile stress u is applied, the new equilibrium 
radius of the bubble is given by Eq. 13.4: 

p + u , 2 Y  
R 

(18.95) 

and the ideal-gas law: 

p($nR3)= mkT (18.96) 

Eliminating m and p from Eqs. 18.94 to 18.96 yields the 
relation 

(18.97) 

Equation 18.97 is plotted in Fig. 18.41 for three values of 
R o ,  which, according to  Eq. 18.94, is a measure of the 
number of helium atoms in the bubble. The function has a 
maximum when R = 3”R0,  a t  which size the stress and the 
initial radius are reiated by 

This formula can be interpreted in either of two ways. For 
a given applied tensile stress, it gives the critical initial 
bubble radius, R o C r l t ,  for stability. If Ro < R o c r l t .  applica- 
tion of the stress causes the bubble to  enlarge to  the size 
that  satisfies Eq. 18.97. Alternatively, if the initial bubble 
“radius is specified, the formula gives the critical stress ucr l t  
for stability. If either u or Ro is such that the left-hand side 

102 103 104 105 106 

R .  1 

Fig. 18.41 Critical stress for unlimited stress-induced 
growth of equilibrium bubbles as a function of initial 
bubble size. (From Kef. 32 . )  

of Eq. 18.98 is greater than the right-hand side, there is no 
stable bubble radius, and unlimited growth occurs. Equa- 
tion 18.98 is the bubble analog of Eq. 18.77 for voids. For 
a given size of cavity, the critical stress is seen t o  be a factor 
of -3 smaller for equilibrium gas-filled bubbles than it is 
for voids. This result reflects the fact that the gas pressure, 
p, in Eq. 18.95 assists the applied stress, u, in enlarging the 
bubble. 

The growth law for the gas-filled bubble is formulated 
in a manner similar to  that applied by Hull and Rimmer to  
grain-boundary voids (previous section). The density of 
grain-boundary bubbles defines the unit cell radius accord- 
ing to  Eq. 18.78. If  it is assumed that all the helium 
produced in the matrix is in the form of bubbles and all Lhe 
bubbles are attached to  grain boundaries, an estimate of 
Ngb can be made. Let M be the total concentration of 
helium in the metal, as determined from Fig. 18.40. If Ro  is 
the size of the bubbles in the absence of stress, the number 
of gas atoms per bubble is given by Eq. 18.94. The bubble 
density (number of bubbles per unit volume) is 

(18.99) 
M M 
m (4nRi /3) (2ylkT)  

N = - =  

If the grain diameter in the specimen is d, there are Nd3 
bubbles per grain. Assuming that the grains are cubical in 
shape and that the Nd3 bubbles are uniformly disposed 
over the six faces of the cube, there are Nd/6 bubbles per 
unit area of grain boundary from one grain. However, each 
grain boundary is supplied with bubbles from two adjacent 
grains; so 

( 1 8.10 0) N,,, = Nd bubbles/unit grain-boundary area 

Unfortunately, Eqs. 18.99 and 18.100 d o  not uniquely 
determine N g b .  In addition, we must either specify the 
bubble size, R O ,  or the bubble density, N. Knowledge of 
either of these two quantities depends on the bubble 
nucleation, migration, and coalescence properties, none of 
which is well established. 

Nevertheless, assuming tha t  the bubble density on  the 
grain boundaries, N s b ,  can be estimated, the Hull-Rimmer 
analysis is identical to that presented for voids provided 
that the boundary condition giving the vacancy concentra- 
tion a t  the bubble surface, Eq. 18.80, is modified to  
account for the effect of the internal gas pressure. To do 

3 

this, we use Eq. 13.176: \- -- 

G- 
Following the lines of the Hull-Rimmer derivation, the 
growth law for the helium bubbles is found to  be 

(18.102) (,l;l/R)’ - 1 
21n(.%/R) - 1 + (R/.@)’ 

x -  

The gas pressure p in this formula is expressed in terms of 
m and R by Eq. 18.96, and integration according t o  
Eq. 18.88 can be accomplished if  m is a constant or a 
known function of time. Equation 18.102 reduces t o  the 
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case for voids (Eq. 18.85) if the cavity contains no gas (Le., 
when p = 0). 

If the applied stress is less than the critical value given 
by Eq. 18.98 for the particular initial bubble size R o ,  the 
bubbles enlarge from radius Ro t o  a final value that satisfies 
Eq. 18.97 a t  a rate given by Eq. 18.102. However, if the 
applied stress is greater than 0.77y/Ro,  growth proceeds a t  
the rate prescribed by Eq. 18.102 but with n o  upper limit 
t o  R. In  this case, growth is terminated when the bubbles 
touch, which occurs a t  a radius given by Eq. 18.87. The 
time t o  rupture is given by Eq. 18.88, and the elongation a t  
fracture, by Eq. 18.89. Using Eq. 18.100 in Eq. 18.89 gives 

(18.103) 

Equation 18.103 shows that the greater the density of 
bubbles, the more severe the embrittlement due to helium. 
Owing to  bubble growth by diffusion and coalescence a t  
the expense of nucleation of new bubbles, N increases 
linearly with neutron fluence and probably decreases with 
increasing temperature. This phenomenon is commonly 
called oucraging. 

18.11 SUMMARY OF IRRADIATION 
EMBRITTLEMENT O F  AUSTENITIC 
STAINLESS STEEL 

Mechanical properties are commonly measured in either 
tensile (high strain rate) or creep-rupture (low strain rate) 
tests. I n  these two types of tests, the radiation effects on 
yield strength, uy , and elongation at  fracture, c g  , are most 
pronounced. As a result of irradiation, UY is increased and 
eF is decreased. The radiation-induced loss of ductility is 
more significant in fuel-element design than is the increase 
in yield strength; radiation hardening enhances service 
performance, whereas ductility losses decrease service life. 
Of these two factors, service life is by far the more 
important in limiting the design of a reactor fuel element. 
Embrittlement will probably be the lifetime limiting factor 
in the first wall of fusion reactors as well. 

Embrittlement increases monotonically with neutron 
fluence in both tensile and creep-rupture tests (Fig. 18.30). 
The effect of irradiation temperature, however, is quite 
complex (irradiation temperature should not be confused 
with testing temperature, the effect of which is shown in 
Fig. 18.31). Figure 18.42 shows the effect of irradiation 
temperature on the elongation at  fracture in low-tempera- 
ture postirradiation tensile tests of specimens that have all 
been irradiated to  the same fast-neutron fluence. At low 
temperatures reduced ductility is due to  plastic instability 
(Secs. 18.3 and 18.9), which in turn is due to the large 
increase in yield stress without a comparable increase in 
ultimate strength. As the temperature approaches 500"C, 
barriers t o  dislocation motion (e.g., loops) responsible for 
hardening begin to  be removed, and the metal recovers its 
work hardenability. As a consequence of this recovery, 
ductility increases. At approximately the same temperature 
that point defects in the metal become sufficiently mobile 
t o  anneal out  the defect clusters that cause hardening, 
helium atoms in the matrix also become capable of 
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Fig. 18.42 Effect of irradiation temperature on the duc- 
tility of irradiated stainless steel. Tensile tests a t  5OoC; 
fast-neutron fluence > 10' neutrons cm-2 sec-' . [After 
R. L. Fish and J. J. Holmes, J.  Nucl .  Mater. ,  46: (1973).] 

migrating and precipitating into bubbles that segregate a t  
the grain boundaries. Consequently, ductility falls because 
of helium embrittlement. As the temperature reaches 
-650"C, removal of voids becomes appreciable, and the 
matrix softens some more. The softer matrix permits plastic 
flow in the neighborhood of wedge cracks and thereby 
tends to counteract the embrittlement due to helium. The 
resulting ductility minimum has often been observed in 
tensile testing of irradiated steels. Eventually, however, 
helium embrittlement overwhelms all other effects, and the 
ductility drops to very low values a t  high temperatures. 

Design of fuel elements is usually based on one or  more 
creep-rupture properties of the irradiated metal. For exam- 
ple, if  cladding is to  operate in a reactor for a specified 
irradiation time t irr ,  the allowable stress t o  which it may be 
subjected by internal pressure from released fission gases 
and/or fuel-cladding mechanical interaction can be re- 
quired to be the smaller of the following two values: 
(1) 67% of the stress for rupture in time tirr or (2)  100% of 
the stress to produce 1% total strain (elastic, plastic, and 
creep) in time t,,,. 

For irradiated metal the allowable stresses under condi- 
tion (1) can be obtained from out-of-pile test results such as 
those shown in Fig. 18.31. The data in Fig. 18.29 permit 
estimation of the minimum allowable stress under condi- 
tion (2) .  

These conditions assume that the stress applied t o  the 
cladding is constant over the lifetime t i r r .  When this is not 
so, the technique known as the sunzt~zatiot~ of life fvactions 
is often employed. Neglect for the moment the 
effect of irradiation, and suppose that the cladding is 
subject t o  stress a ,  for time t l  , u2 for time t Z ,  etc. The 
sum of the time increments t l  + t 2  +. . . = t irr .  Correspond- 
ing to each stress level is a rupture life t, t R 2  ,. . . ~ The 
allowable combination of times and stresses is given by 
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t , t  +2 + . . . = I  (18.104) 
t n  i tn  2 

where it is assumed that the temperature is constant and 
the stress dependence of the rupture life is known. 
Equation 18.104 does not include the factor of safety in 
condition (1). 

Similarly, condition (2)  is modified in the case of 
different stresses during cladding lifetime to 

.. . 

(18.105) 

where t,, is the time required to  produce 1% strain a t  stress 
Ui . 

In a radiation field, the time to rupture, titi i n  
Eq. 18.104, and the time to achieve 1% strain, t C i  in 
Eq. 18.105, depend on the stress u i ,  the temperature Ti ,  
and the accumulated fluence C,=, (Djtj for the interval ti 
that the cladding has been in the condition denoted by the 
subscript i. Thus, stress-rupture failure occurs wher?” 

In-pile irradiation creep (Sec. 19.7) is not included in this 
analysis. 

18.12 HARDENING AND EMBRITTLEMENT 
OF FERRITIC STEELS 

The theories of radiation hardening reviewed in 
Secs. 18.4 through 18.7 apply equally well to  bcc and fcc 
metals and alloys. However. there are several important 
differences in the ways that these two types of metals 
respond t o  radiation, all of which can be traced to the 
greater mobility of atoms or point defects in the more open 
bcc lactice compared to  the closepacked fcc crystal 
structure. 

18.12.1 Yield Drop 
One of the most imoortant differences in the mechani- 

cal properties of austenitic and ferritic steels in the 
unirradiated condition is the absence of a yield drop in the 
s t resss t ra in behavior of austenitic steel. The existence of a 
sharp yield point in unirradiated ferritic steels (the upper 
yield point in Fig. 18.10) is attributed to the pinning of 
dislocation lines by impurity atoms (principally carbon) 
strung out along the line. Before a Frank-Read source can 
be operated by the applied stress, the dislocation line in the 
source (BC in Fig. 8.13) has t o  be unpinned from the 
impurity atoms that have become attached to  it as a result 
of migration from the matrix. The stress field around 
dislocation lines can attract impurity atoms. Interstitial 
carbon atoms, for example, are thermodynamically more 
comfortable in the tensile region below the extra half-plane 
of atoms of an edge dislocation than they are in the perfect 
matrix. The stress required to  release the dislocation from a 
row of carbon atoms can be estimated.’ Once free from the 
pinning action of the solute atoms, the dislocation can 
move a t  a lower stress, which causes the drop in the yield 
stress from U t o  L in Fig. 18.10. Yield then propagates a t  a 

nearly constant flow stress until the beginning of normal 
work-hardening processes arising from interaction between 
moving and stationary dislocations. 

The carbon-dislocation locking mechanism is not impor- 
tant  in austenitic steels because the diffusion coefficient of 
carbon in the$ose-packed fcc lattice is lower than it is in 
the more open bcc structure of ferritic steel. Under normal 
quenching procedures, the carbon atoms in austenitic steel 
cannot move rapidly enough to  the dislocation line to  
provide a concentration of atoms along the line which is 
sufficient t o  strongly lock the dislocation. As indicated in 
Sec. 18.5, fcc metals develop a yield drop under irradiation 
because point defects can take the place of impurity atoms 
in locking dislocations. 

18.12.2 Radiation Anneal Hardening 
The high mobility of impurity atoms in hcc metals is 

manifest by the phenomenon of rmliutio~ arirzeal hardening, 
which is not observed in fcc materials. If, following a 
low-temperature irradiation, specimens of an fcc metal are 
annealed for several hours before testing, the radiation- 
produced increase in the yield stress decreases uniformly 
with annealing temperature. With bcc metals, on the other 
hand, the yield stress first increases with annealing tempera- 
ture, then passes through a maximum before returning to  
the value observed for the unirradiated metal. The increased 
hardening arising from the annealing process is due to  the 
migration of interstitial impurity atoms (oxygen, nitrogen, 
and carbon) t o  radiation-produced defect clusters, such as 
the depleted zones or dislocation loops.34 Impurity-defect 
cluster complexes form more effective obstacles to  disloca- 
tion motion than d o  impurities and defect clusters when 
they exist separately in the matrix. The high interstitial- 
atom diffusivities permit migration of the small impurity 
atoms to  the defect clusters a t  temperatures lower than 
those at which the clusters are destroyed by annealing. 
However, at sufficiently high temperatures, both the 
complexes and the defect clusters are removed, and 
hardening diminishes with temperature as in fcc metals. 

18.12.3 Creep Strength 
The high diffusion rate of the intrinsic components of 

the bcc metals ( the vacancies and matrix atoms) in the 
more open bcc structure is responsible for the poorer 
creep-rupture strength of the ferritic steels compared with 
austenitic steels. Creep by growth of grain-boundary cavi- 
ties, for example, occurs by vacancy diffusion (Sec. 18.9), 
which is greater in bcc metals than in fcc metals. For this 
reason, austenitic steels are used in high-temperature core 
components rather than ferritic alloys. 

18.12.4 High-Temperature Embri ttlement 
One of the most striking differences between bcc and 

fcc metals is the absence of helium embrittlement in bcc 
metals. That is, bcc metais aiid alloys are not subject to the 
drastic loss in ductility when irradiated at  high temperature. 
One would expect that the higher diffusion coefficients in 
the bcc materials would accelerate creep rupture by the 
growth of intergranular voids that are stabilized by helium, 
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which is believed to  be the principal mechanism of helium 
embrittlement in fcc metals. The virtual absence of helium 
embrittlement in bcc metals indicates that creep failure in 
these materials does not occur by the stress-enhanced cavity 
growth mechanism. Rather, it is believed that the large 
self-diffusion coefficients in bcc metals permit efficient 
reduction of stress concentrations a t  grain boundaries, 
thereby reducing the tendency for triple-point, or wedge 
~ r a c k i n g . ~  The high point-defect mobility assists in the 
processes of recrystallization (growth of new grains) and 
recovery (softening of the matrix due to  annealing of the 
dislocation network). Both processes act t o  reduce stress 
concentrations and thereby inhibit intergranular failure. 

18.12.5 Brittle Fracture-The 
Cot tr ell-Pe t ch Theory 

On the basis of an earlier theory of Petch, C ~ t t r e l l ~ ~  
has proposed a theory of yielding in metals exhibiting a 
distinct yield point which can be applied t o  determine the 
fracture stress. Knowledge of both the yield and fracture 
stresses ,permits the conditions for brittle fracture to  be 
deduced. 

The lower yield point in bcc metals or in irradiated fcc 
metals contains contributions due t o  source hardening and 
friction hardening (Sec. 18.5). Friction hardening is the 
stress experienced by dislocations moving through the 
metal. Source hardening represents the applied stress 
needed t o  unlock pinned dislocations and set them into 
motion. Cottrell assumes that dislocations in a few isolated 
grains have been unlocked either because the orientation of 
these grains relative to  the load is such as to  produce the 
maximum resolved shear stress on active slip planes or 
because a few sources in these grains have particularly low 
unpinning stresses. In  either case, the dislocations produced 
in the prematurely yielded grains pile up  against the grain 
boundary. The enhanced shear stress in the neighborhood 
of the pileup triggers the sources in the adjacent grain. Like 
a row of dominoes, yielding propagates across the entire 
specimen, or the material flows. 

The shear stress exerted on  the slip plane in a grain next 
t o  one that has yielded and released an avalanche of 
dislocations which are stopped by the grain boundary is 
shown in Fig. 18.43. The shear stress acting on the sources 
in grain 2 consists of two components, the applied shear 
stress o x y  and the shear stress due t o  the proximity of the 
pileup in grain 1 .  The latter is given by Eq. 8.41 wherein 
Ox Y is reduced by u, to  account for the frictional stress 
experienced by dislocations in the pileup in grain 1. Thus, 
the sources in grain 2 are subject t o  the shear stress 

where d (the grain size) is taken t o  be the length of the 
pileup in grain 1 and L' is the distance from the grain 
boundary t o  the nearest dislocation source in grain 2. The 
ratio d/L '  is generally much greater than unity. The stress 
required to  operate the sources in the material is denoted 
by u d .  In  high-purity unirradiated metals, (sd is the stress 
needed to  activate Frank-Read sources (Eq. 8.16), but, in 
ordinary bcc metals or in irradiated fcc metals, od > u F R  

SOURCE 
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"7 

r- G R A I N  BOUNDARY 

Fig. 18.43 Shear stress on source in unyielded grain due to  
pileup in adjacent yielded grain. 

because of locking of the source dislocations by impurities 
or point defects produced by radiation. 

At the instant yielding is triggered by the mechanism of 
Fig. 18.43, u x y  is equal to the yield stress u y  and u2  is 
equal t o  uc,. Making these substitutions in Eq. 18.107 gives 

x 
Ud = uy + (uy - U i )  ($) 

or, solving for the yield stress, 

If the product ud(L')M is denoted by a constant k,, the 
yield stress becomes 

uy = u, + k,d-% (18.109) 

The second term on the right gives the source-hardening 
contribution t o  the yield stress. The two components of uy 
can be determined experimentally by one of two means: 

1. By extrapolating the work-hardening portion of the 
s t resss t ra in curve in Fig. 18.10 to the elastic line. The 
intercept is interpreted as uI,  and the difference between 
the lower yield point and the intercept is the source- 
hardening contribution k,d-'. This procedure has been 
employed by Makin and Minter4 t o  determine the effect of 
neutron irradiation on the friction and source-hardening 
components of copper. 

2. By measuring the yield stress for specimens of 
different grain siLe and plotting uy vs. d-'. The intercept of 
such a plot is ul,  and the slope gives kY.35  Most metals 
obey a plot of this sort quite well. 

n 

With k, determined from yield-stress measurements, 
Cottrell calculates the critical tensile stress for fracture by 
substituting Eq. 18.109 into Eq. 18.75. At the yield stress, 
ox Y is identified with uy , and the term in the parentheses 
of Eq. 18.75 is given by k,d-%. Thus, the fracture stress is 
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(18.110) 

The effect of grain size on the fracture stress (or 
ultimate tensile stress) and the yield stress of a low-carbon 
steel is shown in Fig. 18.44. The two lines cross a t  the 
ductile-brittle transition. T o  the right of this 'p&nt, the 
material is ductile, since it yields before fracturlng. The 

uF - uy needed t o  cause fracture is 

the metal must deform plastically. As shown by the lower 
curve in this figure, appreciable elongation occurs before 
fracture. To  the left of the transition, yielding and fracture 
occur simultaneously. Fracture takes place along the yield 
stress line since yielding is a prerequisite to  fracture. In this 
region the metal is totally brittle. 

The Cottrell-Petch theory can be employed t o  explain 
the effect of radiation on the yield and ultimate tensile 
strengths of steels. The frictional component to  the yield 
stress, ui ,  is quite sensitive t o  radiation owing t o  the defect 
c l u s t e r s  pr  o d u  c e d  b y  fast-neutron bombardment 
(Sec. 18.5). The parameter k,, on the other hand, depends 
on the stress to operate dislocation sources in the metal, crd.  
In fcc metals and alloys, this stress is slightly increased by 
radiation because the point defects assist in pinning the 
sources. In bcc metals, however, the sources are strongly 
pinned by impurity atoms in the absence of neutron- 
produced point defects; so radiation has a negligible effect 
on  k, for metals of this crystallographic structure. Conse- 

" i z m e n t a l  v( supplied by work-hardening I' processes, which means that 
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Fig. 18.44 Effect of grain size on yield and fracture 
stresses of a low-carbon steel tested at  low temperature. 0,  

fracture. 0, yield. n, strain. (After Ref. 36.) 

quently, the theory suggests that the yield stress should 
increase more than the ultimate stress as a result of 
irradiation. This prediction is borne out  by experiments. 
The drastic loss in ductility a t  low temperature results from 
the different sensitivities of o y  and uF  to neutron damage. 

Figure 18.45 ,,'shows the Cottrell-Petch theory dis- 
played on a temperature plot for different values of the 
frictional stresk. The increase in o, is assumed t o  be due to  
neutron irradiation. The ductile-brittle transition tempera- 
ture (DBTT) or the nil-ductility temperature (NDT) is 
defined by the condition that uF = o y  , or from Eq. 18.110 
by the formula: 

uy k, = 2Gyd-" (18.111) 

Although this equation could in principle be solved for the 
transition temperature (using the temperature dependencies 
of oy and k y ) ,  it  is most commonly employed to  estimate 
the effect of neutron exposure on the temperature a t  which 
ferritic steels become brittle. The graphic illustration of the 
increase in the transition temperature shown in Fig. 18.45 
can be expressed quantitatively by using Eq. 18.111 and 
noting that the right-hand side is essentially constant during 
irradiation and temperature variation. Thus, 

d ( u y k y )  = uydk, + kydny = 0 

The changes in k, and (JY due to the variables T and 
neutron fluence (neutron fluence is manifest by radiation 
hardening or an increase in the frictional stress ai) are 

duy = (2) d T  + (2) do, 

Combining these expressions and neglecting the effect of 
radiation on source hardening (i.e., dk,/dcri = 0 and hence, 

v) 
v) w 
[r 

k- v) 

I 

I I 
I I I- ATD - 

TEMPER ATUR E 

Fig. 18.45 Effect of temperature on the yield and fracture 
stresses of unirradiated and irradiated ferritic steel. 
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according t o  Eq. 18.109, d u y / d u i  = 1) ,  we obtain the 
increase in the transition temperature: 

- - _  -~ a O y  - 1  (18.112) 

The temperature dependence of k, is slight, but, since it is 
multiplied by a large number in Eq. 18.112, it is retained in 
the analysis. The yield stress, the source-hardening coeffi- 
cient, and their temperature derivatives can be obtained 
from out-of-pile tests. Inserting numerical values shows that 

dT AT, 
dai  AQi (: :; +ar) 

AT, 
~- - 3 to  5°C per lo4  kN/m2 

A U i  
(18.113) 

for typical pressure-vessel steels. As discussed in Sec. 18.3, 
the DBTT or  NDT can be measured by impact tests. 
Figure 18.13(b) shows that the DBTT of unirradiated 
low-carbon steel is about 0°C. The corresponding curve for 
an irradiated specimen is translated t o  much higher tem- 
peratures than the data for unirradiated material shown in 
this graph. When the radiation hardening (Aa,) is measured 
as well, observed values of ATD are in good agreement with 
the predictions of the Cottrell-Petch theory, expressed by 
Eq. 18.113. 

The increase in the frictional stress Au, is due almost 
exclusively t o  the productjon of obstacles in the slip planes 
of  moving dislocations. At the low temperatures a t  which 
pressure vessels in LWRs operate, no, can be identified with 
the hardening due t o  depleted zones (Eqs. 18.38 and 
18.42). Figure 18.46 summarizes data on the increase in the 
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Fig. 18.46 Effect of fast neutron fluence on the increase 
in the nil-ductility temperature of low carbon steels 
irradiated at various temperatures. (After L. E. Steele and 
J. R. Hawthorne, in ASTM Special Technical Publication 
380, p. 283, American Society for Testing and Materials, 
Philadelphia, 1965.)  

nil-ductility temperature of various pressure-vessel steels 
with neutron fluence. If the component operates a t  
temperatures below -250°C for  long irradiation periods, a 
considerable increase in the NDT is observed. As shown by 
the graph, the NDT can approach the operating tempera- 
ture of the pressure vessel (approximately equal t o  the inlet 
coolant temperature in a PWR) after long periods of 
irradiation. Periodic annealing of ferritic steel components 
of the reactor core may be necessary t o  eliminate accumu- 
lated radiation damage. As part of a surveillance program, 
coupons of the metal can be inserted in the core and 
periodically withdrawn for impact testing. 

Additional information on the effects of neutron 
exposure on ferritic steels can be found in Refs. 6 ,  3‘7, and 
38. 

18.13 NOMENCLATURE 

a, = lattice constant 
A = cross-sectional area of  a tensile test specimen; 

b = Burgers vector 
C = point-defect concentration (particles per unit 

d = grain size 
D = point-defect diffusion coefficient; tube diameter 

mass number 

volume); crack length 

DEb = grain-boundary self-diffusion coefficient 
Dvgb = diffusivity of vacancies in grain boundary 

DBTT = ductile-to-brittle transition temperature 

state creep; Young’s modulus 
E, = elastic-energy density 
Eth = threshold energy for (n,cr) reaction 

E = neutron energy; activation energy for steady- 

f = fraction of grain-boundary arpa occupied by 
voids 

f,,f, = angular functions of the force between edge 
dislocations in the x and y directions, respec- 
tively 

F = force on a unit length of dislocation 
G = shear modulus 

k = Boltzmann’s constant 
G, = vacancy production rate i n  a grain boundary 

k,, = vacancy-interstitial recombination rate constant 
k, = constant in the Cottrell-Petch theory, Eq. 18.109 

1 = gauge length of tensile test specimen; spacing of 

1,) = length of dislocation segment between pinning 

L = length of dislocation pileup 
L’ = distance from grain boundary t o  nearest disloca- 

m = helium atoms per bubble 
n = number of dislocations i n  a pileup 
N = concentration of obstacles, depleted zones, 

NE,, = number of voids or  helium bubbles per unit 

obstacles in a glide plane, Eq. 18.25 

points 

tion source 

loops, or bubbles 

grain-boundary areti c p = gas pressure 
P = load on tensile test specimen 
r = radius of obstacle to dislocation motion 
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rCl = radius o f  dislocation core 
R = radius of depleted zone, dislocation loop, or 

helium bubble 
.@ = radius of unit cell surrounding a void or bubble 

on a grain boundary; radius of curvature of a 
dislocation line; radius of the stress,;field around 
a dislocation 

t = time; wall thickness 
t, = rupture time 
T = temperature 

T, = characteristic temperature, Eq. 18.39 
T, = ductile-to-brittle transition temperature 
T,,, = melting point, "K 
Uq: = activation energy for dislocation cutting of an 

Uo = energy increase when dislocation cuts an obsta- 
obstacle 

cle 
v = capture volume around a depleted zone 

vc, = velocity of a glide dislocation 
V, = crack volume 
w = thickness of grain boundary 
W = work 
x = distance along glide plane 
y = distance perpendicular t o  glide plane 
Z = capture sites around a dislocation 

Greek Letters 
cy = number of defect clusters per neutron collision 
/3 = numerical constant, Eq. 18 .62  
y = surface energy (including plastic deformation) 

yab  =- grain-boundary tension 
ys =surface tension of solid (used when plastic 

I- = probability per uni t  time that a dislocation cuts 

E = strain 

deformation at  crack tip is important) 

an obstacle 

= strain a t  rupture 
E ,  , e2 , e3  = principal strains 

i = strain rate 
u = Poisson's ratio; vibration frequency of disloca- 

tion against an obstacle; number of displace- 
ments per primary knock-on atom 

e*: = equivalent strain (strain deviator), Eq. 18.17 

p = density of mobile dislocations 
pd = total density of dislocations in a solid 

u = stress (positive in tension) 
u* = equivalent stress (stress deviator), Eq. 18.15 
ui = friction stress 

O ( n . 0 )  = cross section for n,a reaction 
ux,, = shear stress 

r = time 
$(E) = neutron flux spectrum 

@ = total fast-neutron flux 
R = atomic volume 
C, = macroscopic neutron-scattering cross section 

Subscripts and Superscripts 
crit = critical value 

e = edge dislocation 
eq = equilibrium 
F = at fracture 
h = hydrostatic 

i = interstitial 
1 = dislocation loop 

LR = long range 
max = maximum 

R = at the surface of a defect 
s = short range 
v = vacancy 

Y = a t  yield point 
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18.15 PROBLEMS 

18.1 As a result of irradiation, a specimen of metal 
contains voids. The specimen is annealed out of pile a t  
temperature T. Voids grow or shrink only by vacancy 
capture or  emission. The bulk solid contains the thermal- 
equilibrium vacancy concentration. 

' . (a) How does the radius of a void with initial radius Ro 
change with annealing time? 

(b) If the void sizes after irradiation are distributed 
according to the function N o ( R o )  dRo = number of voids 
with radii between Ro and Ro + dRo,  what is the void 
distribution function at a time t in the anneal'! Assume the 
vacancy-diffusion coefficient D,, the equilibrium vacancy 
concentration Ctq, the surface tension of the metal T, and 
the atomic volume 11 are specified. Use a calculational 
method like the one applied t o  thermal annealing of 
depleted zones (Sec. 18.5). 

(c) Suppose the initial distribution N(R0)  is Gaussian 
with an average void radius of 400 A and a standard 
deviation of 50 A. The initial void concentration, NO,, is 
10 '  cm-3. During annealing, the voids of average size 
disappear in 3 hr. Compute and plot the void distributions 
at  t = 0 and t = 2 hr. 

18.2 The work-hardening region of the s t resss t ra in  curve 
can be represented by the formula u = ken, where n is the 
work-hardening coefficient. By increasing the yield stress 
more than the ultimate tensile stress, irradiation effectively 
reduces the work-hardening coefficient. Using the criterion 
for plastic instability, calculate the reduction in uniform 
elongation due to an irradiation that decreases n by an 
amount An. 
18.3 (a) Show that Eq. 18.26 is valid for a regular planar 
array of dislocation pinning points [e.g., the (100) plane of 
the fcc structure]. 

(b) The potential energy of a dislocation cutting 
through an obstacle in Seeger's treatment of radiation 
hardening is of the form 

where 

y = l - L -  Aq + constant 1 + e'' 

Demonstrate the followink properties of the function Y ( q ) :  
1. The barrier height disappears if A > y4. 
2. Expand the location of the maximum and minimum 

in  a Taylor's series in the parameter E = 1 - 4A, which is 
presumed to  be small and positive. Show that the extrema 
are given by 

q ,  = +2c'h ,Jvr\3 k, 7 ,  
3. Show that the barrier height IS given b '  by 

18.4 The data for depleted-zone hardening by nickel 
(Fig. 18.20) suggest that two types of zones are created by 
irradiation. From the curves on this figure, compute the 
ratio of the radii and of the numbers of the zones 
represented by lines A and E. 

18.5 Consider a dislocation line in  a solid containing N 
bubbles of radius R per cubic centimeter. A shear stress oxy 
is applied to  the solid which causes the dislocation to glide 
along its slip plane. 

(a) Under what conditions will the bubbles be swept 
along by the dislocation line rather than be bypassed by it? 

(b) Under conditions permitting bubble sweeping, what 
is the initial velocity of the dislocation line? Assume that 
the bubbles move by the surface-diffusion mechanism. 

(c) As the dislocation line moves, it collects all the 
bubbles in its path, which reduces the bubble spacing along 
the line and slows it down. Neglecting coalescence of the 
bubbles attached t o  the dislocation line, find the velocity of 
the dislocation line after it has moved a distance x in the 
direction of the applied shear stress. 
18.6 Consider a thin-walled cylinder of radius R and 
thickness t, which is subject t o  internal pressure p but zero 
external pressure. The top and bottom of the cylinder are 
closed; so there is an axial stress on  the cylinder wall. 

(a) Use simple force balances t o  determine the axial 
stress 0,  and the hoop stress ue.  

Use linear elasticity theory (see the Appendix) and 
the assumption of plane strain (i.e., E, independent of r and 
z, but not necessarily zero) t o  determine the following: 

(b) The differential equations and boundary conditions 
for the radial stress, ur.  Without the thin wall assumption, 
obtain the solutions for or and uo as functions of radial 
position. Show that ue reduces to the result obtained in (a) 
for  the special case of a thin wall. 

( c )  The strain components E,, E ~ ,  and eo.  
(d) The differential equation (and its general solution) 

(e) Show that the radial strain, E,, is related to  the 
for the radial displacement, u,. 

n 
fractional decrease in wall thickness: 

I .  

I '  

f i t ,  E, = - 
tc 
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18.7 An irradiated metal contains a network-dislocation 
density of pd and N1 dislocation loops per unit volume of 
radius Ri. The yield stress of the irradiated specimen is 
measured at  temperatures just below and just above the 
temperature at which the loops unfault. What is the 
difference in the yield stress between these two measure- 
ments? Assume that the unfaulted loops become part of the 
dislocation network of the solid. 

18.8 Derive the expression for the force between a 
straight edge dislocation line and a dislocation loop whose 
plane is perpendicular to  the slip plane of the  edge 
dislocation and parallel t o  the edge dislocation itself. 
Prepare a plot similar t o  Fig. 18.24 for this case when the 
distance between the slip plane of the straight edge 
dislocation and the center of the loop is three loop radii. 

18.9 Equation 18.75 gives the critical tensile stress for 
stability of gas-free wedge-shaped cracks on grain-boundary 
triple points. Suppose, however, that the cracks form from 
pores on the triple points which are initially of volume V, 
and contain m helium atoms. Under the influence of an 
applied stress u,  the pores grow to wedge cracks of length C 
and width nb. 

(a) The grains in the metal are modeled as tetrakaideca- 
hedrons of size 1 (see sketch). At a particular time during 
irradiation, M atoms of helium have been produced per unit 
volume of metal. Assume that all the helium has, been 

considered. The radial boundary conditions on C, are given 
by Eqs. 18.80 and 18.81. One of the two required z 
boundary conditions reflects symmetry about z = 0,  
(aCV/dz),,, = 0 for all r. Following Coble's treatment, the 
boundary condition at  the interface between the matrix 
and the grain-boundary zone is Cv(r,w/2) = C:q exp ( u a /  
kT); that is, ' the applied stress affects the equilibrium 
vacancy concentration only a t  the boundary of the diffu- 
sion zone, not, as in Speight and Harris' treatment, within 
this zone. 

(a) Write the  diffusion equation and the boundary 
conditions in terms of the dimensionless vacancy concentra- 
tion: 

Cv(r,z) - C V ( R A  
Cv(r,w/2) - Cv(R,z) 

o =  

(b) Obtain a solution for O(r,z) by the method of 

( c )  What is the total rate of vacancy diffusion t o  the 
separation of variables. 

void and the growth law dR/dt?  

18.11 In the Hull-Rimmer analysis that produced the 
grain-boundary growth law given by Eq. 18.85, the vacancy 
concentration midway between voids is assumed to be 
equal t o  the thermodynamic equilibrium value under the 
applied tensile stress. However, the stress in this analysis is 
determined by dividing the applied load to the specimen by 
the cross-sectional area. When voids form on  grain bound- - 

collected in the triple-point cracks. What is m, the number aries perpendicular to  the load direction, the load-bearing 
area on  the grain boundaries is reduced by the presence of 
the voids. How should the growth law be modified to  take 
this effect into account? 

18.12 Calculate the helium content (in atomic ppm) in 
type 304 stainless steel (Table 18.1) irradiated for 1 year in 
a flux with a thermal component of 10' neutrons cm-2 
sec-' and a fast component of 10' 

36 edges (length = I )  18.13 Consider helium bubbles 1000 .& in radius located 
24 corned (3l'hl 1 o n  a grain boundary. To  what size do the bubbles grow 

under the influence of a tensile stress one-half the critical 

Two of the bubbles coalesce. What is the equilibrium 

of helium atoms per crack? _I 

neutrons cm-2 sec-' . 

% @ A  

U 
t 14 faces 

Volume = 8(2)%13 
I value for instability? 

(b) What is the energy required t o  form the crack? The 
effective stress is the sum of the internal gas pressure and 

does work. 
(C) What 1s the critical stress for  unstable growth of 

those cracks favorably oriented with respect to the applied 
stress? Assume low gas pressure t o  simplify your result. 

This problem has been analyzed by K. Reiff, J .  Nucl. 

size of the new bubble? 

the tensile stress u. In forming the crack, the contained gas 18-14 Equation 18.98 gives the critical stress for  spherical 
helium bubbles on a grain boundary. However, the  equi- 
librium shape of  bubbles on grain boundaries is lenticular 
rather than spherical (see sketch). 

Mater., 33: 1 2 9  (1969). BUBBLE 

is model 18.10 to  be The s imlar  analyzed stress-induced to  by the a one grain-boundary growth applied of grain-boundary b y  vacancy-diffusion Coble t o  grain- voids Ygb -3-e13r 
boundary diffusional creep (Sec. 16.6). Steady-state va- 
cancy diffusion takes place in the annular region R 4 r\<1,% 
of thickness w illustrated in Fig. 18.38. The present analysis 
is two-dimensional, with z measured from the midplane of 
the grain-boundary slab. Since the system is symmetric 
about the midplane, only the region 0 4 z G w/2 need be 

GRAIN BOUNDARY 

4 
(a) If the grain-boundary tension is -ygb and the surface 

tension of the metal is 7, what is the equilibrium geometry 
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(i.e., the  relation between the angle 0 and the radius of 
curvature p )  of a lenticular bubble containing m gas atoms 
when the solid is unstressed? 

(b) How does the result of (a) change when the solid is 
subjected to  a hydrostatic tensile stress o? 

(c) What is the critical stress for unstable growth of the 
lenticular bubble? Express the answer as the ratio of the 
critical stress for a lenticular bubble to  that for a spherical 
bubble containing the same number of helium atoms. If 
Ygb/y = 0.4, what is this ratio? 

18.15 A specimen of irradiated austenitic stainless steel 
under an applied stress of 2 x l o5  kN/mZ fails owing t o  
helium embrittlement a t  a strain of 1%. What concentration 
(in atomic ppm) of helium in the metal is necessary t o  
cause fracture a t  this value of the strain? The grain size in 
the metal is 15 ,urn and the surface tension is 1500 
dynes/cm. The irradiation temperature is 1000°C. 

18.16 Helium is produced in an irradiated metal a t  a rate 
of G atoms cm-3 sec? . All this helium is trapped in bubbles 
on  grain boundaries as soon as it is formed. There are Ngb 
bubble sites per unit grain-boundary area, and the grain size 
is d. 
. (a) What is the rate of helium-atom capture at each 

bubble site? 

(b) What is the time t, a t  which the growing grain- 
boundary bubbles become unstable with respect t o  an 
applied tensile stress o? What is the bubble radius R, a t  this 
time? For t G t,, bubble growth rate is determined by  the 
helium influx (Le., the bubble is always a t  equilibrium). 

(c) For t > t,, the bubble is unstable, and its rate of 
expansion is controlled (and limited) by the rate a t  which 
vacancies reach it. Gas atoms are assumed to reach the 
bubble a t  the rate determined in (a). Accounting for the 
continued increase in the number of gas atoms in the 
bubble during the unstable growth period, set up the 
equations needed t o  determine the rupture time t R .  

(d) What is the elongation at  rupture eF? 

18.17 The life-fraction approach is t o  be applied t o  
estimate the most probable service lifetime of a fuel 
element subject to creep rupture. Steady-state creep is 
assumed a t  all times; so the rupture life for  fixed conditions 
is given by tR = eF I;. Neglect irradiation creep and assume 
that the creep rate is not affected by fluence but depends 
on  stress and temperature according to  Eq. 8.46. Assume 
that the fracture strain decreases with fluence as shown in 
Fig. 18.30. The fission-gas pressure within the cladding 
increases linearly with irradiation time at  a known rate. 
Derive the expression from which the service life could be 
estimated if all the constants involved were specified. The 
temperature is constant throughout irradiation. 



Chapter 19 
Radiation Effects in Metals: 

Void Swelling and Irradiation Creep 

19.1 INTRODUCTION 

Until about 1967 the most detrimental radiation effect 
expected to be suffered by the stainless-steel cladding of 
the fuel elements of the projected liquid-metal-cooled fast 
breeder reactor (LMFBR) was embrittlement due to exces- 
sive hardening at  low temperatures or helium agglomeration 
at  grain boundaries a t  high temperatures. These problems, 
however, were at least qualitatively understood, and suffi- 
cient experimental data had been amassed to  permit 
embrittlement to  be circumvented by careful design. Since 
that time a number of unexpected phenomena have been 
uncovered by microscopic examination of fuel elements 
and structural components that had been irradiated in a fast 
reactor environment for long periods. In addition to the 
chemical attack of the inside of the cladding by the fuel 
(Chap. l a ) ,  steels irradiated to large fast-neutron fluences 
exhibited dramatic density decreases. Using transmission 
electron microscopy, Cawthorne and Fulton' demonstrated 
that this swelling was due to  the formation of small cavities 
within the grains of the metal. These voids, which did not 
contain sufficient gas ( i f  any) to be classed as bubbles, 
ranged in size from the smallest observable to  greater than 
1000 a. Further research has shown that voids form in 
stainless steel only at temperatures between -350 to 
600°C. Unfortunately, this range falls squarely within the 
temperature zone in which the cladding of LMFBR fuel 
pins is designed to  operate (Table 10.2). 

Void formation is not unique to stainless steel; in fact, 
steel is one of the alloys most resistant to  this phenomenon. 
Nearly all metals swell by this mechanism over a tempera- 
ture band from 0.3 to 0.55 of the absolute melting 
temperature. 

The severity of metal swelling under irradiation also 
depends on the fast-neutron exposure (and to  a much 
smaller extent on the fast-neutron flux). There appears to 
be an incubation period up  to a fast fluence of 
neutrons/cm' in which no observable swelling of steel 
occurs. Thereafter swelling (measured, as in the case of fuel 
swelling by fission gases, as AVjV) increases as (a t )" ,  where 
the exponent n is greater than unity. Very few data a t  
fluences above neutrons/cm2 exist, and, because of 

the many variables controlling swelling, extrapolation of 
the dose dependence to the design fluence of the LMFBR 
(-3 x 10' neutrons/cm*) is very insecure. Consequently, 
there has been intense activity in developing theoretical 
models that can accurately predict swelling a t  large fluences 
and in devising experimental techniques other than neutron 
irradiation to  produce voids in metals in  short times. Of 
special interest is the fluence to which the power law 
A V j V -  (W)" extends and i f  and at  what fluence the 
swelling saturates. Leveling off of the swelling curve has not 
yet been observed in reactor-irradiated steel, but high- 
energy ion bombardment (Sec. 17.9) has shown' that 
swelling of stainless steel saturates at fluences approaching 

neutrons/cm' . The high equivalent neutron-fluence 
ion-irradiation studies, taken with extrapolation of low- 
fluence neutron-irradiation data, suggest that type 316 
stainless steel, which is the most likely LMFBR cladding, 
will swell by 5 to 10%) in a commercial reactor. The 
ramifications of volume increases of this magnitude on 
fuel-element design are profound, and the remedies are 
costly. Some of the undesirable side effects of swelling can 
be alleviated by the related phenomenon of irradiation 
creep. The effects of swelling and irradiation creep on core 
design are discussed in Chap. 21. 

The origins of void swelling of metals are qualitatively 
understood. Collision of fast neutrons with lattice atoms 
produces1 large, numbers of vacancy-interstitial pairs (see 
Chap. 17) .  Most of these point defects eventually recom- 
bine with each other or migrate to sinks in the solid where 
the point defects lose their identity. The most effective 
sinks are dislocations, either those which are part of the 
natural dislocation network of the metal or dislocation 
loops created by condensation of radiation-produced inter- 
stitials. Precipitates and grain boundaries also act to  remove 
point defects from the medium. The dynamic balance 
between the point-defect creation and removal processes 
during irradiation sustains concentrations of vacancies and 
interstitials far in excess of thermal equilibrium (see 
Fig. 13.17). 

Nucleation of segregated clusters of interstitials and 
vacancies can take place provided that the temperature is 
high enough so that both interstitials and vacancies are 
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mobile in the solid, but not so high that the point defects 
are removed by recombination or migration to sinks so 
quickly that high supersaturation cannot be maintained. 
The type of cluster formed by interstitials is invariably a 
dislocation loop. Vacancies, however, can agglomerate 
either into platelets, which collapse into dislocation loops, 
or into three-dimensional clusters, which are termed voids. 
The atomic structures of interstitial and vacruicy loops are 
shown in Fig. 18.4. 

The collection of interstitial atoms as extra planes in 
the lattice causes the solid to  swell. If the vacancies 
condensed into analogous vacancy loops, the lattice con- 
traction around these loops would cause shrinkage of the 
surrounding solid by an amount that just counterbalances 
the swelling due to interstitial loops. However, when the 
vacancies agglomerate into voids, n o  lattice contraction is 
available to cancel the dilatation due to the interstitial 
loops, and a net volume increase of the solid ensues. In  
irradiated zirconium, for example, large vacancy loops, but 
no voids and hence no swelling, are observed. 

The relative stability of voids and vacancy loops can be 
assessed by comparing the energy difference between the 
particular cluster containing m vacancies and the perfect 
lattice. For  the void this difference is just the energy 
required to  form the surface of the void: 

Evoid = 4nR2 y (19.1) 

where y is the surface tension of the solid (approximately 
500 dynes/cm for stainless steel) and R is the radius of the 
void, which is related to the number of vacancies in the 
cavity by 

4nR3 
3R m =- (19.2) 

where R is the atomic volume, or the volume contributed 
by each vacancy to  the void. The energy of the void is thus 

(19.3) 

The energy of a faulted dislocation loop composed of m 
vacancies in a disk of radius R, is 

(19.4) 

where T~ is the energy per unit length (Le., the line tension) 
of the dislocation comprising the periphery of the loop. 
According to Eq. 8.10 T~ is -Gb2, where b is the Burgers 
vector of the faulted loop. 

The term ysf is the energy per unit area of the stacking 
fault enclosed by the loop. As shown in Sec. 3.6, the 
sequence of close-packed (111) planes in the fcc structure is 
ordered 123123 ... . When part of one of these planes is 
removed or a section of another (111) plane is inserted, the 
stacking sequence is disturbed, but the atoms surrounding 
the stacking fault are surrounded by the same number (12) 
of nearest neighbors as in the perfect lattice. However, the 
configuration of the next-nearest neighbors is slightly 
altered, and the stacking-fault configuration is somewhat 
more energetic than the perfect lattice. This energy 
difference is manifest as the stacking-fault energy. Because 
the energy difference is due to second-order atomic 

arrangements, ysf is small, typical values being -10 f7 
dynes/cm. 

In fcc metals dislocation looos form on the close- 
packed (111) planes in which the area per atom is 3% a:/4, 
where a, is the lattice constant. The radius of a vacancy 
loop created by removal of m atoms from (or the 
condensation of m vacancies on)  a (111) plane is 

(19.5) 

where 
The energy of the faulted vacancy loop is therefore 

= a:/4 is the atomic volume in  the fcc structure. 

If  the loop is unfaulted (i.e., the stacking fault is removed), 
the second term on the right of Eq. 19.6 is absent, but  the 
resulting reduction in energy is partially compensated by 
the larger Burgers vector of the perfect loop compared to 
that of the faulted loop. 

The void and loop energies given by Eqs. 19.3 and 19.6 
are rather close to  each other, and conclusions concerning 
the relative stability of the two types of vacancy clusters 
are uncertain because important parameters, such as the 
dislocation line tension, are not accurately known. It 
appears that the void is the stable form for small clusters 
(small m),  but, as m increases, the loop becomes the 
energetically favored configuration. If  the presence of the 
stacking-fault term in Eq. 19.6 is ignored temporarily, the 
energy of the void increases more rapidly with m than that 
of the loop, and the energy balance tips in favor of the loop 
at  void radii of  several tens of angstroms. However, collapse 
of the embryo void into a vacancy loop is probably 
impeded by the presence of small quantities of helium gas 
in the void, and thus voids may survive and grow. Equation 
19.6 also indicates that loops rather than voids are favored 
in metals in which the stacking-fault energy is low. Gold, 
for example, has a very low stacking-fault energy, and 
irradiation-produced voids have not been observed in this 
metal. On the other hand, voids are easily produced in 
nickel, for which ysf is large. The stacking-fault energy in 
stainless steel lies between these two extremes, and voids 
can be produced in this alloy but only at much higher 
fluences than that required for void formation in nickel. 
This observation is consistent with the preceding discussion 
of the effect of stacking-fault energy on the relative 
stability of voids and vacancy loops, but many other factors 
influence the relative resistances to void formation of a 
complex alloy, such as steel, and of pure metals, such as 
gold or  nickel. 

Granted that, given a choice between forming loops or  
voids, vacancies will condense as the latter, there remains 
the question of why the irradiation-produced point defects 
form separate interstitial loops and voids in the first place. 
Since vacancies and interstitials are formed in equal 
numbers by fast-neutron bombardment, one would expect 
that point defects of both types would diffuse to voids a t  
equal rates and hence produce no net growth of the voids. 
Inasmuch as the voids represent accumulated excess vacan- 
cies, the interstitials must be preferentially absorbed else- 
where in the solid. The preferential interstitial sink is 



. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

VOID SWELLING A N D  I R R A D I A T I O N  CREEP 465 

undoubtedly the dislocations, either those belonging to the 
original network in the metal or the interstitial loops. It was 
noted in Sec. 13.9 that dislocations exhibit a slightly larger 
capture radius for interstitials than for vacancies, and it is 
this fact which fundamentally provides the mechanism for 
void formation. The preference of dislocations for intersti- 
tials is due to  the interaction of the strain field around the 
dislocation with the strain field established by the misfit of 
an interstitial atom in the lattice (the strain field around a 
vacancy is much smaller than that around an interstitial). 
This strain-field interaction causes an attraction of inter- 
stitials for dislocations when the two are in proximity. 
Ham3 has shown that the directed drift of interstitials 
toward dislocations can be incorporated into a diffusional 
model of the transport process if the dislocation line is 
assigned a somewhat larger capture radius for interstitials 
than for vacancies (see problem 13.7). The preferred 
migration of interstitials to dislocations leaves the matrix of 
the metal slightly depleted in interstitials relative t o  
vacancies; so nonpreferential sinks, such as voids, absorb 
vacancies a t  a somewhat greater rate than interstitials and 
growth results. 

In summary, the conditions necessary for void swelling 
are: 

1. Both interstitials and vacancies must be mobile in the 
solid. This requirement is easily met by interstitials, which 
can migrate in metals at very low temperatures. If the 
vacancies are not mobile as well, they will simply be 
annihilated by the cloud of moving interstitials. 

2. Point defects must be capable of being removed at  
sinks provided by structural defects in the solid in addition 
to being destroyed by recombination. Moreover, one of the 
sinks must have a preference for the interstitials in order to 
permit establishment of the excess vacancy population 
necessary for voids to  form. 

3 .  The supersaturation of vacancies must be large 
enough to permit voids and dislocation loops to be 
nucleated, either homogeneously or heterogeneously, and 
to grow. At temperatures sufficiently high that the thermal 
equilibrium concentration of vacancies a t  the void surface is 
comparable to  that sustained in the matrix by irradiation, 
void nucleation and growth cease. At high temperatures 
voids thermally emit vacancies as fast as the irradiation- 
produced vacancies arrive from the bulk of the solid. 

4. Trace quantities of insoluble gases must be present to 
stabilize the embryo voids and prevent collapse to vacancy 
loops. Transmutation helium provides the necessary gas 
content in neutron-irradiated metals, although other gas- 
eous impurities (oxygen, nitrogen, and hydrogen) present in 
most metals can perform the same function. Although some 
helium gas is undoubtedly present in voids, there is 
definitely not enough to class these cavities as equilibrium 
bubbles. 

19.2 OBSERVED CHARACTERISTICS 
OF VOIDS 

Excellent summaries of the experimental observations 
of voids in metals have been presented by Bement4 and by 
NorrisS In addition. the oaoers in two conferences devoted 

to  contain much detailed information pertinent to  
the experimental and theoretical status of the subject. 
Emphasis here is placed on voids formed in neutron-irradi- 
ated stainless steel. Void formation in the potential 
cladding materials nickel and its alloys vanadium and 
molybdenum will not be considered in detail. In addition to  
fast-neutron irradiation, voids may be formed by bombard- 
ing metals with. heavy ions (e.g., protons, carbon, and 
self-ions) or with electrons. The results of these investiga- 
tions are summarized in Refs. 4 and 5. 

The bulk of the information on  void formation in 
metals has been obtained by transmission electron micros- 
copy (Sec. 18.1). This technique permits the void distribu- 
tion function, N(R) d R  = number of voids/cm3 with radii 
between R and R + d R ,  to be measured. Often, only the 
total void number density, 

N =Jam N(R) d R  (19.7) 

the average void size, 
- 
R = J-R N(R) d R  

or the void swelling: 

V $ T [ -  R3 N(R) dR 

(19.8) 

(19.9) 

are reported. If the void distribution is narrow, the swelling 
may be expressed by 

(19.10) 

Most theoretical treatments are content to  predict the 
average void size, assuming that the void density is a 
specified number rather than the complete void distribution 
function. 

Swelling can also be experimentally determined by 
immersing a sample of known weight in a fluid to  measure 
the solid volume. However, only the electron microscope 
can provide data on void size and density. In addition, this 
tool can provide information on the evolution of the 
dislocation structure of the irradiated metal. This informa- 
tion consists of: 

1 .  The density of network dislocations (i.e., dislocations 
other than those comprising the loops). 

2. The total dislocation line length of the loops, which 
is determined by the average diameter of the loops and the 
number density of the loops. 

19.2.1 The Void Distribution Function 
Figure 19.1 shows the void-size distributions for stain- 

less steel irradiated a t  different temperatures but  t o  the 
same fluence. The distributions at  low temperatures are 
approximately Gaussian, with the peak shifted to  the larger 
void sizes as the temperature is increased. The very narrow 
distributions at low temperatures indicate that, although 
void nucleation has occurred, the low growth rate prevents 
voids from attaining large sizes in the allotted irradiation 
time. At high temperatures the distribution function is very 
broad and contains some very large voids and a small 
proportion of little ones. This type of distribution suggests 
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Fig. 19.1 Void-size distribution N(R) in type 316 stainless 
steel irradiated to  a fluence of 6 x lo2' neutrons/cm' at 
various temperatures. (After J. I. Bramman et  al., p. 125,  
Ref. 6.) 

that nucleation has ceased and a constant density of voids is 
i n  the process of growing. 

19.2.2 Void Size and Density 
The zeroth and first moments of the void distribution 

€unction, which represent the void number density and 
average void size, respectively, are shown in the three- 
dimensional representations of Fig. 19.2. Figure 19.2(a) 

indicates a rapid increase in void size at low temperatures 
and a smaller rate of increase at  high temperatures. Similar 
nonlinear behavior is seen along the fluence axis. Figure 
19.2(b) shows that the void number density decreases with 
increasing temperature and increases with fluence. Observed 
void densities range from 10' to 10 '  voids/cm3. 

19.2.3 Void Swelling 

According to  Eq. 19.10, the dependence of volume 
swelling on temperature and fluence could be constructed 
by multiplying the cube of the surface heights of 
Fig. 19.2(a) by the surface heights in Fig. 19.2(b). Cuts 
through this three-dimensional representation of volume 
swelling are shown in Figs. 19.3 and 19.4. Figure 19.3 
shows the restriction of swelling to the temperature band 
350 to 600°C with peak swelling occurring at -500°C. 
Figure 19.4 indicates a power-law increase of void swelling 
with neutron fluence. The fluence dependence is of the 
form 

a ('I't)" (19.11) 
V 

where the exponent n i s  about unity a t  400°C and increases 
to about 2 a t  high temperatures. Other functional forms 
have been suggested for the fluence dependence of swelling. 
Because of the scatter of the data, swelling can equally well 
be fitted to a linear equation with an incubation period 
during which voids are absent:' 

Fig. 19.2 Void size (a)  and number density ( b )  in fast reactor irradiated austenitic stainless steel as a func- 
tion of fast-neutron fluence and irradiation temperature. [After T. T. Claudson, R.  W. Barker, and R. L. 
Fish, Nucl. App l .  Technol., 9: 10(1970).] 
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Fig. 19.3 Effect of irradiation temperature on  swelling of 
type 304 stainless steel a t  a fluence of 5 X l o z 2  neutrons/ 
cm2 . 0, transmission electron microscopy. 0, immersion 
density. [After S. D. Harkness and Che-Yu Li, Met .  Trans., 
2: 1457 (1971).] 

The incubation period, is of the order of 10” 
neutrons/cm2 and is believed t o  represent the neutron dose 
needed t o  produce enough helium to permit void nuclea- 
tion to  proceed. The induction period may also be required 
to  build up a sufficient density of interstitial loops t o  allow 
the preferential absorption of interstitials by dislocations t o  
sufficiently bias the point-defect population in the metal in 
favor of vacancies so as to  permit vacancy agglomeration 
into voids. 

Neither of the above empirical formulations of the 
fluence dependence of void swelling indicates saturation 
(i.e., leveling off) of this phenomenon. 

19.2.4 The Effect of Cold Work 

Cold work, which increases the density of network 
dislocations, has a significant effect on the swelling charac- 
teristics of austenitic steels. Up to  a point, cold working 
improves the resistance of steel to swelling, as is shown by 
the smaller swelling of 20% cold worked type 316 stainless 
steel compared with the solution-treated (i.e., annealed) 
material (Fig. 19.5). Excessive cold work may not be 
beneficial, as indicated by the curve for type 304 stainless 
steel in Fig. 19.5. For this steel, two swelling peaks are 
observed. The low-temperature hump is associated with 
normal void formation in a metal of constant microstruc- 
ture. The high-temperature peak is probably due to  the 
instability of the dislocation network introduced by cold 
work. Above 600°C extensive recovery and recrystallization 
occur in the steel, and large segments of the microstructure 

are free from dislocations. Voids easily form in these zones 
and are responsible for the second hump in the swelling 
curve for type 304 stainless steel. The dislocation structure 
introduced by cold working of type 316 stainless steel 
appears to be more stable. The major difference between 
these two steels is the 2 to  3% molybdenum addition to 
type 316 stainless steel. This alloying element can suffi- 
ciently reduce the mobility of dislocations (by pinning) to 
diminish the recovery prdcess. 

19.2.5 Effect of Precipitates 

The effect of alloy composition is even more dramati- 
cally exhibited in the swelling behavior of nickel and the 
high-nickel-content alloy Inconel (Fig. 19.6). Nickel with 
0.4% impurities swells considerably less than high-purity 
nickel, and Inconel actually densifies during irradiation. 
The excellent swelling resistance of Inconel is probably due 
to  the fine Ni3Nb precipitate that is present in this 
material. This precipitate particle is coherent, which means 
that its lattice constant is close to  that of the matrix, and 
the precipitate-matrix interface is continuously bonded. I t  
will be shown later that coherent precipitates act as 
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Fig. 19.4 Effect of fast-neutron fluence on swelling in 
type 316 (0) and in type 347 (A) stainless steels. Irradiation 
temperatures were between 470 and 540°C. (After W. K. 
Appleby et al., p. 156, Ref. 6.) 
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Fig. 19.6 Swelling of high-purity nickel, nickel of 99.6% 
purity, and Inconel (73% Ni-17% C r 8 %  Fe) a t  425°C. 
[After J. J. Holmes, Trans. Amer. Nucl. SOC., 12: 1 1 7  
(1969).] 

recombination sites for vacancies and interstitials and thus 
contribute to reducing swelling. Another way that a 
dispersion of fine precipitate particles in an alloy reduces 
swelling is by impeding dislocation climb (i.e., they act in a 
manner similar to  molybdenum in type 316 stainless steel). 
Another nickel-based alloy whose microstructure contains a 
fine dispersion of coherent precipitates is Nimonic PE16. 
Titanium and aluminum are added in equal amounts to this 
alloy, and the precipitates have the composition Ni3 (TiAI). 
This alloy shows less swelling than does type 316 stainless 
steel a t  high fluences. 

19.2.6 Empirical Void Swelling Formulas 

In view of the rudimentary state of the theory of void 
formation in alloys, empirical equations are used t o  account 
for the effects of void swelling in fuel-element performance 
estimates. The equations used in current core-design studies 
reflect the influence of the primary variables of tempera- 
ture and fluence and the degree of cold work of the alloy. 
For type 316 stainless steel,' the swelling equation for 
solution-treated steel is 

-(%) nv = (<~) t  x 10-22)(2.O577/0+78/e2 )[(T-40)10-10]  
V 

exp (32.6 - 5100/T - 0.015T) (19.12a) 
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and for 20% cold-worked steel is 

E (76) = 9.0 + (@)I .' [4.028 - 3.712 x 10- 
V 

x (T - 273) + 1.0145 x 

- 7.879 X (T  - 273)3]  ' (19.12b) 

(T - 273)2 

where B = T - 623°K. 

19.2.7 Interstitial Loops 

The qualitative model of swelling described earlier in 
this section, the quantitative theories discussed later in  this 
chapter, and electron-microscope observations of irradiated 
steels all indicate that the nucleation and growth of 
interstitial dislocation loops accompanies and may even 
precede void formation. In the fcc structure of austenitic 
stainless steel, the loops that form first are faulted and lie 
on {111) planes in the lattice [Figs. 18.4(c) and (d) and 
Fig. 18 .5(a)J .  Unfaulting occurs when the faulted loop 
grows to  a size a t  which it is unstable with respect to a 
perfect loop (the critical loop size for unfaulting is given by 
equating Eq. 19.6 for faulted loops with b = a,/3% to the 
similar equation for perfect loops, wherein b = a,/2$ and 
ysf = 0). Unfaulting is very slow at temperatures below 
-550°C but  may be assisted by the passage of glide 
dislocations over the fault or by interaction of the growing 
faulted loops with each other. The unfaulted loops [shown 
in Fig. 18.5(b)] are capable of conservative motion along 
their glide cylinders and soon become indistinguishable 
from (and augment the density of) the original dislocation 
network of the alloy. At low temperatures (-5OO"C), loop 
densities are approximately ten times greater than void 
densities, and the loop diameters are about two to  five 
times the average void diameter. 

give the empirical formulas: 
For type 316 stainless steel, Brager and Straalsund' 

+ pN = 10' ((bt x 10-22)F(T) exp [G(T) l  P1 
where 

(19.13) 

F(T) = 31.07 - 0.0145T - ___ 13750 (19.14a) 
T 

G ( T )  = ~ 

25970 
T 

-47.7 + 0.0193T + ~- (19.14b) 

The fraction of the total dislocation density which consists 
of network dislocations is 

~ _ _ _  P N  - - {1 + exp [0.11(715-  
PI + P N  

(19.15) 

In these formulas, p1 and pN denote the dislocation 
densities (in centimeters of dislocation line per cubic 
centimeter of solid) as faulted loops and network disloca- 
tions, respectively; pN includes the contribution of perfect 
loops, and T is the temperature in OK. 

Equations 19.13 and 19.15 are plotted in Fig. 19.7. For  
T < 500°C the dislocation population is dominated by 
faulted loops, but above 500°C the faulted loops rapidly 
disappear and only network dislocations remain. The 
network dislocation density decreases with increasing tem- 

300 400 500 600 700 800 900 1000 

IRRADIATION TEMPERATURE, O C  

Fig. 19.7 Dislocation density in solution-treated type 316 
stainless steel. [After Ref. 10.1 

perature because of recovery of the dislocation structure 
(i.e., mutual annihilation of dislocations of opposite sign or 
glide out  of the specimen). 

The average diameter of the faulted loops is correlated 
by 

R, =-(+t  1 x 10-22)H(T)  exp [J(T)] a (19.16) 
2 

where 

( 19.17a) 
3060 H(T) = -6.31 + 0.00262T + __ 

T 

J(T) = 23.89 - 0.0071T - __ '040 (19.17b) 
T 

The faulted-loop number density is given by 

N, = 10" ((bt x 10-22)0.53 exp [L(T)]  (19.18) 

where 

L(T) = 
85900 

T 
-203.5 + 0.116T + __ (19.19) 

The loop characteristics according to  Eqs. 19.16 and 19.18 
are shown in Fig. 19.8. 

The preceding recitation of the experimental observa- 
tions pertaining to  void and loop formation in stainless steel 
illustrates the many different and often poorly defined 
factors affecting the void-swelling process. I t  is entirely 
possible that not all of the variables have been discovered. 
Consequently, it is unlikely that an accurate and compre- 
hensive theoretical model of this process will be developed, 
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Fig. 19.8 Graphs of equations correlating the  size and density of the faulted interstitial loops in type 316 
stainless steel for various temperatures and neutron fluences. (After Ref. 10.) 

and fuel-element performance predictions will be forced to  
rely on empirical correlations for LMFBR design. However, 
theoretical models of the process are valuable because they 
offer guidance for experiments and elucidate the factors 
that may prevent or a t  least retard void growth in cladding 
materials. 

Void-formation theories usually divide the overall pro- 
cess into distinct nucleation and growth phases, models for 
which are presented in the following two sections. Predic- 
tion of the evolution of the loop and void distribution 
functions with irradiation time requires coupling the basic 
nucleation and growth laws into point defect, loop, and 
void conservation statements. Progress in this aspect of void 
swelling theory is reviewed in Sec. 19.6. 

19.3 NUCLEATION OF VOIDS 

Nucleation of voids refers to the rate at which tiny 
embryos of these defect clusters appear in the solid. Once 
nucleated, the embryos tend to grow and are safe from 
destruction. Nucleation and growth are often treated as 
sequential steps in the overall process of void formation. 
Supersaturation of the solid with point defects is a 
prerequisite to both nucleation and growth, but a higher 

supersaturation is required to  force nucleation than to 
continue growth of existing embryos. 

The most common example of nucleation is the 
condensation of water vapor in air. If the partial pressure of 
water in dust-free air is slowly increased beyond the 
equilibrium vapor pressure, nothing happens until the 
supersaturation (i.e., the ratio of the partial pressure to  the 
vapor pressure) attains a value of about 5 to  6. At this point 
a fog, which corresponds to  nucleation of small liquid 
droplets, appears. The supersaturation of the gas phase falls 
abruptly at the onset of nucleation, and the newly born 
droplets consume the remaining excess water vapor a t  a 
purely diffusion-limited rate until the equilibrium vapor 
pressure in the gas phase is attained. Formation of voids 
and loops in solids may not be as clearly divisible into 
nucleation and growth phases because in this case genera- 
tion of point defects acts to maintain the supersaturation. 
Nucleation of new voids and loops may proceed in parallel 
with the growth of existing ones. 

Nonetheless, nucleation and growth processes can be 
analyzed as individual phenomena, the rates of which are 
functions of the point-defect supersaturations, the helium 
content of the solid, and the temperature. After the basic 
rate equations have been derived, simultaneous operation of  
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the growth and nucleation processes can be treated by use 
of the appropriate consen~ation statements for voids, loops, 
and point defects in the solid. When nucleation precedes 
growth, the conservation equations are considerably simpli- 
fied, and most theories of void formation in metals have 
adopted the nucleation-followed-by-growth approach. 

As with the condensation of water, nucleation of voids 
and loops in metals can be classed either as homogeneous or 
heterogeneous. Homogeneous nucleation refers t o  the 
buildup of small clusters by chance encounters of individual 
point defects executing random walks in the solid. The 
stability of these clusters relative to the individual point 
defects of which they are composed (i.e., voids contain 
vacancies and perhaps gas atoms whereas loops contain 
interstitials) is the driving force for nucleation. None of the 
structural features of the solid are needed to cause 
agglomeration of the point defects. 

Heterogeneous nucleation refers to the appearance of 
voids on distinct structural features of the solid. In water 
condensation, for example, dust particles provide heteroge- 
neous nucleation sites. In metals the heterogeneities that 
may accelerate void nucleation include preexisting gas 
bubbles (containing either impurity gases in the as-fabri- 
cated metal o r  irradiation-produced helium or hydrogen 
which has precipitated into equilibrium bubbles prior to 
nucleation of voids), incoherent precipitate particles, and 
dislocations. The depleted zones created in the collision 
cascades (Sec. 17.10) can also act as heterogeneous nuclea- 
tion sites for void formation. 

There is no general consensus on the predominant void 
nucleation mechanism. The importance of homogeneous 
nucleation vis-a-vis heterogeneous nucleation has been 
debated since irradiation-produced voids in metals were 
first discovered (Refs. 4 ,  5,  11,  and 12) .  

Nucleation of voids in the depleted zones formed in the 
collision cascade is unlikely because of the rapid thermal 
annealing (and resulting low concentration) of these zones 
at  the peak swelling temperatures in stainless steel (see 
Sec. 18.5). Furthermore, irradiation of metals by electrons 
results in copious void formation, even though depleted 
zones are not formed by this type of bombarding'particle 
(Sec. 18.5). 

It has not  been possible to unequivocally determine the 
conditions under which heterogeneous nucleation of voids 
on second-phase particles is important. Bloom' has found 
that when the void concentration is low (either by 
combination of low fluence a t  low temperature or high 
fluence at  high temperature) the voids are often associated 
with dislocations or precipitates. At constant fluence Brager 
and Straalsund" observed what appears to  be homo- 
geneous nucleation at  low temperatures, whereas a t  high 
temperatures the voids were fewer in number and attached 
to  precipitates. Nevertheless, the idea that a fixed number 
of heterogeneous sites is responsible for all void nucleation 
is unacceptable on two counts. The concept predicts that 
the void concentration should be (1) limited by the number 
density of nucleation sites in the metal and (2) independent 
of irradiation temperature. Neither of these expectations is 
satisfied by void formation in stainless steel. 

All studies of void nucleation in irradiated metals agree 
that the presence of helium in the solid profoundly affects 

the nucleation process, although helium is not a prerequi- 
site for nuclcation. Neutron-irradiation and ion-bombard- 
ment experiments in which helium gas is expressly pre- 
injected into the sample show a larger density of voids than 
experiments in which helium is totally absent (ion bom- 
bardment) or' builds up continuously during irradiation 
(neutron irradiation). The incubation fluence of -10' ' 
neutrons cm-' (Eq. 19.12) may be the time needed for 
sufficient transmutation helium to be produced by irradia- 
tion to cause void nucleation. Although the void density is 
markedly increased by the presence of helium, the total 
swelling of  the metal is unaffected.' Typically, -0.1% of 
the free vacancies produced by the displacement process in 
a fast-neutron flux end up in voids (see problem 19.1 at  the 
end of this chapter). The remaining 99.9% either recombine 
or are removed at  sinks. The presence of helium does not 
alter this partitioning of the vacancies. According to  
Eq. 19.10, if  AVjV is to remain constant even though N 
increases, the average void size must decrease. The explana- 
tion for this observation is that the high void densities in 
experiments with preinjected helium provide more effective 
traps for vacancy capture, thereby reducing the vacancy 
supersaturation and slowing down the rate of growth of the 
embryos. 

In neutron irradiation there is no way of turning off the 
helium production as a means of controlling void forma- 
tion. One can at best hope t o  understand the mechanism by 
which helium influences void nucleation i n  order to  be able 
to predict void behavior a t  fluences as yet unattainable by 
neutron-irradiation tests. 

The details of the processes by which helium affects 
void nucleation are not known. The mechanism may simply 
be a matter of stabilizing embryo voids that have nucleated 
without the aid of gas atoms and preventing collapse of the 
embryos to vacancy loops. If such callapse occurs, the fate 
of the loop is determined-because of the preferential bias 
of dislocations of any sort for interstitials, the vacancy loop 
will collect more interstitials than vacancies and will be 
destroyed. However, it is more likely that helium is 
intimately involved in the nucleation process, probably by 
precipitating simultaneously with vacancies and interstitials 
to  form embryo voids that are partially gas filled. Whether 
or not this role of helium converts a homogeneous 
nucleation process to a heterogeneous one is a matter of 
semantics. If, however, the helium first migrates to and is 
trapped by imperfections in the solid (e.g., precipitates) and 
then small voids form by accretion of vacancies to these 
bubbles, the nucleation process is clearly heterogeneous. 

Although void nucleation probably occurs by a mixture 
of homogeneous or  heterogeneous processes, each assisted 
by helium, only homogeneous nucleation has been treated 
quantitatively. Homogeneous nucleation of voids in metals 
is not simply a matter of applying classical nucleation 
theory to a new system. Classical theory, which was 
developed to explain liquid-droplet formation from super- 
saturated vapor of condensible gases, has been applied to  
many precipitation processes occurring in solids. However, 
in all nucleation problems that have been treated by 
classical theory, growth or shrinkage of small clusters 
occurs by exchange of a single species between the embryos 
and the supersaturated medium. Void nucleation, however, 
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involves the exchange of at  least two species, namely, the 
vacancy and its antiparticle the interstitial, between the 
clusters and the lattice. A void can grow either by adding a 
vacancy or by releasing an interstitial; it can shrink by 
adding an interstitial or by emitting a vacancy. Moreover, if  
helium is involved in the nucleation process, three species 
must be considered in the shrinkage and enlargement 
processes which contribute to homogeneous nucleation. 

In the remainder of this section, homogeneous nuclea- 
tion of voids from a matrix containing arbitrary super- 
saturations of both vacancies and interstitials is described. 
Progress in incorporating helium into the nucleation process 
is considered briefly; nucleation of interstitial loops is 
treated in Sec. 19.4. The bulk concentration of vacancies 
and interstititals, which drives the nucleation processes, is 
assumed to  be determined by point-defect balances that 
consider all sources and sinks of point defects in the solid, 
as shown in Sec. 19.5. 

19.3.1 Homogeneous Nucleation of Voids 
Homogeneous nucleation theory begins by deducing the 

equilibrium void distribution function, Neq(m) (where m is 
the number of vacancies in a void), which is developed by a 
supersaturation S, = C,/CEq of vacancies in the solid. The 
theory then considers the nonequilibrium situation of 
arbitrary vacancy and interstitial supersaturations in which 
there is a net flux, I, of voids from one size to  the next 
larger size. The resulting equation for I (which is the desired 
nucleation rate) is solved with the aid of the equilibrium 
distribution, from which certain coefficients appearing in 
the nonequilibrium equation are obtained. The theory of 
homogeneous nucleation of voids in the absence of gas 
atoms was developed simultaneously and independently by 
Katz and Wiedersich' and by Russell.' 

19.3.2 The Equilibrium Void Distribution 
Function 

When there is no vacancy supersaturation (S, = l),  the 
equilibrium concentration of vacancies in the solid is given 
by 

(19.20) 

where N, = 1j.n and is the number of a tom sites in a unit 
volume of solid and E ,  is the energy of formation of a 
vacancy. Even in this situation there are some small voids 
(i.e., clusters containing more than one vacancy). The 
equilibrium fraction of divacancies, for example, was 
derived in Sec. 6.4 and is given by Eq. 6.22. Similar 
calculations can be used to  determine the concentrations of 
voids containing three or more vacancies. For  the particular 
case of unit supersaturation, the equilibrium concentration 
of clusters decreases rapidly as the cluster size increases; 
i.e., for S, = 1, Neq(m) is a rapidly decreasing function of 
m. 

When the vacancy concentration is maintained a t  a 
value greater than CEq (e.g., by irradiation), it is also 
possible to compute an equilibrium void distribution 
function. For  S, > 1, however, Neq(m) is not a monotoni- 
cally decreasing function of m. Rather, it passes through a 

minimum at some cluster size and thereafter increases 
rapidly with m. This equilibrium distribution cannot be 
attained in practice because it implies large concentrations 
of large voids. In spite of this practical difficulty, the 
equilibrium distribution is useful because it permits estima- 
tion of certain properties of void growth and shrinkage 
which are needed for analysis of the actual nonequilibrium 
case. 

We therefore determine the hypothetical void distribu- 
tion function Neq(m) arising from a supersaturation S, of  
vacancies. The vacancies are in equilibrium with the entire 
void population, or in the language of chemical thermo- 
dynamics, the reaction 

mv +v, (19.21) 

is a t  equilibrium for all values of m. Here v denotes a 
vacancy and v, is a void composed of m vacancies. 

Since a situation of total thermodynamic equilibrium is 
envisaged, the interstitials present in the solid must also be 
in equilibrium with the vacancies according to [.he reaction 

v + i null (19.22) 

where i denotes an interstitial and null means a!; atom on a 
normal lattice site. The equilibrium concentration of 
interstitials in a solid wherein the vacancies are also at  
equilibrium is 

c;q = N, exp (-&) (19.23) 

where ci is the energy of formation of an interstitial. 
Equation 19.22 requires that the product C,Ci be a 
constant, and this constant must be equal to CtqCf".  Or, 
the concentration of interstitials in equilibrium with a 
supersaturated solution of vacancies is given by 

C;"Ceq N, c. = ___ exp (-2) (19.24) ' e, s, 
The interstitials are undersaturated by an amount equal 

t o  the vacancy supersaturation S,. Because of this fact and 
because of the high formation energy of interstitials, the 
interstitial concentration in the matrix containing a super- 
saturation of vacancies is negligibly small. 

The distribution function Neq(m) is obtained by 
applying the criterion of chemical equilibrium to reaction 
19.21. Specifically, Eq. 5.14 becomes 

mPv = P m  (19.25) 

where pv is the chemical potential of a vacancy and p,,, is 
the chemical potential of a void of size m. The chemical 
potentials are related to  the total Gibbs free energy of the 
system by Eq. 5.50: 

aG 
Pm = dNeq(m) 

(19.26) 

where the partial derivative is taken with temperature, total 
pressure, and concentration of clusters of sizes different 
from m held constant. By analogy to  the cases of 
monovacancies (Eq. 6.11) or  divacancies (Eq. 6.16), the 
total Gibbs free energy of a system containing a distribu- 
tion Neq(m) of clusters is given by 
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G = Go +E N""(m) g, - ItT In W, (19.27) 

where Go is the free energy of the perfect lattice and g, is 
the Gibbs free energy, c r  reversible work, required to  form 
a void of size m. which is 

particular voids are removed does not produce a distinguish- 
able state). The quantity mNeq(m) is factored from the 
numerator of the above equation, and the top  and bot tom 
are multiplied by [(Ns/m) - Neq(m)]  !, 

m m 

g,n = h, - Ts, = E ,  + PV, --'Ts; 

Here E ,  is the energy required to form'"a void of m 
vacancies, s, is the excess entropy associated with this 
process, and v, is the volume change due to  introduction 
of a void in the solid (v, = m R  i f  local contraction around 
an isolated vacancy in the lattice is neglected); p is the 
hydrostatic stress in the solid. Following the usual simplifi- 
cations in dealing with point-defect equilibria, the last two 
terms on the right are neglected, and g, reduces to  E,. 
However, it should he noted that the presence of the term 
pv,, in the above expression provides a means whereby the 
state of stress of the solid can influence the nucleation rate. 

For  large m, the energy of the void is assumed to be 
adequately represented by the surface energy, which may 
be obtained by combining Eqs. 19.1 and 19.2: 

g, = E, = (36nR' ) I h  ymW (19.28) 

Equation 19.28 represents the capillarity model of 
homogeneous nucleation, in which the energy of a cluster is 
related to a macroscopic parameter, namely, the surface 
tension. Equation 19.28 has no meaning for clusters of one 
or two vacancies. The energy required to  create a mono- 
vacancy, is the vacancy formation energy E , ,  and not the 
right side of Eq. 19.28 with m = 1. This inability to 
accurately describe the energy of  clusters too small to  be 
treated as droplike entities bu t  too large t o  he considered in 
atomic terms is common to all applications of nucleation 
theory, including the present one. 

The last term in Eq. 19.27 is the temperature times the 
configurational entropy (or entropy of mixing). I t  can be 
obtained by calculating the number of ways in which voids 
can he distributed in a crystal containing N, lattice sites per 
unit volume. To  perform this computation, we make the 
assumption that the solution is dilute in voids and 
vacancies, so the combinatorial numbers W, can be 
calculated independently of each other. This problem has 
already been treated in Sec. 6.4 for the particular case of 
divancies ( m  = a) ,  and similar methods are applied here. 
However, the problem is simplified by requiring that the 
clusters be spherical, which eliminates the orientation 
factors that entered into the divacancy calculation. We 
begin with a unit volume of perfect lattice and withdraw 
voids of size m sequentially until there are Neq(m) of these 
holes in the solid. The size m is fixed during this process. 
The center of the first void can he removed from any of the 
N, available sites, which leaves N, - m sites from which the 
second void may he withdrawn. The third void is removed 
from the N, - 2m remaining sites, etc. The product of each 
of these factors gives the number of different ways of 
removing Ne"(m) voids of size m from the solid, or 

N,(N, - m) (N, - 2 m ) .  . . (N, -- [Neq(m) - 11 ni) 
[ Neq( m ) ]  ! w,,, = 

where the denominator serves to eliminate permutations 
among the identical voids (changing the order in which 

(N,/m)! 
wm = (19.29) [(N,/m) -Neq(m)] !  [Neq(m)]!  

Substituting ' Eq. 19.29 into Eq. 19.27, using Stirling's 
formula for the factorial term, and taking the derivative as 
required by Eq. 19.26 yields 

p, = E ,  + kT In [T] Neq(m) (19.30) 

In obtaining this result, we have neglected mNeq(m) 
compared to N, because the void concentration is low. For 
monovacancies ( m  = l),  Eq. 1.9.30 reduces to  

p, = E ,  + kT In (2) 119.31) 

T h e  vacancy-formation energy is eliminated from 
Eq. 19.31 by Eq. 19.20. This procedure leads to  

p, = kT In - = kT In S, (2") (19.32) 

Having determined pm and p, in terms of the distribution 
function Neq(m)  and the vacancy supersaturation S,, we 
determine Neq(m) by substituting Eqs. 19.30 and 19.32 
into the criterion of chemical equilibrium, Eq. 19.25, and 
relating E ,  to  m by Eq. 19.28. The equilibrium void 
distribution function is found to  he 

Neq(m) = N, exp (m In S, - l m % )  (19.33) 

where 

= (36nCL2)Ih& (19.34) 

is dimensionless and of magnitude between 1 0  and 30. 
Equation 19.33 is the result of purely thermodynamic 

arguments and is independent of the mechanism by which 
the equilibrium void distribution is established. Mechanistic 
information of the nucleation process can he extracted 
from Eq. 19.33 if  the distribution is regarded as a dynamic 
balance of the rates of vacancy capture by a cluster and 
vacancy emission from the cluster. At equilibrium the rates 
of these two processes are equal, and,  since the rate 
constant for the forward (capture) process is known, the 
rate constant of the reverse process can he determined from 
Eq. 19.33." Equilibrium is attained if the rate a t  which 
clusters of m vacancies capture single vacancies is equal t o  
the rate a t  which clusters of size m + 1 emit vacancies, or 

&(m) Neq(m) = 01, ( m  + 1) Neq(m + 1) (19.35) 

*This procedure is an example of the application of the 
principle of detailed balancing, which has previously been 
invoked to determine the climb velocity of an edge 
dislocation (Eqs. 16.51 and 16 .52)  and to calculate the rate 
of condensation of UO2 on  the cold side of a pore 
(Eqs. 14.14 and 14.15). 
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where &(m) is the rate of vacancy capture by a size m 
cluster and oc,(m) is, the rate of vacancy emission from a 
size m cluster. 

A formula similar to  Eq. 19.35 applies to interstitial 
capture and emission from a cluster, but, because of the 
very small interstitial concentration a t  equilibrium, this 
relation is unnecessary. The ratio Neq(m)/Neq(m + 1) is 
obtained from Eq. 19.33: 

= 1 exp (:,tm- ') (19.36) 
N e q ( m +  1) S, 

In  deriving Eq. 19.36, the approximation [ l  + ( l / m ) J Y  - 
1 + (2/3m) has been made. 

If the clusters are assumed t o  be spherical, the 
vacancy-capture rate is expressed by the rate constant for  
point-defect absorption by spherical sinks derived in Secs. 
13.4 and 13.5. Specifically, &(m)  is given by the product 
of the rate constant k of Eq. 13.96 and the bulk vacancy 
concentration C,. In the present application the void 
embryos are so small that the capture rate is of the mixed 
control type in which both diffusion and reaction-rate 
limitations are of comparable magnitude. Thus 

(19.37) 

where a, is the lattice constant and D, is the vacancy 
diffusion coefficient. If unity in the denominator is 
neglected (which corresponds to  complete reaction-rate 
control of the capture kinetics), Eq. 19.37 reduces to  the 
formulas used in Refs. 1 4  and 15. However, Eq. 19.37 is 
preferable to  the reaction-rate-limited form since a, / R  is 
never larger, tha~ , .un i ty .  ti!-,ejther..cme, R in Eq. 19.37 is 
related to  the cluster size m by Eq. 19$, and an approxi- 
mate expression for Pv(m) for a,/R < 1 is 

Pv(m) a,DvCvm% (19.38) 

Using Eqs. 19.36 and 19.38 in Eq. 19.35 gives the emission 
rate constant 

a,(m + 1) a,DvCEqm' exp (;tm-') (19.39) 

The preceding formulas show that the vacancy-capture rate 
increases with cluster size, whereas the vacancy-emission 
rate decreases with m. Once a cluster has managed to reach 
a certain minimum size, its propensity to  grow outweighs 
its tendency to  shrink, and continued existence and 
development of the embryo into a full-fledged void is 
assured. Determination of the critical size beyond which 
growth is favored is the next task for homogeneous 
nucleation theory. 

.... ~ ..-. . 

19.3.3 The Nonequilibrium Void Distribution 
Function, the Nucleation Rate, and 
the Critical Cluster Size 

The nucleation current I represents a rate of flow of 
voids in the phase space of cluster size (as opposed to  real 
space, wherein the flux would be denoted by J) .  The 
current I is the net rate a t  which clusters of size m grow to 
clusters of size m + 1 per unit volume. It is analogous to  the 
slowing-down density in nuclear reactor analysis, which 

represents the rate a t  which neutrons pass a particular 
energy (i.e., the flux of neutrons in energy space). Since 
small void clusters grow by capturing vacancies and shrink 
either by capturing interstitials or emitting vacancies, the 
nucleation current is the difference between the rate a t  
which clusters pass from size m to size m + 1 and the rate a t  
which clusters of size m + 1 are reduced to size m: 

I = P$(.m) N(m) - oc,(m + 1) N(m + 1) 

-P, (m+ 1) N ( m +  1) (19.40) 

where N(m) is the void distribution function for the 
nonequilibrium but steady-state case. The vacancies and 
interstitials are supersaturated to arbitrary extents; thus C, 
and C, are not related by a mass action formula such as 
Eq. 19.24. In addition, the void population represented by 
the distribution N(m) is not in equilibrium with either the 
vacancies or  the interstitials in the solid. Therefore, N(m) 
can only be determined by kinetic arguments. 

Equation 19.40 is applied to the case in which the same 
number of voids pass from size m to size m + 1 per unit 
volume no matter how large m is. To  maintain the situation 
implied by this requirement, one imagines that some 
mechanism is available for destroying large voids and 
returning their component vacancies to  the metal lattice. In 
practice, we need not worry about the artificiality of this 
device for maintaining the steady state; nucleation theory is 
used solely to  determine the ratio at which voids pass the 
critical size that assures their continued existence. There- 
after, the fate of the voids is determined by growth models, 
which are formulated independently of the nucleation 
model and provide the sources and sinks necessary t o  
establish the vacancy and interstitial supersaturations used 
in the nucleation analysis. 

The capture rates are assumed to be the same as those 
used in determining the equilibrium distribution; PV(m) is 
given by Eq. 19.37 or 19.38. The rate a t  which a void 
absorbs interstitials, P,(m), is given by either of these 
equations with the subscript v replaced by i. The nucleation 
rate depends on the ratio of the capture rates of interstitials 
and vacancies by the voids, or by 

(19.41) 

The above ratio is called the arriual-rate ralio and is 
independent of void size. It depends on the rates of 
point-defect production and removal in the bulk solid. 
These balances are considered in the section on growth. For  
the moment, we assume that pi/&, is a specified constant 
that is just a bit smaller than unity. 

The vacancy-emission rate constant a, is assumed to be 
the same as the one deduced for the equilibrium void 
population, Eq. 19.39. The term in Eq. 19.40 representing 
interstitial emission from a void has been neglected owing 
to  the very large formation energy of interstitials, which 
renders Ceq very small. Therefore, a formula of the type 
given by Eq. 19.39 for interstitials would show ai N 0. 

Elimination of a v ( m  + 1) from Eq. 19.40 by use of 
Eq. 19.35 yields 

N e q ( m +  1) +&I} p, (19.42) 
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where the ratio Pi(m + l) /P,(m) has been approximated by Neq(m) at  small m. This condition is based on the 
Pi(m)/P,,(m), which is a constant. We now define.a function supposition that very tiny voids capture and shed vacancies 

so rapidly that they remain in equilibrium with the vacancy 
supersaturation despite the net drain caused by the nuclea- 

h(m) by 

tion current I. Since it can he shown from Eq. 1.9.44 that  
h + Neq as m + 1 ,  the first condition is 

(19.43) 

which is determined by Eq. 19.36 in conjunction with the 
specified constant value of the arrival-rate ratio. The 
solution of Eq. 19.43 is (see problem 19.2 at the end of this 
chapter) 

~- W m )  - Neq(m) Pi 

h(m + 1) Neq(m + 1) + K  

(19.4 6a)  
N 
- + l a s m - 1  
h 

The second condition requires that there be no very large 
voids in the system or  that 

(19.46b) 
+A] (19.44) N 

- + 0 as m +  00 
Neq(m’  + 1) 0, 

m’=o h 
Equation 19.44 is plotted in Fig. 19.9 for various arrival- 
rate ratios and for irradiation conditions appropriate to fast 

Integration of Eq, 19.45 between these yields  

reactor cladding. The properties of nickel were used in 
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Fig. 19.9 The  function h(m) calculated from Eqs. 19.44 
and 19.36 for various values of the arrival-rate ratio &/PV.  
Physical properties for determining from Eq. 19.34 are 
for nickel a t  900°K. The vacancy supersaturation S, is 430. 
The dots indicate the location of the minima of h(m). 
(After Ref. 14.) 

preparing the plots, on the grounds that this pure metal 
resembles stainless steel. The curve for Oi/& = 0 corre- 
sponds to  the equilibrium distribution given by Eq. 19.33. 

Using Eq. 19.43, we find that Eq. 19.42 becomes 

1 N(m) N ( m +  1) 

For sufficiently large values of m (i.e., m > 2 is sufficient), 
the difference in the brackets of the above formula can be 
approximated by a derivative, and 

(19.45) 

Solution of Eq. 19.45 requires one boundary condition, but 
an additional condition is needed if the heretofore un- 
known nucleation rate I is to be determined as well as the 
distribution function N(m). 

The first requirement on the distribution function is 
that it approach the equilibrium distribution function 

or 

This equation can be simplified by noting that the 
function h(m) has a very sharp minimum at  a cluster size 
m, (shown as dots i n  Fig. 19.9). The minimum becomes 
broader as Pi/&,  + 1 ,  but, in view of the 1 6  
order-of-magnitude range of the ordinate of Fig. 19.9, the 
minimum is still quite distinct. The integral i n  Eq. 19.45 is 
determined primarily by the behavior of h( m) near this 
minimum. Consequently, O,(m), which is a slowly varying 
function of m, is evaluated at m, and removed from the 
integral and I n  h(m) is expanded in a Taylor series about 
the minimum: 

where m, is defined by 

Substituting the series into Eq. 19.47 and integrating yields 

The first factor on the right of Eq. 19.48 is called the 
Zeldovich factor. 

The void-nucleation rate is therefore determined by the 
vacancy-capture rate of a critical-size void and the 
properties of the function h(m) near its minimum. The 
complete void distribution function N(m) can be 
determined, but it is of no utility since only the nucleation 
rate is desired. 

Nucleation rates calculated from Eq. 19.48 are plotted 
in Fig. 19.10. The curves for pi/& = 0 correspond to 
classical nucleation theory applied to  a single-component 
system. It can be seen that inclusion of interstitials 



476 FlJNDAMENTAL ASPECTS OF NUCL , E A R  R E A C T O R  EUEC ELEMENTS 

101 102  103 104 105 i o 6  

VACANCY SUPERSATURATION (S,) 

Fig. 19.10 Nucleation rate as  a function of vacancy 
supersaturation for various arrival-rate ratios. (After 
Ref. 14.) 

drastically reduces the nucleation rate. Increasing the 
arrival-rate ratio from 0 to 0.98 reduces the nucleation rate 
by six orders of magnitude. If & / p ,  = 3 ,  nucleation is 
impossible because interstitials arrive at  a void embryo as 
fast as vacancies. The supersaturations on the abscissa of 
Fig. 19.10 are obtained from the point-defect balances, 
which will be considered in Sec. 19.5. An example of the 
vacancy and interstitial concentrations expected in fast 
reactor cladding is shown i n  Fig. 13.17. Although at  a fixed 
S, the nucleation rate increases with temperature, the 
supersaturation at  high temperature is greatly reduced from 
what can be maintained at  low temperature. At T = 700"K, 
which is somewhat below the peak swelling temperature of 
stainless steel, Fig. 13.17(a) shows that it is quite possible 
to  sustain a vacancy supersaturation of l o 4 ,  and Fig. 19.10 
gives for this condition a nucleation rate of lo8  voids cm-3 
sec-l . Cladding examined after a year ( l o 7  sec) in-pile 
would be expected to show a void density of -10' ' ~ m - ~ ,  
which is of the correct order of magnitude. However, the 
nucleation computation is highly sensitive to poorly known 
parameters, such as the arrival-rate ratio pi/pv, and 
properties, such as the surface tension of the solid. In 
addition, the supersaturation is determined by the densities 
and efficiencies of point-defect sinks, which are difficult to  
estimate and in any case change during irradiation. In 
general, homogeneous nucleation theory as outlined does 
not predict as many voids as are in fact ohserved in 
irradiated cladding, nor is it able to  account for the cluster 

Q incubation period that is also observed experimentally.* In 
fact, the theory would suggest that voids should be 
nucleated early in irradiation while the supersaturation is 
high. The vacancy concentration decreases during 
irradiation because of the growth of interstitial loops (loop 
nucleation appears to precede void nucleation). The loops 
augment the number of point-defect sinks in the solid and, 
in so doing, reduce the supersaturation of both vacancies 
and interstitials (i.e., during irradiation, the vacancy 
concentration drops from one of the solid curves in 
Fig. 13.17(a) t o  the corresponding dashed curve). I t  is 
believed that the reasoli for the incubation period observed 
in swelling experiments is associated with the time required 
to build up sufficient helium in the matrix. 

19.3.4 Nucleation in the Presence of Helium 
The preceding theory of void nucleation in a solid 

supersaturated with vacancies and interstitials was hased on 
the assumption that point defects were capable of readily 
moving between voids and the bulk solid. Extensions of 
void nucleation theory to account for helium in the metal 
have been advanced by Katz and Wiedersich'' and by 
Russell.' 

Helium generated in the solid is much less mobile than 
vacancies and interstitials at the temperatures where void 
formation is important. Moreover, once a helium atom has 
been trapped by a void embryo, return to the matrix is very 
difficult. Consequently, nucleation in the presence of 
helium need not involve the simultaneous equilibration of 
all three species (vacancies, interstitials, and helium atoms) 
between the void embryos and the bulk solid. A simpler 
analysis of the effect of helium on void nucleation may be 
constructed by regarding the helium atoms as immobile 
nucleation sites to which vacancies and interstitials can 
migrate to form void clusters. We visualize point defects 
quickly moving to and from a distribution of embryo voids 
which contains a fixed number of gas atoms. 

The solid is also supposed to contain a distribution of 
gas-atom clusters, M j ,  which is the number of gas-atom 
clusters per unit volume composed of j helium atoms. The 
total helium concentration i n  the solid 

M =  E jM, (19.49) 
1=1 

at any time during irradiation is determined by the helium 
production rates discussed in Sec. 18.10. I t  is assumed that 
nucleation of voids proceeds independently and 
concurrently on each of the gas-atom cluster populations 
characterized by MI nucleation sites per unit volume. All 
these parallel nucleation processes are driven by the 
prevailing vacancy and interstitial supersaturations. In 
addition to the heterogeneous nucleation paths provided by 
the helium clusters in the metal, the homogeneous 
nucleation mechanism described earlier in this section still 
occurs on the N, lattice sites in the solid. The total 
nucleation rate is the sum of the contributions of the 

- 
*There is an incubation period inherent in the theory, 

but  it is not as long as the incubation time for observed 
void swelling in stainless steel (see Ref. 15). 
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parallel processes of homogeneous and heterogeneous Next we determine g m j ,  the reversible work of forming 
nucleation: the vacancy gas-atom cluster from a solid which has no 

vacancies but  contains the j gas-atom clusters embedded in 
I =  I h o m o  + Ij (19.50) the otherwise perfect lattice. The term gmj  consists of two 

terms. The first is the work required to  create a gas-free j = i  

where Ihomo is given by Eq. 19.48 with h(m) given by 
Eq. 19.44 and Neq(m) by Eq. 19.33. Thus, we need only to  
determine the heterogeneous nucleation rate Ij on  the Mj 
helium-atom clusters (each containing j helium atoms) per 
unit volume. Each of the voids formed on these Mj sites 
contains the fixed number j of gas atoms but a variable 
number m of vacancies. The void embryos that form on the 
gas-atom clusters are described by the equilibrium 
distribution functions: 

NFq(m) = number of embryos per unit volume that 
contain m vacancies and j gas atoms 

Equation 19.33 gives the equilibrium distribution of voids 
that contain no gas atoms (j = 0 ) .  

The equilibrium reactions that establish the distribution 
N,"q(m) are 

mv + v m j  

where vnIj denotes a void consisting of m vacancies and j 
gas atoms. In accord with the assumption that the helium is 
immobile, no chemical reaction expressing equilibration of 
gas atoms between the voids and the bulk is written. The 
criterion of chemical equilibrium for the above reactions is 

mPv = P m j  (19.51) 

where pv is the chemical potential of a vacancy (Eq. 19.32) 
and pmj is the chemical potential of a void with m 
vacancies and j gas atoms. The latter is given by 

(19.52) 

where the total Gibbs free energy depends on both the 
vacancy and helium-atom content of the voids: 

G = Go + [sJ:q(m) g,, - kT In W m l ]  (19.53) 

where gm, is the reversible work required to form a cluster 
containing m vacancies and j helium atoms and k In W,, is 
the configuration entropy due to  this class of clusters. The 
effect of helium on the nucleation rate is entirely contained 

1, 

7 
i 
I 

I 

w,; = 

iy! 
- - 

[M, - N p ( m ) ]  ! [Nfq(m)]  ! d: ' Expressing W,, by the  above equation and using Eq. 19.53 

t - ,  

i in Eq. 19.52 yields: \ 

(19.54) 

void in the solid, which is given by Eq. 19.28. The second 
represents the work required to move the helium from the 
sol:d to the space inside the void. Since helium is nearly 
insoluble in the metal, it has a natural tendency to escape 
from the solid to the gas space of the void. Thus, we expect 
that work can be recovered by reversibly transferring 
helium from the solid to the void, or that this step reduces 
the work requirement of void formation and consequently 
facilitates nucleation. The helium transfer operation is 
performed in three stages to  determine the free-energy 
change: 

1. Helium is withdrawn from solution to  a gas container 
at the equilibrium helium pressure corresponding to the 
temperature and the total helium concentration of the 
solid. This pressure is denoted by peq. 

2. The gas is expanded isothermally and reversibly to 
the pressure at  which the helium exists in the void. 

3. The helium is transferred t o  the void. 
Consider the free-energy changes that accompany each 

of the above steps. 
The first step, which is analogous to  vaporization of a 

liquid a t  its vapor pressure, involves no change in free 
energy. Isothermal, reversible expansion of j atoms of an 
ideal gas from pressure peq to  pressure p provides a release 
of free energy of the amount 

jkT In ( y )  
The third step involves no work and hence contributes 
nothing t o  the free-energy change. 

Assuming that the helium in the void obeys the ideal 
gas law, we find the pressure p is given by 

p ( m a )  = jkT (19.55) 

where m R  is the volume of a void made u p  of m vacancies 
each of which contributes a volume 52. 

Determination of the equilibrium helium pressure, peq ,  
requires more information. Although helium is nearly 
insoluble in metals, it is not completely so. The solubility 
of a gas in a metal can be analyzed by statistical mechanical 
methods, as shown in Chap. 5 (see problem 5.9). Briefly, 
the chemical potential of gas-phase helium is equated to  the 
chemical potential of dissolved helium (which is assumed to  
be monatomically dispersed in the lattice). The partition of 
gas-phase helium needed to compute the chemical potential 
in the gas is due to  translation only. The partition function 
of dissolved helium is obtained by assuming that helium in 
the lattice behaves as a three-dimensional oscillator. This 
procedure yields 

= M E ( k ) 3  ( 2cTekT) ' f?xp  (g) (19.56) 
Peq N, kT 

where M/N, is the total a tom fraction of helium in the 
metal and cg is the energy difference between an atom of 
gaseous helium and one in the lattice (i.e., the heat of 
solution). If it is assumed that helium occupies 
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substitutional positions in the metal lattice, eg very closely 
represents the energy required to  remove a metal atom 
from a lattice and place it on the surface. This step provides 
the opening into which a helium atom can fit. The bonding 
between helium and the surrounding metal atoms is quite 
small; so the entire energy requirement in the process is 
consumed in removing the metal atom. Consequently, eg 
should be approximately equal to  the formation energy of a 
vacancy in the metal, or eg =e,. The vibration frequency v 
in Eq. 19.56 is that of a helium atom on a lattice site and is 
approximately 10' sec-' , mHe is the mass of a helium 
atom, and h is Planck's constant. 

Because eg is positive and large compared to kT, the 
ratio peq/M is also large. For  the parts-per-million helium 
concentrations encountered in LMFBR fuel-element 
cladding, peq may be as large as l o 9  atm. It should be 
emphasized that the helium in the cladding never exists as a 
gas at the pressure peq;  it is either in the metal at 
concentration M or in the void a t  pressure p. The 
equilibrium pressure given by Eq. 19.56 appears solely as a 
result of computing the work that could be extracted from 
the process of transferring helium from the lattice to  the 
void i f  it were done reversibly. 

Accounting for the stabilizing effect of helium, the 
reversible work to form a void embryo of m vacancies and j 
gas atoms is 

gmj  = 477 (:)'ym9- jkT In (F) (19.57) 

where H is the coefficient of M in Eq. 19.56 (i.e., H is the 
Henry's law constant for the dissolution of helium in the 
metal). I t  is a function of temperature only. 

We now substitute Eq. 19.57 into Eq. 19.54 to  
determine pmj and use the resulting equation and Eq. 19.32 
for p, in Eq. 19.51. Solving for the equilibrium 
distribution, we find 

Nfq(m) = Mj exp m In S, - tm9 [ 
+ jkT In (r)] H M m a  (19.58) 

where t is given by Eq. 19.34. When j = 0, Mj = N, and 
Eq. 19.58 reduces to the equilibrium distribution for 
gas-free voids, given by Eq. 19.33. Figure 19.11 shows the 
negative of the argument of the exponential in Eq. 19.58 

Fig. 19.11 Plot of the free energy of void formation as a function of the number of vacancies (m)  and the 
number of gas atoms (j) in the void. Conditions: S, = 600, peq = 5000 aim, T = 5OO0C, y = 1000 dynes/cm. 
(After Ref. 17.) 
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(which is sometimes called the free energy of void 
formation) plotted as a function of m and j .  The intercept 
of this surface a t  j = 0 (no gas) corresponds to  the Pi/Pv = 0 
curve in Fig. 19.9. Gas atoms in the void reduce the energy 
barrier for nucleation below the value characteristic of 
gas-free voids. The saddle point on the surface shown in 
Fig. 19.11 occurs a t  m = 11 and j = 6. This plot, however, 
does not consider interstitials, which are included in the 
analysis in exactly the same manner as in  the case of 
homogeneous nucleation in the absence of gas. 

The remaining analysis is straightforward. The arrival 
rates p, and Pi alid the vacancy emission rate CY, are 
independent of the presence of gas atoms i n  the void. As 
long as the helium is immobile and does not move among 
the voids, Eq. 19.40 is valid i f  the subscript j is appended to 
both I and N in this formula. Only the function h(m), 
which depends on the equilibrium void distribution 
function, changes explicitly. In place of Eq. 19.43, we write 
for gas-containing voids 

For a specified value of j, the minimum of the function 
hj(m) occurs a t  mcj vacancies, and the nucleation rate on 
the population of j helium-atom clusters is given by the 
analog of Eq. 19.48: 

To evaluate the nucleation rate on the gas-atom clusters 
in the metal, we must estimate the distribution of the 
available gas (M atoms/cm3) among the various cluster 
sizes. In principle, the distribution Mj could be obtained by 
considering independently the problem of helium-atom 
agglomeration in the cladding in much the same way that 
fission-gas precipitation into bubbles in the fuel was 
analyzed in Chap. 13. However, for simplicity, the 
distribution 

is assumed. The distribution must also satisfy Eq. 19.49. 
Figure 19.12 shows the results of calculations based on 
Eqs. 19.60 and 19.61 for M equivalent to 10 ppm helium 
(which is the concentration that would be formed in 
stainless-steel cladding following irradiation to  a fluence of 
-5 x 10’ neutrons/cm2 ). The vacancy supersaturation 
scale is divided into rcgimes expected in a reactor and in an 
ion-bombardment experiment. It can be seen from the 
graph that, for all supersaturations expected in-pile, 
heterogeneous nucleation on helium-atom clusters far 
outweighs homogeneous nucleation. This behavior 
constitutes theoretical confirmation of the often observed 
enhancement of void nucleation by helium. The relative 
importance of homogeneous and heterogeneous nucleation 
shifts according to the helium concentration because 
h h o m o ( m )  is proportional to  N,, whereas hj(m) is 
proportional to  Mj. At low fluence homogeneous 
nucleation is dominant because there is not enough helium 
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Fig. 19.12 Void-nucleation rates (Ij) on helium-atom clusters and the homogeneous nucleation rate 
( Ihomo) as  functions of vacancy supersaturation a t  500°C. Total helium content of 1 0  ppm. (After 
Ref. 16.) 
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to  drive heterogeneous nucleation. However, since Ihomo is 
quite low, n o  voids are observed until sufficient helium has 
been generated by transmutation reactions to give the high 
heterogeneous tiucleation rates shown in Fig. 19.12. This 
incubation period is equivalent, to a fluence cf 
neutrons/cm2 for stainless steel. 

19.4 NUCLEATION OF INTERSTITIAL 
DISLOCATION LOOPS 

The microstructure of irradiated steel is found to 
contain a high concentration of interstitial dislocation loops 
in addition to voids. In Sec. 19.3, it was shown that void 
nucleation is driven by the supersaturation S, of vacancies 
aided by a slightly greater rate of vacancy than interstitial 
absorption by t,he voids, which is expressed as (fli/&)voids 

<l.  N u c l e a t i o n  of loops because of interstitial 
supersaturation Si is possible because more interstitials than 
vacancies arrive at  all dislocations i n  the solid, or 
(~v/ /3 i ) loops  < 1. The fact that the relative vacancy and 
interstitial arrival rates are inverted for voids and loops is a 
consequence of the small but extremely important 
preference of dislocations for interstitials. Formally, 
interstitial loop nucleation can be treated in precisely the 
same manner as void nucleation, but the very large 
formation energy of interstitials (ei e 4 eV) compared to 
that for vacancies ( E , ,  1. eV) profoundly alters the 
quantitative aspects of the nucleation process. Another 
important difference between void and loop nucleation is 
that the latter is not subject to enhancement by helium in 
the solid. Growing loops are not sinks for inert gas atoms, 
as are voids. 

19.4.1 Loop Nucleation by Classical Theory 
The methods applied to  predict void-nucleation rates in 

the preceding section can be utilized in toto for loop nuclea- 
tion simply by exchanging the subscripts i and v in all of the 
formulas and by replacing the void energy given by 
Eq. 19 .3  by the energy of a faulted loop, Eq.  19.6. Such a 
calculation has been performed by Russell and Powell.' 
They found that the critical cluster for loop nucleation 
contains only two or three interstitials, even in the presence 
of vacancies. The reason for this result can be explained as 
follows. The equilibrium cluster distribution (i.e., the 
distribution for which clusters, vacancies, and interstitials 
'are all in equilibrium) is given by the analog of Eq. 19.33: 

Neq (m) = N, exp (19.61) 

where Neq(m) is the number of loops per unit volume 
comprised of m interstitials; Si is the interstitial 
supersaturation 

( 1  9.62) 

and E ,  is the work required to  form a loop of size m from 
a perfect solid. Application of the principle of detailed 
balancing to the interstitial-capture and -emission rates for a 
loop leads to a formula similar to Eq. 19.35: 

&(m) Neq(m) = oci(m + 1) Ne'l(m + 1) (19.63) 

where &(m) is the rate at which a loop of size m captures 
interstitials and ai(m) is the rate at which the loop emits 
interstitials. With the aid of Eq. 19.61, 19.63 can be solved 
for the interstitial-emission rate 

'The interstitial-capture rate &(m)  is a slowly varying 
function of m, and the primary size dependence of the 
emission rate is contained in  the exponential term in 
Eq. 19.64. In estimating E,, Russell and Powell' neglect 
the stacking-fault energy in Eq. 19.6 and use a slightly 
different formula for the strain energy of the loop (i.e., the 
first term on the right of Eq. 19.6). The loop energy they 
used is given by 

E, = 500 my kJ/mole (19.65) 

for m >  1 and E ,  = ei = 420 kJ/mole for the formation 
energy of a single interstitial. Using this energy formula and 
a typical interstitial supersaturation of 10' 7 ,  we find the 
emission rates from di- and tri-interstitials to  be 

ai(2) = 3 x 104 p i ( i )  

cui(3) = 6 x &(2) 

Since &(l) "&(a), q ( 2 )  is some 9 orders of magnitude 
larger than 0(,(3). In other words, the triinterstitial has 
virtually no tendency to shed interstitials and is therefore 
the critical cluster for loop nucleation. 

Application of classical nucleation theory (even when 
modified to account for point defects of the opposite sign) 
is of dubious validity when the critical cluster contains only 
two or three particles. First, the use of a cluster energy 
formula based on the strain energy of a circular dislocation 
loop as calculated from elasticity theory hardly seems 
appropriate for di- and triinterstitials. Second, 
approximation of finite differences by differentials, as is 
required t o  obtain Eq. 19.45 from the preceding formula, 
and the subsequent manipulation of the integrals is of 
questionable accuracy when the sums involved contain only 
two or  three terms. Consequently, loop nucleation is best 
analyzed by a method that views the nucleation process as 
the result of homogeneous reactions between the point 
defects and small clusters. 

19.4.2 Loop Nucleation by Chemical 
Reaction-Rate Theory 

The kinetics of point-defect amiealing are commonly 
treated by methods analogous t o  those employed in 
homogeneous chemical kinetics.' This method has been 
used in Sec. 13.8 to calculate nucleation rates of fission-gas 
bubbles in fuel. Hayns2 has treated interstitial loop 
nucleation in a similar manner. 

1 .  The vacancy and interstitial supersaturations are 
independent of the loop-nucleation process. For void 
nucleation, S, and Si are assumed to be specified by 
point-defect balances that consider all sinks in the solid. 

2. Vacancies and interstitials are mobile. 
3. Di- and triinterstitials are immobile. 
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4. Destruction of the clusters by radiation (i.e., by The rate of the reverse of reaction 1 is 
dynamic resolution due t o  the energetic recoils in the 
irradiated metal) is neglected. Ri = a1(2) N2 (19.70) 

Conditions 1 and 2 are quite appropriate for cladding 
under fast reactor conditions. The third assumption is 
probably not valid, but inasmuch as interstitial cluster 
migration is not considered either in void-nucleation theory 
(Sec. 19.3) or  in void- and loop-growth theoq; (Sec. 19.5), 
we shall not introduce it a t  this point. The effect of 
re-solution on  loop nucleation rates is treated in problem 
19.7 at the end of this chapter. 

To visualize the process of loop nucleation in an 
irradiated solid clearly, we first examine the simpler 
situation in which the metal contains a supersaturation of 
interstitials SI but no vacancies. Interstitial cluater nuclea- 
tion is assumed to  be governed by the reactions 

i + i2 -+ i3 121 

The physical justification for this mechanism is that the 
rates of formation and decomposition of diinterstitials 
according t o  reaction 1 are very rapid compared to  the rate 
of formation of triinterstitials; so the small d r i n  o n  the 
diinterstitial population caused by reaction 2 does nol  
appreciably disturb the equilibrium of reaction 1. The 
triinterstitials d o  not decompose, because of the very low 
value of ~ ~ ( 3 ) .  

In Sec. 13.4 the forward rate of reaction 1 has been 
determined for the case of vacancies. For interstitiah, the 
rate R i  f is expressed by 

R1 f = k l  ,Cf (19.66) 

where, by analogy to  Eq. 13.39, 

(1 9.61) 

where z , ,  is the combinatorial number that includes the 
number of sites from which a diinterstitial can be formed in 
a single jump of one interstitial atom to an adjacent one. 
For the vacancy-vacancy reaction in fcc metals, this 
coefficient was found t o  be 84, but the rate must be 
multiplied by a factor of 2 to  account for the mobility of 
both partners of the reaction. Thus the combinatorial 
number z I 1  is probably between 100 and 200. Instead of 
the rate constants k, nucleation theory uses arrival rates 0; 
thus the forward rate of reaction 1 can also be written as 

where 

(19.69) 
" 

and is the arrival rate of interstitials a t  a cluster of size 1 
(i.e.. another interstitial). 

where Nz is the volumetric concentration of diinterstitials 
and a,(2) I S  given by Eq. 19.64 with in = 1. In chemical rate 
theory, the formation energy o f  a diinterstitial is not  
approximated by the strain energy of a dislocation loop of 
two interstitials as it is in classical nucleation theory. 
Instead, c2 is related t o  the binding energy of the 
diinterstitial by the analog of Eq. 6.15: 

€ 2  = 2e1 - B (19.71) 

where B is the energy required to  separate a diinterstitiat 
into two isolated interstitials. If B were 125  kJ/mole i:i 
stainless steel, e2  calculated from Eq. 19.71 would be 
identical to  the value obtained by .setting m = 2 in 
Eq. 19.65. Substituting Eqs. 19.69 and 19.71 into 
Eq. 19.64, setting = e,, and replacing C, with SI by use of 
Eq. 19.62 produces the result 

Because reaction 1 is assumed t o  be at equilibrium, v e  
can set R i  f = RI r ,  or PI(]  ) C, = (ul(2) N 2 .  TJSiilg Eq. 19.69 
for PI(  1) and Eq. 19.72 for a , (2)  yields 

The rate of reaction 2 is 

(19.733 

Assuming the diinterstitial t o  be immobile, we find the 
arrival rate of interstitids at diinterstitials to  be given by 

(19.75) 

where z2 is the number of sites surrounding a diinterstitial 
from which a single interstitial can jump t o  form a 
triinterstitial. Once the latter is formed, it cannot be 
destroyed; so the rate of nucleation of interstitial loops is 
equal t o  the rate of formation of triinterstitials: 

where the asterisk denotes nucleation in the absence of 
vacancies. Substitution of  Eqs. 19.73 and 19.75 into 
Eq. 19.76 yields the nucleation rate: 

z2 iR2DiCf 
= exp (&) (19.77) 

a: 
or, in terms of the interstitial supersaturation expressed by 
Eq. 19.62, 

22 iDi S: exp [- (3fi --] - B)  
(19.78) I;",op = - 

a2, R 
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To apply loop-nucleation theory to irradiated metals, 
we must consider the role of vacancies. To d o  so, the 
preceding analysis is modified to  include reactions between 
vacancies and di- and triinterstitials in addition to  reactions 
1 and 2. The additional reactions are 

v + i 2  + i  [ 31 

v + i 3 + i 2  141 

for which the rates are 

where Pv(m) denotes the rate a t  which an interstitial cluster 
of size m captures vacancies: 

(19.81) 

z,, being the number of locations surrounding a size m 
interstitial cluster from which a vacancy can jump and 
reduce the cluster size by one. 

Reactions 1 to 4 are depicted schematically in 
Fig. 19.13. The nucleation current I, is the net rate at 
which clusters of size m grow t o  clusters of size m + 1. 
Balances on di- and triinterstitials can be expressed in terms 
of the nucleation currents by 

~ = I2 --- I3 
dN3 
d t  

(19.82) 

(19.83) 

As indicated in Fig. 19.13, the nucleation currents are 
related to  the reaction rates by 

Fig. 19.13 Relations between nucleation currents and the 
rates of elementary reactions between point defects and 
interstitial clusters. 

It will be recalled that steady-state nucleation refers to  
the condition in which I, = I2 = I3 = .  . . = Iloop. Applica- 
tion of this constraint t o  Eq. 19.82 and use of Eqs. 19.84 
and 19.85 show that 

Because the arrival rates Pi(m) and Pv(m) are very weakly 
dependent on m,  the arguments denoting the cluster-size 
dependence of these coefficients have been deleted in 
Eq. 19.86; Pi and P, are considered as known constants 
which depend only on  the vacancy and interstitial super- 
saturations. 

Under irradiation, the ratio &/Pi a t  loops is just slightly 
less than unity; thus Pi and 0, are of comparable magni- 
tudes. However, it was shown earlier in this section that 
a i (2)  is -lo4 times larger than Pi (or p,). Consequently, the 
last t w o  terms in the brackets of Eq. 19.86 can be 
neglected. By the same token, since N3  is no greater than 
N 2 ,  the  last term on the right is also negligibly small. 
Therefore, when steady-state nucleation has been attained, 
pici = ai(2)  NZ, o r  the equilibrium of reaction 1 is not, 
significantly perturbed by the introduction of vacancies 
into the system. Therefore, N2  is given by Eq. 19.73, 
whether o r  not vacancies are present along with interstitials. 

At steady state, Eq. 19.83 and analogous balances for 
m = 4. . . . reduce to  

Since the vacancy and interstitial arrival rates are approxi- 
mately equal, the above equations are satisfied by 

N Z = N g = N 4 = . . .  (19.88) 

The nucleation rate is equal to  any of the I,n. Using m = 2,  

or, taking into account the equality of N2 and N 3 ,  

I loop  = (Pi - PV)N2 = (1 - 

= (1 -+) l;oop (19.90) 
/’. 

Inasmuch as  N 2  is given by Eq. 19.73, the product PIN2 
in the  above expression for Iloop is the nucleation rate in 
the absence of vacancies. The vacancy supersaturation of 
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the metal under irradiation reduces the loop-nucleation rate 
by the factor [I - @“/,!?,)I. The pointdefect balances 
developed in Sec. 19.5 suggest that 0.99 < p,/p, < 0.999 at 
loops; so loop nucleation under irradiation is reduced by 
factors ranging from IO-’ t o  owing t o  vacancy arrival 
a t  the critical nucleus (the triinterstitial). 

In the fcc lattice, z2 ,  = 20 (the same combinatorial 
number was assumed for fission-gas-atom capture on  
two-atom clusters in the bubble-nucleation calculation of 
Sec. 13.8). l’he interstitial diffusion coefficient can be 
approximated by 

D i  = a iv  exp (- 2) (19.91) 

where E:  is the  activation energy for interstitial migration. 
In stainless steel, is believed t o  be about 13 kJ/mole. The 
other parameters in the nucleation rate are 

a = 1 2  A3 

ei = 420 kJ/mole 

‘ h e  binding energy of a diinterstitial in stainless steel is not 
known, but the value obtained by the loop strain-energy 
approximation of Eq. 19.65 is 1 2 5  kJ/mole. Taking 
v = 1013 sec-’, Eqs. 19.78 and 19.90 together yield 

For a typical LMFBR fuel cladding Si = 10’  ’, f lv/f l i  = 0.98, 
and T =  500°C. Using these values in Eq. 19.92 gives 
Iloop = 1012 sec-’. Thus, a loop concentration of 
1016 is established after about 3 hr of irradiation. 
This time is considerably shorter than the incubation time 
needed for void nucleation, which is about 1 year. The 
observation that loop nucleation precedes void nucleation is 
thus theoretically justifiable. However, the substantial 
uncertainty in properties such as the binding energy of the 
diinterstitial in stainless steel renders the accuracy of the 
calculated nucleation rates no better than a f a d o r  of 100. 

19.5 POINT-DEFECT BALANCES AND 
THE VOID-GROWTH LAW 

Having determined the rate a t  which embryo voids and 
dislocation loops are introduced into the solid by nuclea- 
tion, we next develop the theory for calculating the rates at 
which these defect clusters grow. Point-defect balances 
provide the means of computing the vacancy and void 
supersaturations (S, and SI, or ,  equivalently, C, and C,) 
which drive both the nucleation and growth processes. The 
effects of applied stress and internal gas pressure o n  the 
growth law are considered later in this section. The present 
analysis is restricted to gas-free voids and unstressed solids. 

The concentrations of vacancies and interstitials in the 
irradiated solid are determined by equating the rate of 
production of point defects t o  the rate of removal by all 
mechanisms. The treatment is quasi-stationary because the 
time derivatives dC,/dt and dC,/dt are neglected. This 
approximation is justifiable o n  the grounds that changes in 

the sink strengths (and hence the rates of point-defect 
removal) due t o  the evolution of the microstructure of the 
metal during irradiation are very slow compared with the 
time required for the point-defect population t o  respond t o  
such changes. 

The spatial gradients in the point-defect population are 
also neglected because both the rates of production and 
removal are assumed t o  be uniform throughout the metal. 
The calculations are thus of the infinite-medium type. Very 
strong concentration gradients d o  exist in the immediate 
vicinity of the microstructural features of the  solid which 
are responsible for point-defect absorption. This complica- 
tion is removed from the point-defect balances by homog- 
enizing the sinks. That is, the  discrete sinks in the solid are 
replaced by spatially uniform absorbers of point defects. 
The strength of the homogenized sinks, however, must be 
determined by solving the point-defect diffusion equations 
in the immediate vicinity of the discrete sinks. These 
calculations have been reviewed in Sec. 13.5.  The approach 
is similar t o  that applied t o  nuclear reactor analysis before 
the advent of extensive computer facilities; properties such 
as resonance capture or  thermal utilization were determined 
by analysis of the  spatial distribution of neutrons in a cell 
containing representative quantities of fuel and moderator 
in a geometry appropriate t o  the actual fuel-element 
configuration. This analysis provided the infinite multiplica- 
tion factor, which could then be used (without further 
reference to  the inhomogeneities in the  internal configura- 
tion of the core) t o  compute the critical size of the reactor 
from neutron diffusion theory in which the system was 
regarded as homogeneous. 

Point-defect balance equations have been developed by 
Harkness, Tesk, and Li;’ ’ Wiedersich;” and Brailsford and 
B ~ l l o u g h . ~ ~  These three analyses are equivalent in ap- 
proach but differ in detail. Wiedersich’s method was 
developed in See. 13.10 for  use in determining the growth 
rate of nonequilibrium gas bubbles in the fuel. In this 
section the theory of Brailsford and Bullough is used, since 
their treatment of vacancy emission from the vacancy sinks 
in the metal is superior t o  that used in the earlier theories. 

19.5.1 Point-Defect Production Rates 
Vacancies and interstitials are created in the collision 

cascade caused by the scattering of fast neutrons from 
lattice atoms. Each collision creates a primary knock-on 
atom (PKA), which in turn produces free interstitials, free 
vacancies, and clusters of interstitials and vacancies which 
are the debris of the  displacement spike (Sec. 17.10). If the 
defect clusters are thermally stable, the number of free 
vacancies and free interstitials created by a PKA need not  
b e  equal, although the total number of vacancies (free plus 
in clusters) must be  the same as the total number of 
interstitials. Section 18.5 treats a case in which more free 
interstitials than free vacancies are formed, the remainder 
of the latter appearing as a depleted zone. This calculation 
showed that  the  depleted zones were not thermally stable 
(i.e., they tended to evaporate) a t  temperatures above 
-35OoC, which is the lower temperature limit for void 
formation. For T >  350°C, the  defect clusters formed in 
the collision cascade proper are very quickly destroyed, 
either by dissociation into their component point defects 
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by thermal evaporation or by annihilation by  point defects 
of the oppcsite kind. For the purposes of void-growth 
analysis, we may assume that equal numbers, v ,  of vacancies 
and interstitials are produced by each fast-neutron scatter- 
ing collision with a lattice alom. The volumetric production 
rate of point defects is 

Rate of production of vacancies 

7- rate of production of interstitials 

= vzs@ m i 3  sec-' (19.93) 

The number of displacements per PKA, v ,  is considerabiy 
smaller than that predicted by isolated cascade theory 
(Sec. 17.7), owing primarily to recombination during cas 
cade formation or shortly thereafter as the point defects 
move away from the spike. For stainless steel, the best 
estimate of v in a fast-neutron spectrum is 

v = 30 Frenkel pairs per neutron collision (19.94) 

This number may not be applicable below -350°C 
(Ref. 21). 

The macroscopic scattering cross section for the metal 
is C,. It is the product of the microscopic scattering cross 
section and the density of metal atoms. For stainless steel, 
C, ~ 0 . 2  cm-'; q) is the total fast-neutron flux (with 
neutron energies >0.1 MeV). 

19.5.2 Bulk Recornbination 
Recombination of vacancies and interstitials to reform 

an atom on a normal lattice site occurs in the  bulk of the 
metal a t  a rate equal to kv,CvCi sec-I, where k,, is the 
rate constant for recombination (Eq. 13.42). 

19.5.3 Removal at Microstructural Sinks 
Natural and radiation-produced microstructural features 

in the  metal capture point defects of  both types. These 
sinks can be divided into three categories:* 

1. Unbiased (neutral) sinks. This type of sink shows no 
preference for  capturing one type of defect over the other 
type. The rate of  absorption is proportional t o  the product 
of the diffusion coefficient of the point defect and the 
difference in the concentrations of the point defect in the 
bulk metal and at the sink surface. Included in this category 
are (1) voids, (2) incoherent precipitates, and (31 grain 
boundaries. 

2. Biased sinks. Any dislocation in the solid exhibits a 
preferential attraction for interstitials compared with 
vacancies. This bias is due to the nonrandom drift of 
interstitials down the  stress gradient near the dislocation 
core. Vacancies d o  not exhibit stress-induced migration 
when near the dislocation. The effect may be  incorporated 
into ordinary diffusion calculations by  making the effective 
radius of the dislocation core slightly larger for interstitials 
than for vacancies. Dislocations are unsaturable sinks for 
point defects because they can climb as  a result of 
absorbing a vacancy or an interstitial (provided that climb is 
not impeded by pinning of the line). The dislocations in the 
solid are divided into two classes: (1) network dislocations 

present in the unirradiated metal and augmented by 
unfaulting of the Frank dislocation loops and (2) disloca- 
tion loops formed by agglomeration of interstitials. 

The only difference between loops and network disloca- 
tions is the concentratien of vacancies which is maintained 
at the core. Both types of dislocations exhibit the same bias 
toward interstitial absorption. 

3 .  Coherent precipitates. If a point defect is captured 
by  a sink but does not lose its identity on absorption, it can 
only wait a t  the sink surface t o  be annihilated by point 
defects of the  opposite type. Such sinks act as recombina- 
tion centers of limited capacity. The most important 
example of this type of  sink is the coherent precipitate. 

19.5.4 Point-Defect Absorption by Voids 
The diffusion-controlled rate of  absorption of vacancies 

by all of the  voids in a unit volume of solid is given by 

where R is the average radius of the void population and N 
is the total concentration of voids in the solid. The vacancy 
concentration at the void surface (the second term in the 
brackets of Eq. 19.95) has been taken as that corresponding 
to  thermodynamic equilibrium in a solid under a negative 
hydrostatic stress 2y/R. This tensile stress arises from the 
surface tension of the solid, which pulls the surface inward. 

The analogous formula for interstitial absorption by 
voids is 

The interstitial concentration at the void surface is effec- 
tively zero. 

19.5.5 Incoherent Precipitates 

Equations 19.95 and 19.96 apply t o  incoherent pre- 
cipitates if R and N are interpreted as the average radius 
and concentration, respectively, of the precipitate particles. 

19.5.6 Grain Boundaries 

For  simplicity, grain-boundary absorption of point 
defects is not included in the analysis presented here. It is, 
however, covered in problem 19.9 at the end of  this 
chapter. The strength of grain-boundary sinks has been 
estimated in Refs. 21  and 24. The latter study showed that 
for grain sizes larger than -10 v m ,  grain-boundary absorp- 
tion of point defects is small compared t o  the effects of the 
other sinks in the  metal. 

19.5.7 Network Dislocations 

Network dislocations maintain the equilibrium vacancy 
concentration at the core radius. The rate of diffusion- 
controlled absorption of vacancies by the pN cm of - 
network dislocations per cm3 of solid is given by  

2n 
DvpN (C,, - C$q) (19.97) 

Q," %I( ,%/ R, ) 
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where .%z is approximately one-half the distance between 
dislocations (Eq. 13.79) and Rdv is the radius of the 
dislocation core for vacancies. 

For interstitials the absorption rate by network disloca- 
tions is 

where Rdi is the core radius for interstitials. Setting 

and 

(19.99) 

(19.100) 

Eqs. 19.97 and 19.98 can be  written as 

and 

Inasmuch as Rdi  > lIdv, Zi > Z,. The ratio (Zi - Z,)/Z, is 
estimated to  be between 0.01 and 0.02. 

19.5.8 Dislocation Loops 

The only difference between network dislocations and 
interstitial dislocation loops is the equilibrium vacancy 
concentration at the core. When a dislocation loop eniits a 
vacancy or  absorbs an interstitial a tom, the area of the 
stacking fault enclosed by  the loop and the perimeter of the 
loop increase. According t o  Eq. 19.6, energy is required for 
this expansion t o  occur, and so vacancy emission or 
interstitial absorption by interstitial loops is less favorable 
than network dislocations. The latter, if unpinned, are free 
t o  climb without changing their length and so are not 
subject to the energy restraint that affects loop expansion. 
This phenomenon is taken into account by expressing the 
rates a t  which loops absorb vacancies and interstitials by 
the equations 

The coefficients Z, and Z,  are the same as they are for 
network dislocations since the stress fields around a 
dislocation are the same for the two types. The point-defect 
concentrations a t  the dislocation core, however, are dif- 
ferent for network dislocations and loops; C\ and Ct are 
determined by thermodynamic arguments. 

In a solid containing equilibrium concentrations of 
vacancies and interstitials, interstitial loops cannot (thermo- 
dynamically) exist; the  system could reduce its Gibbs free 
energy by  dissolving the loops. However, if the point-defect 
concentrations are altered in such a way that  the vacancies 
and interstitials are always in equilibrium (i.e., C,C, = 

CeqC:q), it is possible for a n  interstitial loop of a particular 
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size t o  exist in equilibrium with the point-defect environ- 
ment provided that C ,  > Cpq. Conversely, a stable vacancy 
loop could form in a solid in which C, > C:q. Here we 
compute the size of an interstitial loop which exists in 
equilibrium with a specified vacancy concentration C!\ and 
the corresponding equilibrium interstitial concentration Ci. 

The Gibbs free energy of a piece of metal containing n, 
vacancies, n, interstitials (at concentrations C\ and C!, 
respectively), and one interstitial dislocation loop contain- 
ing m, interstitials is 

G = G o  + €(mi) 4. n,pV + nipi (1 9.iO5) 

where p ,  and p i  are the chemical potentials of the vacancies 
and the interstitials, respectively, e(mi) is the energy of the 
loop, and Go is the  reference free energy of the piece of 
metal without the loop and with point-defect concentra- 
tions Ctq and CFq. 

We now perturb the system by transferring point 
defects between the bulk solid and the loop. The criterion 
of chemical equilibrium states that for the system at 
equilibrium the free-energy change, 6G, for this process is 
zero. Thus, taking the differential of Eq. 19.105, 

The number of interstitial atoms in the loop can be changed 
only a t  the expense of the point defects in the bulk, so the 
perturbations are related by 

6 mi  = 6 n, - 6 ni 

Eliminating &mi  from the  preceding equations yields 

The changes 6n, and 6ni are arbitrary and independent of 
each other; thus the coefficients of both these perturba- 
tions must independently be set equal to zero. This 
requirement leads t o  two relations: 

and 

de 
- + p v = o  dmi 

de 
dmi  pi = 0 -- 

(19.106a) 

(19.106b) 

The chemical potential of  vacancies in a solid with a 
concentration C$ of  this species is given by Eq. 19.32: 

p ,  = kT In (2) 
For interstitials the formula is 

( 1 9. 1 0  7a) 

(19.107b) 

When the vacancies and interstitials are in equilibrium with 
each other, CtC: = CfqC$q, which is equivalent t o  
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Pi = -Pv (19.108) 

applies. Therefore, Eqs. 19.106a and 19.106b are equiva- 
lent. Using the former in conjunction with Eq. 19.107a 
gives 

The loop energy €(mi) is given by Eq. 19.6. If the 
coefficient of m $  in this formula is symbolized by K and 
the stacking-fault term is neglected (because it is small 
compared to the line-tension term), de/dmi can be com- 
puted, and the  above equation can be written 

) (19.109) (- 2(mi)% kT 
c\ = Cfq exp 

Had Eqs. 19.106b and 19.107b been used, the result would 
be 

(19.110) K ( 2(mi)xkT) 
ct= Cfq exp -- 

According t o  Eq. 19.65, K = 500 kJ/mole in stainless steel. 
Equation 19.109 shows that the vacancy concentration 

in equilibrium with an interstitial dislocation loop is less 
than the equilibrium concentration in the loop-free solid. 
Simultaneously, Ci is greater than C r q  in order t o  maintain 
the loop. 

Although the above analysis applies to  a strictly 
thermodynamic situation, the results can be employed in 
the nonequilibrium environment created by irradiation of 
the solid. To d o  so, it is assumed that the concentrations of 
point defects in the solid immediately adjacent to  the core 
of the dislocation line comprising the interstitial loop are 
given by Eqs. 19.109 and 19.110. The concentrations in the 
bulk of the solid far from the loop are C, and C,, which are 
not in equilibrium with the loop (nor  with each other). The 
assumption of interfacial equilibrium is commonly used in 
analyses of many chemical engineering mass-transfer opera- 
tions. With this assumption the rates of vacancy and 
interstitial absorption by the loops in the solid are 
determined using Eq. 19.109 in Eq. 19.103 and Eq. 19.110 
in Eq. 19.104. For application in the point-defect balance 
equations, m,  in Eqs. 19.109 and 19.110 can be approxi- 
mated by the size of the average loop in the solid, and the 
point-defect absorption rates by loops become 

)] (19.111) (- 2(iiii)x RT 

and 

Thus the loop components of the total dislocation density 
of the solid d o  not exhibit quite so large a bias for 
interstitials as d o  the network dislocations, for which QF 
and QN are given by Eqs. 19.101 and 19.102. The 
alterations in the driving forces due to the last terms in the 
brackets of the above formulas tend to  reduce the bias 
toward interstitials introduced by the inequality of the 
coefficients Zi > Z,. However, i f  the loops are large and/or 

the temperature is high, the exponential terms in 
Eqs. 19.111 and 19.112 approach unity, and the disloca- 
tion network and the dislocation loops behave in an 
identical manner toward the point defects in the solid. 

19.5.9 Coherent Precipitates 
Brailsford and Bullough’ assign the recombination 

function of coherent precipitates to  the plane of matrix 
atoms adjacent t o  the second-phase particle. This plane, or 
interface, is endowed with the capacity t o  strongly bind or 
trap point defects that hop  into it from the adjacent 
matrix. Figure 19.14 shows a cross section through the 
precipitate-matrix interface. Vacancies and interstitials 
that are trapped a t  the interface are assumed to  be unable 
to escape; removal of trapped point defects occurs only by 
annihilation with point defects of the opposite type which 
impinge on the interface o r  by recombination of trapped 
vacancies and interstitials. The coherent precipitate is 
distinguished from the other microstructural defects in the 
solid by the absence of thermal emission of point defects 
(which appears in the terms involving C:q in Eq. 19.95 for 
voids, in Eq. 19.97 for network dislocations, and in 
Eq. 19.111 for loops).* We will summarize the function of 
these sinks in the manner visualized in Ref. 23. 

Although the interface between a coherent precipitate 
particle and the matrix does not release point defects, the 
fact that it is of limited capacity means that the concentra- 
tions of vacancies and interstitials at the surface of the 
particle are not reduced t o  zero as they would be at the 
surface of a totally black sink. Figure 19.15 shows 
schematically the concentration profiles of point defects 
near a coherent precipitate-matrix interface. The rates at 
which vacancies and interstitials flow to the interface can 
be divided into two steps, which proceed in series. Between 
the bulk of the solid and the interface, the flow of point 
defects is governed by ordinary diffusion to  a spherical 
sink. The driving force for this step is the concentration 
difference C, - C g  for vacancies and C,-C: for inter- 
stitials. For diffusion-controlled absorption by a spherical 

*This unique property means that coherent precipitates 
are capable of removing point defects from a solid in which 
the point-defect concentrations are a t  the equilibrium 
values CGq and Cpq. Or these supposedly thermodynamic 
quantities are determined by Eqs. 19.20 and 19.23 only in 
solids that contain no coherent precipitates. If coherent 
precipitate particles are added t o  a solid that initially 
contained its equilibrium complement of point defects, the 
precipitates would augment the homogeneous recombina- 
tion process and thereby depress the concentrations of 
vacancies and interstitials below the equilibrium value. The 
extent of the decrease would depend o n  the number of 
precipitate particles and the density of network dislocations 
in the solid. The latter are the principal suppliers or 
removers of point defects when the equilibrium concentra- 
tions are perturbed by the introduction of sources (e.g., by 
irradiation) or sinks (in the case of coherent precipitates). 
Despite the unpalatable theoretical consequences of the 
lack of thermal emission of point defects from coherent 
precipitates in a solid, the practical effect on Ctq is 
negligible (see problem 19.11 a t  the end of this chapter). 

C 
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Fig. 19.14 Schematic diagram of the interface between a coherent precipitate particle and 
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body in which the concentrations at r =  R, (the particle 
radius) and r = m (the bulk solid) are specified, the fluxes 
are given by Eq. 13.65: 

(19.113) 
DV 

RP 
J, = - (Cv - C,*) 

and 

where J, and Ji are the number of point defects reaching a 
unit area of precipitate per unit time. Because there is n o  
net accumulation of either type of point defect a t  the 
interface, the fluxes must obey 

J, = Ji (19.115) 

The concentrations C,* and CT refer t o  the matrix 
adjacent to  the trapping interface. In order t o  evaluate 
these concentrations, we must consider the second step in 
the series, that of point-defect attachment to the interface. 
We first determine the rate at which point defects impinge 
on the trapping interface from the adjacent matrix when 
the vacancy and interstitial concentrations here are C: and 
CF, respectively. Consider the case of vacancies. The plane 
of matrix atoms above the interface plane contains l /G 
lattice sites per unit area from which a vacancy can h o p  
toward the interface. The fraction of  lattice sites that are 
occupied by vacancies in the matrix a t  this point is 
c:fl = C:a:, 'where fl is the atomic volume and a, is the 
lattice parameter. Therefore, a total of (ai2) (C,*a:) = a,C$ 
vacancies per unit area can potentially reach the trapping 
interface in one jump. The frequency with which a vacancy 
jumps in any one direction in the  matrix is w, (Sec. 7.2). 
For the fcc lattice, w, is related t o  the vacancy diffusion 

48 7 

coefficient by Eq. 7.29. Thus the rate a t  which vacancies 
impinge on a unit area of trapping surface is given by 

Vacancy impingement rate 

Similarly, the interstitial impingement rate on  the interface 
from the adjacent matrix is D,C:/a,. These impingement 
rates can be regarded as the solid-state analogs of the rate at 
which molecules from a gas strike a unit area of surface. To 
determine whether the impinging vacancies and interstitials 
stick o r  are reflected back t o  the matrix, we need to  
calculate the fraction of the available sites on  the trapping 
interface which are occupied by the two types of point 
defects. To d o  this, imagine the trapping interface t o  be a 
simple square grid that binds vacancies a t  the  mesh points 
and interstitials in the open spaces. The mesh-point sites 
may either be occupied by a trapped vacancy o r  empty 
(i.e., occupied by an atom). Similarly, the interstitial 
trapping sites may either be occupied by a trapped 
interstitial atom or empty. Let 0 ,  = fraction of vacancy 
trapping sites o n  the interface occupied by vacancies and 
0,  = fraction of interstitial trapping sites on the interface 
occupied by interstitials. A vacancy is trapped only if it 
jumps into an unoccupied site; the probability of so doing 
is 1 - 0,. The rate at which vacancies are trapped on  the 
interface is the product of the impingement rate and the 
fraction of unoccupied sites. Since the process of diffusion 
from the bulk to the interface is in series with the process 
of attachment t o  the interface, we equate the rates of 
diffusion and trapping,* or  

*Equating the rates of sequential processes is also used 
in analyzing series resistances in heat-transfer processes. 
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Fig. 19.15 Vacancy- and interstitial-concentration profiles 
next t o  a coherent precipitate particle. 

For interstitials, the  analogous formula is 

To deduce the connection between the point-defect 
occupation of the trapping interface (the 0’s) and the 
point-defect concentration in the matrix adjacent t o  the 
trapping interface (the C*’s), we must specify the details of  
the interaction between the free point defects and the 
trapped ones. Many models of  this interaction can be 
constructed; here we will investigate a primitive model 
similar t o  that invoked by Brailsford and BulloughZ in 
their analysis of the same phenomenon (the present model 
differs from theirs in that recombination reactions between 
trapped point defects are not considered here). Three 
possible fates of a vacancy impinging on the trapping 
interface are depicted in Fig. 19.16. The impinging vacancy 
may : 

(a) Strike a site already occupied by a vacancy, in which 
case the impinging vacancy is returned t o  the matrix. 

(b) Enter a n  unoccupied site that is adjacent t o  a 
trapped interstitial. The probability of this event is zOi, 
where z is the  number of vacancy sites surrounding a 
trapped interstitial which result in certain recombination 
when jointly occupied (for the simple square interfacial 
structure, z = 4). 

( c )  Enter a n  unoccupied site that is not  adjacent to a 
trapped interstitial. The probability of  such a jump is 
i-ev-zzoi. 

The consequences of interstitial atom impingement on 
the interface are obtained from processes (a)  t o  (c) by 
interchanging the subscripts i and v. 

We now construct a balance equation for the trapped 
vacancies and interstitials. Because the system is at steady 
state, 0, and 0 ,  are time independent, or the rate at which 
point defects become incorporated into the interface by 
process (c) must be equal to  the rate a t  which they are 
removed by process (b). Note that process (b)  removes a 
point defect of the opposite type from that which process 
(c) adds t o  the interface. Conservation of trapped vacancies 
is expressed by 

where the left side is the input due t o  the fraction of 
impinging vacancies that strike an unoccupied site that is 
not adjacent to  a trapped interstitial and the right side is 
the rate of removal of trapped vacancies by impinging 
interstitials from the nearby matrix. The balance o n  
trapped interstitials yields 

Subtracting Eq. 19.119 from Eq. 19.118 yields 

which, when compared with Eqs. 19.116 and 19.117, 
simply confirms the fact that the fluxes of the two types of 
point defects from the bulk t o  the coherent precipitate are 
equal no matter which step of the two back-to-back 
processes is considered. 

Equations 19.118 and 19.119 can be solved for 0, and 
0 to yield 

(19.120) Y * [ l +  (Y* - 1 ) Z l  
y * 2 z + y * + z  

0 ,  = 

y” + z - y”z 
y * 2 z +  y” + z 

0, = 

where 

(19.121) 

(19.1 22) 

In Fig. 19.17 0 ,  and O i  are shown as functions of the 
parameter y* for a fixed value of  z (e.g., z = 4). Equations 
19.120 and 19.121 apply only in the range 

z - 1  Z -< y* 4 - 
Z z -  1 (19.1 23) 

Beyond this range, either 0 ,  or  0” is zero, and the other is 
given by the formulas shown on the graph. When y* = 1 , 0 ,  
and 19, are both equal to (1 + 2z)-’. 

The trapping and recombination efficiency of the 
interface has been analyzed with the aid of  a particular 
model of what goes on  at  the boundary separating the 
precipitate particle and the host matrix. Other models of 
these interactions are certainly possible, but they will all 
lead to relations between the 6”s and 7’s of  the  type shown 
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TRAPPING INTERFACE' 

Fig. 19.16 Consequences of vacancy impingement on a coherent precipitate particle. See text for a 
discussion of the processes labeled a ,  b, and c. 

0 2 3 

Fig. 19.17 Point-defect occupation probabilities of the 
trapping interface for a simple model. 

in Fig. 19.17. Although this aspect of the theory is 
dependent on the model chosen, the development up  t o  
Eq. 19.117 and what follows from now on  are applicable to  
any mechanism of trapping. 

If we use the second equalities of Eqs. 19.116 and 
19.117, C,*/C, and CT/C, can be expressed as functions of 
0 ,  and 0 , :  

(19.124) 

(19.125) 

& Now J, and J, are set equal t o  each other and the C*'s are 
expressed in terms of the 0's by the above formulas. These 
manipulations lead to  

According t o  Eqs. 19.120 and 19.121, 0, and 0 ,  are 
functions of the  single parameter y* (assuming z is a 
specified constant). Inserting these equations into 
Eq. 19.126 determines y* as a function of D,C,/D,C,, 
which is specified by the bulk concentration of point 
defects. Once y* is determined, 0 ,  and 8, are obtained from 
Eqs. 19.120 and 19.121, and C$/C, and C,*/C,, from 
Eqs. 19.124 and 19,125. The desired fluxes of vacancies 
and interstitial atoms to  the coherent precipitates are then 
obtained by eliminating C$ and CF from the fluxes given by 
Eqs. 19.113 and 19.114. Multiplying J, and J, by ~ T R ~ N ,  
(where N, is the  number of precipitate particles per unit 
volume of solid) yields QO and QF, the removal rates of 
vacancies and interstitials per unit volume of metal by the 
coherent precipitates. Following the procedure described 
above yields 

Q$ = 4nRPNpD,C,Y, (19.12 7) 

QP = 4nRpNpDiCiYi (19.128) 

where 

and 8, and O i  are known functions of the ratio D,C,/DiC, 
determined by the method outlined above. The coefficients 
Y, and Yi represent the biasing of point-defect fluxes to 
the coherent precipitates. They are analogous t o  the 
coefficients Z, and Zi which established the preference of 
dislocations for interstitials. For coherent precipitates, 
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however, the  biasing coefficients Y, and Y, depend on  
D,C,/D,C,, which is in turn established by the strengths of 
the other point defects in the system. Thus, the biased 
absorption properties of  coherent precipitates depend o n  
the environment in which the precipitates are situated, 
which is not the case for the fixed-bias dislocations. The 
manner in which the coherent precipitates function can be 
illustrated qualitatively as follows. Because Z, > Z, by a 
percent or  so, D,C,/D,C, is greater than unity by a 
comparable amount (otherwise voids would not  nucleate or 
grow). Since D,C,/D,C, > 1, Eq. 19.126 shows that  0 ,  > O1 
or, according t o  Eqs. 19.129 and 19.130, Y, > Y,. The 
requirement that there be no net accumulation of point 
defects a t  the  coherent precipitates (as expressed by 
Eq. 19.126) leads t o  

(19.13 1) 

so the problem is reduced t o  one of finding the magnitude 
of Y, (or of Y,). If the precipitate radius, R,, is reasonably 
large (say several hundreds of angstroms), the ratio a,/R, is 
small If, in addition, the ratio D,C,/D,C, is close 
to  unity, then the parameter y* will also be close to  unity, 
and Fig. 19.17 shows that 0, and 0 ,  are equal to  -(2z + 
I)-' - IO- ' .  For this situation, Eqs. 19.129 and 19.130 
show that Y, and Y, are both close t o  unity. We may make 
the approximation 

(19.132) 

and Eqs. 19.127 and 19.128 reduce t o  

Q$  = Qf = 4nR,N,D,C, (19.133) 

This equation adequately describes the  strength of coherent 
precipitate sinks in irradiated metals. 

19.5.10 Point-Defect Balances 
Having determined the rate of production of vacancies 

and interstitials from fast-neutron collisions with lattice 
atoms and the  rates a t  which the point defects are 
consumed by various processes involving the large defects in 
the solid. we can write the steady-state point-defect 
balances as 

vC,@ = Q T o i d  + Q," 

for vacancies, and 

vC,@ = Qyoid + QF 
for interstitials. 

+ Q\ + Q$ + homo. recomb. (19.134) 

+ Q! + Qf + homo. recomb. (19.135) 

The vacancy-removal rates per unit volume of solid, 
Q;O id,  Q,", and Q$, are  given by Eqs. 19.95, 19.101, and 
19.111. The corresponding terms for interstitial removal are 
given by Eqs. 19.96, 19.102, and 19.112 (the thermal 
emission term in the last of these formulas can be 
neglected). The rate of absorption of both types of point 

defects by coherent precipitates is given by Eq. 19.133. The 
rate of homogeneous recombination is k,,C,Ci, where ki, is 
given by Eq. 13.42. With these sink strengths, Eqs. 19.134 
and 19.135 become 

+ ~.ITR,N,D,C, + ki,CiC, (19.136) 

and 

+ 4nR,N,D,C, + kivCiC, (19.137) 

Equations 19.136 and 19.137 can be solved for C, and C, 
(analytical solutions are reported in Ref. 23). For N, pl, and 
N, = 0, the point-defect balances given above reduce to  
those obtained earlier for treating fission-gas bubble growth 
in the fuel (Eqs. 13.186 and 13.187, in which Ceq = 0). The 
general shape of plots of C, and C ,  as  functions of 
temperature are shown in Fig. 13.17. Such solutions are 
needed for fixing the supersaturations S, and S, in 
nucleation theory and for void growth. 

19.5.11 The Void-Growth Law 
The void-growth law is the time rate of change of the 

void radius R at  any instant during irradiation. The void is 
assumed to be spherical, and its growth is controlled by 
diffusion of vacancies and interstitials from the bulk of the 
solid t o  the void surface. The growth law under these 
circumstances was derived in Sec. 13.9 for the case of a 
cavity that contained some gas (i.e., a bubble). The same 
growth law is valid for the gas-free cavity (the void) 
provided that the internal gas pressure is set equal t o  zero 
wherever it appears. The void-growth law is obtained from 
Eqs. 13.171 and 13.176, with p = 0 in the latter, 

= { D, [c, - cy exp (g)]- __ DiCi} (19.138) 
R 

The concentration of interstitials a t  the void surface 
(Eq. 13.179) has been neglected because of the large energy 
of formation of this point defect. 

Brailsford and Bullough2 have inserted the solutions 
of Eqs. 19.136 and 19.137 into Eq. 19.138 and expressed 
the void-growth rate in the following form: 

R = R, F(Q) + Re (19.139) 

where R, is the void-growth rate in the absence of both 
homogeneous recombination (k], = 0)  and thermal emission 
(cy = O) ,  



VOID SWELLING A N D  IRRADIATION CREEP 49 1 

uc,(r~p,(z,  - z,)n 
(19.140) Ro R(Z,pcl  + 47rRN) ( Z , p d  + 4nRN + 4nRpNp) 

where 

Pd = P N  + P1 (19.141) 

is the total dislocation density in the solid. This growth 
contribution is independent of temperature and depends on 
the dislocation bias for interstitials Z, - Z, and the 
morphology of the solid (i.e., the number and size of voids, 
precipitates, and the dislocation density). It is also directly 
proportional t o  the defect-production rate, or the fast- 
neutron flux. 

The effect of homogeneous recombination on  void 
growth is contained in the factor F i n  Eq. 19.139, which is* 

(19.142) 2 
F(q) =--[(l + ?)"- 11 

where q is the dimensionless parameter 

77 = 4k, , ,~C,(I j  [D,D, (Z,pd + 4nRN + 4nRpNp)  

x (Z,pd + 4 n R N +  4nR,Np)]-'  (19.143a) 

or, eliminating k,, by use of Eq. 13.42 and setting Z, = Z,, 

4z,,vc 
77= (19.1 43b) 

D,a;> (Z,pd + 4nRN + ~ T R , N , ) ~  

When homogeneous recombination is negligible (ki, + 0 or  
77 + O) ,  the  factor F reduces to  unity. 

The effect of thermal emission from the various sinks is 
contained in the void.shrinkage term Re: 

Re - DvC:qa { 4nRpN, exp ($ &) 
2Y 

x [R(Z,,pd + 4nRN + 47rR,N,)]-' (19.144) 

In the terms in the second and third lines of Eq. 19.144, 
differences in exponentials have been approximated by 
differences in the arguments. The value of R e  is inde- 
pendent of the defect-production rate and approaches zero 
a t  temperatures sufficiently low t o  render thermal emission 
negligible (i.e., C$q + 0). 

19.5.12 The Factor Ro 

written as 
When no coherent precipitates are present, Ro can be 

*A quantity denoted by p in Ref. 23 has been omitted 
in Eq. 19.142. This simplification has no significant effect 
on  the numerical values of the void-growth rate. 

where 

4nRN 
X = -  

ZVPd 
(1 9.146) 

Equation 19.145 demonstrates that both a biased sink 
(with Zi  - Z, greater than zero) and a neutral sink (which 
for voids provides the term 4nRN) are necessary for void 
growth. The balance between the strengths of the neutral 
and biased sinks, as  exemplified by the dimensionless 
quantity x, is crucial to void growth. The void-growth rate 
is a maximum when x = 1. If x is less than unity (as it 
would be at the beginning of irradiation), decreasing x by 
increasing the dislocation density reduces the rate of void 
growth. This behavior explains the ability of heavily 
cold-worked metals t o  resist void swelling at  low fluences. 
If, however, x > 1 because of the development of a sizable 
void population, the primary role of the dislocations is to 
provide a preferential sink for interstitials, thereby permit- 
ting the excess vacancies t o  flow t o  the voids. I n  thiscase, 
highly cold-worked material promotes rather than deters 
void growth. 

When coherent precipitates are present in the alloy and 
voids are not  strong sinks for vacancies, R, becomes 

, vc ,m  zi - z, 1 
(19.147) Ro = R Zipd + 47rRPN, 

In this case the dislocations and the precipitate particles 
combine t o  reduce void growth. This theoretical prediction 
is in accord with the very low irradiation swelling of 
precipitate-containing alloys, such as Inconel and the steel 
PE-16. 

19.5.13 Temperature Dependence of Void 
Growth 

The two highly temperature sensitive parameters in  the 
void-growth law are the vacancy diffusion coefficient D, 
and the equilibrium vacancy concentration C:q. The 
temperature dependence of the parameter 77 is, controlled 
by D, and the product D,C$q appears in Re. At low 
temperatures, D, becomes small and Eq. 19.143b shows 
that 77 becomes large. In this limit the factor F becomes 
small. As the temperature is reduced, Eq. 19.144 indicates 
that Re approaches zero. Since both F(q) and Re  become 
small a t  low temperature, Eq. 19.139 shows that void 
growth ceases in this limit. 

At the  opposite extreme of high temperature, 77 
becomes small and F approaches unity; Re then becomes 
increasingly negative. Thus the theory predicts a tempera- 
ture a t  which the void-growth rate is a maximum, which 
corresponds to  the observed peak swelling temperature. 
Beyond this temperature, void growth should rapidly 
decrease and eventually become negative since the voids 
tend to  evaporate rather than grow. Figure 19.18 shows 
how the growth rate changes with temperature for typical 
fast reactor conditions. The characteristic bell-shaped swell- 
ing-temperature plot (Fig. 19.3) is quite well reproduced by 
the theory. The temperature limits of observable swelling 
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Fig. 19.18 Temperature dependence of the void-growth 
rate in stainless steel under fast-neutron irradiation. (After 
Ref. 23.) 

and the peak swelling temperature are in accord with 
observations. 

have deduced an approxi- 
mate analytical swelling law by simplification of the 
foregoing equations. However, in view of the change of the 
void density N and the dislocation density pd during 
irradiation, the void-growth law should be incorporated 
into a more general analysis that includes the evolution of 
the microstructural features of the solid with irradiation 
time. Such a computation would require a loop-growth law 
in addition to a void-growth law. The loop size and 
concentration couple back into the void (and loop) growth 
laws via p N  , pl,  and the average loop size E. 

19.5.14 Stress-Enhanced Void Growth 

Brailsford and Bullough2 

The growth law developed above is valid only i f  the 
void contains no gas and if  the metal is not under stress. 
However, in the temperature range for void growth, helium 
atoms produced by ( n p )  reactions in the metal are 
sufficiently mobile to  form gas-atom clusters in the lattice. 
As shown in Sec. 19.3, voids readily nucleate on these 
clusters; thus some gas must be contained in the voids as 
they enter their growth stage. In addition, the cladding of a 
fuel pin is always stressed, either by contact with swelling 
fuel o r  by  internal pressure in the fuel pin arising from 
released fission gases. The state of stress in an internally 
loaded cylindrical tube is biaxial, but, to simplify matters, 
we consider here a metal subject to  uniform hydrostatic 
tension. The theory of void growth needs modification t o  
account for these two complications. We present the 
analysis of Brailsford and Bullough.z5 

Equation 19.139 shows that the void-growth rate 
consists of two components; Re  contains the thermal 
emission terms and hence is the only part affected by the 
state of stress o r  by internal gas pressure. Consequently, it 
follows that internal gas pressure and stress begin to  
influence the  growth rate only when Re becomes signifi- 
cant; i.e., for temperatures greater than the peak swell!ng 
temperature. Thus, we  need only be concerned with Re,  
and, in particular, with how internal pressure and stress 

affect the equilibrium vacancy concentrations at the voids 
and the dislocations. Because stress- and gas-assisted growth 
are important only at  high temperatures, we may neglect 
the presence of interstitial loops. These will have virtually 
disappeared by vacancy capture by -600°C (see Fig. 19.7). 
The vacancy balances (with the deletion of the above- 
mentioned terms) are given by Eq. 19.136 i f  the vacancy 
concentration at  the void surface is replaced by 

The vacancy concentration at the void surface depends only 
on  the normal stress at this point, which by a force balance 
is equal to (2y/R)  - p  (see Eq. 13.6). The stress in the 
medium does not affect the vacancy concentration at the 
void provided that the volume of a vacancy in the solid is 
equal to  the atomic volume o r  that there is no lattice 
contraction around a vacancy. If this is not so (and, in 
general, it is not) ,  the  above expression for the vacancy 
roncentration at the void surface must be m ~ d i f i e d . ’ ~ ’ ~ ~  
We neglect this effect here but consider it in problem 19.8 
at the end of this chapter. 

The other  term in the vacancy balance equation which 
needs to  be altered is the equilibrium concentration of 
vacancies at the network dislocations, which depends on 
stress according to 

ccq exp (g) 
where u is the hydrostatic tension in the solid. 

If the modified vacancy balance and the unchanged 
interstitial balance given by Eq. 19.137 are substituted into 
the void-growth rate formula (Eq. 19.138 in which the 
vacancy concentration at  the void surface altered to  
account for internal gas pressure as indicated above), R, 
and F(Q) are found t o  be unchanged. However, Re,  which 
was formerly given by Eq. 19.144, becomes (with N, and 
p1= 0 )  

D,C$qC12 Z,pd ( 0  + p - - 
Re = ’) (19.148) RkT(Z,pd + 47rRN) 

In the gas- and stress-free case, the parenthetical term in the 
numerator is always negative, and Re represents a shrink- 
age. However, the sign of Re can change when the void 
contains gas and the solid is in tension. Shrinkage due to  
thermal emission changes t o  stress-enhanced growth* when 

f J + p = -  2Y 
R 

(19.149) 

The critical stress for unlimited void growth, which depends 
on the gas content of the cavity, can be obtained in the 
same manner as that employed in deriving the analogous 
condition for void growth of helium bubbles on grain 
boundaries (Sec. 18.10). Suppose that the void contains j 
helium atoms. The internal pressure is given by the perfect 
gas law (Eq. 18.96), and Eq. 19.149 becomes 

*Stress-enhanced swelling is also called volume creep 

n 
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The critical void radius occurs when do/dR = 0 and the 
stress at this void size is the critical stress for unlimited void 
growth: 

(19.150) 

which, if j is expressed in terms of the radius of the 
stress-free equilibrium bubble containing j helium atoms 
(by Eq. 18.94), reduces t o  the Hyam-Sumner relationship 
(Eq. 18.98).* The only difference between helium bubbles 
on a grain boundary and helium-containing voids in the 
grains of the  solid is the growth law, which is given by 
Eq. 18.102 for grain-boundary helium bubbles and by 
Eq. 19.148 for  helium-containing voids within the grain. 

Whether unbounded stress-enhanced void growth will 
occur for a specified hydrostatic tension depends on the 
number of gas atoms in the void. The total quantity of 
helium gas produced in the metal was discussed in 
Sec. 18.10. The helium content of stainless steel increases 
linearly with time (Fig. 18.40). If there are M atoms of 
helium per unit volume of the metal and if all the  gas is 
equally distributed among N equal-size voids, j would be 
fixed as M/N.  However, the available helium is, in general, 
partitioned among the matrix, the voids, and the grain- 
boundary bubbles. Determination of the fraction of the gas 
which is in the voids requires calculations similar to  those 
presented in Secs. 13.9 and 15.7 for obtaining the distribu- 
tion of fission-gas atoms in the same three locations in the 
fuel. We saw in Sec. 19.3 that void nucleation requires only 
a few helium atoms per void embryo. Unless much more 
helium is collected by the voids during the growth period, j 
in Eq. 19.150 may be quite small, and the critical stress may 
always be much larger than the applied stress (when 
u < ucrl t ,  the  void shrinks rather than expands). 

Brailsford and Bullough have integrated the void- 
growth law (Eq. 19.139) with Re given by Eq. 19.148.t 
The computations were performed for applied uniaxial 
tension, which requires that u in Eq. 19.148 be replaced by 
u/3. Helium was generated at  a rate appropriate t o  fast 
reactor conditions; so j increased linearly with time. Since 
nucleation theory was not  incorporated into the calcula- 
tion, the void and loop densities had t o  be arbitrarily 
specified. Typical results of these computations are shown 
in Fig. 19.19, in which the ordinate is the volume swelling 
for a population of uniform size voids. Stress-assisted 
growth becomes dramatic a t  high temperature because 
D,C:q in Eq. 19.148 becomes large. The rather sudden 
onset of swelling in the high-stress 700 and 800°C curves is 

due to the delay time required for sufficient helium to have 
trickled into the voids t o  render u,,,~ of Eq. 19.150 equal 
t o  the specified stress. The 600°C results are insensitive t o  
stress because the first term in Eq. 19.139 is the primary 
contributor t o  void growth at this temperature. 

Figure 19.20 shows similar theoretical results as a 
function of  temperature. The double hump in the swelling 
curve has not been confirmed by reactor irradiations of 
steel, but this unexpected shape has been found in 
ion-bombarded metals a t  a higher dose thaa obtainable with 
fast neutrons. 

Restriction of the stress enhancement of void growth t o  
temperatures in excess of 600°C suggests that the assump- 
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Fig. 19.19 Stress-enhanced swelling for various stress levels 
and temperatures as a function of fluence. (After Ref. 25.) 
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tion inherent in the analysis that all helium is in the voids 
may be unrealistic. If most of the gas agglomerates on grain 
boundaries, the growth law is that of Eq. 18.102, not 
Eq. 1.9.148. 

19.5.15 Saturation of Void Growth 
The theory just developed predicts that voids continue 

to  grow indefinitely in an irradiated metal; no mechanism 
for saturation of growth is provided. Equation 19.145 
shows that as the void size R increases the growth rate 
decreases but never ceases entirely. The only way that void 
growth can be completely halted is t o  remove the pref- 
erential bias of the dislocations for interstitials or, equiv- 
alently, t o  imbue the voids with the same preferential 
attraction for interstitials as the dislocations. 

Harkness and Li28 have proposed a mechanism of 
terminating void growth which is based on the first of these 
two possibilities. They seek t o  determine the conditions 
under which all the dislocations become interconnected 
with the  voids in a stable manner. If the dislocations are 
securely pinned t o  voids, they (the dislocations) can no 
longer climb freely, and hence their ability t o  absorb more 
interstitials than vacancies is eliminated. Here we reanalyze 
their proposal by extension of the method used previously 
t o  determine the equilibrium concentration of point defects 
at an interstitial dislocation loop. 

Consider a single void and the curved length of 
dislocation line between voids. The associated solid con- 
tains n, vacancies and ni  interstitials at concentrations C, 
and Ci, respectively. We calculate the void radius R and the 
dislocation-line length c/' for which the system is stationary 
in the  specified point-defect environment. The void- 
d i s l o c a t i o n  segment configuration is depicted in 
Fig. 19.21(b), where the two halves of the void at the 
termination of the dislocation-line segment are shown in 
place of a single void. The remainder of the solid is assumed 
to  be a repetition of the basic unit shown in Fig. 19.21(b), 
which means that the microstructure appears as sketched in 
Fig. 18.22(b). The case in which the vacancies and inter- 
stitials are in equilibrium (i.e., C,C, = CfqCeq) is treated 
first. The derivation is then extended to  arbitrary point- 
defect concentrations. The general method of calculations 
of this type have been outlined by S t r a a l ~ u n d ~ ~  and by 
Wiedersich and H e r ~ c h b a c h . ~  

The Gibbs free energy of the system shown in 
Fig. 19.21(b) is given by 

G = G o  + E(m,,mi) + by, + n,pi (19.151) 

where y, and pi are the chemical potentials of the vacancies 
and interstitials (for the first portion of the analysis, 
p, = -pi, indicating equilibrium between the two types of 
point defects); and Go is the free energy of the system 
containing the length 1 of dislocation line, but no void, in a 
solid wherein the point-defect concentrations are C$[l and 
Cf", respectively [Fig. 1 9 . 2 l ( a ) ] .  As with the interstitial 
loop, a void is not  thermodynamically stable under these 
conditions. Dislocation lines, however, can exist in a solid 
containing equilibrium point-defect concentrations. When 
the point-defect concentrations are changed from C:q and 
Cfq. y, and pi are n o  longer zero, and the void-dislocation 
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Fig. 19.21 Unit of a system of interconnected voids and 
dislocations. The shaded area below the  dislocation-line 
segment denotes the extra half-sheet of atoms comprising 
the edge dislocation. 

line segment shown in Fig. 19.21(b) is created from the n, 
vacancies and n, interstitials in the piece of solid under 
examination. The energy of the  entity shown in 
Fig. 19.21(b) is denoted by f(m,,m,), where m, is the 
number of vacancies needed t o  form the void and m, is the 
number of interstitials required for the dislocation line to  
climb from its original location in Rg. 19.21(a) t o  the 
equilibrium position in Fig. 19.21(b). If C, and C, are such 
that climb occurs in the opposite direction from that shown 
in Fig. 19.21(b), m, is negative, which means that vacancies 
rather than interstitials have been absorbed by the pinned 
segment of dislocation line. The energy f(m,,m,) is given by 
the sum of the energies of the void and the associated 
length of dislocation line: 

E(m,,mi) = 4nR2y + (v- 1)Td (19.152) 

where y is the surface tension of the solid and Td is the line 
tension of the dislocation. The change in the length of line 
in going from the configuration of Fig. 19.21(a) t o  that of 
Fig. 19.21(b) is - I .  The first term on  the right of 
Eq. 19.152 depends only on  the number of vacancies in the 
void because m, and R are related by 

4nR3 
m, =- 3R (19.1 5 3) 

Similarly, the second term on the right is a function of m,, 
which is related t o  the area of the circular segment added to  
the half-sheet of  atoms comprising the edge dislocation: 

b .,d 
m. = __ (19.154) 

I s 2  
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If the system shown in Fig. 19.21(b) is a t  equilibrium, the 
criterion of chemical equilibrium requires that the Gibbs 
free energy given by Eq. 19.151 be invariant when small 
perturbations 6m,, 6m,, 6n,, and Sn, are applied, 

6 G  = (*) 6 m ,  + (E)& m, + p\,6n, + p16n, = 0 

The derivative in this formula is obtained from Eqs. 19.152 
and 19.154: 

a m, 

The perturbations in the numbers of point defects in each R 

location are related by the balance: 
~~ ~ 

Sm,  - 6m, = tin, - 6n, -"' b (:,Z)R 

The perturbation 6m, can be eliminated by combining the 
preceding two equations. The resulting equation contains 
&mi ,  6n,, and 6ni .  Since each of these three perturbations is 
independent and arbitrary, the coefficients of all three must 
be individually equated to zero to  attain the minimum 
Gibbs free energy of  the system, which leads to  three 
equations: 

(a, + (e)m, = O 
(19.155a) 

Because we have required equilibrium between the two 
types of point defects in the bulk solid (i.e., pi = -p,), 
Eqs. 19.155b and 1 9 . 1 5 5 ~  are equivalent. Thus there are 
two independent relations, which serve t o  fix the equilib- 
rium void radius R and the  dislocation configuration 
(determined, for convenience, by the radius of curvature 

The equilibrium void size is obtained from Eq. 19.155b, 
8). 

which can be written 

The first term in the product of this formula is, according to  
Eq. 19.152, equal to 8nRy, and Eq. 19.153 shows that the 
second term is CL/47rR2. The chemical potential of the  
vacancies is kT In(C,/C:q); so Eq. 19.155b yields 

cv = c$q e x p  (2 g) (19.156a) 

and,  using the restraint C,Ci = C:qCeq, 

Ci = Cfq exp (- 2;) (19.156b) 

Equation 19.156a can be recognized as the equilibrium 
concentration of vacancies a t  the surface of  a n  isolated void 
in t h e  solid (i.e., Eq. 19.95). 

Combining Eqs. 19.155a and 19.155b yields 

The partial derivative in the last line of this set of equalities 
(which is taken at  constant R because m, is held constant 
in the derivative o n  the left) is determined solely by the 
geometry of the curved dislocation in Fig. 19.21(b). In 
problem 19.16 at  the end of this chapter, (a g/aoF/)H. is 
found t o  be of the form 

where the function f(R, ,%, I )  approaches unity as the void 
radius approaches zero. Combining the preceding three 
equations with the vacancy chemical potential yields 

T d  c, = c:q exp (- g-) (19.158a) 

and, with the restriction C,C, = C:qCFq, 

If either C, or  Ci is specified, Eqs. 19.156 and 19.158 
determine the void size R and the dislocation line radius of 
curvature 3' for a specified void spacing I ,  which is related 
to  the size and density of voids in the solid by Eq. 18.25: 

(2RN)% 
(19.159) 

We now examine the case in which the vacancies and 
the interstitials are not in equilibrium (i.e., CiC, # C r q G q ) .  
This situation cannot be treated by equilibrium meth- 
o d ~ ; ~ ~ ~ ~ ~  so, instead of a thermodynamic analysis, we can 
only require that the system be in a stationary state. This 
means that  the voids are not  growing and the  dislocations 
are not climbing and that  the stationary configuration is 
affected by  kinetic factors as well as equilibrium factors. 

The existence of  a stationary state requires that the net 
flux of point defects t o  the void and t o  the dislocation 
segment each be equal t o  zero. Following the argument 
applied t o  interstitial loops in the nonequilibrium solid, 
Eqs. 19.156a and 19.156b give the concentration of point 
defects a t  the  surface of the void, and Eqs.19.158a and 
19.158b apply t o  the surface of the dislocation line 
segment between the voids. The concentrations Ci and C, 
pertain to the bulk solid, far from the void and dislocation- 
line surfaces. 

The fluxes of point defects to a unit area of void are 
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where C;Oid and Cyoid are now given by Eqs. 19.156a and 
19.156b, respectively. Using these void surface concentra- 
tions and the zero net flux condition, 

J;Oid = Jyoid 
1 

yields 

D,C, - D ~ C ~  = D,c;~ exp 3 -e 
( R  k T >  

- DiC:q exp  ( - - :E) - (19.160) 

Similarly, the fluxes of point defects t o  a unit length of 
dislocation line are 

J$ = Z,D, (C, - C$ ) 

where C$ and CY are given by Eqs. 19.158a and 19.158b, 
respectively. Using these concentrations at the surface of 
the dislocation line and the zero net flux condition, 

J$ = Jf 

yields 

Z,D,C, - ZiDiCi = Z,D,C:q exp - ~~ ~ ( b:gf I?T) 

If Ci and C, are specified, R and ,% could be obtained 
directly from Eqs. 19.160 and 19.161. 

The point-defect balances are used to  determine the 
point-defect concentrations in the solid. At the stationary 
state that produces termination of void growth, each term 
in the vacancy balance of Eq. 19.134 is equal t o  the 
corresponding term in the  interstitial balance of 
Eq. 19.135. In the  saturated void-growth state, both net- 
work dislocations and loop dislocations are assumed t o  be 
interconnected to  the voids, as shown in Fig. 19.21(b), so 
no distinction is made between them. The point-defect 
balances become 

C, - C:q exp - ~ - '  ( b g f k ) ]  

+ 4nRpNpD,C, + k,,C,C, 

C, - Ceq exp  ~ - 

( b g f  k)] 
+ 4nR,N,D,C, + k,,C,C, 

(19.162) 

(19.163) 

These equations differ from those which apply during void 
growth (Eqs. 19.136 and 19.137) in that the thermal 
emission terms from the dislocation have been altered t o  
accommodate the picture of interconnected voids and 
dislocations in which the latter have ceased climbing. 
During growth, network dislocations are free t o  climb and 
dislocation loops are distinct from network dislocations. 
However, the two point-defect balances are not inde- 
pendent relations when saturation of void growth and 
dislocation climb occurs. Equation 19.163, for example, 
can be obtained by combining Eqs. 19.160 t o  19.162. 
These three equations contain four unknowns, C,, C,, R,  
and @. They can be solved for 8 as a function of R, N ,  and 
pd. Prior to  saturation, these three quantities increase by 
the void and loop growth and nucleation processes de- 
scribed earlier. When R,  N, and p d  attain values such that 
Eqs. 19.160 t o  19.162 yield %' = 1/2, a stable intercon- 
nected network of voids and dislocations becomes possible, 
and void growth and dislocation climb cease provided that 
all voids and dislocations are linked together. If any 
dislocations are free to  climb, however, growth does not 
terminate. 

Bullough and coworkers2 ' 3  ' have proposed mecha- 
nisms for termination of void growth which are quite 
different from the saturation model just described. They 
calculate the force exerted on  a circular dislocation loop by 
a nearby void. This force is determined by noting that the 
elastic stress field emanating from an isolated dislocation 
(e.g., Eq. 8.7 for  a screw dislocation) cannot apply at  the 
surface of the void, which must be free of all tractions. 
Willis and Bullough3' add to  the stress field of the 
dislocation an image or induced stress field whose magni- 
tude and position dependence are determined by the 
requirement that the net stresses a t  the void surface vanish 
(the surface-tension force, 27/R,  appears t o  have been 
neglected). Once the field that performs the desired 
function at the void surface is found, the induced stress 
field away from the surface can be calculated. In particular, 
the value of the induced stress a t  the location of the 
dislocation loop enables the glide force and the climb force 
on the loop t o  be computed (by multiplication of the 
appropriate stress component by the Burgers vector of the 
loop). These forces are shown in Fig. 19.22. If the loop is 
unfaulted and of the interstitial type, the glide force is 
attractive. That is, if the  critical glide stress (analogous t o  
the critical resolved shear stress) is exceeded, the loop will 
glide directly into the void and be annihilated. When an 
interstitial dislocation loop is captured by a void, the latter 
shrinks by an amount equivalent to  the number of 
interstitials contained in the loop. In addition to a glide 
force, the  void-loop interaction induces a climb force o n  
the loop which causes it to collapse. For this force to  cause 
loop shrinkage, though, it would need t o  be greater than 
the climb force causing loop growth arising from interstitial 
supersaturation of the surrounding solid (Eq. 19.153). If 
the loop initially had a radius greater than that of the void 
and could not shrink by the induced climb force, it would be 
drawn toward the void and be trapped as  a sort of Saturn 
ring around the periphery of the void. 

In any case, the glide force is always effective in 
eliminating dislocation loops with radii smaller than that of 
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/UNFAULTED LOOP 

Fig. 19.22 Forces o n  a dislocation loop near a void. (After 
Ref. 31.) 

the void provided that the loop lies within a capture volume 
around the  void. The capture volume extends from the void 
surface to the radial position where the attractive stress 
field due t o  the void-loop interaction (i.e., the image field, 
which decreases rapidly with distance from the center of 
the void) is just equal to  the critical glide stress. LOOPS 
farther ou t  cannot be started off by the attractive glide 
force. For large voids (i.e., R > 500 A),  Willis and Bul- 
lough3 l calculate that the thickness of the spherical-shell 
capture volume is -200 A. Loss of dislocations from this 
entire volume around the voids results in cessation of void 
growth (because of the absence of the dislocations and their 
biasing effect) when the voids are sufficiently numerous 
that  their capture volumes overlap. 

According to the model just outlined, void-growth 
saturation should be accompanied by a drastic reduction in 
dislocation density. The expected reduction in dislocation 
density is observed in pure metals, such as nickel. after long 
irradiation, but it does not occur in stainless steel because 
of the greater difficulty in moving dislocations in such an 
impure alloy. However, even when the voids d o  not  succeed 
in swallowing the dislocations, the induced stress field 
created by the necessity of maintaining the void surface 
stress-free persists. Voids then appear to contain image 
dislocations that preferentially absorb interstitials over 
vacancies just as real dislocations do. By this mechanism the 
neutrality of the void as  a point-defect source is destroyed, 
and the void acquires a bias of its own for interstitials. The 
rates of point-defect absorption by voids which harbor 
image dislocations are given by multiplying Eqs. 19.95 and 
19.96 by W, and W,, which are bias factors akin to  Z, and 
Z, for dislocations and Y, and Y ,  for coherent precipitates. 
Using the modified void sink strengths in the point-defect 
balances and in the void growth law leads to  replacement of 
Z, - Z, in Eq. 19.145 by Z, - W,Z,/W,. When this dif- 
ference becomes zero, void growth ceases completely. 

19.6 THE VOID CONTINUITY EQUATION 
AND VOID SWELLING 

Section 19.3 described methods of calculating the rates 
at which small voids and dislocation loops reach the  critical 
size for continued growth. In Sec. 19.4, overall conserva- 
tion equations (the point-defect balances) were developed 

for vacancies and interstitials t o  permit calculation of the 
instantaneous concentrations of point defects in the bulk of 
the solid. These balances require knowledge of the numbers 
and sizes of voids and dislocation loops in the material a t  
the moment that the point-defect balances are applied. This 
information is obtained from void and loop conservation 
equations, which are derived in this section. 

19.6.1 The Delta Function Distribution 
Most theories of void growth place a great deal of 

emphasis on determination of the void-growth law, R ,  but 
relatively little is said about  what is to be done with this 
formula once it is obtained. Confrontation of the conserva- 
tion equations governing the  entire population of voids and 
loops in the solid is avoided by assuming simplified size 
distributions for these two types of defect clusters. 
Specifically, all voids are assumed t o  be of the same size at 
any given time, or the distribution is a delta function 
centered on  the value of R(t) obtained by integration of the 
growth law. Similarly, the loop size distribution is assumed 
t o  be a delta function. This approach is valid provided that 
(1) nucleation and growth are distinct, sequential processes 
and (2) all void (or loop) nuclei are the same size. 

If all voids and loops are nucleated at  the same time and 
with the same size and processes that can change the size of 
a cluster in large chunks @.e., coalescence or  macroscopic 
resolution) are negligible, the void and loop distributions 
will remain delta functions throughout irradiation. That is, 
with time, all loops and voids simply grow uniformly but 
their number density remains constant. The void size a t  any 
time is determined by simultaneously integrating the 
void-growth law of Eq. 19.139 and the analogous growth 
laws for loops. Because of the complex dependence of R on  
R,  numerical integration is generally required. 

The zero in time (or fluence) for growth is the end of 
the nucleation stage, which for stainless steel is taken t o  be 
the  incubation fluence of 10” neutrons/cm2 required 
before any voids are observed. It is assumed that the 
nucleation process provides N voids/cm3 of starting size R, 
(the radius of the critical nuclei) and N, loops/cm3 of initial 
size Ri,. By integration of the growth laws, R(t) and Ri(t) 
are determined, and the swelling at time t (or fluence Cbt) is 
calculated from Eq. 19.10. This approach is followed by 
Brailsford and Bullough.* 

19.6.2 Eulerian Void Continuity Equation 
When the nucleation and growth processes overlap in 

time, the void and loop conservation equations cannot be 
circumvented. In this instance, void and loop size distribu- 
tions evolve during irradiation. The voids and loops present 
a t  a particular time arise from nuclei produced from the 
beginning of irradiation u p  t o  the time in question, and 
hence a distribution of sizes must be present. The con- 
tinuity equation for voids was derived by Sears.32 It is 
similar to the  continuity equation for fission-gas bubbles in 
the fuel (Chap. 13). 

The void distribution function N(R,t) d R  is the number 
of voids per unit volume with radii between R and R + d R  
at time t .  It is convenient to begin with a slightly different 
distribution function, N(m,t), which is the number of voids 
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per unit volume containing m vacancies a t  time t. Inasmuch 
as R and m are related by 

the two distribution functions satisfy 

(19.164) 

(19.1.65) 

Let us define the current of voids in size space, I,, as the 
number of voids passing from size m to size m + 1 per unit 
volume per second. Here I, is similar t o  the nucleation rate 
considered in Sec. 19.3 except that it is defined for void 
sizes well beyond the critical void cluster size to  which 
nucleation theory is restricted. The rate per unit volume at  
which voids enter the size m class is I , - 1 .  The rate a t  
which voids leave this size class is I,. Therefore, the void 
conservation statement is 

Because I,,, varies slowly with m, the difference I, - - I, 
can be approximated by the derivative indicated on  the 
extreme right side of the above equation. Equation 19.166 
applies only if the nucleation process does not produce 
voids of size m (Le., if m > mc). The  current I,,, is given by 
Eq. 19.40, but for simplicity the thermal emission term is 
neglected in the present analysis (it can be easily rein- 
stated). Thus 

I, = P,,(m) N(m,t) -P i (m+l)  N(m+l, t )  

2 (0, -Pi)  N(m,t) (19.167) 

where the difference between & ( m + l )  N(m+l,t) and &(m) 
N(m,t) has been neglected. The  arrival rate p, is given by 
Eq.. 19.37 in which the denominator is very near unity 
because the voids are large. The formula for Pi is the same 
as that for P, if the subscripts are appropriately altered and 
I, can be expressed in terms of the growth law by noting 
that Eq. 19.138 (without the thermal emission term) can be 
written as 

R = (P" - 
n 

Pi) a (19.168) 

If Eq. 19.167 is inserted into Eq. 19.166, the size variable is 
changed from m to R by Eq. 19.164, the distribution 
function is changed from N(m,t) t o  N(R,t) by Eq. 19.165, 
and Eq. 19.168 is used, the void continuity equation is 
found to  be 

(19.169) 

which is valid for  t > 0 and R > R,, the radius of the 
critical void nucleus. 

In  addition t o  the growth law R, Eq. 19.169 requires an 
initial condition and a boundary condition (only one of 
each, since the equation is first order in each variable). The 
initial condition is 

N(R,O) = 0 (for all R) (19.170) 

which states that the metal contains no voids a t  the start of 
irradiation. 

The boundary condition is related to  the nucleation 
process, which proceeds simultaneously with growth. I t  is 
usually assumed that all void nuclei enter the solid as small 
clusters containing m, atoms a t  a rate Inucl  cm-3 sec-' . The 
critical void size and the nucleation rate are prescribed by  
nucleation theory for the prevailing point-defect supersatu- 
rations (Sec. 19.3). The balance equation for voids of size 
m, is 

(19.171) 

where I,, is the current of voids passing from size m, t o  
the next largest size. I t  is generally sufficient to  apply a 
quasi-stationary approximation t o  Eq. 19.171 and equate 
Inucl to Imc. With the same manipulations used to  obtain 
Eq. 19.169, the steady-state form of Eq. 19.171 provides 
the boundary condition 

N(R,,t) = Inucl ( t )  (for all t) (19.172) 

where R, is the growth rate of the critical size void nucleus. 
Equations similar t o  Eqs. 19.169 and 19.172 are needed 

for dislocation loops as well as  for  voids. For  loops, 
unfaulting of sessile loops to form glissile loops would have 
t o  be added as a loss mechanism, and an additional 
conservation equation would be needed to  describe the 
time rate of change of the network dislocations as well. 

Determination of the void and loop distribution func- 
tions requires simultaneous solution of the conservation 
equations for these defect clusters together with their 
growth laws. Note that calculation of the evolution of the 
void and loop populations during irradiation is no longer 
simply a matter of integrating the growth laws. Rather, the 
growth laws must be integrated in the form that they 
appear .in the void and loop conservation equations, where 
R and Rl are multiplied by N and NI in a derivative. At any 
time t, the swelling is given by Eq. 19.9. 

This unified approach to void swelling fias been applied 
in the computer program developed by Li e t  aI.,*' a flow 
chart of which is shown in Fig. 19.23. They employed the 
conservation equation (Eq. 19.169) and the analogous partial 
differential equation for loops in terms of the m variable 
(for voids) rather than the R variable as was done here. A 
multigrouping scheme was used to reduce the size of the m 
increments. A similar method was used by these authors in 
connection with bubble growth by coalescence (Eq. 13.201 
is analogous t o  Eq. 19.169). 

We d o  not present any results of either the delta 
function Brailsford-Bullough method of calculating void 
swelling or the Li-Harkness unified approach. The former 
is very good on the growth law but does not account for 
continued nucleation of new voids and loops during 
irradiation. The latter treats the void distribution function 
more realistically but incorporates inaccurate nucleation 
theory and does not contain the detail in the growth laws 
that the Brailsford-Bullough method provides. Despite 
these shortcomings of each method, there are enough 
unknown physical quantities in each model to  provide a 
sufficient number of adjustable parameters to  fit the  

RC 
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INPUT IRRADIATION CONDITIONS 
DISI.OCATION DENSITY 
GRAIN SIZE 
PRECIPITATE DISPERSION ~~ 

TIME INCREMENT 

I 

I 
C A L CU LATE D I F F US I 0 N CO E F F IC I EN TS 

CALCULATE THERMAL VACANCY POPULATION 

CALCULATE NUMBER OF VOIDS AND DISLOCATION 
LOOPS FORMED UP TO PRESENT TIME INCREMENT 

I 

I 

I 

I 

CALCULATE THE STEADY-STATE VACANCY AND 
INTERSTITIAL POPULATIONS IN TERMS OF 
AVAILABLE SINKS 

C A L C U L A l  E VOID-  AND LOOP NUCLEATION RATES 

CALCULATE INCREASE I N  VOID AND LOOP VOLUME 
IN TERMS OF THE EXCESS VACANCY FLUX TO VOIDS 
AND THE EXCESS INTERSTITIAL FLUX TO LOOPS 

CALCULATE AVERAGE VOID AND LOOP RADI I  I N  
TERMS OF THE NUMBER DENSITY AND THE VOLUME 
OF EACH DEFECT 

HAVE ENOUGH TIME INCREMENTS 
BEEN COMPLETED T o  EQUAL T I M E  NO 

YES 

PRINT THE O V E R A L L  VOID VOLUME, AVERAGE 
VOID AND LOOP RAGII ,  AND VOID AND LOOP 
NUMBER DENSITIES 

Fig. 19.23 Flow chart of a computer program for  calcu- 
lating void swelling. (After Ref. 21.) 

experimentally observed void-swelling patterns discussed in 
Sec. 19.2. Neither model needs outlandish values of the 
adjustable parameters t o  qualitatively reproduce a wide 
variety of experimental results, which implies that the basic 
concepts of the models are sound. This sort of semiagree- 
ment between theory and experiment means that the model 
calculations are best used to  extrapolate existing data rather 
than t o  determine absolute swelling from first principles. 
The  theory is an aid to  experiment but certainly cannot 
supplant the continued acquisition of data on  void swelling 
by fast-neutron irradiation. 

i 

19.6.3 Lagrangian Void Continuity Equation 

The method of accounting for  the change in size and 
density of loops and voids during irradiation which was 
described above is Eulerian in nature because it follows 
flows of defects into and out of a fixed interval of cluster 
size. For  some special cases a Lagrangian approach may be 
more useful. The  void conservation equation can be 
succinctly derived by noting that all voids in the size range 
R to R + dR a t  time t arise from nuclei created (at  size R,) 
in the  time interval r to T + d r ,  or 

which can be rearranged to give 

The problem is to determine the relation between T and the 
variables t and R in order that the argument of Inucl and 
the Jacobian ( d ~ / d R ) ~  be expressed in terms of these 
quantities. This identification is accomplished by regarding 
the function R(t,.r) as the radius a t  time t of a void 
nucleated a t  time T ,  which can be obtained by writing the 
growth law as 

-=k dR 
dt  

(19.174) 

Equation 19.174 can be integrated provided that R is 
known explicitly as a function of R and t. That  this is 
usually not the case is the reason that the Lagrangian 
approach is restricted to special situations. Sears3 * con- 
siders the artificial case in which C, and Ci are independent 
of R (which, in general, is not true because the point-defect 
balances depend on the void average size). In this case 
Eqs. 19.174 and 19.138 can be combined and integrated to 
give 

t 
RZ(t,T) = R: + 2R I, (D,C, - DiCJdt’ (19.175) 

If the integral on the right can be performed (i.e., if the 
time variations of C, and Ci are known a priori), 
Eq. 19.175 can be solved for T as a function of R and t, and 
the right-hand side of Eq. 19.173 can be expressed entirely 
in terms of the last two variables. 

A more realistic case in which a Lagrangian defect 
conservation equation is employed in the analysis of 
thermal annealing of depleted zones is discussed in 
Sec. 18.5. 

19.7 IRRADIATION CREEP 

Irradiation creep refers either t o  augmentation of 
thermal creep by irradiation or to development of creep 
under conditions in which thermal creep is absent. The 
former is termed irradiation-enhanced creep, and the latter 
is known as irradiation-induced creep. A sizeable number of 
thermal creep mechanisms have been identified (see 
Sec. 16.6), and an even greater number of irradiation creep 
theories have been p r ~ p o s e d . ~  To be classed as irradiation 
creep, the applied stress must cause nonuniform deforma- 
tion of the solid (not  just swelling), and the deformation 
rate must change when the fast-neutron flux is altered. 

Irradiation creep theories applicable to  austenitic stain- 
less steels can be divided into two broad categories, the  
distinction resting on  whether or  not irradiation-produced 
dislocation loops and voids are involved in the creep 
process. Inasmuch as  the nucleation of these clusters is 
strongly temperature dependent, the two regimes are  
equivalent t o  low and high. temperatures. The  boundary 
occurs roughly a t  the minimum temperature for void 
formation (-350°C in stainless steel). 

High-temperature irradiation creep is usually ascribed t o  
(1) stress orientation of nucleating dislocation loops or  (2) 
accelerated climb of dislocations followed by glide. 



500 FUNDAMENTAL ASPECTS OF NUCLEAR R E A C T O R  FIJEL ELEMENTS 

Two types of low-temperature irradiation creep have 
been identified. The  first is a transient creep due to climb 
of pinned segments of the dislocation network in the solid, 
and the second is a steady-state form of creep arising from 
collapse of vacancy loops. Figure 19.24 demonstrates the  
simultaneous operation of transient and steady creep a t  low 
temperatures. After a long time of irradiation a t  a high 
stress, the load on the in-pile test specimen is reduced. The 
vertical line on the left of the graph represents immediate 
elastic strain recovery, following which an incubation 
period of -2000 hr is required before establishment of 
steady-state irradiation creep characteristic of the lower 
stress level. The strain offset between the end of the elastic 
recovery and the backward extrapolation of the new 

I 
4 
a 
b v, 

Fig. 

STR ESS 
REDUCED 

/ 

TIME, lo3 hr 

19.24 Strain recovery in type 304 stainless steel _ _  
irradiated a t  100°C following a stress reduction in pile. 
(After E. R. Gilbert and L. D. Blackburn, in Second 
International Conference on the Strength of Metals and 
Alloys, p. 773, American Society for Metals, 1970.) 

steady-state creep line represents the amplitude of the 
transient component of the low-temperature irradiation 
creep. The  data in Fig. 19.24 can be represented by the 
formula: 

6 = Ao[l - exp (- $)I+ Co@t (19.176) 

The  first term on the right represents the recoverable 
transient strain. The steady-state creep rate is contained in 
the second term. Here, we explain the mechanisms by 
which these two forms of low-temperature irradiation creep 
occur and provide estimates of the constants A, B, and C in 
Eq. 19.176. 

19.7.1 Transient Creep 

Models of transient irradiation creep have been ad- 
vanced by H e ~ k e t h ~ ~  and by Lewthwaite and P r ~ c t o r . ~ ’  A 

slightly modified form of Hesketh’s analysis will be 

w reviewed here. 
Consider a metal in which the dislocation density is pd .  

The dislocation network is modeled as a cubical grid of 
dislocation segments, with the distance between junctions 
where the segments of dislocation line are pinned 
(Sec. 13.12) given by 

(1 9.177) 

Since the theory is designed for temperatures well 
below the temperature of void formation, we will assume 
that the vacancies produced by the collision cascades are 
immobile. The vacancy and interstitial diffusion coeffi- 
cients in stainless steel are approximately given by D, CY 

exp (--cl$/kT) and Di 1 exp (-c?/kT), where the diffu- 
sivities are in square centimeters per second, e$ E 125 
kJ/mole, and = 13 kJ/mole. At  10O0C, D, lo-’’ 
cm2 /sec and Di cm2 /sec. The mean lifetime of a 
point defect can be estimated from Eq. 7.24 if the 
root-mean-square displacement of an atom a t  time t is 
identified with the size of the dislocation network. Taking 
r2 equal to  I’ 10-’ cm2 (for pd = 10’  cm-’) and the 
above values of the point-defect diffusivities, we find the 
average time for a vacancy to  reach a dislocation is - l o 7  
sec, whereas a n  interstitial is absorbed in -lo-’ sec. Thus, it 
is a fair approximation to  consider the vacancies as  totally 
immobile and the interstitials as mobile enough to maintain 
quasi-steady-state concentrations of this defect a t  all times. 
The basic results of the analysis do not depend o n  this 
restriction, but the analysis is simpler than the case in 
which both species are mobile. 

Consider a specimen that has been irradiated in a 
stress-free state for a time long enough to  establish a 
steady-state microstructure (the irradiation-produced inter- 
stitials cause the pinned segments of the dislocation 
network t o  climb until the  line tension of the curved 
dislocation balances the chemical stress due to  the inter- 
stitial supersaturation). During the initial irradiation 
soaking, no creep occurs since no stress is applied. 
Figure 19.25 shows a representative cube of the dislocation 
network of the solid during irradiation. Each of the sides of 
the cube is assumed to  consist of segments of edge 
dislocations of length 1. The  Burgers vectors of the segments 
are randomly oriented. Bowing of the dislocations under 
irradiation is depicted as the circular segments terminating 
a t  the pinning points (for clarity, only one-half of  the 
bowed segments are shown in the drawing). The segments 
take o n  this configuration because of absorption of 
interstitial atoms from the irradiated solid; so the shaded 
circular segments represent extensions of the half-sheets of 
atoms of which the edge dislocations consist. The  accumu- 
lation of excess interstitial atoms by the dislocation 
segments cause each of them to acquire a common radius of 
curvature ,%’. The small irregular shapes within the cube in 
Fig. 19.25 are intended to  represent the depleted zones 
which are formed in the collision cascade and which are 
stable against thermal annealing a t  low temperatures. The  
depleted zones are vacancy agglomerates. 

Because irradiation creates equal numbers of vacancies 
and interstitials, a conservation condition relates the extent 
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Fig. 19.25 Bowing of the segments of a dislocation net- 
work in an irradiation field. No stress is applied. 

of climb of the dislocation segments, the number and size 
of the depleted zones, and the point-defect concentrations 
maintained by irradiation in the solid. The sum of the 
number of interstitials associated with the bowed disloca- 
tion lines and the bulk interstitial concentration C, must be 
equal t o  the sum of the number of vacancies contained in 
the depleted zones and the bulk vacancy concentration C,. 
This condition is independent of the point-defect balances, 
which equate the rates of production and destruction of 
each type of point defect. 

The  number of interstitial atoms associated with the 
bowed dislocation segments is obtained as  follows. The  
cube shown in Fig. 19.25 contains 1 2  segments, but each of 
these is shared among four neighboring cubes; thus there 
are three segments associated with a volume l3 of solid. 
With Eq. 19.177, the number of segments per unit volume 
is Pd/1. If the areas of the shaded circular segments in 
Fig. 19.25 are called ,A, the number of interstitial atoms 
contained in each is b d / R .  The area d is a function of the 
radius of curvature 26' and the cube slide 1. The number of 
interstitials per unit volume contained in the bowed 
segments is b d p d / l R .  

At steady state, there will be a distribution N(R) of 
depleted zones, in which R ,  the zone radius, ranges from 
the maximum size created in the collision cascade, R o ,  to  
zero size (see Sec. 18.5). A zone of radius R contains 
47rR73R vacancies. Thus, the balance on the total number 
of point defects can be written* 

*A conservation statement analogous to  Eq. 19.178 
cannot be made during void growth because, in this 
instance, the dislocations are considered free t o  climb. 
Point defects can thus leave or  enter a particular unit 
volume of solid by the motion of climbing dislocations. In 
the present situation, n o  point defects cross the surface of 
any unit volume in the solid, and correctly accounting for 
the fate of the nonrecombined point defects in this closed 
system leads t o  Eq. 19.178. 

R n  4 
bpdd = c, + - 47r R+N(R) d R  (19.178) 

Ci +T 3R 0 

The point-defect balances are 

vVCs@ = k,,CiC, (1 9.179) 

+ 4nDiCi ioRn R N(R) dR (19.180) 

Because of the assumption that the vacancies are immobile, 
they do not diffuse t o  dislocations or t o  depleted zones. 
Vacancies are removed from the solid only by recombina- 
tion with migrating interstitials. The interstitial balance 
(Eq. 19.180) is the same as that employed in the analysis of 
depleted-zone annealing (Sec. 18.5) except for the concen- 
tration of interstitials a t  the dislocation surface. In the 
annealing study the dislocations were assumed free to 
climb, and Cd was equal to CFq 1 0. When the dislocations 
are pinned and climb is stopped by line tension, the 
interstitial concentration a t  the surface of the dislocation 
rises from Cfq for a straight dislocation free to climb to a 
value given by Eq. 19.158b when the line assumes a finite 
radius of curvature. When no voids are attached to the ends 
of the pinned segment, the factor f in Eq. 19.158b is unity, 
and Cf for the present analysis is given by 

Recalling the analysis of depleted-zone annealing in 
Sec. 18.5, the number of interstitials and free vacancies 
(Le., vacancies not contained in nascent depleted zones) are 
related by 

47rRi 
y . = v  t- 

3R 1 ,  (19.182) 

The distribution of depleted zones, N(R), has been 
derived in the depleted-zone annealing analysis of Sec. 18.5. 
In the present application the vacancies are assumed to be 
immobile; thus Eq. 18.48 becomes 

C (PR 
DiCi!2 

N(R) = (1 9.183) 

If Eq. 19.179 is subtracted from Eq. 19.180, the difference 
vi - v, is taken from Eq. 19.182, and the distribution of 
Eq. 19.183 is used in the integral of Eq. 19.180, we find 
that the point-defect balances require that Ci = Cd, or, with 
Eq. 19.181, 

(19.184) 

The left-hand side of .this equation is the applied stress 
needed to  bow a dislocation line t o  a radius of"curvature 28. 
The right-hand side is the effective, or chemical, stress on 
the dislocation line due to the interstitial supersaturation. 

Equation 19.178 provides a n  additional relationship 
between Ci and .%. The integral can be removed by use of 
Eq. 19.183, and C, can be expressed in terms of Ci by 
Eq. 19.179, yielding 
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The radius ,%' is contained in Eq. 19.185 in the area d ( s e e  
problem 19.16 at  the end of this chapter). Simultaneous 
solution of Eqs. 19.184 and 19.185 yields Ci and .g. 

If the value of .% determined by this method is less 
than l/2, the configuration shown in Fig. 19.25 cannot be 
maintained. In Eq. 19.184 

for most metals a t  low temperatures ( -  100°C). For a metal 
with a dislocation density of 10" ern-', the minimum 
value of .% (equal t o  1/2) is cm. Therefore, 
Eq. 19.185 limits the allowable interstitial supersaturation 
for the maintenance of a stable configuration of bowed 
dislocation segments of Ci/Cfq G l o 4 .  If the dislocation 
density is 10' ern-', however, the maximum permissible 
supersaturation of interstitials is i o 4 * .  

To approximately calculate Ci from Eq. 19.185, assume 
that the dislocation segments have bowed to  nearly 
semicircular configurations (%' 2 I/2), so 

Eliminating I in favor of pd by using Eq. 19.177, 
Eq. 19.185 becomes 

where the vacancy-interstitial recombination coefficient, 
kiv, has been expressed by Eq. 13.42 with a, 2 b. Using 
representative values of the constants in Eq. 19.186, we 
find that the second term on  the left-hand side is very much 
larger than the coefficient of l / R C i  on  the right-hand side. 
Therefore, the solution of the quadratic equation is 

c. = ~ 8 vv +-a 47r R5 ) C,@ (19.187) 713% &(< 1 5 R b 2  

and ,% is determined by substitution of Eq. 19.187 into 
Eq. 19.184. 

neutrons cm-' sec-', R o  = 8 8, and 
a dislocation density of l o1 '  em-', Eq. 19.187 gives 
C, = l o 3  The thermal equilibrium vacancy concentra- 
tion a t  100°C is about so the vacancy 
supersaturation is - l o 3  '. This supersaturation is just a bit 
smaller than the value which, by Eq. 19.184, causes the 
dislocation segments to  climb beyond the semicircular 
configuration (3' = ]/a). Thus, the preceding analysis is 
limited t o  metals of high dislocation density and low fluxes. 
As the temperature is increased (which increases Cp"), these 
restrictions are  less stringent than they are a t  - 100°C. 
Hesketh3 discusses the consequences of interstitial super- 
saturations that are  large enough to  cause the dislocations 
to  be pulled free of their pinning points by the chemical 
stress. 

During the irradiation period preceding application of 
the stress t o  the specimen, all the dislocations climb by  the 
same amount by absorption of excess interstitials. When 

For a flux of 10 '  

uniaxial tension in the vertical direction in Fig. 19.25 is 
applied, the edge dislocations whose extra half-layer of 
atoms is perpendicular to  the direction of the applied stress 
(i.e., those with Burgers vectors parallel to the stress 
direction) are induced t o  climb because the stress reduces 
the concentration of interstitials a t  the dislocation core. 
These dislocations are identified as "perpendicular type" in 
Fig. 19.25. They constitute one-third of all the dislocation 
segments in the solid. The remaining two-thirds of the 
dislocation segments have their Burgers vectors a t  90" to  
the stress axis, o r  the extra half-sheet of atoms is parallel to  
the stress direction. These segments, labeled "parallel type" 
in Fig. 19.25, are not directly affected by application of the 
stress. 

At the final steady-state configuration achieved follow- 
ing application of the stress, the radius of curvature of the 
perpendicular-type dislocations changes from .% t o  ,gL, 
and that of the parallel-type segments changes from 26' to  

The interstitial concentrations a t  the cores of these 
two dislocation types are altered from the stress-free value 
given by Eq. 19.181 to  

and 

The point-defect balances become 

v,C,@ = kivCIC: (19.190a) 

and 

+ ki,CiCk + 47rDiCi R N(R) dK (19.190b) 

where Ci and C; are the concentrations of point defects in 
the bulk solid after the system has come t o  equilibrium 
with the applied stress. The  depleted-zone distribution is 
given by Eq. 19.183 with Ci replaced by Ci. Following the 
procedure used in the stress-free condition, satisfaction of 
the point-defect balances requires that the bracketed terms 
in Eq. 19.190b both vanish, or Eq. 19.184 is replaced by 
two conditions: 

SORo 

(19.192) 

The overall balance of point defects, which was expressed 
by Eq. 19.185 in the absence of stress, now becomes 

where d1 and ,All are climb areas corresponding to the 
radii of curvature BL and respectively. The final 
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configuration of the dislocations in the stressed solid can be 
determined by solving Eqs. 19.191 to  19.193 for C:, .xl, 
and .%I/. Inasmuch as the changes in the interstitial 
concentration and the radii of curvature of the two types of 
dislocations due t o  application of the stress are small 
compared to  the values of these quantities established by 
prior irradiation, the new values can be expressed by 

c; = c, + sc, (19.196) I 
PERPENDICULAR 

Solution of Eqs. 19.191 t o  19.193 using the above forms 
with SC,/C, < 1 is treated in problem 19.17 a t  the end of 
this chapter. To keep algebraic manipulations to  a mini- 
mum, we make the even cruder approximation 6C, Y 0, or  
C: E C,, which permits the right side of Eq. 19.191 t o  be 
replaced by the left side of Eq. 19.184, or 

TYPE 

( 19.197) 

Since the applied stress is positive (tension), Eq. 19.197 
shows that ,%, < -9, or the perpendicular-type dislocations 
advance slightly upon application of the stress. This means 
that a toms are added to  the bowed dislocation segments 
which lie a t  right angles to  the stress axis. This transfer of 
matter results in deformation, or  strain, in the direction of 
the applied stress, the magnitude of which may be 
determined as follows. 

Figure 19.26 shows a block of the irradiated metal with 
initial dimensions X, Y, and Z. One internal plane con- 
taining a perpendicular-type dislocation segment and two 
planes with parallel-type segments are shown in the sketch. 
The  shaded crescent shapes represent the area changes due 
t o  application of the stress. For the perpendicular-type 
dislocations, the change in area is dl - d. The solid 
shown in the figure contains (p,/l)XYZ dislocation seg- 
ments of length 1, one-third of which are of the perpen- 
dicular type. When these expand by dL - d, a to ta l~of  

atoms are moved to  planes perpendicular to  the stress axis. 
Or the volume displaced in R times the above expression, 
which is related t o  the deformation in the stress direction, 
6X, by 
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Fig. 19.26 Transient irradiation creep due t o  bowing of 
pinned dislocation segments. 

In problem 19.16 a t  the end of this chapter, the bracketed 
term in the above formula is shown to be expressible in the 
form 

(19.199) 

where F approaches unity as 1/,% + 0 but becomes large as  
the semicircular configuration (8 = 1/2) is approached. The 
dislocation-line tension is approximately equal to  Gb2.  
where G is the shear modulus; so the terminal creep 
becomes 

pdI2 F ( 1 / 8 )  
36G 

E =  

Noting that according t o  Eq. 19.177, pdl2 = 3 and replacing 
t h e  s h e a r  m o d u l u s  G b y  Y o u n g ' s  m o d u l u s  
E = 2(1 + v)G E 3G, we have 

6 X  (YZ) = atoms moved x R If F(l/.%) 1 ,  Eq. 19.200 predicts that the amplitude of 
the transient strain should be one-fourth the elastic strain. 
This prediction is consistent with the experimental results 
shown in Fig. 19.24, in which the elastic recovery following 
stress reduction is several times larger than the magnitude 

X 31 of the  transient strain recovery which follows. Lewthwaite 
and Proctor3' report transient strains as large as three times 
the initial elastic deflection, which may be due t o  values of 
F(l/E%') larger than unify. owing to  bowing of the 
dislocation to  a nearly semicircular shape. 

Comparison of Eqs. 19.176 and 19.200 indicates that 
the theoretical value of the constant A is 

Combining the above two 
creep strain: 

yields the terminal 

e = - =  6 X  P d b ( d l - 4  (19.198) 

The area change dl - d can be obtained from 
Eq. 19.194, in which the difference in the reciprocal radii 
of curvature is expressed by Eq. 19.197, and we have 
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(19.201) 

The terminal creep strain attained when a n  irradiated 
specimen is stressed a t  low temperatures depends on  the 
flux to  which the specimen is exposed. The coefficient A 
given by Eq. 19.201 is proportional to  the geometric factor 
F(l/,%) given by Eq. 19.199, which increases as 24' de- 
creases. According to  Eq. 19.184, ,%' becomes smaller as 
the interstitial concentration Ci becomes larger, and, by 
Eq. 19.187, Ci is directly proportional to  the flux @. This 
effect may be responsible for the larger values of the 
coefficient A observed by Lewthwaite and P r ~ c t o r , ~  who 
irradiated their specimens in a fast reactor with a fast- 
neutron flux of - 2 X l o 1  neutrons cm-' sec-' , compared 
to  the A values reported by H e ~ k e t h , ~ ~  which were based 
on  irradiations in a thermal reactor wherein the fission flux 
was - 4  x 10' 

However, the major irradiation dependence of the 
transient creep mechanism we are considering here lies in 
the exponential term in Eq. 19.176. This equation shows 
that in the absence of irradiation the expected terminal 
creep strain would take infinitely long to  be attained. 
Rather than attempt to  compute B directly from the 
theory, we follow the technique used by H e ~ k e t h ~ ~  and by 
Lewthwaite and Proctor3' of computing the strain rate at 
the moment that the stress is applied. This initial strain 
rate, denoted by &, is related to  the constant B by 

neutrons cm-' sec-' . 

(19.202) 
E o  

The exact time variation of the strain is more complex than 
the simple exponential form given in Eq. 19.176, but the 
estimate based on  Eq. 19.202 a t  least gives the correct 
initial strain rate. 

From Eq. 19.198 the initial strain rate is 

where zero time is when the stress is applied t o  the 
specimen. If mi is the number of atoms contained in the 
curved dislocation segment, 

d d  I=-- a d m i  
d t  b dt 

where dmi/dt  is the rate of flow of interstitials t o  the 
dislocation segment, 

where 1 is approximately the length of dislocation line 
between pinning points and Jb is the flux of interstitials per 
unit length of perpendiculcr-type dislocation line. Prior t o  
application of the stress, the flux of interstitials t o  the  
dislocation lines is zero because the system is a t  equi- 
librium. However, application of the stress reduces the 
interstitial concentration a t  the  core of the perpendicular- 
type lines, thus inducing an interstitial flux of 

where ((2:)~~ is the interstitial concentration a t  the core 
of the perpendicular-type dislocations a t  the moment that 
the stress is applied. Assembling the preceding four equa- 
tions yields 

Go = $ p d a z i D ,  1 [c, - ( c ? ) , ~  1 (19.203) 

Just before the stress is applied, the concentration of 
interstitials a t  all dislocations in the solid is given by 
Eq. 19.181. After the specimen has been held a t  constant 
stress long enough for the new equilibrium configuration of 
the line segments t o  be attained, the interstitial concentra- 
tion a t  the perpendicular-type dislocations is given by 
Eq. 19.188. However, a t  t = 0, the radius of curvature is 
still equal to  the unstressed value ;%', but  the interstitial 
concentration a t  the dislocation core is instantaneously 
reduced by the second exponential term in Eq. 19.188. 
Theref ore 

= CFq exp (s $) exp (-%)I (19.204) 

If we expand the second exponential term in a Taylor 
series, the driving force in Eq. 19.203 becomes 

ci - 

Now, according to Eq. 19.184, the first two terms on  the 
right-hand side of this equation are eqiial to  each other, and 
the coefficient of u R / k T  in the last term is equal t o  Ci. 
Therefore, Eq. 19.203 becomes 

Since Ci is not significantly changed at  the instant of 
application of the stress, Ci in the above formula is given by 
Eq. 19.187, and the initial strain rate is 

Substituting Eqs. 19.205 and 19.201 [ t h e  latter with 
F( l/,%) N 11 into Eq. 19.202 yields the coefficient B, 

Evaluating Eq. 19.206 for Pd = 10' ' cm-' yields B z l o z o  
ern-', which is of the order of magnitude of the value of 
this parameter observed by Lewthwaite and P r ~ c t o r . ~  ' 
Equation 19.205 indicates that the higher the dislocation 
density, the more rapidly is the terminal creep strain 
achieved. This prediction is also in accord with measure 
ments of transient creep in cold-worked and annealed 
stainless s t e e ~ . ~  ' 
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19.7.2 Steady-State Irradiation Creep 
by Vacancy Disk Colla.pse 

Although dislocation loops i'.,rmed by condensation of 
excess vacancies are not observed in the microstructure of 
metals irradiated above the low-temperature limit for void 
formation, vacancy loops are formed and persist during 
low-temperature irradiations. Vacancy loops are produced 
by collapse of platelets or  disks of vacancies [Fig. 18.4(a)]. 
The latter are formed from the vacancies and small vacancy 
clusters in the depleted zone of a displacement spike. The 
mechanism by which the configuration shown in Fig. 17.27 
transforms into a disk of vacancies is not known, but such 
platelets must be the intermediate step between the 
formless collection of vacancies in a displacement spike 
core and the regular configuration of a vacancy loop 
condensed on  a close-packed plane. At the low tempera- 

nucleation of these defect clusters from the free vacancies 
in the matrix is virtually impossible because of the low 
value of the vacancy diffusion coefficient. Therefore, the 
vacancy platelets or vacancy loops must have originated 
from the complement of vacancies in the depleted zone 
created by the primary knock-on atom. Hesketh3 has 
proposed a theory of irradiation creep based on the effect 
of stress on the propensity of vacancy disks to collapse into 
vacancy loops. This theory is reviewed here. 

The process by which the depleted zone is transformed 
first into a vacancy platelet and then into a vacancy loop is 
depicted in Fig. 19.27. If ' the,depleted zone contains m 
vacancies (either isolated or in small clusters), the  radius of 
the vacancy platelet, R ,  formed from these vacancies is 

1 
a 0  
- 

tures where vacancy loops are observed, homogeneous t 

(19.207) 

The disk is assumed to  be 1 atom layer thick (i.e., a 
thickness equal approximately t o  a lattice constant ao). 
Figure 19.27(b) shows the platelet as  a circular disk. 
However, computer simulation of the stability of shapes of 
this sort in metals shows that the disk will partially collapse 
near the center, in somewhat the same fashion that 
neighboring atoms relax into a single vacant lattice site. The 
relaxed or  minimum-energy configuration is shown in 
Fig. 19.27(c). The computer studies also show that the 
distance separating the opposite faces of the platelet a t  the 
center, s, is given by 

s =  a, (1 -&I (19.208) 
\ 'Lc/  

where R, is the critical platelet radius beyond which total 
collapse into the loop of Fig. 19.27(d) is assured. The 
critical radius is related to the number of vacancies in the 
critical size disk by 

0 0 
0 ( a !  DEPLETED ZONE CONTAINING 

o 
m VACANCIES 

0 0  
0 

II 
I b I VACANCY PLATELET 

(UNRELAXED) 

I - R ~  

I c )  VACANCY PLATELET 
(RELAXED ! 

U 

-I I d !  VACANCY LOOP 

Fig. 19.27 Formation of vacancy disks and loops in a n  
irradiated solid a t  low temperature. 

configuration shown in Fig. 19.27(b) and that in disks 
larger than the critical size the platelets collapse to the loop 
configuration shown in Fig. 19.27(d). 

We next determine how an applied stress perpendicular 
to the faces of the disk affects the critical size for collapse. 
Figure 19.28(a) shows that a compressive stress tends to  
reduce the central separation of the two faces. Conversely, 
tension would tend to  bulge the  two faces outward. The 
change in separation, s, due t o  the stress, U, can be 
estimated by adapting the solution to  a similar problem 
which has been treated by classical elasticity theory; this 

(19.20g) 

When R = R, (or  m = m,), the two faces of the disk just 
touch a t  the center, and this is the necessary condition for 
collapse of the entire platelet into a loop. Hesketh assumes 
that in small disks (m < m,) the platelets retain the 

results in 

4 
E S(U) r ~ ( 0 )  - -RU (19.210) 
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Fig. 19.28 Effect of stress on the shape of vacancy 
platelets. 

where s(u) is the separation of the faces a t  stress u and E is 
Young’s modulus.” The stress effect suggested by 
Eq. 19.210 is plausible. Stress is more effective for large 
disks than for  small ones and for weak solids (low E) than 
for strong ones. 

Figure 19.28(b) shows the disk that contains just the 
right number of vacancies to  render s(u) = 0 (Le., collapse 
occurs a t  this stress). The radius of such a disk, R,(u), is 
less than the critical radius for collapse of a disk in a 
stress-free solid. The dashed lines show the configuration of 
a disk of the same radius when u = 0. The interplanar 
separation s(0) can be obtained from Eq. 19.208 by setting 
R = R,(u) and R, = R,(O): 

ARC 
RC 

s(0) = a ,  ~ 

where ARC = R,(O) - R,(u) and R,(O) in the denominator 
has been denoted simply by R,, since ARC is small 
compared to  either R,(a) or R,(O). 

Another expression for s(0) can be obtained by setting 
s(u) = 0 a t  R = R, in Eq. 19.210, which gives 

4 
~ ( 0 )  = - R , u  E 

Equating the right-hand sides of the above two equations 
permits R, t o  be written as  

*A factor 1 - u 2 ,  where u is Poisson’s ratio, has been 
omitted from the second term on the right of Eq. 19.210 
for  simplicity. This factor is retained in Hesketh’s analysis 
but is of no consequence numerically. 

4 R 2  
E a ,  

AR = - L o  

The stress effect can be expressed in terms of the change in 
the number of vacancies in the critical-size disk by use of 
Eq. 19.209: 

Substituting Eq. 19.211 into Eq. 19.212 and eliminating 
the ratio (R,/a,)3 by using Eq. 19.209 yields 

8 m! 
7 i W  E 

Am, =- -  o (19.213) 

This formula gives the reduction in the critical size for disk 
collapse as a function of the applied compression. We next 
need the number of vacancy platelets formed in the solid 
which are affected by this alteration. Figure 19.29 shows a 
typical distribution of cluster sizes due to  a single fast- 
neutron collision with a lattice atom. This distribution 
represents low-temperature irradiation, so the cluster distri- 
bution is not perturbed by vacancy or  interstitial absorp- 
tion from the matrix. Rather, Fig. 19.29 is supposed to  
represent the cluster distribution shown as  the dashed 
histogram in Fig. 17.29( b). Hesketh takes the distribution 
to  be of the form 

K N(m) = 7 m 

where K is a constant and N(m) is the number of depleted 
zones (or  disks) formed from a single primary knock-on 
atom (PKA) which contain between m and m + d m  
vacancies.” The distribution applies t o  depleted zones for 

1 Y 

Fig. 19.29 Nascent cluster size distribution in an irradiated 
metal. 

*The cluster distribution shown in Fig. 19.29 is very 
different from that used in the analysis of depleted-zone 
annealing in Sec. 18.5. Here, the distribution consisted of 
two delta functions, one a t  m = 1 and the other a t  the m 
value corresponding t o  a zone radius of Ro. 
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which 1 4 m G u, where u is the total number of Frenkel 
pairs created by a PKA (as calculated by isolated cascade 
theory, Sec. 17.7). For a typical fast-neutron spectrum, 
u 1 5 0 0  if annealing of the cascade is neglected. The 
constant K in the above distribution is determined by the 
requirement that the total number of vacancies contained 
in all clusters be equal to  u ,  or 

v = !,I' m N(m) dm 

The preceding two equations yield K = v/ln u ,  and the 
distribution is 

N ( m ) =  - 7 ( I L )  2 (19.214) 

In a n  irradiated solid, vacancy platelets are formed with 
random orientations. Application of uniaxial stress does not 
change the randomness of the formation pattern. However, 
the vacancy disks that are  perpendicular to  the stress axis 
exhibit a different critical collapse size from the remaining 
platelets. Figure 19.30 shows a block of solid of dimensions 
x, y,  and z (perpendicular to  the drawing) subject to  
compressive stress along the x-axis. Of the vacancy platelets 
formed by irradiation, one-third are of the perpendicular 
type, which are affected by  the  stress, and the remainder 
are not influenced by the stress. 

The number of platelets created in the parallel orienta- 
tion which collapse t o  vacancy loops is represented by the 
area under the distribution t o  the right of m, in Fig. 19.29. 
Among the perpendicular-type platelets, all those to  the 
right of the abscissa m, - Am, are collapsed. The shaded 
area in Fig. 19.29, which is equal to N(m,) Am,, represents 
the extra number of disks that are  collapsed solely because 
the stress affects the perpendicular-type platelets but not 
the parallel-type disks. Because of the survival of a greater 
proportion of the parallel-type vacancy disks, the block of 
solid deforms more rapidly in the directions transverse t o  
the stress axis than along it. The number of vacancies 
contained in the differential area in Fig. 19.29 is m, N(m,) 
Am,. The  difference between the volume of empty space 
added per unit time t o  each of the two parallel-type disks 
(oriented perpendicular to  the y and z axes) and that in the 
x-direction is 

1 d Y  
- C, cP(XYZ) Rm, N(m,) Am, = (XZ) - 
3 dt  

dX d Z  dX 
- (YZ) -= (XY) --(YZ) - 

dt  d t  d t  

Or, in terms of the  strain rates in the principal directions, 
. . .  1 

g y  - E ,  = E ,  - E ,  = - C, QRm, N(m,) Am, 3 
(19.215) 

where 

;,=-- 1 dX 
X d t  

1 dY 
Y d t  

1 d Z  
Z d t  

cy  = - -  

;, = - -  
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Fig. 19.30 Vacancy platelets in a n  irradiated solid. 

Because uncollapsed platelets are present in disks of all 
orientations in the solid, continual buildup of disk volume 
occurs, and the solid undergoes volumetric swelling as well 
as creep ( the  latter is due to  relative deformation in the 
three principal directions). The  volume swelling rate is given 
by 

($) = 3i, = 36, (19.216) 

The creep strain along the x-axis is the difference between 
the total strain rate in this direction and the component of 
volumetric swelling, o r  

Using Eq. 19.214 for N(m,) and Eq. 19.213 for Am,, we 
find the irradiation creep induced by the compressive stress 
to  be 

= CUQ (1 9.21 7) 

Comparison of Eq. 19.217 with the second term on  the 
right side of Eq. 19.176 shows that the coefficient C can be 
identified with the bracketed term in the above formula. 
Determining a numerical value from the parameters 

E = 2.1 x l o 8  kN/m2 
s 2 = 1 2 A 3  
C, = 0.2 cm-' 
v = 500 

m, = 200 

we find C t o  be 20 X cm2 kN-' m-2. Experimental 
values of this coefficient obtained from in-pile creep tests 
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o n  steel are shown in Fig. 19.31. There is quite good 
agreement between the magnitude of the theoretical and 
observed creep-rate coefficients. However, the theory does 
not predict the pronounced decrease in C with temperature 
(this behavior is also contrary to  thermal creep, which 
should increase rapidly with temperature). The absence of a 
temperature effect in the theory just presented arises from 
the implicit assumption that all the uncollapsed vacancy 
platelets formed in the  collision cascade are stable indefi- 
nitely in the irradiated solid. That is, their number simply 
increases linearly with time (or fluence). Had the theory 
included destruction of the vacancy platelets by vacancy 
emission to the bulk of the solid or  by absorption of the 
radiation-produced interstitials (which are mobile a t  the 
temperatures for which C has been measured), the number 
of surviving disks would have decreased drastically with 
increasing temperature. Thus, although the rapid drop of C 
with temperature is not explicitly included in Hesketh's 
analysis, this observation is a t  least consistent with his 
model. 

The continuous (and linear) increase in the number of 
uncollapsed loops with time is responsible for the fact that 
the theoretical creep rate is constant (i.e., creep is steady 
state). However, a s  shown in problem 19.18 a t  the end of 
this chapter, lack of a mechanism for removal of vacancy 
platelets smaller than the critical size for collapse leads to  
predicted swellings which are far larger than have been 
observed in low-temperature irradiations (although low- 
temperature swelling due t o  accumulation of depleted 
zones and their progeny, vacancy disks, has been observed; 
see Fig. 1 6  of Ref. 33). 

Contrary to  the transient creep mechanism discussed 
earlier in this section, steady-state creep by stress-assisted 
vacancy disk collapse is irreversible. When the stress is 
removed, the extra N(m,) Am, disks that were collapsed 
because of the stress d o  not spontaneously pop back into 
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Fig. 19.31 Temperature dependence of the irradiation 
creep coefficient C (Ref. 33). 

platelets. Thus, the creep strain persists. However, a 
difficulty arises if the theory is applied to  creep induced by 
tension rather than compression. In the former case, N(m,) 
Am, represents extra platelets perpendicular t o  the stress 
which have not collapsed because stress aids in their survival 
by causing the disk faces to bulge outward. When this stress 
is removed, one would expect that platelets larger than the 
stress-free critical size would no longer be stable and that 
collapse would occur, thereby removing the creep deforma- 
tion established during the time that the tensile stress was 
applied. 

19.7.3 Steady-State Creep Due to  
Stress-Oriented Nucleation of 
Interstitial Loops 

At temperatures roughly bracketed by the onset of 
observable void formation and peak swelling (about 350 t o  
500°C in stainless steel), irradiation creep can be produced 
by preferential nucleation of interstitial loops on suitably 
oriented planes by the prevailing stress state. This mecha- 
nism was first proposed by Hesketh3 and has subsequently 
been applied to  stainless steel by Lewthwaite,38 Wolfer 
e t  a ~ , ~  

During irradiation interstitials nucleate into loops on  a 
particular set of planes in the solid (e.g., the{ l l l )p lanes  in 
the fcc lattice). Loop nuclei formed on  planes favorably 
oriented with respect to the applied stress have a greater 
chance of surviving than those created on planes where the 
nucleation process is unaffected by the stress. Although 
there are many sets of equivalent {ill) planes in the fcc 
lattice, for simplicity we consider only the planes perpen- 
dicular to  the applied stress (called perpendicular type) and 
those lying along the stress axis (parallel type). There are 
twice as many of the latter as of the former. The situation 
can be visualized by regarding the objects in the block 
shown in Fig. 19.30 as interstitial dislocation loops and 
considering the case of a n  applied tension rather than 
compression (although this is not a n  important choice). 

Because stress favors the nucleation of perpendicular- 
type loops, there will be a slightly higher concentration of 
these clusters than of either of the two parallel-type loops 
on the planes lying along the stress direction. In addition t o  
preferential loop nucleation on planes perpendicular to  the 
tensile axis, the growth of the perpendicular-type loops is 
somewhat more rapid than that of the parallel-type loops. 
However, this effect has been shown to be of secondary 
importance4 and will be neglected here. 

Preferential nucleation of the perpendicular-type loops 
occurs because this orientation allows the applied stress to 
d o  work o n  the circular dislocation line as it grows. The 
?nergy of formation is lowered by the amount of external 
work communicated to  the system in this manner. Consider 
generation of a loop from zero size t o  the critical 
nucleation radius R1,. The stress has no bearing on  the 
formation process for parallel-type loops, and the energy of 
the critical-size loop (assuming that the loop can be 
regarded as  a macroscopic dislocation line with a line 
tension 7d) is 

and Brailsford and B u l l o ~ g h . ~ ~  
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However, a tensile stress o exerts a force o b  per unit length 
in the outward radial direction of growing perpendicular- 
type loops [see Fig. 8.10(b)]. As the loop expands from 
radius R1 to  Rl + dR1, the change in energy is 

dEi  = 27i~d dR1- 27iRI~b dR1 

or, upon integrating from R1 = 0 t o  R1 = Rlc, 

E l  = 27iRlc7d - 7iR:,ob (19.21 9) 

Assuming that the probability of nucleating a loop in a 
particular orientation is proportional to a Boltzmann factor 
involving the energy of formation, the relative nucleation 
rates of the perpendicular- and parallel-type loops are 
related by* 

The probabilities of nucleating loops on either of the two 
types of orthogonal planes must sum to unity: 

PI + 2Pll = 1 (19.221) 

The area per a tom on  the (111) plane of the fcc 
structure is 3 %  a:/4 and the Burgers vector of the a 0 / 3  
(111) faulted dislocation loop is b = a 0 / 3 % .  Therefore, the 
number of interstitials in a dislocation loop of radius RI  is 

Where the relation between atomic volume and lattice 
constant for the fcc structure, R = a:/4, has been em- 
ployed. Using Eq. 19.222 (with a subscript c attached t o  mi 
and Rl t o  denote the critical-size loop) in Eq. 19.220 and 
combining the latter with Eq. 19.221 yields 

P, = 
exp (mi, oR /kT) -) (19.223) 

2 + exp (mi,d2/kT) 

where Taylor series expansions have been applied to  the 
exponential terms. If the total density of interstitial loops is 
N, (given, for example, by Eq. 19.18), the number density 
of perpendicular-type loops is PIN,, which is greater than 
the density of loops on either of the two sets of planes 
parallel t o  the stress axis. At  some time during irradiation, 
the radii of all the  loops will have grown from Rl, t o  Rl, 
but, because the effect of stress on  growth subsequent t o  
nucleation has been neglected, RIL = R1 = R1. The  loop 
radius can be obtained from Eq. 19.16. 

The number of interstitial atoms per unit volume 
contained in the perpendicular type loops is miNIPI, where 
mi is related t o  the loop radius by Eq. 19.222. If loop 
nucleation had occurred in the absence of stress, the 
number of interstitials per unit volume in loops of all 
orientations would have been miN1/3 (i.e., PI = ' h ) .  There- 
fore, the additional number of interstitials present in the 

*The same result is obtained by proceeding through 
homogeneous nucleation theory with the formation energy 
of a loop reduced by the right term of Eq. 19.219. The 
exponential t e r m  in Eqs. 19.77 and 19.78 would bl? 
increased by the term containing the stress. 

perpendicular-type loops as a result of the slightly greater 
number of these clusters is 

Extra a toms in perpendicular-type loops/cm3 

= miNl( PI -- $) 
Following the lines of the argument leading t o  Eq. 19.198, 
the  creep strain due t o  these extra loops in planes 
perpendicular t o  the stress is 

6 X  
X 

Or, using Eqs. 19.223 and 19.222, 

micRo 
E ,  = (nR:Nlb) kT 

9 
(19.224) 

If the critical loop nucleus is known (mi, is probably about 
3 but can be as large as 10)  and experimental information 
on  loop size and density during irradiation are known, 
Eq. 19.224 determines the creep rate. Alternatively, the 
fluence dependence of R1 and NI can be obtained theoreti- 
cally from the point-defect balances, the void and loop 
growth laws, and the nucleation rates of these two defect 
clusters (Secs. 19.4 and 19.5). This approach is used in 
Ref. 40. Consideration of all the  equivalent set of (111) 
planes in the fcc lattice, rather than simply a n  orthogonal 
set of three, reduces the above creep rate expression by a 
constant factor of 2.5 (Ref. 38). 

Attempts have been made t o  connect the creep strain to  
the void swelling. This is done by assuming that the number 
of interstitials contained in loops is equal to the number of 
vacancies in voids. A bit of consideration shows that the 
parenthetical term in Eq. 19.224 is equal to  the fractional 
swelling of the solid due t o  the loops, and if this volume 
increase is equal t o  that due t o  the voids (AV/V) ,  we have 

(19.225) 

There is no theoretical justification for  the assignment of 
equal numbers of interstitials in loops and vacancies in 
voids. Excess interstitials can be absorbed by the network 
dislocations in the solid provided that the latter are free t o  
climb. Interstitial loops disappear from the microstructure 
above about 500°C (Fig. 19.7), but the voids persist t o  
above 600°C. Consequently, Eq. 19.224 is preferred t o  
Eq. 19.225 if information on the fluence and temperature 
dependence of loop size and density is available. However, 
Eq. 19.225 can be modified by multiplication by the 
fraction of the total dislocation density contained in loops 
(i.e., one minus Eq. 19.15) and in this way be rendered a 
reasonably accurate predictor of the creep rate even when 
the loops and voids d o  not contain equal numbers of point 
 defect^.^' 

The  model of irradiation creep just described is unique 
in that the stress affects only the nucleation process. Thus, 
if the specimen is unloaded after loop nucleation has 
occurred (and perturbed by the stress), the  creep persists 
during stress-free growth. Conversely, application of the 
stress after nucleation has been completed should not 
produce this sort of irradiation creep. 
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19.7.4 Climb-Controlled Dislocation Glide 

The effect of irradiation on  creep controlled by 
diffusion of point defects t o  sinks in the solid was discussed 
in Sec. 16.10 in connection with the fuel. I t  was shown that 
radiation-produced point defects d o  not accelerate the 
normal creep rate when the sinks are grain boundaries. The 
same conclusion is reached when the sinks are  dislocations 
and creep is entirely due to  climb of the dislocations. 
However, the class of creep mechanisms constructed by 
Weertman (Refs. 24 and 25 in Chap. 16) are susceptible t o  
enhancement by irradiation. I t  will be recalled from 
Sec. 16.8 that this type of creep involves climb of mobile 
dislocations either over obstacles in the glide plane or 
toward a dislocation of opposite sign in an adjacent parallel 
slip plane. Creep occurs in the first type when the mobile 
dislocation reaches the  top of the barrier and quickly glides 
to the next obstacle, and, in the second type, when the 
pileup expands by glide t o  replenish one of its members 
that has been annihilated by an opposing dislocation from 
the adjacent slip plane. The  separation of the rate control- 
ling process (climb) from the strain controlling step (glide) 
in these mechanisms is essential t o  the existence of a n  
irradiation effect o n  the creep rate. 

The effect of irradiation on  diffusional creep processes 
(which include the climb-controlled glide variant) has long 
been the subject of dispute (see Refs. 38 t o  4 3  in 
Chap. 16). On the basis of recent investigations (Refs. 21, 
39, and 4 1  t o  44), irradiation enhancement of Weertman- 
type creep requires an imbalance in the rates a t  which 
dislocations absorb interstitials and vacancies produced by 
fast-neutron bombardment of the metal. In the sections on  
void swelling in this chapter, we  showed that absorption of 
excess interstitials by the intrinsically biased dislocations 
can occur only if another sink that consumes excess 
vacancies is also present. At  high temperatures the vacancy 
sinks fulfilling this role are  undoubtedly the voids, but a t  
low temperatures depleted zones can perform the same 
function. 

Irradiation creep by the climb-controlled glide mecha- 
nism is due t o  the climb velocity ( v , ) ~ ~ ~  with which the 
dislocation is endowed by virtue of capturing excess 
interstitials. For irradiation creep t o  be of significance, 
( v , ) ~ ~ ~  must be a t  least comparable t o  the climb velocity 
( v , ) ~ ~  induced in the blocked mobile dislocation by the 
stress arising from interaction with obstacles (Sec. 16.8). 
Irradiation simultaneously serves t o  reduce the creep rate 
because the obstacles that the mobile dislocation must 
climb over and glide between are either the voids and 
interstitial loops in the temperature range where swelling 
occurs or  the depleted zones a t  low temperatures. The size 
and density of these clusters increase with fluence. These 
obstacles are responsible for the increased strength of 
irradiated metals (Secs. 18.5 to 18.7). They are also the 
cause of decreased creep rates in postirradiation tests, 
which should not be confused with in-pile irradiation creep. 
The former is a structural effect since the creep mechanisms 
are the same as in a n  irradiated metal, and only the nature 
and density of the obstacles t o  dislocation motion are 
affected by irradiation. In-pile, or irradiation, creep, which 
contains the additional element of enhanced climb by 

absorption of point defects, is sometimes called dynamic 
creep t o  emphasize the importance of the neutron flux as 
well as the neutron fluence. 

Creep due t o  climb-controlled glide of mobile disloca- 
tions in an irradiated solid can be analyzed by starting from 
the general formula relating strain rate and dislocation 
velocity (Eq. 8.21): 

(19.226) 

where pm is the density of mobile dislocations in the solid, 
which is generally less than the total dislocation density pd. 
Part of pd may consist of unfaulted interstitial loops that 
are sessile (i.e., not mobile), or are pinned by voids or  
enmeshed in dislocation tangles. The b is the Burgers vector 
of the mobile dislocation; and vd is the average velocity of 
the moving dislocation, which is the ratio of the average 
distance that a mobile dislocation glides between obstacles 
and the time required for it to  climb over the obstacle: 

(19.227) 

Here, 1 is the glide distance, h is the distance perpendicular 
to  the glide plane which the mobile dislocation must climb 
in order t o  surmount the obstacle, and v, is the climb 
velocity; h/v, is the average time required for the disloca- 
tion to  overcome the barrier by climb. 

We imagine the obstacles t o  be arranged on the glide 
plane in a square array with the spacing given by Eq. 18.25: 

1 I=----- 
(2RN)'h (19.228) 

where R and N are the radius and density, respectively, of 
the obstacles, which may be depleted zones, voids, o r  
interstitial loops. The applied stress is assumed to  be less 
than that a t  which the dislocation can pass through the  
array by cutting through the obstacles or  by bowing around 
them and pinching off. In the present case the dislocation 
line must climb to  a critical height perpendicular to  the slip 
plane a t  which point the applied stress is sufficient to  
permit slip t o  continue. A two-dimensional view of the 
process is shown in Fig. 19.32. Rows of obstaclesareviewed 
end-on. The separation of the spherical obstacles in the 
direction perpendicular to  the drawing is the same as the 
distance between rows in the glide plane, namely 1. If the 
obstacles in the real solid were arranged in the perfect 
square pattern used in the analysis, climb of a blocked 
dislocation over one row would be sufficient for the 
dislocation t o  slip past all the subsequent rows. However, 
this deficiency of the idealized model should not be taken 
too seriously since in an actual irradiated solid the random 
arrangement of obstacles ensures that a mobile dislocation 
will be stopped by obstacles after gliding from its previous 
pinning position a distance given, o n  the average, by 
Eq. 19.228. 

Determination of the creep rate is reduced t o  calcu- 
lating the obstacle height h and the climb velocity v,. 

We first consider the situation proposed by Harkness 
e t  al.43 in which the obstacles to be overcome by climb are 
voids. Inasmuch as voids attract dislocation lines 
(Sec. 18.6), the first dislocation approaching the row of 
voids is trapped by them, in a sequence of events similar t o  
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Fig. 19.32 Dislocation motion over irradiation-produced obstacles in the climb-controlled dislocation glide 
model of irradiation creep. 

that shown in Fig. 18.22(b) except for the final pinching 
off (which does not occur here because the stress is less 
than the yield stress for this process). Succeeding mobile 
dislocations, however, are repelled by the first dislocation 
that has been sucked into the void row. They must climb 
over the trapped dislocation to  continue on their way. 

In the absence of irradiation, the climb process is 
identical t o  that analyzed in Sec. 16.7 (climb-to-escape 
model). The probability per unit time that a dislocation 
climbs over the pinned dislocation is given by Eq. 16.73, 
which can be used to  define an average thermal climb 
velocity by 

(19.229) 

where the barrier height h is given by Eq. 8.35 in which, to  
account for a dislocation pileup behind the trapped 
dislocation, u,,, is multiplied by the intensification factor n 
of Eq. 8.39: 

(19.230) 
h=-- K -  Gb 

4nu,, 8n( 1 - v)nu,,, 

In Eq. 19.229 C is a coefficient that arises from averaging 
the climb process over all impact parameters separating the 
slip planes of the trapped dislocation and the impinging 
mobile dislocation (Eq. 16.72), and 7 ,  is a characteristic 
time for  dislocation climb. When the climb velocity is based 
o n  the jog density of the line (i.e., Eq. 16.55), 7 ,  is given 
by Eq. 16.67. If, on  the other hand, the entire dislocation 
line maintains the equilibrium vacancy concentration 
appropriate t o  the stress acting on it, the  climb velocity is 
given by Eq. 16.58, and 7 ,  becomes 

(19.231) 
In (.3?/rd) kTb 

" = K I [  7 - 1  DVolCLn2 uz,, 

Substituting Eqs. 19.230 and 19.231 into Eq. 19.229 and 
using Eq. 8.39 for  n yields 

( 19.232) 
nz (1 - V )  . Dv,lbkJ~, 

(',Ith = 2C In ( , g / r d )  kTG 

where the length of the pileup in Eq. 8.39 has been taken as 
the spacing between obstacle rows. 

Under neutron irradiation the velocity of dislocation 
climb is no longer governed by the thermal processes 

inherent in the value given by Eq. 19.232. Instead, it is 
determined by the flow of interstitials and vacancies to the 
dislocations. Let Jd and J," be the fluxes of interstitials and 
vacancies, respectively, to  a unit length of dislocation line 
(Eq. 13.89). The net rate a t  which interstitials arrive a t  the 
line is Jf - J:, and, since each interstitial contributes a 
volume R, the rate a t  which the half-sheet of atoms 
comprising the edge dislocation gains volume is (Jf - J,")n 
cm' sec-' cm-' of line. In At sec, each unit length of line 
gains a volume of (J: - Jt)n At, which is equal t o  the 
product of the width of the half-sheet of atoms, b, and the 
distance climbed in At, which is ( v , ) ~ ~ ~  At. Thus, the clitnb 
velocity due t o  the net flow of irradiation-produced 
interstitials to  the line is 

(Jd - J$)n 
b 

(JP - J,") b2 (19.233) (Vcl i r r  = 

Equation 19.233 demonstrates that the climb of 
dislocations caused by irradiation is due to  precisely the 
same phenomenon that is responsible for void growth, 
namely, the bias of dislocation lines for interstitials. 

The irradiation creep rate is obtained by combining 
Eqs. 19.226 and 19.227 and using Eq. 19.230 for h and 
Eq. 19.233 for vc, which yields 

8n(l - v)nuXy 
G 

(Jd - eirr = ~ r n l  J,d)b2 (19.234) 

Now we note that the product of (J: - J:) and the total 
dislocation density of the solid, Pd, is the difference in the 
volumetric sink strengths of the dislocations for interstitials 
and vacancies, o r  

pd(J: - J,") = Qd - Q: (19.235) 

where Qd and Q," are given by Eqs. 19.101 and 19.102, in 
which the notation N (representing the network disloca- 
tions) is replaced by d (representing all dislocations). For  
the present analysis the distinction between dislocation 
lines and dislocation loops is neglected. The irradiation 
creep rate can be related to  void swelling by using the 
point-defect balances given by Eqs. 19.134 and 1 9  135. As 
before, we combine network dislocations and interstitial 
loops into the total dislocation density. Subtraction of one 
of the point-defect balances from the other shows that 

(19.236) void - QyOid Qd - Q," = Qv 
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which states that, in the absence of sinks other than voids 
and dislocations, the net flow of interstitials to  dislocations 
is just equal to  the net flow of vacancies to voids. Finally, 
the swelling rate is given by 

Combining the preceding four equations and expressing the 
number of dislocations in the pileup by Eq. 8.39 yields the 
irradiation creep rate according to  this model: 

which shows the direct connection between the swelling 
rate and the irradiation creep rate. 

The creep rate under irradiation is less stress dependent 
than is the thermal creep rate. If Eq. 19.232 had been used 
in place of  Eq. 19.233 in the foregoing derivation, the stress 
exponent would have been 4 instead of 2. If the mobile 
dislocation density is low or if the swelling rate is large, the 
mobile dislocations can climb over the dislocations trapped 
by the voids so quickly that pileups d o  not have time t o  
develop. In this case we set n = 1 wherever it appears, with 
the result that the irradiation and thermal creep rates are 
proportional to uxy  and a:,, respectively. In any case the 
exponent of the stress is lower in irradiation creep than in 
thermal creep, and this prediction is confirmed by experi- 
ment. 

The irradiation creep rate has a somewhat narrower 
temperature range than does the swelling rate. When the 
temperature is low, a substantial part of the total disloca- 
tion density is present as faulted loops, which cannot glide; 
so p m / p d  is low. In addition, (n 'V/V) is small a t  low 
temperatures, and the irradiation creep rate is reduced by 
both these factors. At the high-temperature extreme, 
irradiation creep by this mechanism ceases when the voids 
d o  not grow (i.e., when AV/V + 0 a t  T z 600°C in stainless 
steel). At sufficiently high temperature, the rapidly increas- 
ing thermal climb velocity given by Eq. 19.232 overtakes 
the irradiation-induced climb velocity, and normal 
Weertman thermal creep supplants irradiation creep as  the 
principal deformation mechanism. Similarly, the u:, 
dependence of the thermal climb velocity implies that, a t  
any temperature, thermal creep dominates irradiation creep 
if the applied stress is sufficiently high (but not high 
enough for the dislocations to cut  through or bypass the 
voids by bowing and pinching off). 

Equation 19.238 implies that the irradiation creep rate 
decreases with increasing fluence because the size and 
perhaps the density of voids increases during irradiation. 
According t o  Eq. 19.228, the obstacle separation is de- 
creased accordingly. 

The most difficult term in Eq. 19.238 t o  predict is the 
fraction of the total dislocation population which is mobile. 
Harkness et identify the mobile dislocations with the 
line length of unfaulted loops in the microstructure. They 
assume that Frank loops unfault when R = 500 8 and 
consider that when the average loop radius exceeds this 
value, p m / p d  = 1. When the average loop size is less than 
500 8, they employ the approximation 

P m  - 
Pd 50° 

where R1 is a function of fluence as determined by solution 
of the loop-growth law, which is obtained in the course of 
solving the void swelling (by the method shown in 
Fig. 19.23). 

In addition t o  the voids, interstitial loops provide 
barriers to  dislocation motion of strength comparable t o  
that of the voids. Wolfer e t  aL3' have formulated the 
climb-controlled glide model described above with loops 
instead of voids as obstacles. The loops directly repel 
mobile dislocations that approach them. The applied stress 
necessary t o  force a dislocation line past a row of loops of 
radius R, separated by a distance 1 is given by combining 
Eqs. 18.54 and 18.58: 

aGb, R: 

where y is the distance between the row of loops and the 
glide plane of the mobile dislocation. If the row of loops 
lies in the glide plane of the approaching dislocation and if 
the applied stress is too low for the line to  penetrate the 
row (i.e., if uxy  < us of Eq. 18.61), the line has t o  climb by 
a height y in order to  continue slip. Therefore, y can be 
written as the barrier height h. If we allow for dislocation 
pileup behind the row of loops by replacing uXy by n u x y ,  
the above formula can be solved for the barrier height in 
terms of the applied stress: 

Lh 
(19.239) he[- aGbl  L] R 2  

2( 1 - v) 1710X" 

If the previous derivation is repeated using Eq. 19.239 
instead of Eq. 19.230 for h, the irradiation creep rate is 
found to  be 

which, when compared with Eq. 19.238 for void obstacles, 
shows a lower stress dependence (linear instead of squared) 
and a greater penalty due to  fluence because of the factor 
R1 in the denominator. 

As a final example of climb-controlled glide models of 
irradiation creep, Duffin and Nichols44 have advanced a 
mechanism in which the obstacles are depleted zones. In 
this model the swelling rate does not appear because 
depleted zones and voids d o  not coexist in an irradiated 
metal. 

19.8 NOMENCLATURE 

n 

a, = lattice constant 
,A' = area swept ou t  by bowing of pinned dislocation 

segment 
A,B,C = constants in creep formula, Eq. 19.176 

b = length of Burgers vector 
B = binding energy of a diinterstitial 
C = point-defect concentration (particles per unit 

volume); constant given by the right side of Eq. 
16.72 
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C''' = point-defect concentration a t  the surface of a 
coherent precipitate 

D = point-defect diffusion coefficient 
Dvol = volume self-diffusion coefficient 

Eloop = energy of a loop 
Evoid = energy of a void 

'(R,%',l) = function defined by Eq. 19.157 

F(l/,%') = function defined by Eq. 19.199 
F(q) = function defined by Eq. 19.142 

g = gibbs free energy of a cluster 
G = shear modulus; total Gibbs free energy 
h = climb height for a dislocation t o  overcome a 

F = force on  a dislocation 

barrier; enthalpy of a cluster 

H = coefficient of M in Eq. 19.56 
h(m) = function defined by Eq. 19.43 

I = nucleation current or void current 
j = gas atoms in a cluster 
J = flux of point defects to  a cluster 

Jd = f l u x  of point defects to  a unit length of 
dislocation 

k = Boltzmann's constant; rate constant 
kiv = vacancy-interstitial recombination rate constant 

K = coefficient of m:h in Eq. 19.6; given by Eq. 
8.30 

1 = distance between dislocation pinning points 
2 = length of a bowed dislocation segment 
m = vacancies per void or per vacancy loop; intersti- 

M = total helium concentration in metal 
Mj = density of helium atom clusters containing j 

helium atoms 
n = number of dislocations in a pileup; number of 

point defects in a region of solid 
N = total number of voids per unit volume 

N, = number of faulted dislocation loops per unit 

N, = number of precipitate particles per unit volume 
N, = number of lattice sites per unit volume 

tials per interstitial loop 

N(R) = void distribution function 

volume 

p = helium pressure 
P = probability of nucleating a loop of a particular 

orientation 
QL = rate of absorption of a point defect of type k by 

all the defect'clusters of type j in a unit volume 
of solid 

rd = radius of a dislocation core 
R = rate of reaction; radius of a void 
R = void growth rate 

Re = negative of void-shrinkage rate due to  vacancy 

Ro = void-growth rate in the absence of recombination 

RO = size of defect clusters created by collision cas- 

R1 = radius of a faulted dislocation loop 
.% = radial extent of the stress field around a disloca- 

tion; radius of curvature of a bowed dislocation 
line 

s = entropy of a cluster; distance between opposite 
faces of a vacancy platelet 

emission 

and thermal emission of vacancies 

cade 

S = supersaturation of point defect 
t = time 

T = temperature, "K 
v, = climb velocity of a dislocation 
vd = glide velocity of a dislocation 
V = volume 

AV = volume increase 
w = jump frequency 
W = combinatorial number 
x = defined by Eq. 19.146 

X,Y,Z = dimensions of a crystal 
Y = defined by Eqs. 19.129 and 19.130 
z = combinatorial number 
Z = combinatorial number for  dislocations, Eqs. 

19.99 and 19.100 

Greek Letters 

(Y = point-defect emission rate from a cluster 
/3 = point-defect arrival rate a t  a cluster 
E = creep strain; energy of formation 
i = creep rate 

eg = heat of solution of helium in metal 
E* = energy of migration of a point defect 

17 = dimensionless parameter, Eq. 19.143a 
y = surface tension 

ysf = stacking-fault energy 
y* = defined by Eq. 19.122 

p = chemical potential 
v = vibration frequency; point defects produced per 

PKA 
s2 = atomic value 
(I, = total fast-neutron flux 

pd = total dislocation density 
p1 = dislocation density as faulted loops 

pm = density of mobile dislocations 
pN = dislocation density due t o  perfect loops and the 

network dislocations 
u = hydrostatic stress (positive in tension) 

uXy = shear stress 
2, = macroscopic neutron-scattering cross section 

Td = line tension of a dislocation 
7 = time 

0 = fraction of sites on  trapping interface occupied 

E = defined by Eq. 19.34 
by point defects; T-623, "K 

Subscripts and Superscripts 

eq = equilibrium 
c = in critical embryo or  critical-size vacancy platelet 

f = forward reaction 

i = interstitial 
homo = homogeneous nucleation 

irr = due t o  irradiation 
m = containing m point defects 

p = precipitate particles 
r = reverse reaction 

v = vacancy 

nucl = nucleation 

th = due to  thermal process 
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1 = edge dislocation with extra half-sheet of atoms 
perpendicular to applied stress; loop perpendicu- 
lar to  stress 

1 1  = edge dislocation with extra half-sheet of atoms 
parallel to  the applied stress; loop parallel to  the 
stress 
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19.1 0 PROBLEMS 

19.1 Using Fig. 19.4, estimate the fraction of the va- 
cancies created in an irradiation of fluence 5 x l o 2 *  
neutrons/cm2 which is in voids. 

19.2 Prove that Eq. 19.44 is the solution to Eq. 19.43 by 
using the fact that the logarithm of a product of terms is 
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the sum of the logarithrns of each term and by carefully 
examining the behavior of h(m) and Neq(m) as m + 0. 

19.3 Determine the critical cluster size and the nucleation 
rate in classical nucleation theory (i.e., when p,/p, = 0). 

19.4 Derive the void distribution function N(m) for the 
nonequilibrium case with steady-state nucleation. 

19.5 At the beginning of irradiation of stainless steel a t  
500°C with a flux of l o i 4  neutrons cm-2 sec? , use the 
point-defect balances to  compute: 

(a) The  vacancy and interstitial supersaturations S, and 

(b) The arrival-rate ratios ( f lv /~ i )d is l  and (pi/pv)void. 

(c) The  void and loop nucleation rates. For void 

Si. 

nucleation, make a rough estimate from Fig. 19.10. 

Take point-defect migration and formation energies from 
problem 19.11. Use a dislocation density of 10' ern-'. The 
steel contains no precipitates and is unstressed. Assume that 
the combinatorial number for vacancy interstitial recombi- 
nation is 100. For dislocations, assume Zi/Z, = 1.02. 

steel contains 4 X 1 0 '  
cm3 of radius equal t o  1 0 0  A? 

(d) How are the results of (b)  and (c) changed when the 
incoherent precipitate particles/ 

19.6 Apply homogeneous nucleation theory (as developed 
in Sec. 13.8 for fission gases in the fuel) t o  predict the 
nucleation time (or fluence) for helium bubbles in the 
cladding. The nucleation time is defined as  the time a t  
which the concentration of di-atoms passes through a 
maximum. Use the simplified method described in 
Sec. 13.8 (i.e., invoking Eq. 13.137). The  fast-neutron flux 
is monoenergetic ( E ,  = 0.5 MeV) and is equal t o  10' 
neutrons/cm-' sec-' . Assume a re-solution parameter of 

sec? (problem 17.14) and make reasonable estimates 
of the other parameters needed in the calculation. Assume 
that the  diffusion coefficient of helium in stainless steel is 

cm2/sec. Compare the fluence @t, for helium- 
bubble nucleation with the observed incubation fluence of 
- lo2  neutrons/cm2 needed for void formation in stainless 
steel. 

19.7 Incorporate re-solution into the theory of loop 
nucleation by chemical-reaction-rate theory. Use the  micro- 
scopic picture of re-solution, in which the probability per 
second of any atom in a n  interstitial loop being redissolved 
by radiation is b. Include resolution as a term of the form 
nbN, in the balance o n  clusters of n interstitials. Assume 
that the combinatorial numbers zni and z,, are equal to 
10n. 

19.8 We wish t o  determine the equilibrium vacancy 
concentration C, in a solid in which a void of radius R and 
internal gas pressure p is embedded. The  system (solid plus 
void) is subject t o  hydrostatic (compressive) stress (7. To 
determine C,, we use the technique applied t o  obtain the 
equilibrium vacancy concentration a t  a dislocation loop 
(Sec. 19.5). The  Gibbs free energy of a system containing 

the void and the solid with vacancy concentration C, and 
interstitial concentration Ci (C,Ci = C:"Cf") is given by 

G = Go + g(m,) + nvpv + ~ / l i  

where Go is the free energy of the stress-free solid without 
the void; g(m,) is the reversible work required to  create a 
void containing m, vacancies against the external pressure 
(stress) u with constant internal gas pressure p in the cavity; 
n, and ni are the number of vacancies and of interstitials, 
respectively, in the matrix of the block; and p ,  and pi are 
the chemical potentials of the point defects when the solid 
is under stress. 

The value of pv is equal to  kT In (C,/C:") where CFq is 
the equilibrium vacancy concentration in the stressed solid: 

where (C$"), is the equilibrium vacancy concentration in 
the stress-free solid, and v is the volume change that occurs 
when one atom is moved from the interior of the matrix to  
the surface. In  the text, v has been identified with the 
atomic volume R, but this neglects the contraction of the 
lattice around the vacant lattice site. If the volume 
contraction around the vacant lattice site is $,, then v is 

Determine C,, the vacancy concentration for which the 
system described above is in thermodynamic equilibrium. 
In nonequilibrium situations (such as stress-induced void 
growth), this concentration is assumed t o  apply a t  the 
surface of the void. 

- $v. 

19.9 Removal of point defects by grain boundaries in the 
solid adds a term (assuming C:" is small) 

Q5b = k&,D,C, (1) 

to the vacancy balance of Eq. 19.134 and a similar term to 
the interstitial balance. The value of k& is computed by 
the following method. The solid far from the grain 
boundary is assumed t o  be a homogeneous medium wherein 
the vacancy-balance equation, Eq. 19.136, applies. For 
simplicity, recombination is taken into account by defining 
an effective vacancy-production rate: 

G' = uC,@ - k,,C,C, ( '4 
Terms involving C:q are neglected, and Eq. 19.136 is 
written as 

G' = k 2  D,C, (3)  

(4) 

where 

kZ = Z,pd + 4nRN + 47rR,N, 

Because the grain boundary acts t o  maintain the 
equilibrium point-defect concentrations (C:" 2 0 in this 
calculation), Eq. 3 is not valid close t o  the grain boundary. 
Here, the vacancy balance must contain a term representing 
diffusion of vacancies toward the grain boundary. 

(a) Assuming that the ccncentration drop occurs very 
close to  the grain boundary, the vacancy-diffusion equation 
in this region can be written for a semiinfinite medium in 
Cartesian coordinates. By solving this diffusion equation, 
determine the vacancy concentration profile in the vicinity 
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of the grain boundary and the vacancy flux to the grain 
boundary. 

(b) Now consider the grain as a sphere of diameter d. 
Compute the total rate of removal of vacancies by the grain 
boundary from the flux computed in (a). From thisresult, 
determine Q5b and hence k i b .  

19.10 Calculate and plot the relative void-growth rate 
R/R, for molybdenum (melting point T,n = 2900°K) as a 
function of T/T,. Use the following parameters: 

E ,  = 1 9 0  kJ/mole 
e$ = 1 9 0  kJ/mole 
pd = 10' O c K 2  
C, = 0.3 cm-' 
(I, = 10' 
v = 1 0 0  

neutrons cni-2 sec-l 

zi, = 30 
zi = 1.02 
z, = 1.0 

Neglect voids as sinks ( N  2 0) and precipitates (NP = 0) and 
loops as  sinks (pl = 0). Assume the vacancy diffusion 
coefficient (in cm2/sec) is given by D, = 10"a: exp (-E,"/ 
kT). Assume that the voids are 300 a in radius. 

Compare the plot for molybdenum with Fig. 19.18 for 
stainless steel, taking the melting point of steel as 1750°K. 

Would replacement of stainless steel by molybdenum 
avoid void swelling a t  the peak cladding temperature of 
650°C? 

19.11 Show that the recombination properties of coherent 
precipitates are virtually nil when this type of sink is 
introduced into a solid containing equilibrium concentra- 
tions of vacancies and interstitials (Le., C:q and CTq). The 
migration and formation energies of interstitials and va- 
cancies can be taken as 

E? = 1 3  kJ/mole 
ei = 420 kJ/mole 

E$ = 125 kJ/mole 
E ,  = 1 6 0  kJ/mole 

The temperature is 500°C. 

19.12 Because of image dislocations in the voids, 
Eqs. 19.95 and 19.96 are multiplied by W, and Wi, 
respectively. What is the growth law in the absence of  
recombination and thermal emission (i.e., the  analog of 
Eq. 19.140)? Neglect the terms representing absorption by 
coherent precipitates. 

19.13 (a) In problem 18. la ,  replace the condition that the 
vacancy concentration is maintained a t  a value C:q in the 
bulk solid by the condition that the only sinks for vacancies 
in the solid are the dislocations; the dislocation density is 
pd and the void concentration is N. Determine the void 
radius as  a function of time if the initial radius of all voids 
was R o .  

(b) Repeat problem 1 8 . l a  as stated but with the proviso 
that each void initially contains j helium atoms. 

19.14 (a) Derive a growth law for  interstitial loops (analo- 
gous to Eq. 19.138 for  voids). 

(b) Derive the analog of Eq. 19.140 for loops. Assume 
N, = 0. 

(c) Convert the loop-growth law to the time rate of 
change of the dislocation density of the solid. 

(d) Define a dimensionless void size by Eq. 19.146 in 
which the dislocation density is replaced by p d o ,  the value 
a t  the start of the growth period ( t o ) .  By choosing 
appropriate dimensionless dislocation density and time, 
convert Eq. 19.140 to a totally dimensionless equation. 
Integrate this equation with the initial condition 
R( to)  = R,. The void and dislocation loop densities, N and 
N,, can be assumed constant. For this integration, a s u m e  
that the dislocation density remains constant a t  its initial 
value. Take 2, = Z, except where the difference in these 
two quantities appears. 

(e) Convert the result of part c to the same dimension- 
less quantities used in part d. Numerically integrate the 
dimensionless void- and loop- (or dislocation density) 
growth laws starting with the initial conditions: 

R, = 10 a 
and the cluster densities: 

N = 10' voids/cm3 
N, = 10' loops/cm3 

P a o  = i o 9  
Choose the initial loop radius (R,,) such that the number of 
vacancies in the void nuclei a t  to  is equal to the number of 
interstitials in the embryo loops. 

(f) The incubation period corresponds to a fast-neutron 
fluence of l o 2 '  neutrons/cm2. Plot the results of the 
integrations in parts d and e. Compute the swelling a t  a 
fluence of 5 X neutrons/cm2. This solution is appli- 
cable near the peak swelling temperature where recombina- 
tion has become insignificant and the shrinkage term has 
not yet become important. 

19.15 At  some time to during irradiation, nucleation of 
voids occurs. For t > to ,  growth of the voids continues. 
Assume the growth is diffusion-limited and that the 
concentrations of vacancies and interstitials a t  the void 
surface are zero. 

Neglect the changing sink concentrations due to void 
and loop growth for t > to ,  and assume that the concentra- 
tions of vacancies and interstitials in the matrix are 
constant in time. 

Calculate the swelling a t  some time t > to ,  neglecting 
swelling a t  to ,  for the following two void distributions a t  
to. 

(a) At to all voids are of the same size, R o .  The total 
void density is N. 

(b) At to ,  the voids are distributed in size according to  
the function No(Ro).  

(c )  Show that the result of part b reduces to  that of 
part a when the initial void distribution is described by a 
delta function. 

19.16 Consider a segment of a circle of radius ,%' which 
has an arc length P and a chord distance of 1. 

(a) Prove that d !Z/d d= 1/24', where d is the area of 
the segment. 
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(b) Derive the equation for dd/d(l/,%'). 
(c) Repeat part a when the ends of the chord are the 

centers of smaller circles of radius R.  

19.17 Solve Eqs. 19.191 to 19.193 using the approxima- 
tions of Eqs. 19.194 to 19.196. 

19.18 In the Hesketh model of irradiation creeplby 
stress-enhanced vacancy-loop collapse, depleted zones with 
less than m, 2 200 vacancies remain in the solid as vacancy 
platelets. For m < m,, the  volume per platelet of size m is 
m a .  Using the inverse-square distribution function for 
vacancy platelet (or depleted zone) sizes produced by a 
neutron collision, compute the swelling due to  uncollapsed 

platelets in the absence of applied stress a t  a fast fluence of 
10'' neutrons/cm2. Assume 2, = 0.2 cm-', a = 1 2  A 3 ,  
and v = 500 Frenkel pairs per fast-neutron collision. 

19.19 The Lagrangian formulation of the void continuity 
equation is t o  be applied to  a case of simultaneous growth 
and nucleation of voids in an irradiated metal. It is assumed 
that the vacancy and interstitial constants and the void 
nucleation rate are time-independent. 

(a) What is the void distribution function N(R,t) for 
this model? 

(b) What is the swelling as a function of time for 
specified values of C,, Ci, and Inucl? 



Chapter 20 
Interaction of Sodium and 

Stainless Steel 

20.1 INTRODUCTION 

The primary function of the sodium coolant in a 
liquid-metal fast breeder reactor (LMFBR) is to remove the 
fission heat produced in the fuel elements. This particular 
liquid metal has been chosen, in preference t o  the water 
coolant employed in light-water reactors (LWRs), for the 
following reasons: 

1. The vapor pressure of sodium at the maximum 
coolant temperature is modest; a t  700"C, the vapor 
pressure is 0.14 atm. This means that a heavy-wall steel 
pressure vessel is not necessary in an LMFBR. 

2. Sodium has an acceptably large heat capacity to 
absorb the heat released by the fuel without a large 
temperature increase in flowing through the core. Accord- 
ing to Table 10.2, the inlet and average outlet temperatures 
of the sodium coolant are 470°C and 650°C, respectively. 
The heat capacity per unit volume of sodium is about 
one-third that of water, but  it is far greater than that of a 
gaseous coolant. 

3. The very high thermal conductivity of sodium 
produces a temperature difference between the bulk 
sodium and the outside of the cladding of only 1 0  or  20°C. 
This low temperature drop serves to minimize the fuel 
center-line temperature a t  a specified linear power. 

4. The boiling point of  sodium (880°C a t  1 atm) is 
sufficiently high that power limitations due to  boiling heat 
transfer are absent. 

5. Sodium has a sufficiently high atomic weight that 
excessive neutron moderation, which is undesirable in a fast 
reactor, is avoided. 

6. Because sodium is a monatomic liquid, it is com- 
pletely impervious to radiation damage, which, in a water 
coolant, produces radiolytic hydrogen and oxygen. 

7. Sodium is the cheapest of  the alkali metals. 

The major potential disadvantage of liquid sodium is its 
extreme chemical reactivity and the high level of induced 
radioactivity due to  neutron absorption (which produces 
15-hr 24Na).  LMFBRs are designed with two separate 
sodium-coolant loops (Fig. 20.1) t o  ensure that the induced 
radioactivity will be safely contained. The primary loop 
circulates sodium between the core and the intermediate 

heat exchanger, where the primary sodium heats sodium in 
the secondary coolant loop. The heat sink in the secondary 
loop is the steam generator, where the hot secondary 
sodium boils water t o  make steam for driving a conven- 
tional turbine. Great care must be exercised to  keep the 
leakage of water into the secondary sodium circuit (or 
vice versa) to a minimum because sodium and water can 
react aggressively when mixed. Water that leaks into the 
secondary sodium circuit must be removed because it 
causes the sodium to become highly corrosive to the steel 
components of the coolant loop. 

The most significant technological problems associated 
with using sodium as a coolant arise from the chemical 
behavior of this element with its environment rather than 
its response to  radiation. The chemical behavior of 
sodiumstainless-steel systems can be divided into the 
following parts: 

1. General Corrosion. Flowing high-temperature sodium 
very slowly dissolves the major metallic components of 
stainless steel (iron, chromium, and nickel) from the hot 
section o f  the primary coolant loop. P e s e  species are 
transported in the liquid t o  cooler sections of  the loop, 
where deposition occurs. Corrosive attack in the hot section 
is uniform and does not  appear t o  be accompanied by deep 
penetration of sodium into the grain boundaries of the 
metal (in this respect sodium corrosion differs from the 
attack of  the inner wall of the cladding by fuel and fission 
products). At a temperature of 700"C, the corrosion rate is 
several tens of micrometers per year. The effect of this type 
of attack on reactor performance is manifest as a reduction 
in the resistance of the fuel-element cladding to  internal 
pressure generated by released fission gases and fuel- 
cladding contact. As the cladding wall becomes thinner, the 
tangential stresses generated by internal loading of the 
cladding increase, and consequently so does the creep rate. 
The time to  rupture is correspondingly reduced. The 
cladding is the thinnest structural member in the core, and 
hence is most susceptible to  thinning or wastage due to 
sodium corrosion. As in the water coolant of an LWR, the 
oxygen concentration in the sodium in an LMFBR must be 
maintained at  a low level (<5 ppm by weight) t o  avoid 
excessive general corrosion. 

51 8 
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Fig. 20.1 Sodium coolant loops in an LMFBR. 

2. Selecliue Leaching. Austenitic stainless steels consist 
of iron, chromium, and nickel in the approximate propor- 
tions 70:19:9 (Table 18.1). The dissolution rate of each of 
these components by sodium is different. Chromium and 
nickel appear to  be removed at a more rapid rate than iron, 
which results in depletion of the two alloying elements in 
the surface layer of the steel adjacent to  the flowing 
sodium. This selective leaching process alters the micro- 
structure of the steel and can adversely affect its mechani- 
cal properties as well. The unequal removal rates for the 
three constituents of steel may be due to  different 
solubilities of the elements in liquid sodium or, as is known 
to be the case for iron, to the acceleration of the corrosion 
rate of this species by oxygen dissolved in the sodium. 

3. Deposition. The 200°C temperature difference be- 
tween the core section of the primary coolant loop (the hot 
leg) and the intermediate heat exchanger (the cold leg) 
results in deposition of  the metals that were removed in the 
core a t  the heat exchanger. The deposit may consist of 
elementary metals, but more likely it takes the form of 
loosely bound particles in which the metals are chemically 
combined with oxygen o r  carbon. Buildup of this type of 
deposit in the heat-exchanger tubes is deleterious to 
thermal performance because (1) the deposit has a higher 
resistance t o  heat transfer than the base metal and (Z), if 
the deposit is thick enough, the cross-sectional area of  the 
heat-exchanger tubes can be appreciably reduced, thereby 
requiring a greater pressure drop t o  drive the desired 
coolant flow. 

4. Transport of Radioactivity. The major long-lived 
radioactive species produced by  neutron irradiation of 
stainless steel are 54Mn, "Co, and 6oCo. The first two of 
these nuclides are produced by (n,p) reactions on  iron and 
nickel, respectively. The 6 o C o  is generated from neutron 
capture in the small cobalt component of stainless steel. 
The cobalt content of type 316 stainless steel is -0.3 wt.%, 
and it is all 59C0.  The radioactivity induced in the steel in 

the high-flux regions of the core is liberated from the metal 
by corrosion and migrates through the primary sodium 
loop. Much of the radioactive manganese and cobalt 
becomes immobilized in the corrosion-product scale de- 
posited o n  the cooler surfaces of the loop, such as the 
intermediate heat exchanger. The level of radioactivity due 
to the deposits can be sufficiently high t o  seriously impair 
routine maintenance of components in the cold leg of the 
primary sodium loop. 

5. Carbon Transport. In addition t o  transporting the 
major constituents of stainless steel around the coolant 
circuit, flowing sodium serves as a medium through which 
the minor elements in the  steel can migrate about the loop. 
The element of  principal concern is carbon, inasmuch as 
this species is largely responsible for the high-temperature 
strength of steel. Nitrogen transfer also occurs, bu t  the 
concentration of this element is kept very low (<0.01%) to 
reduce helium production by the (n,a) reaction. According 
to Table 18.3, the cross section for the nitrogen ( n p )  
reaction is second only to  that of boron among the 
components of steel. Carbon and nitrogen are termed 
interstitial components because of their location in inter- 
stitial sites in the bcc lattice of iron. It has been found that 
flowing sodium removes carbon from the high-temperature 
sections of  the coolant circuit and releases carbon t o  the 
low-temperature components of the loop. Because of its 
high diffusivity in the solid (compared t o  the alloying 
metals), carbon is removed from, and penetrates to ,  
appreciable depths beneath the surface. Owing t o  the 
significant effect of carbon on the mechanical properties of 
stainless steel, considerable effort has been expended t o  
understand and predict the direction and extent of carbon 
transfer in LMFBR sodiumcoolant loops. The removal and 
deposition processes are called decarburization and car- 
b uriza t ion ,  respectively . 

6. Sodium Chemistry. The pressing need for oxygen 
monitoring of sodium arises from the influence of oxygen 
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on the corrosion of the steel. Carbon transfer is important 
because it affects the mechanical properties of  the alloy. 
Hydrogen does not affect corrosion or mechanical proper- 
ties, but  its presence in the secondary coolant loop is a 
good indicator of the severity of water leakage into this 
circuit from the steam generator. In addition, it is essential 
from a safety standpoint t o  be able t o  quantitatively 
determine the tritium produced by the reactor and how 
much of this radioactive isotope of hydrogen escapes to  the 
cover gas above the sodium in the core. 

Because of the importance of the low-atomic-weight 
impurities oxygen, carbon, and hydrogen t o  the various 
processes that occur in the coolant circuits of  an LMFBR, 
methods of  quantitative detection of these elements in the 
parts-per-million (ppm) range in liquid sodium have been 
developed. The devices for performing these analyses are 
generally termed meters because they are intended to  
provide continuous on-line information o n  the sodium 
purity. Actually, they measure the chemical activity, rather 
than the concentration, of the impurity in the liquid metal. 
The principles of operation of these meters and the physical 
chemistry of the impurity species in sodiumstainless-steel 
systems require analysis of the thermodynamics and the 
kinetics of  potential reactions in which these elements can 
partake. Hydrogen, oxygen, and carbon meters are dis- 
cussed in Sec. 20.5. 

7 .  Sodium-Fuel Interactions. In the event of a breach 
of the cladding, sodium contacts the mixed-oxide fuel. The 
liquid metal and the ceramic react t o  form the double oxide 
Na3M04,  where M is uranium or  plutonium. Two potential 
consequences of  this chemical reaction must be assessed. 
First, i f  the product of the sodium-fuel reaction is 
powdery and not as compact as the fuel, uranium, 
plutonium, and particulate matter bearing fission products 
can be swept into the primary coolant stream. Second, 
chemical combination of sodium and the fuel causes the 
fuel t o  swell, and what was a small leak in the cladding can 
become enlarged t o  a full rupture, a situation decidedly t o  
be avoided. 

Another aspect of the sodium-fuel interaction is 
thermal rather than chemical. In the event of a sizable 
overpower transient, the  fuel can melt and be ejected in the 
molten state (T > 2800°C) into the liquid sodium, which is 
at a temperature less than 700°C. Some of the thermal 
energy contained in the liquefied fuel can be converted into 
mechanical energy by boiling of the sodium. As much as a 
few percent of the available thermal energy of the molten 
fuel can be converted to mechanical energy (i.e., kinetic 
energy of the sodium) in a few seconds. 

20.2 GENERAL CORROSION 

Current understanding of stainless-steel corrosion has 
been summarized in the comprehensive review by Weeks 
and Isaacs,' from which much of the discussion in this 
section has been drawn. 

20.2.1 Experimental Corrosion Loops 
Corrosion of stainless steel is studied in loops of the 

type shown in Fig. 20.2. Sodium circulates in the loop, 

which is equipped with devices for flow measurement, 
oxygen control and measurement, and temperature mea- 
surement and control. Metal specimens in the form of small 
tabs are inserted in the various zones, which are held at 
temperatures and flow velocities expected in a n  LMFBR. 
The corrosion (or  deposition) rates of these tabs are 
investigated as functions of the following variables: 

1. Temperature (450" t o  700°C). 
2. Sodium velocity (1 t o  10 mjsec). 
3. Oxygen content of sodium (1 to 25 ppm by weight). 
4. Downstream position of sample (to 700 pipe diame- 

5. Exposure time (to 10,000 hr). 
ters). 

Temperatures are controlled by the heater and coolers 
shown in Fig. 20.2. Sodium velocity is regulated by 
electromagnetic pumps. The oxygen content of the sodium 
is fixed by the temperature of a cold trap that contains 
solid Na2 0, the solubility of which is a known function of 
temperature. Downstream position refers t o  the location of 
the corrosion specimen measured from the point a t  which 
the sodium conditions (temperature or  velocity) are 
changed. Downstream position is commonly expressed in 
terms of the pipe diameter, or as x/d. 

20.2.2 Measured Corrosion Rates 
Even though the test loop contains much less sodium 

than the coolant loops of an LMFBR (which hold -1000 
tons of the  liquid metal), Fig. 20.3 shows that steady-state 
corrosion a t  a particular location may not be attained for 
several thousand hours. This long transient is probably due 
t o  the need for the entire loop to  come t o  a steady state. 
Because flowing sodium provides a means of  communica- 
tion between different sections of the circuit, a slow 
process in one part affects all parts of  the loop. The 
adjustment of the surface composition of  the metal in the 
hot leg (where selective leaching of  nickel and chromium 
occurs) may be the principal sluggish process. This step 
involves solid-state diffusion of iron, nickel, and chromium 
in the surface layer of the mctal, which is slow a t  the 
corrosion temperatures of interest. 

Figure 20.3 shows that the corrosion rates increase with 
increasing temperature. Figure 20.4 shows the same effect 
o n  an Arrhenius plot. The activation energy for the 
corrosion process is > 125 kJ/mole, although this figure can 
depend o n  the sodium velocity and the downstream 
position of the sample. 

Figure 20.5 shows the effect of sodium velocity on  
stainless-steel corrosion at  a fixed temperature and oxygen 
concentration for three downstream positions. The corro- 
sion rate is seen to increase with velocity until a plateau is 
reached beyond which the rate is unaffected by further 
increases in velocity. The corrosion rate decreases down- 
stream of the entrance t o  a zone (i.e., with increasing x/d). 

20.2.3 Corrosion Mechanisms of Pure Metals 
There is n o  quantitative theory for predicting the 

corrosion rates shown in Figs. 20.3 to 20.5. Part of this 
theoretical deficiency is due to the lack of  thermodynamic 
and morphological information concerning the composition 
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Fig. 20.2 Experimental sodium corrosion loop. (After Ref. 7.) 

and stability of the corrosion products in liquid sodium and 
to our rudimentary understanding of the kinetics of 
processes by which atoms at the surface of the metal are 
released to the adjacent liquid sodium. However, a not 
inconsequential part of the inability of current models to 
predict o r  even correlate corrosion rates in the stainless- 
s t e e l s o d i u m  system is due t o  the peculiar nature of the 
loop experiments, which, although reflecting the geometry 

of the coolant circuits in a n  LMFBR, produce data  that are 
difficult t o  interpret in a fundamental manner. The main 
difficulty arises from the circulatory nature of the loop, 
The corrosion rate a t  any position depends o n  the 
concentration of the  corrosion product in the bulk sodium 
at  that location, which in turn is a function of the corrosion 
and deposition rates in all other  parts of the loop. 
Consequently, determination (either experimentally or  by 
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Fig. 20.3 Corrosion rates of type 316 stainless steel in 
flowing sodium. [After S. L. Schrock et  al., in Corrosion by 

American Institute of Mining, Metallurgical and Petroleum 
Engineers, New York, 1970.1 

calculation) of the  point concentrations of corrosion 
products in the sodium is virtually impossible and, there- 
fore, so is comparison of the cxros ion  data with theory. 
Nonetheless, there is general agreement on the main 
qualitative features of the effects of the various variables on  
the corrosion process. To illustrate the corrosion mecha- 
nism, we will first consider corrosion of  the pure elements 
iron, nickel, and chromium rather than stainless steel. 
Inasmuch as iron is the primary constituent of this alloy, 
the rate of corrosion of steel must be controlled principally 
by  the  rate a t  which this element is dissolved by liquid 
cnr l  i 11 m 

In the corrosion of a pure metal by sodium, the solid is 
dissolved in the liquid in elemental form at  a rate that 
depends o n  the speed of  two consecutive steps: 

1. Release of metal atoms from the surface to the liquid 
sodium immediately adjacent t o  the solid (dissolution step). 

2. Transport of the dissolved metal through the liquid 
boundary layer attached t o  the solid (convective-diffusion 
step). 

Control of the corrosion rate by  dissolution a t  the 
solid-liquid interface is characterized by a rather strong 
dependence o n  temperature and no dependence on  fluid 
velocity. Rates subject to diffusion control are usually 
weakly temperature dependent and quite sensitive to fluid 
velocity. When both steps, which are in series, are of 
comparable magnitude, the rate is said to  be in a regime of 
mixed control. [ A  similar division of controlling steps was 
used in the treatment of  point-defect absorption by voids 
and dislocations (Secs. 13.4 and 13.5).] 

Figure 20.6 shows (schematically) the concentration 
profile of dissolved metal in the vicinity of the surface. The 
equilibrium concentration in sodium (i.e., the  solubility) is 
denoted by C,,,. When the rate of release from the solid t o  
the liquid is slow compared to the rate of diffusional 
transport through the  boundary layer, the actual concentra- 
tion of  the metal in the sodium next to the surface, Cint ,  is 
less than the saturation value. The rate of  the dissolution 
step is assumed to be given by the product of a first-order 

rate constant kR and the departure from interfacial 
equilibrium, or  by 

where m is the corrosion rate expressed in grams of metal 
per square centimeter of surface per second. The units of 
the rate constant kR are centimeters per second, and the 
concentrations are expressed in grams of metal per cubic 
centimeter of sodium. 

The rate of mass transfer by convective diffusion in the 
boundary layer is given by 

 ti^ = kd (Cjnt - C) (20 2) 

where C is the concentration of dissolved metal in the bulk 
sodium flowing past the point a t  which the corrosion rate is 
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Fig. 20.4 Effect of temperature o n  the corrosion rates of 
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steel. 0, 304 stainless steel. (After Ref. 1.) 
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Fig. 20.5 Corrosion rate a t  700°C as a function of sodium 
velocity at an oxygen level of less than 10 ppm. (After 
Ref. 7.) 

measured. Eliminating Cint  between Eqs. 20.1 and 20.2 
yields 

(20.3) 

where kd is the mass-transfer coefficient (centimeters per 
second), the magnitude of  which can be estimated by 
analogy to  the corresponding formulas for heat transfer. 
The mass-transfer coefficient is a function of  the Reynolds 
and Schmidt numbers. For a pipe the former is defined by 

vd Re = - 
V 

(20.4a) 

where v is the bulk sodium velocity, d is the pipe diameter, 
and v is the  kinematic viscosity of sodium. 

For  a flat plate (which best represents the geometry of 
the  test specimens inserted into the loop of Fig. 20.2), the 
Reynolds number is based o n  the  distance from the leading 
edge: 

(20.4b) VI 
Rel =; 

(Note that 1 is not equal t o  the  distance downstream of the 
entrance to the test zone, which is denoted by x). 

The Schmidt number is: 

(20.5) 
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DISTANCE FROM SURFACE 

Fig. 20.6 Concentration distribution of iron in sodium 
near the surface. 

The correlation between the mass-transfer coefficient 
and the dimensionless parameters depends o n  the magni- 
tude of the Schmidt number (which replaces the Prandtl 
number in the mass-transfer analogs of heat-transfer correla- 
tions) and o n  whether the flow is laminar or turbulent. For 
the  conditions typical of a sodium corrosion loop test, 
v = 500 cmisec, d = 2 cm, and v = 1.5 X cm2/sec (at 
700°C). 

The diffusion coefficients of iron, nickel, and chro- 
mium in liquid sodium have not been measured but can be 
estimated by the method described in Ref. 2. For iron* 

At T = 700°C the diffusion coefficient of iron in sodium is 
5 X lo-' cm2 /sec. Using these figures, we find Sc = 30 and 
Re = 6 X l o 5 .  The flow is clearly in the turbulent regime 
(for pipes), and the Schmidt number is typical of ordinary 
liquid systems. A common empirical correlation that 
applies to both heat and mass transfer for these values of 
the dimensionless groups is3 

- kd = sc-15j 
V 

(20.7) 

where j is the Colburn j-factor for  mass and heat transfer. 
For  turbulent flow in pipes, 

f 
2 

j =-= 0.023 R ~ - 0 . 2  

where f is the  friction factor. Combining the two preceding 
equations yields 

(%) = 0.023 Sc-MRe-0.2 (20.8) 
pipes 

where D is the diffusivity of the metal in liquid sodium. *Activation energies are expressed in kJ/mole. 
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which is the familiar Chilton-Colburn equation. It is valid 
for 0.5 c Sc G 120,  2300 G Re G l o 7 ,  and x /d  > 50. In the 
region x /d  < 50, the turbulent flow and concentration 
fields in the pipe are developing, and the mass-transfer 
coefficient is larger than the values predicted by Eq. 20.8. 
Accelerated mass transfer in the upstream portion of a pipe 
is termed the entrance effect. 

For turbulent flow over a flat plate, j can be expressed 
in terms of the skin-friction coefficient Cf: 

Cf 
j =- = 0.037 Re;'.' 

2 

and Eq. 20.7 becomes 

= 0.037 Sc-' Relo '' (20.9) 
(')flat plate 

In this formula kd is the average mass-transfer coefficient 
over the distance 1 from the leading edge. Since the length 
of the specimen tabs used in the sodium loop tests is 
comparable t o  the diameter of the pipe in which the 
sodium flows, Eys. 20.8 and 20.9 show that the m a s -  
transfer coefficients o n  the pipe wall and on the corrosion 
specimens are approximately equal. With the values of the 
Schmidt and Reynolds numbers previously calculated and a 
flow velocity of 5 m/sec, the predicted mass-transfer 
coefficients are on  the order of kd LV_ 0.08 cmlsec. 

We compute the  theoretical corrosion rate for complete 
diffusion control using iron as the dissolving metal. The 
solubility of  iron in low-oxygen sodium (i.e., sodium with 
oxygen concentration less than -10% of the saturation 
value) is given by 

where Csa t (Fe)  is in parts per million by weight. At 700°C 
the solubility of iron is -6 ppm, or 5 x grams of iron 
per cubic centimeter of sodium. If the bulk concentration 
of iron in the flowing sodium is neglected (C = 0) and the 
corrosion process is assumed to  be completely diffusion 
controlled (kd/kR << I ) ,  Eq. 20.3 predicts a corrosion rate 
for iron of 4 x g cm-' sec-I. The corrosion rate can 
also be expressed in terms of the velocity of recession of 
the surface by 

(20.1 1) 
m 

P 
u = -  

where p is the density of the solid (for iron, p = 7.9 g/cm3).  
The predicted diffusioncontrolled corrosion rate of iron in 
sodium that contains no dissolved iron is 16,000 pm/year. 
This rate is more than two orders of magnitude greater than 
the rates shown o n  Figs. 20.3 to  20.5, and it must be said 
that  the simple theory is rather dramatically wrong or  a t  
least has not been properly applied t o  the particular 
characteristics of the loop experiments. 

In addition to  failing to come even close to  predicting 
the magnitude of the observed corrosion rates, the expected 
temperature dependence of the theoretical diffusion- 
controlled corrosion rate is in error. The activation energy 
for diffusion-controlled corrosion is the sum of the 

enthalpy of solution of iron in sodium (which, from 
Eq. 20.10, is 8 2  kJ/mole) and the activation energy for 
diffusion of iron in liquid sodium (-18 kJ/mole), which is 
significantly less than the activation energies obtained from 
Fig. 20.4. 

These comparisons of corrosion-rate magnitude and 
temperature dependence with observations suggest that the 
dissolution s tep characterized by the rate constant kR is 
not rapid compared t o  boundary-layer convective diffusion 
and that the full rate constant in Eq. 20.3 should be 
employed in the theory. According t o  the simple model 
considered here, the velocity-independent plateaus of the 
curves in Fig. 20.5 correspond to complete control of the 
corrosion rate by the surface dissolution step (or Cln t  = C). 
Using the corrosion rate on the plateau on the upper curve 
(20 pm/year), we conclude that kd /kR = 16,000j20 = 

800 for these corrosion conditions. If the sodium velocity is 
reduced from 9 mjsec characteristic of the level portion of 
the curves in Fig. 20.5 to  1 m/sec, Eqs. 20.8 and 20.9 
indicate that the ratio k,/k, should be decreased to  
(800)/(9)' '* = 140. Using Eq. 20.3, the ninefold reduction 
in flow velocity should have reduced the corrosion rate by 
the factor 

which is quite a bit different from the observed fourfold 
reductions in u due to  decreasing the sodium velocity by a 
factor of nine. 

20.2.4 Analysis of the Corrosion Loop 

The error in the theoretical corrosion rate determined 
in the preceding section can be due to  assuming n o  metal in 
the bulk sodium (C = 0). The effect of sodium circulation 
in the loop can be incorporated into the simple corrosion 
mechanism used in the preceding discussion with the aid of 
Fig. 20.7. We consider a very simple loop, consisting of an 
isothermal hot leg maintained at  temperature Th and an 
isothermal cold leg at temperature T,. Efficient heaters and 
coolers at the junctions between the two loops are assumed 
t o  feed appropriately preheated or precooled sodium in 
each leg of the loop. Sodium circulates through the loop in 
the direction of the arrows in the drawing. At all 
downstream locations 0 G x G 2L, the corrosion rate is 
given by Eq. 20.3. The solubilities of the metal in sodium in 
the hot and cold legs are denoted by Ckat and Cgat, 
respectively. Since T, > T,, Ctat is greater than C&t,  and 
metal is removed in the hot leg and deposited in the cold 
leg. 

When steady state is established in the loop, the metal 
concentration distribution in the flowing sodium, C(x), is 
less than Ckat in the hot leg but greater than Cgat in the 
cold leg. The downstream variation of the metal concentra- 
tion can be calculated by a simple material balance on  the 
flowing sodium into which Eq. 20.3 is incorporated as an 
exchange term with the surface. For a circular pipe the ,--, 
balance o n  metal in the sodium takes the form 

dC 4Kd 
- ( G a t  - C )  d x  vd 

( 20.12) 
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, where Kd is the  overall mass-transfer coefficient in 

(20.13) 

Integration of Eq. 20.12 yields 

in the hot leg (0 < x Q L) and 

in the cold leg (L c x Q 2L). The terms K,, and K,, are 
the overall mass-transfer coefficients in the hot  and cold 
legs, respectively and C(0) and C(L) are the concentrations 
of metal in the flowing sodium at  the junctions between the 
two parts of  the  loop which are determined by appropriate 
matching conditions. A schematic of  the concentration 

HOT 
LEG 

COLD 
LEG 

Fig. 20.7 A two-zone loop. 

profiles along the loop is shown in Fig. 20.8 (see problem 
20.1 for a detailed calculation). The sodium entering the 
hot  leg is undersaturated with respect t o  the solubility a t  
Th, but Ctat is approached exponentially as the liquid flows 
up the hot leg. Similarly, the sodium entering the cold leg is 
supersaturated with respect to  the solubility a t  the cold-leg 
temperature, and C(x) decreases exponentially toward CSat 
during the return trip through the loop. 

The driving force for corrosion in the hot leg is 
Ckat - C(x), which from Fig. 20.8 is seen t o  decrease with 

-HOT LEG- 

cLt 

525 

COLD LEG- 

C(2L 

0 L 2L 
DOWNSTREAM DISTANCE ( x )  

Fig. 20.8 Concentration of iron in sodium in a simple 
two-zone loop. 

downstream x/d.  This predicted downstream effect is 
qualitatively consistent with the  data shown in Fig. 20.5. 

The earlier calculation that  yielded a two order-of- 
magnitude discrepancy between theoretical and experi- 
mental corrosion rates took as a driving force the full 
ordinate height C&t in Figure 20.8. However, when the 
circulatory geometry of the loop is treated correctly, the 
driving force is reduced to  the vertical distance between 

and C(x) in the figure. The driving force (and hence 
the corrosion rate) is reduced to  zero as Ckat + C&, or  
when the temperature difference between the two legs 
vanishes. The corrosion rate also vanishes when the deposi- 
tion rate constant of the cold leg, kRc,  becomes very small. 
In this instance the cold leg is inefficient in removing metal 
from the sodium, and the entire loop becomes saturated 
with metal at the  solubility value appropriate t o  the hot-leg 
temperature. 

20.2.5 Effect of Oxygen on Iron Corrosion 
The rate of corrosion of iron or  stainless Fteel is found 

t o  increase with the concentration of oxygen dissolved in 
the sodium. The effect ciin be either thermodynamic or 
kinetic. If the dissolved oxygen can form an oxide of iron 
(perhaps combined with sodium as  well), the  corrosion 
analysis based o n  the assumption that iron dissolves as the 
element is incorrect. Even if the thermodynamic search for 
an oxygen effect proves fruitless, dissolved oxygen can 
accelerate one of the steps in the corrosion process, thereby 
rendering the  phenomenon a kinetic one. We first examine 
the potential thermodynamic effect of oxygen on  the 
iron-sodium system. 

Oxygen probably dissolves in sodium as the monoxide 
Naz 0. However, it is not important for thermodynamic 
analysis whether the dissolved oxygen is chemically bound 
to two sodium atoms, exists as a free oxygen ion 0-2, or 
exists as an oxygen ion loosely solvated with two sodium 
ions. Assuming compound formation, we may commence 
by considering the reaction 

2Na(l) + O2 (g) = Na2 O(s) (20.15) 
2 
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the standard free energy of formation of  Na2 0 is' 

I?GiNa, = -397 + 118 -5 kJ/mole 
(1: ) (20.16) 

The other piece of  thermodynamic information required t o  
specify t h e  equilibrium behavior of oxygen in sodium is the 
solubility, which represents the reaction 

Na, O(s) = Naz 0 ( s o h  in Na) (20.17) 

The solubility of pure solid Naz 0 in liquid sodium is given 
b v '  

where Csat(,,) is in parts per million of oxygen by weight. 
This equation is plotted in Fig. 20.9. The accord between 
the various measurements suggests that the solubility of 
oxygen in sodium is established to within 10%. The oxygen 
content o f  sodium loops can be controlled by passing the 
flowing sodium over a bed of solid NazO held at a known 
temperature (which must be  the lowest temperature in the 
loop). The oxygen concentration established at this point is 
determined by Eq. 20.18 and persists throughout the loop, 
provided that there are n o  strong sinks for oxygen in the 
circuit. 

The thermodynamic effect of dissolved oxygen is 
expressed in terms of the activity of this species in sodium. 
By definition the activity of  oxygen in sodium saturated 
with N a 2 0  is unity. In solution thermodynamics the 
activity of  a dilute species is generally proportional t o  the 
concentration of  this species. This rule is known as Henry's 
law. Since the activity of oxygen in  oxygen-saturated 
sodium is unity, the oxygen activity for lower concentra- 
tions is given by 

CO 

C s a t ( 0 )  (20.19) a. =- 

When sodium containing oxygen at a concentration greater 
than 10 t o  20% of the saturation value is equilibrated with 
iron, an insoluble double oxide with the formula 
FeO - (NazO), precipitates out  o f  solution. This com- 
pound is called sodium ferrite, and its standard free energy 
of formation from the elements according t o  the reaction 

4 1 1 1 
-Na(l)+-  Fe(s) +-02(g)  = - - F e 0  * (Na10)2(s) (20.20) 3 3 2 3 

is ' 
A G : N ~ F ~ ~ ~ ~ ~ ~  = -410 + 1 2 1  (T/103) kJ/mole (20.21) 

(Another double oxide, NaFeO? , has been reported, but it 
is not as stable as sodium ferrite.) Subtracting reaction 
20.15 from reaction 20.20 yields 

Na, O(s) + - Fe(s) 
1 
3 

1 2 
3 3 

= -FeO - (Na,O),(s) +-Na(l) (20.22) 

for which 

AGO = AGfONaFerrite - AG~ON~,O (20.23) 

The reaction of iron with oxygen dissolved in sodium at  less 
than the saturation concentration is represented by the 
reaction 

Na2 O(soln in Na) + -Fe(s) 
1 
3 
1 2 

(20.24) 3 3 

The oxygen activity, a$,  a t  which sodium ferrite just 
precipitates from sodium that is in contact with pure iron is 
determined by applying the law of mass action to  the 
preceding reaction. Noting that all components are in their 
standard states (i.e., pure solids or  liquids) except for 
Na2 0 ,  there results 

= -FeO - (Na20), (s) + -Na(l) 

1 AGO z= exp (-=) 
Using Eqs. 20.16 and 20.23 yields 

(20.25) 

At 450'C this formula gives an oxygen activity of 0.17. The 
corresponding figure at 700°C is 0.29. Thus, pure iron and 
pure solid Na, 0 cannot coexist in liquid sodium anywhere 
in this temperature range. With excess N a 2 0  all the iron 
would be converted to  sodium ferrite, and with excess iron 
all the sodium monoxide would be consumed. Figure 20.9 
and Eq. 20.19 show that a t  450°C an oxygen activity of 
0.17 corresponds to  an oxygen Concentration of 
(0.17) (776) = 132 ppm. At 700°C the critical oxygen 
concentration for sodium ferrite formation is 1650 ppm. 
When the oxygen concentration in sodium is less than the 
critical value, the double oxide FeO - ( N a 2 0 ) ,  is unstable 
and decomposes into NazO and Fe, both dissolved in the 
sodium. Since most corrosion loops operate with oxygen 
concentrations in the tens of parts per million, we can 
conclude that  dissolved oxygen should have no thermo- 
dynamic effect on  the corrosion process. Iron should 
dissolve as the element and remain in this state throughout 
the loop. 

It is a well established fact, however, that the rate of 
iron corrosion by sodium increases as the concentration of 
dissolved oxygen is raised. Since the preceding argument 
has revealed no thermodynamic basis for this effect, the 
accelerated corrosion rate must represent kinetic enhance- 
ment. The mass-transfer coefficient kd should not be 
sensitive t o  dissolved oxygen, and the most likely source of 
the oxygen effect is the dissolution rate constant k R .  Weeks 
and Isaacs' have proposed a theory to  explain this 
phenomenon. 

They model the dissolution of iron into sodium after 
the accepted theory of desorption of  a n  adsorbed gas from 
a solid surface. In this theory the adsorbed molecule is 
bound t o  a particular type of atomic site on  the surface 
from which desorption is favored. The adsorbed molecule 
vibrates perpendicular to the surface, and every now and 
then a vibration possesses sufficient energy t o  permit the 
molecule t o  break the bond that  holds it t o  the surface. The 



INTERACTION OF SODIUM A N D  STAINLESS  S T E E L  527 

TEMPERATURE, " C  

600 550 500 450 400 350 300 250 200 150 100 

1 " " ~ " ' ' 1 " " ~ " " 1 ~ ' ' " " ' 1 " " ~  ' I  I I ' I I I I I I ' ' I ' I 
I 1 

Fig. 20.9 Solubility of oxygen in liquid sodium; general equation from selected data. [After J. D. Noden, 
J. Brit. N u l .  Energy SOC., 12: 329 (1973).] 



528 FUNDAMENTAL ASPECTS OF N U C L E A R  R E A C T O R  FUEL ELEMENTS 

rate of  desorption is the product of a desorption rate 
constant and the density of molecules on  active sites on  the 
surface. Transferring this model t o  the i r o n s o d i u m  sys- 
tem,  Weeks and Isaacs propose that the iron surface 
contains a sparse population of active sites, each of which 
holds an adsorbed iron atom and that dissolution occurs 
from these sites. The rate of dissolution per unit area of 
surface is expressed by 

Rdis  = kdisn atoms em-' sec-' (20.26) 

where n is the density of active sites (sites/cm2) and kdis  is 
the dissolution rate constant. The latter is the probability 
per unit time that  an adsorbed iron atom jumps from the 
active site into the adjacent liquid sodium. 

In the event that the liquid sodium contains dissolved 
iron a t  a concentration Cilll, the reverse step of condensa- 
tion of iron on the  surface also occurs. The rate of this step 
is give6 by 

The relationship between the rate constants k d i s  and 
kcond is determined by the requirement that at thermo- 
dynamic equilibrium (when Clnt  = Csat) ,  the forward and 
reverse processes must be proceeding at  equal rates, which 
requires that 

(20.28) 

In the nonequilibrium situation represented by a 
corrosion experiment, the net rate for iron is 

where M is the atomic weight of iron and NAv is 
Avogadro's number. Substituting Eqs. 20.26 and 20.27 into 
Eq. 20.29 and eliminating kcond by use of Eq. 20.28, we 
find that  the corrosion rate is given by Eq. 20.1 in which 
the phenomenological rate constant kR is related to  the 
atomic rate constant kdis by 

(20.30) 

According to  Weeks and Isaacs, oxygen in the sodium 
influences the atomic rate constant. In oxygen-free sodium 
kdis assumes some value characteristic of a pure iron 
surface in contact with liquid sodium. However, even a 
small concentration of dissolved oxygen results in adsorp- 
tion of sufficient oxygen o n  the surface so that  each of the 
adsorbed iron atoms on the n active sites per square 
centimeter exists as the molecule FeO. Weeks and Isaacs 
speculate that  the FeO species cannot dissolve unless it 
momentarily forms the double oxide FeO - (Na20) ,  . This 
molecule is presumed t o  break u p  and release elemental 
iron t o  the  solution as soon as the dissolution step is 
complete (because the double oxide is thermodynamically 
unstable). However, its transitory formation on the surface 
is essential t o  the removal of iron from the solid. Since the 
formation of  a surface doubleaxide molecule requires two 
NazO molecules (the FeO is assumed to be on the surface 

already), the dissolution rate constant should be propor- 
tional t o  the square of the oxygen concentration in the 
sodium. If we introduce the usual Boltzmann factor to  
allow for the temperature dependence of the dissolution 
step, the rate constant can be written 

kdls  = A'CA exp - -- ( 3 (20.31) 

where A' is a constant and Edis is the activation energy for 
movement of an iron atom from an active site t o  the liquid 
adjacent to the surface. Combining Eqs. 20.30 and 20.31 
vields 

k, = AChn exp  (- Edis - RT A H s n l n )  (20.32) 

where A is a collection of constants and AHsoln is the 
enthalpy of solution of iron in sodium (from Eq. 20.10, 
equal t o  82 kJ/mole). It arises from the term CsaL in the 
denominator of Eq. 20.30. 

The theory of Weeks and Isaacs, although presented in 
atomic detail, does not  provide a quantitative prediction of 
the corrosion rate. The constants A and Edis in Eq. 20.32 
are not given by the theory, and recourse t o  experimental 
data is required for their determination. However, the 
model does provide a physically plausible explanation 
of the  effect of oxygen on the kinetics of iron corrosion. 
The only aspect of the model that can be tested against 
experiment is the predicted variation of the corrosion rate 
with the  square of the oxygen concentration in systems in 
which convective diffusion is rapid and the bulk sodium is 
very undersaturated with respect t o  iron (so that  Eq. 20.3 
reduces to  m = kRCsat ) .  Available data for pure-iron 
corrosion in sodium confirm the second-power dependence 
predicted by the model; however, stainless-steel corrosion 
appears t o  vary with a power of  the concentration of 
dissolved oxygen in the sodium somewhere between 1 and 
1.5. 

In addition t o  iron, stainless steel contains chromium 
and nickel, and these two elements are removed along with 
the primary component by liquid sodium. The solubilities 
of  the three major constituents of stainless steel (in their 
elemental states) in liquid sodium are shown in Fig. 20.10. 

Nickel Corrosion 
Contrary t o  iron, the solution of pure nickel is 

unaffected by t h e  oxygen content of the liquid metal. 
Double oxides of nickel and sodium are thermodynamically 
unstable, and the dissolution rate of nickel does not  appear 
t o  require catalysis by NazO, as does the dissolution of 
iron. The corrosion rate of pure nickel should therefore be 
governed by liquid-phase convective diffusion, with the 
driving force equal t o  the difference between the solubility 
and the nickel concentration of the bulk sodium (i.e., by 
Eq. 20.3 with k d / k R  < 1 ) .  

Chromium Corrosion 
Chromium is a strong oxide former, and sodium 

chromite, NaCrOz, forms readily according t o  the reaction 

2Naz O(soln) + Cr(s) = NaCrOz (s) + 3Na(l) (20.3 3) 
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TEMPERATURE, " C  energy change of reaction 20.33 is -10 kJ/mole more 

In any case, the critical oxygen concentrations for 
precipitation of  sodium chromite are considerably smaller 
than those for formation of sodium ferrite, and formation 
and dissociation of  NaCrOz in various parts of a sodium 
loop can be an important feature of stainless-steel corrosion 
and solid deposition. To assess the effect of chromium on 

- corrosion of stainless steel, we first develop models of 
corrosion of  pure chromium metal in oxygenated sodium. 
In view of the  substantial uncertainty in the thermo- 
chemistry of  the sodium-chromium-oxygen system, two 
alternative models are analyzed. 

We shall first consider the case in which the solubility 
of elemental chromium in 

negative than indicated by Eq. 20.34. 

- - - 
- 
- 
- 

J -  - 
m -  

\ 
1 sodium is represented by the 
\ 
8 dotted line in Fig. 20.10 but  assume that the standard 

8 free-energy change of  reaction 20.33 is very large and 
8 negative. The reaction between Naz 0 and chromium is 

E -  
- 

8 

8 - 
\ 
\ 
\ 

rapid and occurs in the sodium boundary layer adjacent t o  

mass-transfer-with-reaction process is analogous to the 
process of vaporization of oxide-forming metals in an 
oxidizing gas, which has been treated by Turkdogan, 

\ 
\ the surface in the manner depicted in Fig. 20.11. This 0 1  

0 9  1 0  1 1  1 2  1 3  1 4  
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Fig. 20.10 Solubility of iron, nickel and chromium in 
oxygen-free sodium. (After Ref. 1.) 

The reaction has been written for N a 2 0  in solution in 
sodium. The thermodynamics of the reaction gives the 
free-energy change when all participants are present in their 
pure (or  standard) states. For the preceding reaction, the 
standard-state free-energy change can be obtained from the 
data of W u  and Chiotti4 and Eq. 20.16: 

The critical oxygen activity in sodium at  which sodium 
chromite precipitation occurs can be determined by 
application of the law of mass action t o  reaction 20.33, 
which yields 

(20.35) 

Using Eqs. 20.34 and 20.35, we can determine the oxygen 
activity for formation of  NaCrOz from oxygen in sodium 
that is in contact with pure chromium. The corresponding 
oxygen concentrations in the sodium are then found from 
Fig. 20.9 and Eq. 20.19. Proceeding in this manner, critical 
oxygen concentrations are found t o  be -10 ppm a t  450°C 
and -20 ppm at 700°C. However, increasing the oxygen 
concentration in sodium loops beyond -3 ppm without 
adding large excesses of N a 2 0  is difficult. Presumably, the 
added oxygen first must consume all the exposed chro- 
mium metal surfaces (or coat them with a protective film of 
sodium chromite) before the oxygen level of the sodium 
can be raised above the critical concentration. The observa- 
tion that chromium starts to react with oxygen a t  concen- 
trations less than about  3 ppm instead of in the 10 to 20 
ppm range calculated previously suggests that the free- 

Grieveson, and Darken.' Because the free energy of 
formation of the oxide product (NaCrOz in the present 
case) is assumed t o  be large and negative, dissolved oxygen 
(as Na2 0) and dissolved chromium cannot coexist in the 
sodium boundary layer adjacent t o  the metal surface. 
Therefore, a zone free of Naz 0 but containing a dissolved 
chromium concentration distribution exists next t o  the 
metal surface; the outer edge of the boundary layer 
contains a NazO concentration profile but is devoid of 
chromium. These two zones are separated by a reaction 
front wherein the concentrations of the two reactants 
vanish and the insoluble NaCrOz product is formed. The 
concentration profiles of chromium and Naz 0 are shown in 
Fig. 20.11. The oxide reaction product generated a t  the 
reaction front is assumed t o  be swept into the bulk sodium, 

0 E s 
DISTANCE FROM SURFACE 

Fig. 20.11 Model of chromium corrosion based o n  rapid, 
irreversible reaction at  a reaction front in the sodium film. 
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but, since it cannot dissociate (because the reaction is 
assumed t o  be irreversible), it has no effect o n  the corrosion 
rate. 

If NaCrOz were not produced in the  corrosion process, 
chromium would dissolve in the same manner as nickel 
does, and the  chromium distribution in the  boundary layer 
would resemble the dashed line in Fig. 20.11. In this 
analysis we use the  film theory of m a s  transfer, whereby 
the boundary layer is approximated by a stagnant film of 
sodium in which transport occurs by molecular diffusion. 
In the absence of  reaction, the mass-transfer rate is given by 

(20.36) 

Equation 20.36 detcrmines the fictitious film thickness 6 as 
kd/DCr ,  where Der is the diffusion coefficient of chro- 
mium in liquid sodium and kd is the mass-transfer 
coefficient (for pipe flow, given by Eq. 20.8). The figure 
shows that  the irreversible reaction increases the chromium 
gradient near the wall and hence increases the corrosion 
rate. According t o  the film model, the latter is 

(20.37) 

The standoff distance of the reaction front, e ,  is determined 
by the requirement that the stoichiometry of reaction 
20.33 be satisfied or  that the atom flux of chromium t o  the 
reaction front from the surface be equal t o  one-half the 
molar flux of Na,O t o  the reaction front from the bulk 
sodium. This condition leads to 

where Csat(Cr) = solubility of elemental chromium in 
sodium in grams per cubic centimeter 
(obtained from Fig. 20.10 with the ap- 
propriate change in units) 

Co =concentration of oxygen in the bulk 
sodium in grams of oxygen per cubic 
centimeter. 

Mcr = atomic weight of chromium 
MO = atomic weight of oxygen 

Solving Eq. 20.38 for E ,  substituting the result into 
Eq. 20.37, and replacing Dcr/S by the mass-transfer coef- 
ficient yields 

Comparison of Eqs. 20.36 and 20.39 shows that the 
bracketed term in Eq. 20.39 represents the enhancement of 
the corrosion rate by the irreversible reaction between 
chromium and sodium oxide. Assuming D N ~ ,  0 D c r  and 
t a k i n g  t y p i c a l  concentrations CO -- lo  ppm and 
Csa t (c r )  = 1 ppm (solubility a t  7OO0C), we find that 
Eq. 20.39 predicts a chromium removal rate that is -20 
times greater than in the absence of  NaCr02 formation. At 
large oxygen concentrations, the rate of corrosion of 
chromium should be directly proportional to Co and 
independent of the chromium solubility. 

Equation 20.39 probably overestimates the effect of 
oxygen on  chromium corrosion because it is based on  the 
assumption that reaction 20.33 is irreversible (i.e., that  
NaCrOz cannot dissociate). Another model of chromium 
corrosion in oxygenated sodium starts from the premise 
that  reaction 20.33 occurs a t  the solid-liquid interface 
proper and is slow but  reversible. The solubility of 
elemental chromium in sodium is neglected. If reaction 
20.33 were rapid, the concentration of NazO at  the 
solid-liquid interface would be determined by the thermo- 
dynamics of the reaction, which leads t o  an oxygen activity 
given by Eq. 20.35. The equilibrium oxygen concentration 
at the  interface would be fixed by 

If reaction 20.33 is slow, however, the  oxygen concentra- 
tion a t  the interface will be larger than Cg , and the rate of 
production of NaCrOz can be expressed in terms of the 
departure from equilibrium: 

where kR is the rate constant for the forward step of 
reaction 20.33 and Cln t (0)  is the concentration of Na,O in 
the sodium immediately adjacent to  the chromium surface. 
The Naz 0 concentration distribution through the sodium 
boundary layer is shown schematically in Fig. 20.12, and 
the rate of transfer of oxygen to  the surface by convective 
diffusion is given by 

Combining the preceding two equations yields the cor- 
rosion rate 

This corrosion rate contains resistances due  to  both 
diffusion-convection and chemical reaction at  the inter- 
face. The driving force is the difference between the bulk 
oxygen concentration and the maximum oxygen concentra- 
tion permitted by the thermochemistry of reaction 20.33. 
The model also assumes that the NaCrOZ reaction product 
does not coat the metal and protect it from further attack; 
the oxide produced must be nonadherent and be easily 
sheared off the surface by flowing sodium for the model 
t o  be valid. If the NaCr02 layer is adherent, oxygen from 
the sodium must dissolve in it and move by solid-state 
diffusion t o  the double-oxide-metal interface for reaction 
to  occur. This is a very slow process, and, if  diffusion 
through a protective film were controlling, the corrosion 
rate would be much smaller than that predicted by either of 
the preceding models (Eq. 20.39 or 20.43). 

20.3 CORROSION AND SELECTIVE 
LEACHING OF STAINLESS STEEL 

Having determined (in theory at  least) the corrosion 
rate of the three principal metals in stainless steel, we are in 

, 
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DISTANCE FROM SURFACE - 
Fig. 20.12 Model of chromium corrosion based on slow 
reversible reaction at  the sodium-chromium interface. 

a position t o  estimate the corrosion rate of the ternary 
alloy and the effect of unequal component removal rates on  
the surface composition.6 

Let rh: be the rate of corrosion of pure metal i into 
sodium. The component corrosion rates are presumed t o  be 
known as functions of temperature, sodium velocity, and 
oxygen concentration of the sodium. Because and h i l  
appear t o  be larger than hie for the same external 
conditions, nickel and chromium are removed more rapidly 
from the surface of the steel than iron, which imbalance 
results in depletion of nickel and chromium in the surface 
and enrichment in iron (selective leaching). Because of the 
changes in alloy composition, the original austenitic phase 
can change to  ferrite near the surface. The alteration of the 
surface composition also sets up  concentration gradients of 
iron, nickel, and chromium in the steel, and these elements 
will migrate by solid-state diffusion in the direction 
dictated by their concentration gradients. Eventually, how- 
ever, a steady-state corrosion rate is achieved in which the 
removal rates of the three species a t  the interface and the 
concentration distributions in the adjacent solid become 
stationary. Figure 20.13 illustrates the steady-state situa- 
tion. 

The composition of the bulk steel is specified by the 
mass fractions wp of the three major species. The 
composition of the alloy a t  the interface differs from the 
bulk composition. The interface concentrations are denoted 
by mint(,), also in mass fraction units. The removal rates of  
the three species by the liquid sodium, mi, are assumed to  
be less than the corresponding removal rates of the pure 
metals under the  same sodium conditions by a factor equal 
t o  the mass fraction of the component in the metal exposed 
to the sodium, or  

. O  

m. I = a. in t ( i )  mi (20.44) 

The corrosion rate of the steel is the sum of the removal 
rates of the three components 

(20.45) 

We select a coordinate system moving with the corrosion 
velocity u = h i p ,  where p is the density of steel. In this 
frame of reference, the interface is stationary, and the 
metal advances from left to  right in Fig. 20.13 a t  a uniform 
velocity u. A material balance on the volume element 
between the plane labeled 1 in Fig. 20.13 and the interface 
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Fig. 20.13 Concentration distributions of iron, nickel, and 
chromium in stainless steel contacted with- sodium. 

requires that a t  steady state the rate a t  which each 
component enters plane 1 from the bulk of the steel be 
equal to  the rate a t  which this species is removed from the  
interface by dissolution into the sodium, or 

(20.46) 0 . o  mi = p u q  = m u i  

Equating the right-hand sides of Eqs. 20.44 and 20.46 
yields 

(20.47) 

Inasmuch as the sum of the mint(i) values is equal t o  unity, 
the corrosion rate is determined by the composition of the 
steel and the corrosion rates of the pure component metals 
under the same conditions according t o  

pu  = h = [ C(3)l-l (20.48) 

and the surface composition follows by  using this result in 
Eq. 20.47: 

(20.49) 

The sums in Eqs. 20.48 and 20.49 include iron, nickel, and 
chromium. 
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The concentration distributions of the three metals near 
the surface, which are designated by wi(z), can be obtained 
by use of Fick's law of diffusion, which in this case must be 
supplemented by a convection term arising from the 
motion of the metal in the coordinate system fixed to the 
solid-liquid interface. The flux of species i a t  any point in 
the solid is 

(20.50) 
dmi hi = pDi __ + puwi = constant 
dz 

where z is measured from the interface into the metal (hi 
is, by choice, positive in the negative z-direction, so that the 
usual minus sign in front of the gradient in Fick's law is 
absent). Taking the derivative of Eq. 20.50 with respect to  
z gives the second-order differential equation 

(20.51) 

which is subject t o  the boundary conditions 

(20.52) = W i n t ( i )  

mi(-) = mp 

The solution is 

" = exp( - z) (20.53) 
wi - wi 

W i n t ( i )  - mi 

[A very similar situation is encountered in analysis of pore 
migration due t o  a temperature gradient in a mixed-oxide 
fuel. As discussed in Chap. 11, the plutonium distribution 
ahead of such a pore (Eq. 11.102) is of the same form as 
Eq. 20.53.1 

The depth of the concentration perturbation can be 
estimated from the measured corrosion rate. For a 5% 
approach of the concentration t o  the bulk value in the 
steel, the argument of the exponential in Eq. 20.53 should 
be -5. The diffusion coefficients in the iron-chromium- 
nickel system are -3 x 1 C J I 4  cm2/sec a t  700°C. For  a 
corrosion velocity of 25 pm/year, 

5 Di Depth of penetration N - N 20 p m  

Figure 20.14 shows typical data on selective removal of the 
constituents of stainless steel. The calculated penetration 
depth is in fair agreement with what is found experimen- 
tally. The surface of the specimens from which the data  of 
Fig. 20.14 were obtained is 96% iron; thus, removal of this 
element by sodium controls the entire corrosion process 
The ferritic layer that, forms when the chromium and nickel 
concentrations become too small to  sustain the austenitic 
phase is seen to  range in size from one-fifth to  one-half the 
depletion depth of the individual elements. 

20.3.1 The Weeks-Isaacs Model 
Weeks and Isaacs' have extended the model of corro- 

sion of pure iron t o  apply t o  stainless steel. They note that, 
because of the selective leaching process described earlier in 
this section, iron is by far the dominant component on the 
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Fig. 20.14 Electron microprobe traces of a cross section of 
a stainless-steel specimen exposed t o  high-velocity sodium 
at  755°C for 2500 hr. (After A. J. Romano and C. J. 
Klamut, cited in Ref. 1.) 

surface and therefore controls the dissolution rate of the 
alloy. The rate of corrosion of steel, m, is related to the 
iron content of the steel by Eq. 20.46, in which h F e ,  the 
corrosion rate of iron from the surface, is taken t o  be the 
same as that for pure iron, because the surface is 
essentially all iron. The rate constant kR for dissolution of 
pure iron (Eq. 20.32) is modified in two ways to  account 
for chromium and nickel in the sodium. First, chromium 
and nickel are assumed to  act as poisons t o  iron dissolution 
by occupying some of the active sites on the surface from 
which iron dissolves. Thus, n in Eq. 20.32 is replaced by  
n [ l  - g(ccr  + CNi)], where g is a constant and c,, and 
CNi  are the bulk concentrations of chromium and nickel in 
the flowing sodium. Second, they replace the power 2 in 
Co in Eq. 20.32 by 2[ 1 - (m& + m k i ) ]  = 2wge, although 
the justification for this step is rather nebulous. They also 
assume that (1) the bulk sodium is undersaturated with 
respect t o  iron, so that CFe < Csat(Fe), and (2) the sodium 
velocity is sufficiently high t o  eliminate the boundary-layer 
mass-transfer resistance (kd % kR).  

Combining all the preceding modifications, the  corro- 
sion rate of stainless steel is expected to  be of the form: 

where B is a constant. In all stainless steels of interest to  
LMFBR application, is between 0.65 and 0.75. Using 
the lower figure as representative, we find the oxygen 
concentration dependence of the corrosion rate is governed 
by the term ( C O ) ' . ~ .  The  poisoning effect of dissolved 
chromium and nickel on iron dissolution represented by  the 
last term in the brackets of Eq. 22.54 is empirically related 
t o  the downstream position in a leg o n  the grounds that, as 
the sodium flows along such a section, Ccr and CNi 
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increase because the corrosion process releases these ele- 
ments t o  the sodium. On the  basis of comparison with the 
observed downstream effect, g(Cc, + CNi)  is replaced by 
E(x/d)’, where E is another constant. Evaluating the 
parameters B, Edis, and E from data, we find the corrosion 
rate equation to  be 

i 

x [ 1 - (a)’] prnlyear (20.55) 

where Co is in parts per million oxygen by weight. 
Although Eq. 20.55 satisfactorily correlates stainless- 

steel corrosion data and reproduces the important effects of 
temperature, oxygen concentration, and downstream posi- 
tion, it is restricted to  sodium velocities large enough to  
eliminate convection-diffusion as a major transport resis 
tance. For the high sodium velocities expected in LMFBR 
sodium-coolant loops, Eq. 20.55 probably provides a good 
estimate of the steel corrosion rate. However, the Weeks- 
Isaacs formula does not correctly predict the transition 
from dissolution control t o  diffusion control. The mass- 
transfer coefficient in a pipe is rather accurately given by 
Eq. 20.8 (for x / d  > 50, it is even conservative, since the 
entrance effect is not included). If a surface-dissolution rate 
constant were computed from Eq. 20.55 by dividing this 
equation by Csat(Fe) ,  k, would be found t o  be very much 
smaller than kd down t o  extremely small sodium velocities. 
Hence, the velocity effect shown in Fig. 20.5 is not a t  all 
predicted by the Weeks-Isaacs model when their surface- 
dissolution step is coupled t o  a diffusional transport 
resistance according t o  Eq. 20.3. 

20.3.2 Microstructural Changes Due to Sodium 
Corrosion 

Figure 20.15 shows the alterations in the morphology 
of the steel near the interface with flowing sodium to which 
the metal has been exposed. The small specks that appear 
after -500 hr  subsequently grow into distinguishable parti- 
cles by 15,000 hr. These precipitates are the sigma phase of 
steel (an intermetallic compound of iron and -45% 
chromium). The formation of this phase is ascribed to  the 
loss of interstitial elements, principally carbon, from the 
steel. The last three panels of the montage reveal the 
growth of a layer of ferrite on the surface (dark gray). The 
appearance of this form of steel is due to  the loss of the 
austenitic stabilizers nickel and chromium from the surface 
layer due t o  the selective leaching process described earlier 
in this section. 

Figure 20.16 shows a scanning electron micrograph of 
the surface of sodium-exposed type 316 stainless steel. The 
surface is considerably roughened as a result of interaction 
with sodium, and small pits are visible. In titanium- 
stabilized grades of stainless steel (e.g., type 321), a 
substantial number of subsurface cavities are found. These 
voids are interlinked and extend to  -100 p m  below the 
surface. Types 304 and 316 stainless steel do not exhibit 
such extensive cavity formation. 

20.4 DEPOSITION AND TRANSPORT OF 
INDUCED RADIOACTIVITY 

The preceding two sections dealt with corrosion of 
stainless steel in the hot regions of a sodium loop. For the 
process t o  continue, the corrosion products must be 
removed in the cool portions of the circuit a t  the same rate 

20 w r r  

t 

538 hr 1768 4838 10352 15726 

Fig. 20.15 Evolution of the near-surface microstructure of type 316 stainless steel exposed t o  sodium at 
700°C for times up  t o  15,000 hr. [From D. W.  Sandusky e t  al., J. Nucl. Muter . ,  46: 225 (1973). J 
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Fig. 20.16 Scanning electron micrograph of the surface of 
type 316 stainless steel exposed t o  sodium at  700°C for 
15,000 hr. [From D. W. Sandusky et al., J. N u l .  Muter., 
46: 225 (1973).] 

that dissolution proceeds in the hot region. In this manner, 
a steady transfer of mass from the high-temperature part of 
the circuit (core, hot leg) to the low-temperature parts 
(heat exchanger, cold leg) is e ~ t a b l i s h e d . ~  At the largest 
cold-leg deposition rates that have been observed in 
experimental loops, the transfer of several tons of structural 
metals via the flowing sodium could occur during the 
lifetime of the reactor.* 

The deposition process is more complex than the 
corrosion process, and no quantitative theory of the former 
is available. Qualitatively, however, the deposition process 
is understood; the reduction of sodium temperature as the 
liquid metal flows through the heat exchanger reduces the 
solubility of the various species that were removed from the 
structural members in the hot zone. The supersaturation 
caused by the  abrupt reduction in temperature is partially 
relieved by  release of the dissolved metals from solution. 
Dissolved iron, nickel, chromium, and manganese can move 
to  the cool surfaces as atomic species and condense, thereby 
reversing the corrosion process. Or, if the  supersaturation is 
sufficiently high, the metals can precipitate out of solution 
by homogeneous nucleation. Much of the particulate 
matter suspended in flowing sodium is removed by 
stainless-steel o r  nickel mesh filters inserted into the 
cold-leg piping expressly for this purpose. 

Deposition rates are high both at  the beginning of a 
zone in which the sodium temperature first begins to  
decrease and in isothermal sections when turbulence is 
generated by a flow obstacle (e.g., an abrupt change in flow 
cross section or a fitting, such as  a valve, elbow, or tee). 
Figure 20.17 shows the gross characteristics of the deposits 
in regions near a flow disruption. Figure 20.18(a) shows a 
scanning electron micrograph of a sodium-exposed surface 
in the cold leg of a test loop. The deposit is crystalline in 
nature and consists primarily of mixed carbides (Crz C6 
and Fez3C6) ,  NaCr02,  and a metallic austenite phase of 

undetermined composition (although it contains iron, 
chromium, and nickel). As we shall discuss later, carbon is 
transferred in sodium loops in even greater quantities 
(relative t o  the amount in the original steel) than the major 
alloy constituents of the steel. The transferred carbon is 
responsible for the abundance of the Mz 3 C 6  carbides in the 
corrosion-product deposits. The proportion of the chro- 
mium in the carbide form depends on the oxygen content 
of the  sodium according t o  the reaction 

6 1 
23 2 3  

NaCrOz + - C + 3 N a = - C r z 3 C 6  

+ 2Na2 0 ( s o h  in Na) (20.56) 

High oxygen concentrations (>15 ppm by weight) drive 
reaction 20.56 to  the left, and the chromium precipitates 
primarily as  the double oxide. Low oxygen concentrations 
favor carbide formation. As expected from the thermody- 
namic arguments presented earlier, neither nickel nor iron 
appears an oxide. Iron is contained in the austenitic phase 
and in the form of the Fez3C6 carbide. The deposits in the 
lower temperature regions of the cold leg [Fig. 20.18(b)] 
do not exhibit the distinct crystalline structure character- 
istic of the high-temperature deposits. Here, iron appears as 
the alpha phase of the elemental metal (a-Fe) .  

The minor elements in the steel, silicon and manganese, 
are deposited as NazSiOz and a- or P-Mn, respectively. 
Much of the sodium found in the deposits is occluded with 
other particulate matter rather than chemically bound as 
double oxides.’ 

Deposition rates a t  a particular location can be as  large 
as 3 t o  4 mg cm-’ hr-’ (-100 ymiyear) and show the same 
dependence on  sodium velocity (increasing with increasing 
v) and downstream position (decreasing with increasing 
x /d)  as do corrosion rates. The chemical character of the 
deposits is illustrated by the data in Table 20.1. Chromium 

Table 20.1 Analysis of Semiadherent Deposits 
from Cold Side of Primary Loop* 

Metallic elements, wt. % Location Temp., 
(x/d)?- OC Fe Cr Ni Mn Mo 

94 0 650 1.3 95.2 3.7 0.08 0.01 
1020 625 1 .1  73.9 17.4 0.08 0.03 
1080 600 1.0 52.8 31.6 10.00 0.01 
1110 575 1.2 39.5 28.0 13.6 0.02 

*Data from Ref. 8. 
?Pipe diameters downstream from pump exit. 

is a major constituent a t  all temperatures and is the 
principal corrosion product attached to  high-temperature 
surfaces in zones in which the temperature is decreasing 
with increasing downstream location. Large quantities of 
manganese are deposited on  the cool end of the leg. The 
scarcity of iron in the deposits analyzed in Table 20.1 can 
be due to  the suspension of fine particles of this element in 
the flowing sodium, removal from which occurs at flow 
disturbances or filters. 
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Fig. 20.17 Photograph illustrating enhancement of corrosion-product deposition near a flow discon- 
tinuity. [From W. E. Ray et  a l . , i V u l .  Techtzol., 16:  249 (1972).] 
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Fig. 20.18 Scanning electron micrographs of deposit on surface of  type 316 stainless-steel surface after 
3300 hr in flowing sodium. (a) 650°C. (b) 430°C. (From Ref. 7.) 
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Accumulation of deposits in the intermediate heat 
exchanger can adversely affect the hydraulic performance 
of this unit by  reducing flow area. In addition, the 
heat-transfer resistance can increase owing t o  the inferior 
thermal conductivity of the scale compared t o  that of the 
base metal. An annual reduction of nearly 10% in the 
overall heat-transfer coefficient in the intermediate heat 
exchanger is estimated from sodium loop corrosion data.* 

The initial deposits adhere tightly t o  the base-metal 
surface, but succeeding deposits tend to  be less compact. 
Conceivably, an equilibrium deposit thickness could be 
attained when the scale thickness becomes limited by  the  
shear force of the flowing sodium. 

As indicated in the introduction t o  this chapter, the 
major radioactive species in the  deposits are 54Mn,  "Co, 
and 'Co. In agreement with observations of the deposition 
of nonradioactive manganese, 'Mn concentrates in the 
cold leg and in the cold trap of a sodium loop. Thecobal t  
activity, however, appears to  be more uniformly distributed 
about  the loop and may even prefer to  concentrate in the 
hot-leg piping." As shown by Fig. 20.19, the rate of 
deposition of radioactivity is enhanced by flow dis- 
turbances, such as an area reduction. 

The estimated external radiation level near the hot-leg 
piping of a n  LMFBR primary sodium loop is shown in 
Fig.20.20. The burden of radioactivity decreases with 
decreasing sodium outlet temperature because the corrosion 
rate in the  core is reduced as the temperature level is 
decreased. For high outlet sodium temperatures, the dose 
rate is too high for routine maintenance of the hot-leg 
parts. Consequently, components susceptible to  substantial 
accumulation of radioactivity will have t o  be removed from 
the loop and decontaminated rather frequently. Scale 
removal by chelating agents (e.g., acetylacetone) is under 
investigation.' ' These chemicals (in aqueous solution) form 
complexes with the transition metals (particularly cobalt 
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Fig. 20.19 Distribution of radioactivity in deposit near a 
flow perturbation caused by area reduction in the piping. 
[After W. F. Brehm et al., in Corrosion by Liquid Metals, 
J. E. Draley and J. R. Weeks (Eds.), p. 97,  Plenum Pub- 
lishing Corporation, New York, 1970.1 
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Fig. 20.20 Estimated dose rate 60 cm from the hot-leg 
piping in an LMFBR due t o  deposited j 4 M n  and "Co for 
various sodium outlet temperatures. [After W. F. Brehm 
et al., in Corrosion b y  Liquid Metals ,  3 .  E. Draley and J. R. 
Weeks (Eds.), p. 97, Plenum Publishing Corporation, New 
York, 1970.1 

and manganese) and can dissolve a 10-pm thick scale in 
100 hr. Carbides, however, are not dissolved by this 
treatment and will require a different decontamination 
procedure. Finally, some of the radioactivity diffuses into 
the base metal during deposition thereby requiring m o r e  
severe decontamination treatment than simply removing 
the  scale. 

20.5 SODIUM-IMPURITY CHEMISTRY AND 
MONITORING 

n 

Because of the detrimental effects of the impurity 
elements hydrogen, oxygen, and carbon on  the reliable 
performance of the coolant loops in an LMFBR, a variety 
of meters have been developed to enable continuous on-line 
monitoring of the concentrations of these species in the 
flowing sodium. The meters are of three types: 

1. Equilibrium meters in which the impurity concentra- 
tion in the  sodium is inferred from the amount of the 
species absorbed by a test metal specimen or  by a suitable 
instrument placed in the coolant stream. 

2. Electrochemical meters in which the concentration 
of dissolved impurity is determined by the voltage devel- 
oped by a solid-state electrolytic cell immersed in the 
sodium stream. 

3. Dynamic meters, the behavior of which cannot be 
determined solely from thermodynamic considerations but - 
depends on  kinetic factors as well. 

The utility of absolute meters of types 1 and 2 depends 
on knowledge of the thermochemistry of the chemical 
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reactions that are responsible for the meter response. 
Because equilibrium is demanded of these meters, their 
response is more sluggish (in the sense that sufficient time 

that of meters which operate in a dynamic nonequilibrium 
mode. Dynamic meters are usually calibrated against 
equilibrium meters. 

The equilibrium and electrochemical meters measure 
the activity, not the concentration, of the selected impurity 
in the sodium. Additional thermodynamic data (in the form 
of solubilities of the element in question in liquid sodium) 
are required to  determine solute concentrations. However, 
since most impurity interactions with the steel depend on 
the activity of the dissolved impurity rather than on its 

ficient. 

must be allowed t o  make sure equilibrium is attained) than CONTROLLER 

480°C 

VOLUME 
(SHADED AREA)  concentration, the direct activity readings are often suf- 

Meters for hydrogen, oxygen, and carbon have been 
constructed and tested, but only the  devices intended to 
monitor the first two of these elements are at a sufficiently 
advanced stage of development to permit incorporation as 
integral components of a sodium loop. The oxygen- 
hydrogen meter module developed by the Argonne Na- 
tional Laboratory is shown in Fig. 20.21. The module is a 
self-contained unit into which a small bleed stream from 
the main sodium flow is bypassed for analysis. The module 
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Fig. 20.21 Oxygen-hydrogen meter module. [After J. T. 
Holmes and G. 0. Haroldsen, Nucl. Techno/., 21: 228 
(1974).] 

contains two electrochemical oxygen meters and a mem- 
brane hydrogen meter. Because meter efficiency peaks a t  
-480°C, the module is equipped with a cooler and a heater 
to adjust the incoming sodium to this temperature. Follow- 
ing lemperature adjustment, the sodium flows in series 
through the oxygen and hydrogen meters and then returns 
to the main coolant stream. 

20.5.1 Hydrogen Meter 
A sketch of the hydrogen meter" is shown in 

Fig. 20.22. The meter can be operated either in the 

Fig. 20.22 The hydrogen meter. (After Ref. 12.) 

equilibrium or the dynamic mode. Hydrogen dissolved in 
the sodium (possibly as the hydride NaH) equilibrates with 
the exposed surface of a nickel membrane that is 0.025 cm 
thick and presents a surface area of -40 cm2 to the 
sodium. When a metal is exposed t o  gaseous hydrogen, the 
concentration of dissolved hydrogen at  equilibrium depends 
on the pressure of hydrogen gas. When the hydrogen source 
is the liquid sodium, the equilibrium hydrogen concentra- 
tion in the exposed face of the membrane depends on the 
hydrogen concentration in the sodium. When operated as 
an equilibrium device, the valve leading t o  the ion pump in 
the sketch is closed, and the pressure attained in the 
vacuum chamber is measured with an ionization gauge. In 
this case the nickel membrane has no effect on the meter 
reading; the gas in the vacuum chamber is in equilibrium 
with the hydrogen dissolved in the liquid sodium no matter 
what material is used as a membrane to  separate the two 
phases (as a practical matter, the  membrane must have a 
high enough permeability to  permit attainment of equilib- 
rium in a reasonable time). In the equilibrium mode the 
hydrogen meter provides a direct measure of the activity of 
the hydrogen dissolved in the sodium, namely, the equilib- 
rium pressure of H, above the solution. 

When operated in the dynamic mode, the vacuum side 
of the membrane has a lower hydrogen concentration than 
the side exposed t o  the sodium, and a concentration 
gradient of atomic hydrogen is established between the 
sodium and vacuum sides of the nickel membrane. Hydro- 
gen atoms diffuse down this gradient and escape t o  the 
vacuum on the inner side. The hydrogen permeating 
through the membrane is continuously removed by an ion 
pump. [An ion pump is a commercial item that removes gas 
molecules from a chamber by first ionizing them and then 
accelerating the ions through a potential of 5 kV. The 
high-energy ions strike a titanium surface and are (hope- 
fully) irretrievably buried there.] Hence the hydrogen 
pressure in the vacuum chamber is lower than when the 
meter is operated in the equilibrium mode (i.e., when the 
ion pump is turned off). However, the relation between 
meter response and hydrogen concentration in the sodium 
depends on the speed of the ion pump and the character- 
istics of the nickel membrane. Meter performance in the 
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dynamic mode is difficult to  specify theoretically (a 
calculation relevant to  this process is the subject of problem 
20.7). Consequently, the readings of the hydrogen meter 
when operated in the dynamic mode are calibrated against 
the absolute measurement of hydrogen activity obtainable 
when the meter operates as an equilibrium device. 

Thermochemical analysis of the equilibrium mode of 
operation requires knowledge of the behavior of hydrogen 
in liquid sodium. Here we need the same sort of informa- 
tion as was required t o  assess the behavior of oxygen in 
sodium. 

The standard free energy of formation of sodium 
hydride, which represents the reaction: 

1 

systems when the gas is di-atomic and d isc . .  es in the metal 
as atoms (or as a compound containing a single gas atom). 
Sievert's law is the di-atomic analog of Henry's law, which 
governs the distribution of monatomic gases in condensed 
phases. For  crystalline metals, the Sievert's law constant 
can be estimated from statistical mechanics (problem 5.9b), 
but in liquids no such estimate is possible. 

The concentration of dissolved hydrogen when the 
hydrogen pressure is a t  the saturation value given by  
Eq. 20.59 is known as the solubility of hydrogen in sodium. 
Since at  this point hydrogen gas is in equilibrium simulta- 
neously with pure solid NaH and with hydrogen dissolved 
in the  sodium phase (as NaH), the solubility can be  
represented by the reaction: 
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is (from the compilation in Ref. 7) 

AG&aH = -58 + 8 3  7 kJ/mole (20.58) (5) 
Application of the law of mass action t o  reaction 20.57 
yields the pressure of hydrogen gas that is in equilibrium 
simultaneously with sodium saturated with hydrogen and 
pure solid sodium hydride: 

If a t  a fixed temperature, pH,  > ( p H 2  )sat, all the sodium is 
consumed in forming NaH. If pH < ( pH )sat, all the NaH 
dissolves in the liquid sodium and disappears as  a distinct 
solid phase. The relationship between the concentration of 
dissolved hydrogen in sodium and hydrogen gas pressures 
less than saturation is depicted in Fig. 20.23. The square- 
root dependence of CH on pH, is known as Sievert's law. 
This behavior is quite generally observed for all gas-metal 

CH 

.--c/-- 

I / I I 
LL 

Fig. 20.23 Behavior of the concentration of  hydrogen 
dissolved in liquid sodium as the hydrogen pressure is 
increased at  constant temperature. 

NaH(s) = NaH(so1n in Na) (20.60) 

The solubility measured by the Argonne National 
Laboratory group with their hydrogen meter' is given by 

(20.61) 
55 

R( ~ / 1 0 ~  ) 
In C s a t ( H )  = 1 4  - 

where is in parts per million of hydrogen by 
weight. Equation 20.61 is plotted as the solid line in 
Fig. 20.24. Other measurements of hydrogen solubility in 
sodium are also shown on the graph. 

1 0 3 1 ~  "K 1 

Fig. 20.24 Solubility of hydrogen in sodium. (After 
Ref. 12.) 
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The Sievert's law constant is defined by 

(20.62) CH KH = X  
PH ? 

The units of KH are parts per million of hydrogen by 
weight per atmospherek. When the hydrogen meter of 
Fig. 20.22 is operated in the equilibrium mode, the H2 
pressure inside the chamber is in equilibrium with the 
dissolved hydrogen in the sodium. Therefore, measurement 
of pH, gives CH by Eq. 20.62. 

Since this formula applies up to  and including the 
saturation point (where solid NaH just begins to  precipitate 
from the liquid sodium), we can write 

(20.63) 

The K H ,  Csa t (H) ,  and (pI1,)sat are not independent 
thermodynamic quantities; KH can be computed by sub- 
stituting Eqs. 20.58, 20.59, and 20.61 into Eq. 20.63. The 
Argonne group, for example, measured Csat(H) and KH for 
various temperatures.' The standard free energy of for- 
mation of NaH calculated from their data (see 
problem 20.6) does not quite agree with that expressed by 
Eq. 20.58. Since this quantity appears to have been well 
established, either the solubility or the Sievert's law 
measurements obtained by the Argonne group are some- 
what erroneous. 

If oxygen and hydrogen are simultaneously present in 
liquid sodium, NaOH can be formed by the reaction: 

NaH(soln in Na) + Na2 O(soln in Na) 

= NaOH(soln in Na) + 2Na(l) 

The thermodynamics of this reaction are not known. If 
oxygen is present in the sodium, the apparent solubility of 
hydrogen is larger than it is in pure sodium because some of 
the hydrogen is contained in the dissolved sodium hy- 
droxide. For the same reason the apparent solubility of 
oxygen in sodium (Fig. 20.9) is enhanced by the presence 
of hydrogen in the system. 

20.5.2 Electrochemical Oxygen Meter 
The solid-state electrochemical cell developed by the 

Westinghouse Electric Corporation for the purpose of 
monitoring the activity of oxygen in liquid sodium is shown 
in Fig. 20.25. It consists of a steel housing through which 
sodium flows at  -480°C and into which a crucible made of 
high-purity Tho2-15 wt.% Y2 O 3  is inserted. This ceramic 
acts a s  a solid electrolytic bridge for the cell. Oxygen ions 
can move through the ceramic, but electronic conduction is 
small (but unfortunately not negligible). The bridge is 
sealed t o  the inside of the housing by frozen sodium. The 
reference electrode on the inner surface is air, although the 
Sn/Sn02 couple may be used in subsequent models because 
it improves cell performance. 

The chemical reaction that occurs in the cell is 

The oxygen gas in this reaction contacts the inner surface 
of the thoria-yttria crucible, and the N a 2 0  dissolved in 
sodium contacts the outer surface. The cell voltage is 
measured between the inner and outer surfaces of the 
ceramic crucible. If the oxygen activity in the sodium 
(which is to be measured) is denoted by ao,  the oxygen gas 
pressure for which the preceding reaction would be in 
equilibrium is given by 

where AGfONa, is the standard free energy of formation of 
Na2 0, given by Eq. 20.16. If the oxygen pressure in the cell 
were equal to ( P ~ , ) , , ~ ,  the cell voltage would be zero. 
When po, in the reference gas is not equal to ( p o i  the 
cell voltage is given by (see also Eq. 11.13) 

RT In po, - RT In (po, )cq = - 4.FA-5 (20.66) 

which, when combined with Eq. 20.65, gives the theoretical 
cell response: 

,,> (20.67) RT In po, - 2 In a o  - 2 

In these equations, $ is the Faraday constant, equal to 
96.48 k J  volt-' g-' equiv. The factor of 4 preceding,F 
arises because four electrons are transferred when one 
molecule of oxygen gas is converted to  two molecules of 
Na2 0. 

When the oxygen activity in the sodium can be 
measured by other means, the observed and theoretical cell 
voltages d o  not quite agree; the discrepancy is caused by 
slight electronic conductance of the ceramic bridge. In 
addition, the cell voltage drifts with time as the solid 
electrolyte becomes degraded by exposure to sodium. 
Nevertheless, these two deficiencies can be overcome by 
periodic calibration of the electrolytic meter, and the 
advantages of the continuous, instantaneous monitoring of 

REFERENCE 
OXYGEN GAS- THORIA-YTTRIA CERAMIC 

ELECTROLYTE TUBE 

REFERENCE 
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2Na(1) +Lo2(g) 2 = Na20(soln i n  Na) (20.64) Fig. 20.25 Electrochemical oxygen meter. (After Ref. 12.) 
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oxygen activity in sodium by such cells are expected to  be 
exploited in LMFBR coolant circuits. 

20.5.3 Oxygen Analysis by the Vanadium- 
Wire Method 

The partitioning of a solute between two immiscible (or  
partially miscible) solvents is a n  important unit operation in 
the chemical industry. Reprocessing of spent reactor fuels, 
for example, relies heavily on the widely differing distribu- 
tion coefficients of uranium, plutonium, and fission 
products between aqueous nitric acid and an organic 
solvent containing tributyl phosphate. Oxygen distributes 
between liquid sodium and high-purity vanadium metal in a 
similar manner, and the equilibrium of this distribution 
forms the basis of a method of determining the activity of 
oxygen in sodium.' 

Oxygen partitioning occurs between liquid sodium and 
any other second phase, the choice of which is determined 
by kinetic factors governing the time required to  attain 
equilibrium and the ease of measuring the quantity of 
oxygen absorbed by the test material. Vanadium has proven 
to  be a useful second phase for oxygen analysis. The 
concentration of oxygen in vanadium that has been 
equilibrated with sodium containing oxygen a t  the con- 
centrations in typical sodium loops is quite large; a t  750"C, 
for example, the oxygen content of vanadium metal 
equilibrated with sodium containing 1 ppm of oxygen is 
nearly 1 at.%, which can be accurately determined by 
conventional analytical techniques. The time required for 
equilibration of the test specimen depends on  the diffu- 
sivity of oxygen in vanadium and the diameter of the wire 
[characteristic time for diffusion 2 (diameter)' /diffu- 
sivityj, which can be made suitably small by use of fine 
wires and operation at  high temperature. 

To  analyze the thermodynamics of the vanadium-wire 
equilibration method, we imagine vanadium and sodium 
samples t o  be in equilibrium with a reservoir of gas 
containing oxygen at  a pressure po , . The two metal phases 
are therefore in equilibrium with each other insofar as 
oxygen distribution is concerned. In reality, a separate gas 
phase need not be present to  ensure equilibration of 
oxygen between the two metals, but the contrived system is 
useful for settling the thermodynamics. The oxygen pres- 
sure common t o  the vanadium and sodium specimens is 
presumed to  be insufficient t o  cause separate oxide phases 
t o  precipitate from either metal. Further, we require that 
po be low enough t o  ensure the applicability of Sievert's 
law to oxygen dissolution in both sodium and vanadium. 
By analogy t o  the solution of hydrogen in sodium, we can 
write 

(20.68) 

Assuming that Sievert's law applies t o  oxygen con- 
centrations approaching the solubility limit, 

(20.69) 

From these two relations we can obtain the concentration 
of oxygen dissolved in vanadium metals: 

Similarly, for sodium, 

=oy 
and 

(20.71) 

(20.72) 

and 

where K g  = Sievert's law constant for oxygen in vanadium 
K:a = Sievert's law constant for oxygen in sodium 

C z ; t ( o )  = oxygen concentration in sodium when solid 

(Po?  1% = oxygen pressure that causes the appearance of 
NazO first precipitates out  

the separate sodium oxide phase 

The value of CfJ,",(o) is given by Eq. 20.18, and (po,),N,$ is 
given by application of the law of mass action to Eq. 20.15: 

Similarly, the concentration of oxygen in vanadium cannot 
be increased indefinitely, because a separate oxide phase 
(VsO) forms a t  the concentration cgt(o) known as the 
terminal solubility. The reaction that occurs is 

1 
2 

5V(s) + - 0 2  (8) = v, O(s) 

The equilibrium oxygen pressure above coexisting solid 
vanadium (which is saturated with oxygen) and solid VsO 
is given by the law of mass action as 

1 (-w) (20.75) 
[ (Po )Ll% = exp 

where AGFv is the standard free energy of formation of 

The distribution coef f ic ient  of oxygen between vana- 
dium and sodium is defined as the ratio C 8 / C g a ,  which can 
be obtained by dividing Eq. 20.70 by  20.73 and using 
Eqs. 20.74 and 20.75: 

vs 0. 

The distribution coefficient can be determined by 
measuring all four independent thermodynamic quantities 
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in Eq. 20.76 (i.e., the  two terminal solubilities and t,he two 
free energies of formation). This method has been em- 
ployed by Hooper and Trevillion.' However, it is simpler 
experimentally and more accurate to  measure the distribu- 
tion coefficient directly, as was done in t h e  original study 
of the vanadium-oxygen-sodium system.' The results of 
the latter approach are  shown in Fig. 20.26 in which the 
concentrations of oxygen in the two phases have been 

i n  
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Terminal solubility 
of oxygen in vanadium 7 
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Fig. 20.26 Distribution of oxygen between sodium and 
vanadium. (After Ref. 13.) 

expressed in more convenient units than atom fractions. If 
the  oxygen in vanadium obeyed Sievert's law (as does 
oxygen in sodium), the distribution coefficient would be 
independent of oxygen concentration, and the slopes of the 
curves a t  each temperature in Fig. 20.26 would have been 
unity. The curvature a t  high oxygen concentration in 
vanadium indicates that Sievert's law is not obeyed over 
most of the practical range of temperature and oxygen 
content. The distribution coefficient is a function of both 
concentration and temperature. The upper boundary line in 
Fig. 20.26 represents the termination of the curves at  each 
temperature a t  the solubility of oxygen in vanadium. At 
each temperature, therefore, there is a maximum oxygen 
concentration in sodium beyond which the vanadium 
equilibration technique is no longer usable because of 
precipitation of V5 0 in the wire. When the sodium contains 
more oxygen than this critical value, measurement of the 
gross oxygen content of the vanadium wire (which does not 
distinguish between V5 0 and oxygen dissolved in vanadium 
metal) no longer has any useful relationship to  the oxygen 
concentration in the sodium. It can be seen from Fig. 20.26 
that vanadium wires must be operated a t  considerably 
higher temperatures than the 480" operating temperature of 
the electrochemical oxygen meter described earlier in order 
t o  be useful for analysis of oxygen concentrations in 
sodium of 1 t o  10 ppm. If the range of the equilibration 

meters. The reliability of the method has been widely 
accepted, although there is some doubt that the distribu- 
tion data shown in Fig. 20.26 represent true thermody- 
namic equilibrium.' However, the accuracy of the ther- 
modynamic data on  which this criticism was based has in 
turn been questioned.' Awaiting confirmatory experi- 
ments, the  vanadium-wire equilibration method appears to  
be the most reliable technique for  measuring the concen- 
tration of oxygen in the sodium of fast reactor coolant 
circuits. * 

20.5.4 Carbon-Sodium Chemistry 
Carbon is present in liquid sodium as a dimeric species, 

which can be  either dissolved disodium acetylide, Na2C2,  
or  the dicarbide ion, C:. Whichever form predominates, 
the thermodynamics of the sodium-carbon system can be 
described by the free energy of formation of the acetylide 
and the solubility of carbon in sodium. The formation of 
Na2 C2 from the  elements is given by the reaction: 

2Na(l) + 2C(s) = Na2C2(s) (20.77) 

where C(s) represents graphite and Na2CZ(s) is pure solid 
disodium acetylide. Between 700 and 1100"K, the free 
energy of formation of Na2 C2 (s) is approximately' 

AGfONa, c ,  = 31 - 1 2  (s) kJ/mole (20.78) 

The solubility of carbon in liquid sodium has been 
investigated by a number of laboratories. The results are 
summarized in Fig. 20.27. The  results due t o  Ainsley 
et  a].' are given by  the relation 

In C,,,(,) = 17.6  - ~ _ _  114 (20.79) R ( T / ~ O ~ )  

where Csat(,) is in parts per million of carbon by weight. 
Figure 20.27 shows good accord o n  the  enthalpy of 
solution of carbon in sodium (i.e., the slope of the  
solubility curves, o r  the 1 1 4  kJ/mole in Eq. 20.79), but the 
magnitudes of the solubilities measured by two of the four 
groups represented in the  figure are  four  times larger than 
those measured by  the  other two laboratories. 

The solubility means the  weight of carbon (in the form 
of NazCz) in liquid sodium when liquid sodium is in 
contact with pure graphite. Because of the  positive free 
energies of formation given by Eq. 20.78, solid disodium 
acetylide is not stable in the temperature range of sodium 
in LMFBRs (it decomposes to liquid sodium and graphite). 
I t  is, however, thermodynamically possible for solutions of 
Na2Cz in sodium to exist provided that the activity of 
Naz C2 is less than unity. When the carbon contained in the  

method is t o  be extended to 20 ppm, the  operating 

*Thermodynamic disputes such as this often rage for temperature must be >75OoC. 
The vanadium-wire equilibration method is, of course, years, the classic example being the debate over the heat of 

neither continuous nor amenable t o  on-line readout of the sublimation of  carbon. which was resolved onlv when 
oxygen concentration in a sodium loop. However, it is mass-spectrometer experiments revealed that elemental 
commonly employed t o  calibrate electrochemical oxygen carbon evaporates as polymers. 
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TEMPERATURE, "C This relationship differs from the analogous formula for  
1000 900 800 700 600 500 oxygen in sodium (Eq. 20.19) in that the activity of the 

dissolved species is squared in Eq. 20.82 and raised t o  the 
first power in Eq. 20.19. The parabolic connection between 
concentration and activity of carbon in sodium is a 
consequence of the formation of the dimeric carbon species 
Na2C2 in solution. Oxygen, on the other hand, does not 
associate with other oxygen atoms in solution. 

The quantity of carbon present in one dissolved form or  
another in sodium can be increased by the presence of 
oxygen, which reacts with carbon according l o  

Na2 C2 ( s o h )  + GNaz O(soln) 

1000 - 

I 
LL 
Q 
CT 
0 

= 2NaC03(soln) 4- 12Nail) (20.83) 

This reaction, which produces sodium carbonate, does not 
appear to appreciably increase carbon dissolution unless the 
oxygen content, in the sodium is several hundred parts per 
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- Four types of carbon-activity meters have been devel- 
- 

IJNC Meter  
This meter is a dynamic diffusion membrane device 

named after the originator, the United Nuclear Corpora- 
tion. A pure-iron membrane separates the sodium to be 
analyzed from a stream of gas flowing through the unit. 
Carbon in the sodium dissolves in the iron membrane and 
diffuses through it to  the other face, where it is  gasified to  
CO by reaction with water vapor in the gas stream. The CO 
is converted to methane in  a catalytic bed, and the CH4 
concentration is measured by a flame ionization detector. 
Basically, the IJNC meter is analogous t o  the hydrogen 

0.8 1 .0 1.2 1.4 

1 0 3 i ~ .  OK-- '  

Fig. 20.27 Carbon solubility in liquid sodium. (After 
Ref. 17.) 

sodium is also less than unit activity, the appropriate law of 
mass action for reaction 20.77 is 

The sodium activity is unity since this component is in a n  
essentially pure state. When the sodium is in contact with 
pure graphite (ac = 1 ) ,  the mass-action expression reduces 

(20.81) 
t o  

KNa ,  C ,  = (aNa, C, I s a t  

where (aNa, c ,  ) sat  is the activity of Na2 C 2  in sodium that 
is saturated with carbon. Since the solutions of carbon in 
sodium are quite dilute, Henry's law is obeyed by the 
dissolved disodium acetylide. Therefore, aNd2 ~ is propor- 
tional t o  C,, the concentration of carbon in sodium, and 
Eqs. 20.80 and 20.81 can be combined t o  give the 
following relation between the activity arid the concentra- 
tion of carbon in liquid sodium: 

meter operated in the dynamic (ion-pumped) mode. The 
reading of the UNC meter is determined by the carbon 
activity in the sodium, but calibration with an absolute 
carbon-activity meter is required to  convert meter readings 
t o  carbon activity. Unfortunately the meter output is not 
proportional t o  carbon activity, and the limit of sensitivity 
is close to  the expected carbon activity in LMFRR sodium 
circuits (ac = 0.003). 

ANL Pressure Meter  
The pressure meter for determining carbon activity in 

sodium was developed a t  the Argonne National Labora- 
toryI8 and resembles the UNC meter in that carbon 
diffuses from sodium through an iron membrane and is 
then oxidized t o  CO. It is also similar to the ANL hydrogen 
meter operated in the equilibrium mode because the 
quantitative determination of carbon activity in the sodium 
depends on  measurement of the total gas pressure generated 
within the closed volume of the device. The inside of the 
tube (i.e., the face of the membrane not in contact with 
liquid sodium) is coated with a layer of FeO, which reacts 
with the carbon diffusing from the sodium side to produce 
CO and COz. The CO is produced by the reaction 

n 
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FeO + C(soln in Fe) = Fe + CO(g) (20.84) 

At equilibrium the activity of carbon in the iron membrane 
is equal t o  the activity of carbon in the sodium, and the law 
of mass action for reaction 20.84 is 

(20.85) 

where ac is the carbon activity in sodium and KFe  is the 
equilibrium constant of the reaction. A similar reaction can 
be written for the  production of C 0 2  by reaction of 
dissolved carbon and FeO, but  it is sufficient to  establish 
the C 0 2  partial pressure by the equilibrium: 

C(so1n in Fe) + COz(g) = 2CO(g) 

for which 

K', =- Pt: 0 

% P c o z  
(20.86) 

and AG: is the standard free-energy change given by 
Eqs. 11.8 and 11.9. Finally, the  CO and C 0 2  partial 
pressures are related to  the activity of carbon in the sodium 
(or in the  iron, since a?" = a g e  a t  equilibrium) by 
Eq. 20.86. If pco is expressed in terms of the total pressure 
of carbon oxides by 

P c o  = Pc - 
Pc 

1 + ( P c o ,  iPC0)  
P c o ,  = 

Eq. 20.86 can be written as 

- 1  

K' c - -- Pc [(I +e) (E)] (20.91) 
aC 

The cell potential is (note similarity t o  Eq. 11.13 for the 
electrolytic cell developed for studying oxygen potentials 
of fuels) 

AG;, - RT In po, = -4.gAc (20.92) 

Combining Eqs. 20.85 and 20.86 gives the total pressure of The terms p0, and pco ,  /pco can be eliminated from 
carbon-bearing gases in the interior of the membrane Eqs. 20.89, 20.91, and 20.92, and the theoretical cell 
volume: potential can be expressed as a function of the specified 

total pressure of carbon oxides and the carbon activity in 
the sodium: P c o  + P c o ,  = h e  (1 +%) a c  (20.87) 

The coefficient of ac in this formula is -1 atm a t  700°C; so 
the meter should have adequate sensitivity to  carbon a t  
activity levels well below unity. The meter is quite accurate 
but requires many days t o  attain equilibrium. 

= 1(2~~ 4.9 ln{ !.[ (1 + &) - I]} 

Electrochemical Meter 
The carbon electrochemical meter developed by Ruther 

e t  al.' is shown schematically in Fig. 20.28. A thin-walled 
iron tube into which is inserted a zirconia-calcia tube 
contacts the liquid sodium. The annular gap between the 
iron tube and the ceramic is filled with a mixture of CO and 
C 0 2  gas a t  a total pressure pc = pco + pco,  which is 
externally fixed. The inside of the calcia-stabilized zirconia 
crucible contains a Sn/Sn02 reference electrode, which 
establishes the  oxygen potential on  one side of the cell 
according to  the reaction 

Sn(1) + Oz(g) = SnOz(s) 

Since the standard free energy of this reaction, AG;,, is 
accurately known, the oxygen potential of the reference 
half of the cell is 

(20.88) (RT In PO, ISn = AGgn 

The oxygen potential a t  the outside of the ceramic tube is 
determined by  the C 0 2  I C 0  gas-phase equilibrium of 
Eq. 11.5 according to the equilibrium constant 

pc ipc = exp (- g) (20.89) Kc =-(Po,)% 

where Kc is the equilibrium constant for the reaction 

The response of the meter is quite rapid (of the order of 
hours), and the cell potentials measured when the meter is 
contacted with sodium containing carbon at known activity 
are in good agreement with the values predicted by 
Eq. 20.93. 

Equilibration Tabs 
There has been active experimental exploration of the 

equilibration methods for determining carbon activity in 
liquid sodium. This method is analogous to  the vanadium- 
wire technique used for oxygen analysis of sodium. The tab 
material must meet the usual criteria for two-phase distribu- 
tion devices. First, it must have a high enough equilibrium 
carbon concentration at low carbon activities in the sodium 
(down to ac l @ )  t o  permit reliable carbon analysis. 
Second, it must not form a precipitate phase a t  high carbon 
activities. Ideally, the tab material should retain carbon in 
solid solution up  to  a carbon activity of unity. Third, if the 
tab consists of more than one component, it must be stable 
against selective leaching of one  of the constituents by 
exposure t o  sodium. The alloy consisting of 88 wt.% iron 
and 1 2  wt.% manganese appears t o  satisfy these require 
ments.' 

When the tab is inserted into liquid sodium and 
equilibrium is eslablished, the activity of carbon in the tab 
is equal to  that in the sodium. The relation between carbon 
activity and carbon concentration in the Fe-12 wt.% Mn 
alloy can be established by passing a gas containing a 
known ratio of CH4 t o  H2 over the alloy. The CH4/H7 
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Fig. 20.28 The ANL electrochemical carbon meter. (After 
Ref. 19.) 

mixture controls the “carbon potential” of the  system (Le., 
RT In ac)  in much the same manner that gases containing 
specified ratios of H2 O/Hz or  C 0 2  /CO can be used to  fix 
the oxygen potentials of oxide fuels (Sec. 11.4). The 
carbon activity is determined by the thermodynamics of 
the reaction 

C(S) + 2Hz = CH4 (20.94) 

for which the equilibrium constant, 

PCH, 
KCH, =- (20.95) 

is well established. Controlling the pCH,  /pH,  ratio and the 
total pressure pCH,  + pH, of the gas flowing over the 
metal specimen determines the  carbon activity ac in the 
specimen according t o  Eq. 20.95. With this method the 
activity-concentration relationship for the Fe--12 wt.% Mn 
alloy is found to  be’ * 

(20.96) 
CEb 

ac = 
13,500 - 0.26CFb 

where C F b  is the carbon concentration in the tab in parts 
per million by weight. A precipitate forms when the carbon 
concentration exceeds -0.5 wt.%; so this alloy is restricted 
to  maximum carbon activities of -0.4. This limitation is 
not a serious impediment t o  the  application of the 
Fe-12 wt.% Mn tab as an equilibration meter in sodium 

systems, however, inasmuch as the carbon activity in these 
systems is very much smaller than unity. 

When ac = Eq. 20.96 shows that the carbon 
content of the iron-manganese alloy equilibration tab is 
-13 ppm, which is approaching the limit of sensitivity for 
accurate measurement of carbon in metals. As an alterna. 
tive to the binary alloy for carbon-activity measurements, 
Natesan and Kassner” have shown that the ternary alloy 
Fe--18 wt.% Cr-8 wt.% Ni (which is type 300 stainless 
steel without the impurities) is a reliable tab material for 
carbon-activity measurements by the equilibration tech- 
nique. The carbon content of the ternary alloy a t  a given 
carbon activity is greater than that of the iron-manganese 
binary alloy. However, extensive carbide precipitation 
(primarily Crz3C6)  is responsible for the large carbon 
uptake. We shall demonstrate in the following section that 
an equilibrium carbon concentration in stainless steel is 
attained even when metal and carbide phases are present; so 
the iron-chromium-nickel alloy can function as an equi- 
librium tab monitor of carbon activity despite precipita- 
tion. The relationship between carbon activity and the 
chromium, nickel, and carbon concentrations of the tab has 
been determined by Natesan and Kassner (Eq. 20.113). The 
major disadvantage of the iron--chromium--nickel alloy as 
an equilibration tab is the long time required for attainment 
of equilibrium. The kinetics of carbon absorption by the 
tab are determined not only by the diffusion of  carbon in 
the metal but by the rate of precipitation of the carbide 
phase as  well. 

The last three carbon meters described here measure the 
activity of carbon in liquid sodium. If desired, the 
concentration of carbon in the sodium can be obtained by 
use of Eqs. 20.82 and 20.79. 

20.6 CARBURIZATION AND 
DECARBURIZATION OF STAINLESS 
STEEL 

Carbon transport in sodium loops refers t o  the m o v e  
ment of carbon from one part of the loop to  another. This 
migration is due t o  differences in the  activity of carbon in 
components in various parts of the loop which arise 
principally from temperature differences. In a loop con- 
sisting entirely of austenitic stainless steel, for example, 
carbon is removed from the metal in the hot zones 
(decarburization) and absorbed by the metal in the cold 
region (carburization). In a loop containing both ferritic 
and austenitic steels, transport of carbon invariably occurs 
from the ferrite to  the austenite, regardless of the tempera- 
ture differences around the loop. The flowing liquid sodium 
is the agent for effecting carbon transfer. In this section we 
analyze the behavior of nonisothermal loops consisting only 
of austenitic stainless steel. 

20.6.1 Carbon-Steel Thermodynamics 
The direction and rate of carbon transfer in a sodium 

loop depends on the chemistry of both the carbon-sodium 
system and that of the  carbon-stainless-steel system. The 
thermodynamics of carbon in sodium was reviewed in the 
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preceding section, and we begin this discussion with a 
summary of the available information on  the interaction of 
carbon and austenitic stainless steels. There have been two 
investigations of this system: Tuma et  al.’ measured 
carbon activity and solubility in a stainless steel of the 
composition 18 wt.% Cr-9 wt.% Ni in the temperature 
range from 950 t o  1200°C. Natesan and Kassner” have 
examined the thermodynamics of carbon in various alloys 
of nickel, chromium, and iron and have developed a 
carbon-activity-concentration relationship for alloys of the 
approximate composition of austenitic stainless steel. 

The following thermodynamic information on  the 
carbon-steel system is needed for carbon transport analy- 
sis: 

1. The activity of carbon in solid solution in the gamma 
phase (or austenitic phase) of the alloy as a function of 
temperature and the concentrations of carbon, chromium, 
and nickel. 

2. The carbon concentration in the austenitic phase at 
the phase boundary between the austenite and carbon 
phases as a function of temperature and the chromium and 
nickel content of the steel. This is the solubility of carbon 
in austenite. 

3. The chromium-iron ratio in the MZ3C6 carbide 
phase that forms when the carbon solubility is exceeded. 

The solubility of carbon in the austenite phase of 
stainless steel is very low (-50 ppm by weight a t  700”C), 
and carbon faithfully follows Henry’s law. Thus, we can 
describe the carbon activity in the steel by 

where oc is the weight fraction of carbon in the austenite 
phase (equal to  1E6 times the concentration of this species 
in parts per million by weight) and y c ( ~ c , , ~ ~ i , T )  is the 
activity coefficient of carbon in the same alloy. The uCr 
and wNi are the mass fractions of chromium and nickel in 
the steel. The studies of Tuma et al.’ ’ give 

In yc =(  -0.5 + -“) -( -6.9 + “““j) W c r  
T/103 TjlO 

which is valid for 950 < T < 1200°C and where oCr and 
w N I  are not too different from 0.18 and 0.09, respectively. 

This formula shows that the addition of chromium t o  
the steel depresses the activity coefficient of carbon in steel 
(thereby rendering stainless steel a sink for carbon com- 
pared to  low-chromium-content alloys). Nickel, on  the 
other hand, increases the activity coefficient of carbon in 
the steel. 

A schematic of a small part of the carbon-steel phase 
diagram at  a fixed nickel concentration is shown in Fig. 
20.29. The graph shows the carbon solubility vs. tempera- 
ture relationship for two chromium contents of the steel. 
The area in the upper left-hand portion of the diagram is a 
single-phase austenite region wherein carbon is contained in 
solid solution in the alloy. The activity formulas given by 

Eqs. 20.97 and 20.98 apply to this region. In the area to 
the lower right of the  solubility line, austenite and the 
carbide phase coexist. The carbon concentration in the 
austenite in the two-phase mixture corresponds to the 
solubility limit, and the remainder of the carbon is bound 
in the carbide M2 c6. 

The solubility curves in Fig. 20.29 represent the 
maximum concentrations of carbon which can be held in 
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Fig. 20.29 Portion of  the phase diagram for an austenitic 
steel containing 8 wt.% nickel (schematic). 

solid solution in the austenite phase before precipitation of 
the M,,C6 carbide phase takes place. These lines represent 
the austenite-carbide phase boundary. For the 18  wt. % 
Cr-8 wt. % Ni steel, the carbon solubility limit is given 
bv:” ,’’ 

where w,,~(~) is the weight fraction of carbon in the 
austenite a t  the solubility limit. The carbon solubility is a 
function of the nickel and chromium content of the steel, 
and W,,t(C) can be expressed in the general form 

(20.100) 

On the basis of very few data, Snyder, Natesan, and 
Kassner2 propose an interim solubility relationship: 

where A and B are specified functions of temperature. 
Equation 20.101 is applicable only for oNi = 0.08. 

To analyze carbon transport in a sodiumstainless-steel 
system, we need to develop a relation between carbon 
activity and the total carbon content of the steel. As 
suggested by Fig. 20.29, types 304 and 316 stainless steel, 
which contain - 0.05 wt. %carbon, are supersaturated with 
carbon a t  temperatures of LMFBR operation. If precipita- 
tion of the carbide occurs, the total carbon content of the 
steel consists of contributions due t o  the carbon in solid 
solution in the austenite and the carbon contained in the 
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M, c6 carbide. Except for strongly decarburizing condi- 
tions in the hot  leg of a sodium loop, carburization and 
decarburization occur in a two-phase mixture of austenite 
and carbide. 

The carbide phase is formed by coprecipitation of the 
elements carbon, iron, and chromium from the austenite 
phase according to the reaction 

23XCr + 23( 1 - X)Fe + 6C = 

where 

denoted by f and the chromium and nickel mass fractions 
in the remaining austenite be designated by wCr and wNi, 
respectively. Material balances on  these two elements in the 
equilibrated steel require 

w& = (1 - f )  O C r  + fX (20.103) 

(20.104) 
0 

a N i = ( 1 - f ) W N i  

No  nickel is present in the carbide phase. 

t o  be expressed in terms of wCr: 
Elimination of f from these two equations permits wNi  

defines the metal composition of the carbide phase. 
Because of the rudimentary state of the thermodynamics of 
the mixed carbide, the equilibrium of Eq. 20.102 cannot be 
accurately described. Hence, we shall consider X t o  be a 
fixed number (near unity) in the following analysis. We 
know that X increases as the carbon concentration in the 
steel decreases.” At low values of the carbon concentra- 
tion, Cr2,C6 forms first because chromium is a stronger 
carbide former than is iron. 

Consider a small specimen of stainless steel of initial 
composition W &  and aii immersed in a large pool of 
liquid sodium in which the carbon activity is fixed a t  a 
value ac. We assume that the carbon activity of the sodium 
is large enough to  produce carbide precipitation (Le., oc 
calculated using the  specified values of a,-, a&, and wGi in 
Eq. 20.97 is larger than the saturation value given by 
Eq. 20.100 for the same chromium and nickel weight 
fractions). The  M2 3C6 carbide that precipitates is enriched 
in chromium ( X  > wEr) with respect t o  the austenite 
phase, and, as carbide forms, the remaining metal becomes 
impoverished in chromium. Figure 20.29 demonstrates 
that, as the chromium content is reduced, the solubility of 
carbon in the austenite phase increases. When enough 
chromium-rich carbide has been formed and the austenite 
has been sufficiently depleted of chromium, the two-phase 
system achieves a unique composition at  which Eqs. 20.97 
and 20.100 are simultaneously satisfied.* When equilibrium 
of the carbon in the sodium and that in the steel specimen 
is attained, let the fraction of the metal in the initial steel 
that is present bound t o  carbon in the MZ3C6 carbide be 

Substituting Eq. 20.105 into the solubility equation, Eq. 
20.200, and solving for wCr  gives 

W C ~  = H(wc,w“cr,wRi,X,T) (20.106) 

where, for  clarity, the subscript “sat” has been removed 
from the symbol for the weight fraction of carbon in the 
austenite. The H in Eq. 20.106 describes the functional 
dependence of the chromium concentration of the austen- 
ite on the carbon concentration in this phase. The function 
H is specified (in principle) if the solubility function G is 
known (e.g., by Eq. 20.101). Equation 20.106 can then be 
used in Eq. 20.105 t o  obtain a similar formula relating wNi  
and w c  : 

wNi = E ( ~ C , W ~ r , W k i r X , T )  (20.107) 

The function E is also known if the function G is specified. 
Equation 20.103 can be solved for the fraction of the 

original metal precipitated as carbide and wCr can be 
eliminated by use of Eq. 20.106: 

To simplify the mathematics, we assign a common atomic 
weight of 54 to  all three metals in the steel; so the carbon 
content of the carbide phase is 

--= 1 2 x  0.058 
54 x 23 

Wt. C in carbide 
Wt. (Fe + Cr) in carbide 

*The formation of an  equilibrium two-phase solid 
mixture when the solubility limit is exceeded requires that 
the solvent phase (i.e., the alloy of iron, chromium, and 
nickel) consist of more than one component and that the 
precipitate phase have a metal composition different from 
that of the original solvent. When the solvent consists of a 
single element, solute activities larger than the saturation 
value cause all the solvent t o  transform to the second phase. 
Thus, when the pressure of gaseous hydrogen in contact 
with sodium is larger than the saturation value given by Eq. 
20.59, equilibrium is not attained, and all the sodium is 
converted t o  NaH. In this case P,* in the analog of ac,and 
sodium and NaH are the counterparts of the austenite and 
carbide phases, respectively, in the carbon-stainless-steel 
system. 

‘For small f and w c ,  the mass fraction of total carbon in 
the equilibrated steel, W E ,  is 

W E  = W C  (1 - f )  + 0.058f (20.109) 

Inserting Eq. 20.108 into 20.109 yields the relation 
between the mass fraction of total carbon in the equili- 
brated steel and the mass fraction of carbon in the austenite 
phase: 

Q (20.110) 

If the thermodynamics of the carbide phase were known, 
the chromium fraction in the carbide, X, would be 



INTERACTION O F  SODIUM A N D  S T A I N L E S S  STEEL 

describable in terms of the concentrations w C ,  uLr, and 
wkl. Hence X is not an independent parameter, and we (‘d have accordingly deleted this variable from the list in the 
parentheses in Eq. 20.110. 

Finally, Eq. 20.110 is solved for wc and inserted into 
Eqs. 20.106 and 20.107, and the results of these substitu- 
tions and Eq. 20.110 are used in the activity equation, Eq. 
20.97. We then have the desired relationship between the 
carbon activity in the steel (or in the sodium, which 
contains the same carbon activity as the steel) in terms of 
the temperature, the initial composition of the steel, and 
the total carbon concentration in the equilibrated speci- 
men: 

a c  = P(~Z,W&,WON~,T) (20.111) 

The function P depends on the solubility expressing G and 
the activity coefficient in the austenite phase, yc. 

have used their data 
and those of other investigators to  correlate the carbon 
activity with the initial composition of the steel (a& and 
wk i )  and the total mass fraction of carbon in the 
equilibrated specimen (a;). To good approximation, 
their results suggest that ac is proportional t o  wz , or that 
the  two-phase mixture behaves as a single phase with a 
pseudo activity coefficient y z ( ~ E ~ , w & ~ , T ) :  

Snyder, Natesan, and Kassner’ 

with 

(-24.8 +a 4 0 4 )  ucr O 

(20.1 12) 

(20.113) 

These two equations are used in relating carbon activity and 
carbon concentration in the tab meter described a t  tine end 
of the preceding section. 

20.6.2 Carbon Transfer in Sodium Loops 

Armed with the carbon activity-concentration relation- 
ships in both the sodium (Eq. 20.82) and the stainless steel 
(Eq. 20.112), we now seek t o  determine the conditions for 
carbon transfer between high-temperature and low- 
temperature components in an all-austenite steel loop in 
which sodium circulates. In order t o  illustrate the transport 
process in the simplest possible way, we consider the 
primitive loop depicted in Fig. 20.30. Two pots made of an 
inert metal (i.e., one that does not  exchange carbon with 
sodium) each hold a small steel specimen of the same initial 
carbon content. The pot on the left is maintained at  a 
higher temperature than the pot  o n  the right, and sodium 
circulates between the two containers. We  defer considera- 
tion of the kinetics of the carburization and decarburiza- 
tion processes until later and determine here the total 
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Fig. 20.30 A sodium loop for  demonstrating carbon trans- 
port in a thermal gradient. 

carbon concentrations of the two specimens when equilib- 
rium in the entire loop is attained. 

At  equilibrium there is but a single activity of carbon in 
the hot pot  which both the carbon in the steel and that in 
the sodium attain. Similarly, the activity of carbon in the 
sodium and that in the steel specimen in the cold pot  reach 
a common value which, however, is different from the 
carbon activity in the hot pot (owing to  the temperature 
difference between the two pots). Thus, the condition of 
chemical equilibrium in the two pots requires that 

where ss = stainless steel 
Na = sodium 

h = the  hot pot 
c = the  cold pot  

If we use Eqs. 20.82 and 20.112 for a z a  and a?, the 
preceding conditions become 

At equilibrium there is no net transfer of carbon between 
the flowing sodium and the steel specimens; so the  carbon 
concentration in the sodium is the same throughout the 
loop [(CFa)h = (CFa)c] . Therefore, we can divide Eq. 
20.115a by 20.115b t o  obtain the ratio of the carbon 
concentrations in the hot  and cold steel specimens: 

(20.1 16) 

If the steel specimen in the hot  pot  decarburizes and the 
cold sample picks up carbon, the ratio on the right-hand 
side of Eq. 20.116 must be less than unity. This equation 
demonstrates that the temperature dependence of both the 
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pseudo activity coefficient of carbon in steel and of the 
solubility of carbon in sodium determines the direction and 
extent of carbon transfer in this simple loop. The solubility 
of carbon in sodium decreases rapidly as the temperature 
drops (Fig. 20.27), and this behavior encourages carbon 
migration from the hot sample to the cold sample. The 
temperature dependence of 7; (from Ey. 20.113) is more 
complex than that of Cy:t(c), but, provided that YE 
increases with decreasing temperature no faster than the 
rate at which [ Cz;,,, ]%decreases with decreasing tempera- 
ture, decarburization of the hot specimen and carburization 
of the cold specimen will occur. That the right-hand side of 
Eq. 20.116 is in fact less than unity is indicated by 
substitution of Eqs. 20.79 and 20.113 into Eq. 20.116 and 
the observation of decarburization of steel in the hot leg 
and of carburization of the same type of steel in lhe cold 
leg in sodium tesl loops. 

This type of argument may also be applied to the 
transfer of carbon between ferritic steel and auslenitic steel 
in an isothermal loop. In this instance the ratio of 
saturation carbon concentrations in the sodium appearing 
in Eq. 20.1 16 is unity, and we have 

where ( ~ g ) ~ ~ ~ ~ ~ ~ ~  is the activity coefficient of carbon in the 
ferritic steel. Since the presence of chromium in the 
austenitic steel lowers the activity coefficient of carbon in 
this alloy, the ratio on the right-hand side of the preceding 
equation is larger than unity. Or the austenite absorbs 
carbon and the ferrite loses it. 

20.6.3 The Kinetics of Carburization and 
Decarburization 

The preceding analysis demonstrated the thermo- 
dynamic basis for carbon transport in nonisothermal 
sodium loops but provided no information on the kinetics 
of the transfer process. To analyze this aspect of the 
carburization/decarburization phenomenon, we need lo 
examine in detail the processes by which carbon is removed 
from or added to  steel exposed t o  sodium. 

Sodium containing carbon at  a fixed activity ac 
contacts a plane surface of stainless steel. If the carbon 
activity in the sodium is greater than that of the steel (given 
by Eq. 20.112 with m$ equal to  the initial carbon content 
of the fuel), carburization occurs. If the reverse is true, the 
steel is decarburized. We analyze the carbon uptake 
problem, although carbon loss to low-activity sodium can 
be treated in a similar manner. 

Because the thickness of the steel specimen is usually 
quite large compared to the depth of carbon penetration, 
the metal is treated as a semi-infinite medium in which the 
carbon concentration in the steel far from the interface is 
unaffected by carbon diffusing into the surface layer from 
the  sodium. We also neglect boundary-layer diffusion of 
carbon in the sodium and slow interfacial reactions between 
carbon in sodium and in the steel adjacent to the sodium. 
Inasmuch as the carbon concentration in commercial steels 

(-0.05 wt. %) is in excess of the solubility limit for 
LMFBR operating temperatures, the steel is lreated as a 
two-phase system during carburization. Under the strongly 
decarburizing conditions prevailing in the hot  leg of a 
sodium loop, all the carbide phase may evenlually be 
decomposed, and carbon diffusion occurs through a honio- 
geneous austenite phase. The diffusion analysis must be 
modified when this situation occurs. 

There are several levels of complexity in modeling steel 
carburization, and the various treatments reviewed in this 
section bear strong resemblances to analogous models of 
fission-gas release from irradiated fuels (Chap. 15). 

Effective-Diffusion-C'oefficien t M e  [hod 
The simplest model for treating the kinetics of steel 

carburization is to  regard the metal as a homogeneous 
medium (despite the presence of two phases) in which 
carbon migration is characterized by an effective diffusion 
coefficient DErf. The carbon penetration profile as a 
function of time is delermined by solving the diffusion 
equation 

a m T  a2 
a t  
C = Deff 3 

a 2  C (20.117) 

where t is the time of exposure and z is the distance from 
the sodium-steel interface. Equation 20.117 is subject to 
the following boundary condition a t  the sodium-steel 
interface: 

(20.118) 

The designation of temperature in 7: has been deleted 
since this parameter is held constant during the carburiza- 
tion process. Far from the interface, the boundary condi- 
tion is 

(20.119) m: (W>t) = (m: lo 

where ( w : ) ~  is the total carbon mass fraction in the 
original steel. The initial condition is 

The solution t o  Eqs. 20.117 t o  20.120 is 

The effective diffusion coefficient of carbon in the steel 
has been determined by measuring the penetration of 
radioactive carbon into steel samples. The results of 
Agarwala et aL2 are 

(DEff)304 = 6.2 exp (20.122a) 
n 

(D",ff)3 = 0.4 exp [ -- R(ky;O),] 
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for types 304 and 316 stainless steel, respectively. The units 
of the diffusion coefficients are square centimeters per 
second. 

The effective-diffusion-coefficient method of predicting 
carburization or decarburization of steel is valid provided 
that  the diffusion coefficient has been obtained for a steel 
with a composition similar t o  the alloy in question, and the 
carbon activity levels in the diffusion experiment are not 
too different from those in the system to be analyzed. The 
exposure time is another variable that should be similar in 
the experiment t o  determine DEff and in the carburization 
calculation to which it is applied. However, the contact 
time of interest in LMFBR carburization/decarburization 
analyses is nearly four orders of magnitude larger than the 
diffusion time used to  determine DEff. Just as in the case 
of analysis of fission-gas release by the simple diffusion 
model (Sec. 15.5), use of apparent or effective diffusion 
coefficients predicated on an analysis ignores second-phase 
trapping centers in the medium. Applying the results to  
conditions other than those of the measurements is quite 
risky. 

Carbon Diffusion with Equilibrium 
Carbide Precipitation 

One of the major deficiencies of the effective diffusion 
analysis can be removed by explicitly accounting for the 
presence of  second-phase carbide precipitate in the metal. 
The diffusion analysis that removes this unrealistic assump- 
tion is analogous t o  the equilibrium trapping model of 
fission-gas diffusion in oxide fuels (Sec. 15.6). A computa- 
tional scheme based on diffusion of carbon in austenite 
with local equilibrium between the metal and carbide 
phases has been developed by Snyder, Natesan, and 
Kassner.2 

I t  is assumed that carbon diffuses only in the austenite 
and that the particles of the carbide phase are stationary. 
The  metallic components of the austenite phase are 
immobile because the diffusion coefficients of iron, chro- 
mium, and nickel are much smaller than that of carbon in 
steel. The  form of Fick’s second law pertinent t o  this 
problem recognizes that the solid contains carbon in two 
phases but that diffusion occurs only in the austenite: 

carbon in the metallic phase of stainless steel, a diffusivity 
in the austenite phase approximately three times larger than 
the effective diffusion coefficient in type 304 stainless steel 
(Eq. 20.122a) is predicted a t  70OoC. 

On the basis of the known relation between total 
carbon mass fraction in the two phase steel and that in the 
austenite phase, we can write Eq. 20.123 

(20.125) 
a. a 2  wc 

S ’ ( W ~ )  2 = Dc 7 
a 2  

where S’(wc) = dwE/dwc is a function of wc obtainable 
from Eq. 20.110. 

The boundary and initial conditions for Eq. 20.125 
pertain t o  the carbon content of the austenite phase, not t o  
the total carbon mass fraction, as was the case in the 
effective diffusion coefficient model. At the sodium-steel 
interface, the carbon activity ac is specified, and Eq. 
20.112 determines WE a t  this location. Equation 20.110 
then fixes the carbon mass fraction in the austenite a t  the 
interface. This quantity is denoted by ( w ~ ) ~ ~ ~ ,  and the 
appropriate boundary condition is 

wc (O,t) = ( U C  )in t (20.126) 

To determine the carbon concentration in the austenite 
far from the interface, we assume that, before exposure t o  
the sodium, the steel has equilibrated internally. That is, 
the initial carbon supersaturation of the alloy has been 
relieved by precipitation of sufficient carbide phase so that 
the carbon mass fraction in the austenite, W: , satisfies Eq. 
20.110, or 

which can be solved for a:. The remaining boundary 
condition for Eq. 20.125 is 

wc(-,t) = w: (20.127) 

and the initial condition is 

WC(Z,O) = a: (20.128) 

a t  cp a Z 2  (20*123) The nature of Eq. 20.125 and its associated boundary and 
initial conditions permits conversion of the partial differ- 
ential equation t o  an ordinary differential equation by the 

a2wC 

H~~~ D~ is the true diffusion coefficient of carbon in the 
austenite phase of steel. This quantity has not been 
measured (because of the low solubility of carbon in 

bon in y-Fe is given by2 

transformation: 
z 

(20.129) high-chromium-content alloys), but the diffusivity of car- 7i = (4DctF 

which, when inserted into Eq. 20.125, yields 

cmz isec (20.124) 

The effect of nickel additions on the diffusion coefficient 
in y-Fe-Ni alloys is small, but  chromium appears to  have 
an effect on  D,. Nevertheless, if Eq. 20.124 is accepted as 

With wc now a function of the variable 7i only, Eq. 20.126 
becomes 61 

a reasonable approximation t o  the diffusion coefficient of OC ( 0 )  = (WC l int  (20.13 1)  
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and Eqs. 20.127 and 20.128 provide a single condition 

we("") = 4 (20.132) 

Equations 20.130 to 20.132 can be solved numerically t o  
give we as a function of 17 or, according t o  Eq. 20.129, as a 
function of position and time. The total carbon concentra- 
tion as a function of the same two variables is then 
obtained from Eq. 20.110. 

Ef fec t  o f  Carbide Precipitation Kinetics 
on the Rate o f  Steel Carburization 

The preceding analysis of carbon penetration into 
stainless steel appears t o  be valid23 for T > 600°C. Below 
this temperature, the assumption of local equilibrium 
between the austenite phase and the carbide phase becomes 
progressively worse. Although Eq. 20.123 remains valid (it 
is merely a material balance), the relation between w; 
and wc given by Eq. 20.110 n o  longer applies t o  all the 
austenite. Instead, the austenite is permitted t o  be super- 
saturated with carbon during carburization and sub- 
saturated during decarburization. The condition of thermo- 
dynamic equilibrium between the austenite and carbide 
phases applies only a t  the interface between these two 
phases (i.e., a t  the carbide particle surface). An additional 
kinetic step, namely, diffusion of iron, chromium, and 
carbon between the austenite-carbide interface and the 
bulk of the austenite phase, is added t o  the analysis. Thus, 
growth or dissolution of the carbide particles is assumed to 
be completely diffusion controlled. Diffusion controls the 
gross rate of migration of carbon from the sodium-steel 
interface t o  the interior of the steel and the small-scale 
transport of carbon and the metals from the interior of the 
austenite phase t o  the carbide particles in the vicinity. 
Possible kinetic restriction due to a slow reaction at  the 
carbide-particle surface is not  considered. 

The treatment of precipitation kinetics in this model is 
identical t o  that used t o  describe diffusion-controlled 
growth of gas bubbles in the fuel or  voids in the cladding. 
The  metal contains a uniform distribution of spherical 
carbide particles of radius R ( ~ 0 . 5  pm). There are N carbide 
particles per cubic centimeter (assumed unchanged through- 
out the process). A capture volume of radius .% surrounding 
each carbide particle can be defined by the relation: 

($r.%') N = 1 (20.133) 

The radius ,% is about 10 times larger than R (i.e.,.%? 

Reaction 20.102 is assumed to  be a t  equilibrium at  the 
carbide-particle surface (r = R).  The mass fractions in the 
austenite far from the carbide particle are denoted by q, 
and at the particle surface the composition of the austenite 
is w s  (where i = Fe, Cr, Ni, or C). According to  the analysis 
of diffusion-controlled growth of spherical sinks in an 
infinite medium given in Sec. 13.5, the flux of species i 
from the austenite t o  the carbide particle is (see Eq. 13.70) 

5 v ) .  

where Di is the diffusion coefficient of species i in 
austenite, p s s  is the density of the austenite (assumed equal 
t o  the density of the steel), and Mi is the atomic weight of 
species i. 

The stoichiometry of reaction 20.102 requires that 

(20.135a) 23X Jc ,  =- 
6 Jc 

(20.135b) J C r + J F e = T J C  23 

When Eq. 20.134 is used in the first of these relations, we 
have 

The atomic weight of the three metals has been taken as 54, 
and the diffusion coefficients of the three metals have been 
assumed to be equal t o  each other and denoted by DM.  
Because thermodynamic equilibrium prevails at the car- 
bide-austenite interface, wFr and wg are related by  Eq. 
20.106. By the overall chromium balance on the steel, wCr 
is related to  the initial chromium content by Eq. 20.103. 
Thus, Eq. 20.136 becomes 

where f remains to be determined. 
Conservation of carbon in the austenite phase, including 

a Fick's law term for diffusion perpendicular to  the 
sodium-steel interface, yields 

- ~ T R D C N ( W C  - W E )  (20.138) 

We now relate f to  the size and number density of carbide 
particles. Since f is the fraction of metal present as a 
carbide (locally), 

Grams metal in carbides 
Cm3 steel = fP,, 

Let p C  be the density of  the carbide phase. The weight of 
metal per unit volume of carbide is pc/1.058.  The volume 
of carbide per unit of total steel volume is ( R / 9 Q 3 ;  so 

Grams metal in carbides PC 
c m 3  steel 

and from these two equations, 

f - pc I P S ,  (ET 
1.058 ,% (20.139) 

To complete the analysis, we need the growth law for 
the carbide particles. This law is determined by the same 
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l l i i t i a l  carbon 

method used t o  obtain the void growth law in Sec. 19.5. 
The rate of change of the volume of a carbide particle is '*II$ 

Or, expressing J,, + JFe by Eq. 20.135b, we find 
s 

1 concentration, 
Wt .  % 

0.08 

_ =  dR (1'058)('?2) ~ Dc (ac - m z )  (20.140) d t  0.058 p c  R 

Equations 20.138 and 20.140 must be solved (numerically) 
for  wc and R as functions of position and time. By Eq. 
20.139 f is a function of R ,  and solution of Eq. 20.137 
gives WE as a function of wc and R (R enters via Eq. 
20.139). 

The boundary conditions for the present model are 
more difficult to  assess than those applicable to  the 
equilibrium model. At the steel-sodium interface, it is 
assumed that the carbon in the sodium is in equilibrium 
with the carbon in the austenite phase but that the carbide 
phase is not a t  equilibrium with the austenite (except a t  the 
carb ideaus ten i te  phase boundary). The mass fraction of 
carbon in the austenite depends on the extent of carbide 
precipitation a t  the s o d i u m s t e e l  interface; so ( w ~ ) ~ ~ ~  is a 
function of time. T o  obtain this boundary condition, we 
must solve the problem of carbide precipitation from an 
infinite medium of supersaturated austenite wherein the 

At  z = m the precipitation of carbide from an infinite 

0 0.5 1 .o 1.5 2.0 
PENETRATION DISTANCE, rnrn carbon activity is specified and constant. 

medium of supersaturated austenite must also be treated, Fig. 20.31 Carbon diffusion profiles after a 10,000-hr 
but in this case only the initial carbon content is specified. exposure t o  sodium containing a carbon activity of 
Determination of the boundary conditions a t  z = 0 and z = 

m is set up  in problem 20.10. 
4 X at 700°C. (After Ref. 23.) 

The initial carbon concentration in the austenite 
throughout the steel is equal to  (m;)', the total carbon 
mass fraction in the original steel. 

Figure 20.31 shows the carbon distribution in steel a t  
7OO0C resulting from a 10,000-hr exposure to sodium with 
a carbon activity of 4 x The computation used the 
preceding equilibrium model. If the initial carbon concen- 
tration in the steel is greater than 0.04 wt.%, decarburiza- 
tion occurs. The carbon penetration depths shown in Fig. 
20.31 are larger than typical cladding thicknesses, and 
appreciable carburization o r  decarburization is predicted a t  
this temperature. (The semi-infinite medium approximation 
on which the calculated profiles are based does not  apply 
when the thickness of the solid is small compared to the 
carbon penetration depth.) The penetration depths shown 
in Fig. 20.31 are much smaller than those computed by the 
effective-diffusion-model result (Eq. 20.121) with DEff 
given by Eq. 20.122a. The large difference in the two 
calculations is not  due t o  a large discrepancy between DEff' 
and Dc (indeed, in the calculation on which the curves of 
Fig. 20.31 are based, Dc is approximated by DEff). Rather, 
the smaller penetration in the  equilibrium model compared 
t o  that in the effective diffusion model is due to correctly 
accounting for carbide precipitation during diffusion, which 
provides a powerful sink for migrating carbon and severely 
restricts penetration into the steel. 

Figure 20.32 shows a three-dimensional representation 
of carbon distributions at various temperatures between 
400 and 800°C. In the calculation, the concentration of 
carbon in the sodium was fixed. Therefore, the activity of 
carbon in sodium, which determines the carbon activity of 
the steel a t  the interface, increases as temperature de- 
creases. The calculations from which Fig. 20.32 resulted did 
not consider the dicarbide species in sodium; so the  
activity-concentration relation used was ac = C ~ a / C ~ a ~ ( c ~  
instead of that given by Eq. 20.82. For 660 < T < 800°C, 
decarburization occurs because the solubility of carbon in 
sodium is high, and,  for a fixed-carbon concentration in the 
sodium, Eq. 20.82 shows that ac is low. The carbon 
activity in the sodium rises uniformly as the temperature is 
reduced, but  for T < 530°C carbide precipitation is so 
sluggish that very little carburization occurs. 

Figure 20.33 shows the predicted effects of carbon 
transport along the length of fuel-pin cladding. Figure 
20.33(a) shows the axial temperature profile, and Fig. 
20.33(b) illustrates the variation of the average carbon 
content of the cladding at  various axial positions after 5000 
hr of contact with sndium of two different carbon 
concentrations. Maximum carburization occurs near the 
midplane of the core, but  the upper half of the cladding 
(and presumably the remainder of the hot  !eg of the loop) 
is severely decarburized. 
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Fig. 20.32 Effect of temperature on the carburization/ 
decarburization behavior of stainless steel (initial carbon 
content of 0.05 wt.%) due t o  10,000-hr contact with 
sodium containing 0.13 ppm by weight carbon. (After Ref. 
23.) 

Figure 20.34 summarizes the results of computations of 
carbon penetration of the steel in the intermediate heat 
exchanger. Because of the low temperature, both carbon 
diffusion in  the austenite and carbide precipitation are very 
slow; so carburization is restricted to the surface layers of 
the metal. 

Carburization via the Grain Boundaries 
In the preceding analysis of steel carburization, the 

morphology of the two-phase steel was assumed t o  consist 
of N spherical particles of radius R uniformly embedded in 
an austenite matrix. The particle density N was not 
predicted by the theory and would have to be determined 
by analysis of the homogeneous nucleation of carbide 
particles from a supersaturated austenite phase if the 
carburization problem were to be treated entirely from first 
principles. In practice, however, N is determined from 
microscopic examination of aged steels.' 

I t  is known that  carbides often precipitate along grain 
boundaries in the steel rather than in the bulk of the metal, 
which means that nucleatim is heterogeneous rather than 
homogeneous. Grain boundaries are the preferred nucle- 
ation sites. I t  is very likely that  carbide precipitates 
attached to grain boundaries are responsible for absorption 
of carbon from the  sodium, In  this case the most probable 
route by which carbon reaches the growing carbide- 
austenite interface is along grain boundaries rather than 
through the lattice. The  controlling carburization mecha- 

0 25 50 75 

DISTANCE FROM BOTTOM OF PIN, cm 

( b )  

Fig. 20.33 Axial variation of the average carbon content 
of 0.37-mm wall stainless-steel cladding exposed to sodium 
containing 0.017 and 0.05 ppm by weight carbon for 5000 
hr. (a) Axial temperature profile. (b) Variation of  carbon 
content with position. (After Ref. 23.) 

nism is then grain-boundary diffusion instead of volume 
diffusion in the lattice. 

Nishio and Shimokawa2' have attempted to  explain 
their carburization data on the basis of classical grain- 
boundary diffusion theory.* ' However, this mathematical 
treatment does not account for simultaneous precipitation 
of the M 2 3 C ,  carbide in the grain boundaries during 
diffusion; so the results of this analysis are only somewhat 
more sophisticated effective diffusion coefficients than the 
one determined from the same type of data using the 
method discussed earlier. The volume diffusion coefficient 
of carbon in the austenite matrix obtained by Nishio and 
ShimokawaZ6 is more than three orders of magnitude 
smaller than either DEff or D, given by Eqs. 20.122 or 
20.124 a t  700°C. 

20.7 EFFECTS OF SODIUM EXPOSURE ON 
THE MECHANICAL PROPERTIES 
OF STAINLESS STEEL n w The primary effects of sodium on the mechanical 

properties of the stainless-steel parts of the coolant loops in 
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Fig. 20.34 Carbon concentration profiles across the 
stainless-steel intermediate-heat-exchanger piping after ex- 
posure t o  primary and secondary sodium containing 0.05 
and 0.13 ppm carbon, respectively, for various times at  
500°C. (After Ref. 23.) 

an LMFBR arise directly from the loss or gain of carbon by 
the metal and indirectly from the change in the microstruc- 
ture of the steel to  the alteration of the carbon content. 
Selective leaching of the substitutional elements chromium 
and nickel has a negligible influence on mechanical proper- 
ties, which are much the same for most alloys of iron, 
chromium, and nickel. Moreover, the metallic composition 
of the steel changes only in the surface layers of the 
exposed metal, and the base metal is unaffected. 

The sodium per se does not affect mechanical proper- 
ties since sodium is virtually insoluble in steel. Thus, any 
mechanical property change induced by contact of the steel 
with liquid sodium can equally well be reproduced by 
treatments no t  involving sodium provided that the composi- 
tion and the microstructure of the steel following the two 
treatment routes are the same. 

Table 20.2 summarizes the consequences of carburiza- 
tion and decarburization by sodium on the tensile and 
creep-rupture properties of stainless steel. The following 
discussion, which amplifies on the contents of the table, is 

Table 20.2 Effect of Sodium Exposure on 
Properties of Steel 

Decarburization Carburization 

Tensile 
Increase Yield stress ? 

Ductility ? Decrease 

rupture Decrease (Increase)? 
Creep 

- 

drawn mainly from the review by Natesan, Kassner, and 
Liz ' and the paper by Spalaris and Zebroski.* 

20.7.1 Tensile Properties 
Figure 20.35 shows the distinct improvement in the 

0.3% offset yield strength as the carbon content of the steel 
is increased. This behavior can be understood as an 
extension of the hardening function of carbon (hindering 
dislocation motion), which is the reason that this element is 
a desirable impurity in steel. One might expect that the 
strengthening would depend on the ratio of carbon in solid 
solution t o  that precipitated as carbides. Because of the 
strong temperature dependence of the carbide precipitation 

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 
CARBON. wt. % 

Fig. 20.35 Effect of  carbon concentration on the yield 
strength of type 316 stainless steel carburized in sodium. 
(After Ref. 28.) 

process in steel, carburization below T 600°C probably 
produces a higher proportion of carbon in the austenite 
compared t o  carbon as carbide than would carburization to 
the same total carbon concentration at  higher temperatures. 
However, the data shown in Fig. 20.35 d o  not suggest such 
a variation. 

Figure 20.36 shows tensile elongation (ductility) data 
on carburized steels. The curves provide an envelope for the 
rather scattered data that include both room-temperature 
and elevated-temperature mechanical test results and differ- 

- 
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Fig. 20.36 Tensile elongation of type 304 stainless steel as 
a function o f  carbon content following exposure t o  various 
carburizing environments (sodium and CH4 /H2 gas mix- 
tures). Data obtained at  test temperatures from room 
temperature up to  800°C. (After Ref. 29.) 

ent  methods of carbon addition. Despite the scatter in the 
results, it is clear that steel that has experienced an increase 
in carbon content to  greater than -0.5 wt. % (from the 
normal value of 0.05%) is essentially completely embrittled. 
For these specimens fracture occurs with no measurable 
elongation even at test temperatures as high as 800°C. 

As was noted in the previous section, carburization is 
predicted in the cold zones of a sodium loop. The 
components in the cold leg, such as the intermediate heat 
exchanger, are constructed of thick steel parts (relative to 
the fuel-element cladding). Because the carbon penetration 
depths are small a t  low temperature and the affected parts 
are thick, complete carburization to  carbon levels approach- 
ing 0.5 wt. % is no t  expected t o  occur (see Fig. 20.34). 
However, even the remote possibility of complete loss of 
ductility in a sodium loop component (e.g., carburization 
kinetics may not  be well enough established to permit 
reliable extrapolation to  30-yr exposure times) is cause for 
concern and justification for seeking a remedy. 

One solution is to eliminate the source of carbon from 
the reactor core by using stabilized grades of stainless steel, 
such as type 321 or type 347, for fuel-element cladding 
(types 304 and 316 are unstabilized). Addition of titanium 
or niobium to stainless steel very effectively immobilizes 
the carbon as the carbides of these two metallic species. 
The carbides of titanium and niobium are far more stable 
than the Mz C6 carbides formed from the major alloying 
elements of the steel (thermodynamic stability is measured 
by the solubility of carbon in the austenite phase contact- 
ing the metal carbide). Consequently, the rate of decompo- 
sition of the carbides of titanium and niobium is nil even 
under conditions that would severely decarburize an unsta- 
bilized steel. In fact, stabilized steels acquire carbon from 
sodium under these conditions. 

The tensile properties of stainless steel that has been 
decarburized to low carbon concentrations [e.g., to the 
plateau values near the top of the fuel pin in Fig. 20.33(b)] 
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Decarburization of austenitic steel by sodium, on the 
other hand, has been convincingly demonstrated t o  reduce 
the creep strength of the metal. Figure 20.38 shows the 
results of creep-rupture tests on stainless steel exposed to 
flowing sodium under conditions where carbon loss occurs. 
The data on sodiumexposed samples are compared with 
results for the exposure of specimens in an inert gas for the 
same period. Significant reduction in creep strength of the 
sodium-exposed steel compared with the inert-gas-exposed 
steel is observed. The elongation a t  fracture is also reduced 
by decarburizing sodium exposure. 
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Fig. 20.38 Biaxial stress-rupture properties of type 316 
stainless steel exposed t o  sodium or  inert gas a t  700°C for 
5000 hr. (After Ref. 29.) 

The extensive precipitation of sigma-phase particles 
observed in decarburized steel (Fig. 20.15) is believed to  be 
responsible for the degradation of the creep-rupture proper- 
ties. If the steel is fabricated with a low carbon concentra- 
tion but without sigma-phase precipitation, its ductility is 
greater than, not less than, that of steel with a normal 
carbon content. The mechanism by which sigma-phase 
precipitates embrittle the metal and reduce its creep 
strength is not  known. These particles can influence the size 
and number of helium bubbles in the metal, particularly if 
the particles are attached to grain boundaries. In this 
manner the long-term decarburization of steel in sodium 
reduces the resistance of the metal to  helium embrittle- 
ment; the agent responsible for this undesirable effect is the 
sigma-phase precipitate. 

Removal of carbon from stainless steel can impair the 
creep-rupture properties (both rupture stress and rupture 
ductility) t o  the same extent as exposure t o  a fast-neutron 
fluence of -5 X lo'' neutrons/cm2. It is clear that the 
effect of sodium on this particular mechanical property of 
steel needs t o  be accounted for in attempting to  predict the 
performance of fuel elements whose lifetime is dictated by 
creep strain. What is not  clear is whether sodium and 
fast-neutron exposure act independently or whether there is 
some as yet undiscovered synergistic effect when steel is 
subject to  both environments simultaneously. Even if the 
processes due to  sodium and fast neutrons act indepen- 

dently of each other on an atomic scale, how are the 
macroscopic changes in mechanical properties to be added 
up? For example, if the ductility of a specimen decreases 
by, say, a factor of 5 after 1 year in a neutron flux without 
sodium and by a factor of 3 after the Same time and 
temperature in sodium without neutrons, what should the 
ductility loss be when the sodium and the neutrons a r t  
together? 

20.7.3 Other Material Properties 
Adhesion (self-welding), wear, and friction between 

metal parts are affected by submersion in liquid sodium. 
Self-welding is enhanced by surface cleanliness of the 

metals in contact. The solvect properties of liquid sodium 
act to  remove protective layers normally found on metals 
(usually oxides) and thereby produce exceedingly clean 
surfaces that readily diffusion-bond together. Valve seats, 
claddingwire wrap contact points, and the spacer pads on 
adjacent fuel subassemblies are subject to self-welding in 
high-temperature sodium. 

The absence of  a protective film on metals in sodium 
also increases the wear at sliding contacts. Sodium serves 
just the opposite function from lubricating oil between 
moving parts that are in contact. For this reason moving 
parts in contact under sodium are hardened surfaces (e.g., 
by nitriding) or  else are fabricated of wear-resistant alloys, 
such as stellite. 

Finally, higher coefficients of sliding friction between 
metals are observed in sodium environments than in gaseous 
atmospheres when tests are conducted a t  the same tempera- 
ture. 

20.8 SODIUM-FUEL INTERACTION 

In this section we discuss the thermodynamic and 
kinetic bases from which the consequences of direct sodium 
contact with oxide fuel can be assessed. Such contact 
occurs when the  fuel cladding is breached or when the 
fuel-cladding gap is filled intentionally with sodium during 
fabrication (sodium-bonded fuel elements). The reaction 
produces a solid of  lower density than that of the fuel, and 
the resulting volume expansion can cause significant diam- 
etral strain o f  the fuel pin. Figure 20.39 shows the swelling 
observed in fuel that had been exposed t o  sodium either a'  
sodium-bonded pins or  as a result of a failed pin irradiate 
in a capsule containing stagnant sodium. The meaning c !  
the  abscissa will be  explained later. The magnitude of t e 
swelling shown in Fig. 20.39 justifies the concern about  t 
sodium-fuel interaction and indicates the need for  simple 
out-of-pile experiments to clarify the  thermodynamics and 
kinetics of the swelling phenomenon. The in-pile experi- 
ments are  complicated by the presence of the radial 
temperature gradient in the fuel, which results in oxygen 
redistribution. Isothermal out-of-pile experiments are easier 
to interpret in terms of basic mechanisms of the reaction. 

Because of the prwautions required when working with 
the mixed oxide (U,Pu)Oz, many of the experiments 
designed to  investigate sodium-fuel chemistry have used 
UOz as a substitute for the mixed oxide. The double oxides 
Naz Uz 0 7 ,  Naz U 0 4 ,  Na4 UOs , N a U 0 3 ,  and Na3U04 have 
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Fig. 20.39 Fuel-pin diametral strain due to  sodium-fuel 
reaction. 0, failed encapsulated fuel pins. 0,  sodium- 
bonded fuel pins. (After E. A. Aitken et  al., in Proceedings 
of the Conference on  Fast Reactor Fuel Element Tech- 
nology, Apr. 13-15, 1971, New Orleans, La., p. 459, 
R. Farmakes (Ed.), American Nuclear Society, Hinsdale, 
ni., 1971.) 

all been observed in the sodium-uranium-oxygen sys- 
Under the conditions of temperature and oxygen 

potential characteristic of LMFBR sodium circuits, only 
Na3 U 0 4  is produced. 

In mixed oxides the  product of the sodium-fuel 
reaction is described by the generic formula Na3M04,  
where M denotes a mixture of  uranium and plutonium. It is 
commonly assumed that  the uranium/plutonium ratio of 
the reaction product is the same as that  of the fuel, which is 
denoted by MOz -x (only hypostoichiometric fuels need be 
considered). This assumption has not received definitive 
experimental verification, but it has important implications 
on  t h e  kinetics of reaction product formation; if the 
uranium/plutonium ratio is the same in MOz-x and 
Na3M04,  transport of  the  actinide metals from the  fuel to 
the reaction zone is not necessary. Only sodium and oxygen 
need t o  move from the bulk of the reactant phases (sodium 
or fuel) to the interface where the chemical reaction occurs. 
Once there, sodium and oxygen can combine in the 
required proportions with the  existing heavy-metal atoms. 
On the other hand, if the uranium/plutonium ratio in the 
waction product were different from that of  the fuel, one 
or the other of the heavy metals would have to migrate 

from the interior of the fuel to the reaction zone. Since 
interdiffusion of uranium and plutonium in oxide crystals is 
very slow a t  the  temperatures a t  which the sodium-fuel 
reaction occurs in a reactor (<lOOO"C), the kinetics of the 
process would be correspondingly sluggish if transport of 
the heavy metals in the solid were a prerequisite to  
reaction. 

The thermodynamics of the reaction product have been 
studied in the sodium-uranium-oxygen ~ y s t e m . ~  ' It is 
assumed that  the thermodynamics of Na3 U04 are the same 
as those of Na3M04 or  that partial substitution of uranium 
for plutonium does not affect the properties of the reaction 
product. However, the U/(U + Pu) ratio is important in 
determining the thermodynamic behavior of the fuel 
MO;? -x. 

20.8.1 Thermodynamics of the Two-Phase 
Sodium-F uel System 

The Na3M04 forms only when the oxygen potential of 
the sodium o r  of the fuel is greater than a threshold value. 
When the oxygen potential is lower than the threshold 
value (i.e., when the fuel is highly hypostoichiometric and 
the sodium is of low oxygen content), only two phases are 
present at equilibrium (the fuel MOz-x and liquid sodium 
containing oxygen). When these two phases are equil- 
ibrated, the chemical potential of oxygen, or  alternatively 
the oxygen potential, 

A G ~  = RT In po ,  (20.14 1) 

must be the same in both phases. The term p o l  is the 
oxygen pressure in equilibrium with the particular phase 
(sodium or  fuel) a t  a specified temperature and oxygen 
content. Taken individually, the oxygen potential of each 
phase is a function of temperature and of the composition 
of the phase. The dependence of the fuel oxygen potential 
o n  the oxygen-to-metal ratio (or o n  the x in MOz.x), the 
Pu/U + Pu ratio q ,  and the temperature T was discussed in 
Chap. 11. At the high temperatures where the  bulk of the 
fuel in a pin operates, the thermochemical models of Rand 
and Markin (Ref. 6 of Chap. 11) and Blackburn (Ref. 7 of 
Chap. 11) are reasonably accurate. If these models can be 
extrapolated t o  the lower temperature range where the 
f u e l s o d i u m  reaction is important (and this step is by n o  
means sure), then the oxygen potential of the fuel can be 
considered to be known. We will use the Rand-Markin 
method in the following discussion because it can be 
expressed in rather simple analytical terms. 

The oxygen potential of the fuel is given by 

where the subscript f denotes the fuel phase. Using 
Fig. 11.13, we approximate (AS,)), by 

(As,, )f = -146 J mole-' OK-' (20.143a) 

and from Fig. 11.14: 

(AHo, )f = -730- 160 (4 - Vpu)  kJ/mole (20.143b) 
- 
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Equations 20.143a and b apply only t o  hypostoichiometric 
fuel not  too close to exact stoichiometry. If the plutonium 
valence is expressed in terms of x and q by Eq. 11.15, Vp, 
can be removed from Eq.20.143b and the fuel oxygen 
potential written as 

where 

The oxygen potential of the sodium phase is deter- 
mined by the standard free energy of formation of N a 2 0  
and the solubility of oxygen in sodium in the following 
manner. The law of mass action for reaction 20.64 is 
expressed by Eq. 20.65. Noting that Henry's law applies to  
NazO in liquid sodium, Eq. 20.19 relates the activity of 
oxygen in sodium t o  the concentration. Combining 
Eqs. 20.19 and 20.65 and expressing PO, in terms of the 
oxygen potential of the sodium defined by Eq. 20.141 
yields 

+ 2AG;Na2 (20.146) 

If we insert numerical values of the oxygen solubility from 
Eq. 20.18 and the free energy of formation of Na,@ from 
Eq. 20.16, the preceding equation becomes 

(AGO,)Na = B N a  In Co  AN^ (20.147) 

where 

( 20.14 8) 

The oxygen concentration in the sodium, C o ,  has the units 
of parts per million by weight. 

At equilibrium between the fuel and sodium phases, 

(20.149) 

Or, using Eqs. 20.144 and 20.147, 

-Af - Bfx = BNa In CO  AN^ (20.150) 

Note that the distribution of oxygen between the fuel and 
tine sodium given by the preceding formula does not  follow 
Henry's law, which would require a linear relation between 
x and Co. Figure 20.40 is a plot of Eq. 20.150 for 
T = 1000°K and q = 0.2. The left-hand ordinate of this 
graph gives the oxygen concentration of sodium that is in 
contact with the fuel (U, .8 Puo . 2  ) 2 . x  at 1000°K. The thick 
curve and the right-hand ordinate scale show the oxygen 
potential of the system (i.e., either that  of the fuel or of the 

sodium, since both are equal at equilibrium) as a function1 
of oxygen composition. This line is a plot of Eq. 20.144. 

The curve shown in Fig. 20.40 is theoretical in the sense 
that it was deduced without requiring data from experi- 
ments in which sodium and fuel are actually equilibrated. 
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Fig. 20.40 Oxygen distribution between sodium and fuel 
phases at equilibrium and the oxygen potential o f  the 
system. T = 1000°K. 

Experiments of this sort have been performed3 * . 3  t o  test 
the results predicted by Eq. 20.150 (and similar equations 
using other models or  data  for the fuel oxygen potential 
than the Rand-Markin model we have employed here). The 
results of these experiments are in substantial disagreement 
with the predictions based on the supposedly known 
thermodynamics of oxygen in the fuel and in the sodium. 
The discrepancy between the data  of Ref. 33 and 
Eq. 20.150, for example, is about three orders of magni- 
tude. This spectacular lack of agreement between data  and 
theory (or, more precisely, between equilibration data and 
other thermodynamic data manipulated by standard 
thermodynamic techniques to provide a prediction of 
oxygen distribution in sodium-fuel equilibration) is pos- 
sibly due to the following: 

1. The equilibration data d o  not  represent thermody- 
namic equilibrium, or  the measurements are wrong. 

2. Fuel oxygen potentials measured at temperatures 
above 1000°C cannot be accurately extrapolated to lower 
temperatures. 

3. The free energy of formation of N a 2 0  and/or the 
solubility of oxygen in sodium are grossly in error. 
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Of these ..ree possible reasons, only (3)  is unlikely 
because the errors in AG,",,> or Csa t (0)  would have to 
be very large t o  explain the observed CO - x  data in 
sodium-fuel equilibration experiments. 

Despite the substantial roadblock caused by the failure 
of supposedly well established individual fuel and sodium 
thermochemistry to describe the two-phase fuel-sodium 
system, we shall continue the analysis of this system on the 
assumption that Eq. 20.150 adequately describes the oxy- 
gen concentrations in fuel and sodium in the two-phase 
equilibrium. 

20.8.2 Thermodynamics of the Three-phase 
Sodium-Fuel-Na, MO, System 

When the oxygen potential of the twephase fuel- 
sodium system exceeds a threshold value, a third phase, 
Na3M04,  forms. According to the phase rule, one degree of 
freedom is lost because of the appearance of the additional 
solid phase; so the infinity of possible CO - x values in the 
sodium-fuel distribution (Fig. 20.40) is now restricted to 
only one combination of Co and x equilibrium in the 
system Na-M02.,-Na3M04. Or,  at a specified tempera- 
ture, there is just one value of the oxygen potential for 
which the three phases can coexist. Based on careful 
measurement of the sodium-uranium--oxygen system, the 
standard free-energy change of the reaction 

wJa3 M O ,  kJ/mole (20.152) 

To obtain the standard free energy of the reaction in 
which M 0 2  in reaction 20.151 is replaced by M 0 2 - x ,  we 
use reaction B of Chap. 11: 

M 0 2  -x(s) + ' O2 (9) = MO2 (s) 2 

for which the free-energy change is 

Addition of reactions 20.151 and B of Chap. 11 yields the 
desired reaction: 

3Na(l) + M02.x(s)  + 1 + - x O2 (g) 

= Na3M04(s)  (20.153) 
( a >  

for which the standard free energy is the sum of 
Eqs. 20.152 and 11.43: 

+ r x  

AG" = A G i a J M O ,  -- jo ( A F 2 ) f  dx '  (20.154) 

Application of the law of mass action to  reaction 20.153 
yields 

(20.1 55) 1 + x / 2  

If we take the logarithm of Eq. 20.155 and eliminate PO,  
in terms of the oxygen potential by using Eq. 20.141, 
A G T  is fixed as a function of temperature according to 

x J dx'  (20.156) 
0 

Because x is small compared t o  unity, the parenthetical 
term on the left can be approximated by unity and the 
integral on the right can be neglected. Thus the oxygen 
potential of the three-phase system is given by 

(A%), = ( A K I N ,  = A G k a , M o ,  (20.157) 

Equation 20.157 consists of two relations which, when 
used in conjunction with Eqs. 20.144, 20.147, and 20.152, 
uniquely determines CO and x for a fixed temperature. At 

-661 kJ/mole, which is equal to  the oxygen potential of 
both the fuel and the sodium. Equations 20.144 and 
20.145 yield x = 0.049 and Eqs. 20.147 and 20.148 give 
Co = 1 2  ppm for this oxygen potential at 1000°K (this 
point is the intersection of the dashed line and the light 
curve in Fig. 20.40). Therefore, a t  this temperature the 
three-phase system should be in equilibrium when the fuel 
has the composition (Uo.8Puo.2)01.95 and the sodium 
contains 12 ppm by weight of oxygen. Table 20.3 gives the 
threshold fuel and sodium oxygen concentrations as func- 
tions of temperature. These results were obtained by a 
method essentially the same as the calculation described 
previously. The oxygen concentrations in the fuel and in 
the sodium must be maintained at values lower than those 
given in the table if  formation of Na3M04 is to be 
thermodynamically impossible. 

Comparison of the equilibration data from Ref. 3 3  with 
the thermodynamic predictions reveals poor agreement at 
all temperatures. Nonetheless, we will use the theoretical 
three-phase equilibrium defined by Eqs. 20.144 and 
20.145, 20.147 and 20.148, and 20.152 and 20.157 as a 
basis for discussing the swelling experienced as a result of 
fuel-sodium contact and the kinetics of the swelling 
process. 

1000"K, for example, Eq. 20.152 gives A G i a , M o ,  - - 

Table 20.3 Calculated Oxygen Content* of 
(Uo .a PUO .2 ) 0 2  -x and of Sodium in Equilibrium 

with N a 3 M 0 4  

Tempera- --nG 9 CO * 
2 - x  ppm by wt. ture, OK kJ/mole 

600 7 66 1.92 0.05 
700 741  1.93 0.08 
800 711  1.94 0.6 
900 686 1.945 3 

1000 661 1.95 11 
1100 632 1.955 33 
1200 607 1.96 77 

*Data from R.ef. 31  
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, 20.8.3 M a x i m u m  Swelling 
I \  

The extent of fuel swelling due t o  Na3M04 formation 
depends not only on the thermodynamic properties 
described in the previous section but also on the supply of 
oxygen. The oxygen-to-heavy-metal ratio in the reaction 
product is about twice as large as it is in the original fuel. 
Therefore, both oxygen and sodium must beadded  to the 
fuel for the reaction to proceed. The sodium required for 
product formation obviously originates from the liquid- 
sodium reservoir with which the bare fuel material is in 
contact. The oxygen needed for the reaction, however, can 
be provided either by (1) the oxygen in the fuel o r  by (2)  
the  oxygen in the sodium: 

1. In experiments in which fuel pins are ruptured inside 
a capsule containing a few kilograms of sodium or  in tests 
with sodium-bonded fuel pins, the amount of oxygen in the 
sodium (at concentrations of a few parts per million) is 
usually much smaller than the amount of oxygen bound in 
the fuel. In this case the  fuel is the principal supplier of 
oxygen to  the reaction. The reaction proceeds until the 
oxygen-to-metal ratio of the fuel is reduced from its initial 
value of 2 - xo to  the value given by the third column of 
Table 20.3 a t  the appropriate temperature. In general, not 
all the fuel can be converted to  Na3M04 because of this 
limitation on the oxygen supply. 

2. When a fuel pin fails by cladding rupture in an 
LMFBR, however, the entire oxygen inventory of the 
primary sodium loop is potentially available for reaction. If 
the oxygen content of the flowing sodium is larger than the 
threshold value listed in the last column of Table 20.3, 
reaction proceeds until all the exposed fuel is converted to 
Na3M04.  If Co in the sodium is less than the threshold 
value, no Na3M04 is formed, and oxygen is removed from 
(or added to)  the fuel until the oxygen-to-metal ratio of the 
fuel and Co satisfy the curve similar to  that shown on 
Fig. 20.40 for the reaction temperature. 

We consider here case 1 only, since f u e l s o d i u m  
reactions in tests conducted in irradiation capsules and in 
out-of-pile capsules are limited in oxygen supply by the 
oxygen contained in the original fuel. Consider a closed 
system a t  temperature T which contains sodium whose 
oxygen content is negligible compared with that in the fuel 
piece, which weighs 270 g. The fuel contains 1 gram atom 
of heavy metals, and the initial oxygen-to-metal ratio of the 
fuel is 2 - xo.  The equilibrium oxygen content of the fuel, 
Xe? 9 is obtained from the third column of Table 20.3, and 
it is assumed that  xo < xeq.  When reaction 20.153 has 
come t o  equilibrium, let f be the fraction of the original 
heavy metal in the fuel which is contained in the reaction 
product Na3M04. The remaining fraction (1 - f )  of the 
fuel has the composition MOz-xeq. An oxygen balance on 
the system yields 

2 - XO = (1 - f )  ( 2  - xeq)  + 4f (20.158) 

The volume of fuel initially is 

270 vo =- 
Pf 

where pf = 10.9 g/cm3 is the density of mixed-oxide fuel. 
The molecular weight of Na3M04 is -.371, and the density 
is pp N 5.5 g/cm3.  Therefore, the final volume of solid is 

270 371 
Pf Pp 

V = ( 1 - f ) -  + f -  

The fractional volume increase is 

AV - V - V o  
V V 

xeq - xo 
= 1.7 ( ) 

2 + xeq 

E 0.8 (xeq - xO) (20.159) 

where f has been eliminated by use of Eq. 20.158. If all 
swelling occurs in the radial direction (axial expansion of 
the fuel restricted by fuel-cladding friction), the diametral 
strain should be one-half the value given by the preceding 
formula. This line is plotted on Fig. 20.39. The observed 
swelling of all the fuel pins is much larger than that 
expected from Eq. 20.159, which suggests that  

1. The method of measuring the diameter increase of 
the failed fuel pins (see insert of Fig. 20.39) is not 
representative of fuel swelling. 

2. Other phenomena contribute to  fuel swelling. 
3.  A larger fraction of the fuel is converted to Na3M04 

than predicted by Eq. 20.158, which is predicated on 
oxygen supply by the fuel only. From the range of 
xeq - ~0 in the abscissa of Fig. 20.39, f < 7%. If there were 
other sources of oxygen in the environment of the fuel pin 
(e.g., the sodium or  impurities) to  supplement the oxygen 
provided by the fuel proper, f could be larger. 

4. The reaction product does not form at its theoretical 
(Le., x ray) density of 5.5 g/cm3. There is some evidence34 
that the density of the Na3M04 formed by the sodium- 
fuel reaction can be as low as 1.6 g/cm3. When this value of 
pp is used in Eq. 20.159 instead of the theoretical density, 
the slope of the line marked “theory” in Fig. 20.39 is five 
times as great as it is shown on the graph. 

20.8.4 Kinetic Analysis 
Although the preceding description of the sodium-fuel 

reaction illustrated significant uncertainties in either the 
theory o r  the corroborating experiments concerning the 
thermodynamics of the process, the state of understanding 
of the kinetics of the reaction is even more rudimentary. 
Indeed the kinetic analysis of this phenomenon is roughly 
comparable to  the science of botany in the Middle Ages. 

Consider the case of a bare cylindrical fuel rod (without 
cladding) of radius R exposed to flowing sodium. We 
stipulate that  the oxygen potentials of both the fuel and 
the sodium are below the threshold for formation of 
Na3M04;  therefore none of this phase appears a t  the 
sodium-fuel interface. If the initial oxygen potential of the 
fuel is greater than that of the sodium, oxygen will be 
removed from the fuel until a lower uniform oxygen 
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potential satisfying Eq. 20.149 is attained. We assume that 
the rate of  removal of oxygen by the sodium is controlled 
by solid-state diffusion of oxygen in the fuel (wherein the 
oxygen diffusion coefficient is denoted by (DL).  The 
sodium velocity outside the solid is high enough to  render 
boundary-layer resistance in the sodium film negligible. 
Quantitative kinetic analysis of  this process is the subject of 
problem 20.13. Qualitatively, we see from the preceding 
formulation that the situation is analogous t o  heat conduc- 
t ion from a cylindrical solid in which the thermal diffusiv- 
ity is replaced by the molecular diffusivity and the 
temperature is replaced by the concentration. In problems 
of this type,  the time required for the average concentra- 
tion (or temperature) in  the solid to  approach within 5% of 
its ultimate value occurs when the dimensionless time 
D& t /R2 is approximately equal t o  unity. For R 2 0.3 c m  
and D& cm2 /sec (which is the diffusivity of 
oxygen in stoichiometric UOz at 1000"K), we find that 
10,000 years is theoretically required for the average 
oxygen concentration in the fuel to  have been changed 
from its initial value to  within 5% of its equilibrium value. 
Experimentally observed equilibration times, however, are 
of the order of hundreds of hours. 

One reason for the  more rapid response of actual 
f u e l s o d i u m  equilibrations than is predicted by theory is 
that the oxygen does not  have to  diffuse through the entire 
specimen to  reach a reaction zone. Rather, as shown in 
Fig. 20.41, sodium is apparently able to  penetrate easily 
along grain boundaries and microcracks in the fuel so that 
the reaction appears to  occur more or  less uniformly within 
the fuel body. The characteristic distance over which 
oxygen must be transported is reduced from the diameter 
of the pellet to something of the order of the diameter of a 
grain. Thus, the distance R that enters into the estimation 
of the extent of the reaction is reduced from -0.3 cm to  
-0.003 cm (for a 30-pm grain size), and the characteristic 
diffusion time is lowered from 10,000 years t o  1 year. If 
the diffusivity of oxygen in the fuel were an order-of- 
magnitude higher than the values used in these estimates, 
the predicted and observed equilibration times would at 
least be of the same order of magnitude.* 

We analyze the kinetics of the f u e l s o d i u m  reaction (in 
which Na3M04 is produced) by the simple model illus- 
trated in Fig. 20.42. Sodium access t o  the interior of the 
fuel specimen is assumed to  be easy; so a plentiful supply of 
sodium surrounds each grain. The reaction occurs on  the 
surface of the grains, and a reaction-product layer grows 
into the grain interior. The reaction front is a t  the 
fuel-product interface. The reaction-product layer is as- 
sumed to be sufficiently porous to permit entry of liquid 
sodium up to  the reaction front. The rate of the reaction is 
assumed t o  be controlled by the diffusion of oxygen from 

4 X 10-' 

*The diffusivity of oxygen in MO, -x is probably larger 
than that in MO,,, ,  at the same temperature because 
oxygen migration occurs by a vacancy mechanism on  the 
anion sublattice. Stoichiometric MO, contains only the 
thermal concentration of anion vacancies, whereas the 
oxygen deficiency in MO,-, is accompanied by creation of 
a site fraction x /2  of vacancies o n  the anion sublattice 
(Sec. 11.3). 

Fig. 20.41 Mixed-oxide fuel pellet (x,, = 0.01) after reac- 
tion with sodium for 40 days at 800°C. 

the fuel in the interior of the grain to  the reaction front, 
which moves radially inward as the reaction proceeds. At 
the product-fuel interface, the three phases of fuel, 
sodium, and reaction product are assumed to be in 
thermodynamic equilibrium. The oxygen-to-metal ratio in 
the fuel at this location, denoted by 2 - x e q ,  is that given 
by the third column of Table 20.3 for the reaction 
temperature. 

If Ro denotes the original radius of the grain of fuel, 
the radius of the unreacted portion at time t is given by 

R(t)  = Ro - /k vf(t ') d t '  (20.160) 

where the inward velocity of the reaction front, vf, remains 
t o  be determined. 

Fick's second law for oxygen diffusion in the spherical 
fuel grain is given by 

The initial condition is 

x(r,O) = x,, [for 0 G r G R,] (20.162) 

and the boundary conditions are 

x(0, t )  = bounded (20.163) 

The velocity of the reaction front is determined by flux 
balances a t  the fuel-product interface. Consider a coordi- 
nate system moving radially inward at the reaction-front 
velocity. Heavy metals reach the interface a t  a flux equal to 

n 

Because the density of the reaction product is less than that 
of the fuel, the velocity of the heavy metals leaving the 
interface, denoted by vp, is larger than vf, but the flux 
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( J M ) o u t - r l  - PP vp 

must be the same as (JM)i,. Therefore, from the preceding 
equations, 

- 371 Pf vf vp--- 
270 Pp 

(20.165) 

Because of the gradient in the oxygen concentration in the 
fuel near the interface, the flux of this species at the fuel 
side of the interface in the moving coordinate system is 

Similarly, the flux of oxygen leaving the interface is 

P 
371 (JOIout = 4 vp 

Equating (Jo)in and (JO)out and eliminating v p  by 
Eq. 20.165 yields 

Vf(t) = - 
2 DL + xeq (20.166) 

A dimensionless concentration, time, and radial distance are 
defined by 

(20.167) 0 - xeq - x 
xe, - xo 

7 = D h  t / R i  

r 
7 7 = -  

Ro 

SODIUM 

Fig. 20.42 Model of the sodium-fuel reaction in a grain 
surrounded by liquid sodium. 

( 20.1 68) 

The governing equations for the reaction become 

_ = - -  a0 1 a (q2 ") (20.169) a7 77' aq aV 

0 ( 0 , ~ )  = bounded (20.17 1) 

where, using Eq. 20.166 in Eq. 20.160, $ = R/Ro is given 
by 

Equations 20.169 to  20.173 have not been solved. How- 
ever, Chambrd3' has treated the case in which the last term 
on the right of Eq. 20.173 is proportional to 7. This 
situation occurs in the analysis of release of volatile fission 
products from an evaporating fuel sphere. His computations 
show that  accounting for the inward movement of the 
sphere boundary can cause release rates to  increase by 
orders of magnitude compared to the solution based on a 
stationary boundary. Thus, inward growth of the reaction 
product in the fuel-sodium reaction model can result in 

swelling rates significantly larger than those predicted by a 
simple diffusion model wherein the moving reaction front is 
not considered. 

The preceding model neglected possible kinetic restric- 
tions arising from the supply of sodium to the reaction 
front. If sodium does not  penetrate readily through the 
grain boundaries and cracks in the solid and through the 
reaction-product layer on  each grain, the rate will be slower 
than predicted by the model. In addition, all the oxygen for 
the reaction was assumed to come from the fuel inside the 
grain. If Co in the sodium in which the sample is immersed 
is larger than that corresponding to xeq (Table 20.3) and if 
oxygen migration from the bulk liquid along the same route 
followed by the sodium is easy, the overall rate of reaction 
could be accelerated. However, sodium need only flow 
through internal porosity in the fuel and reaction product, 
but oxygen must also diffuse in the liquid sodium that fills 
the interstices in the specimen. Since the oxygen content of 
the bulk sodium is low (parts per million range), the supply 
of oxygen from the sodium is probably quite meager. The 
initial sodium-fuel reaction can proceed rapidly by feeding 
only on  the oxygen in the fuel and be augmented only 
much later by oxygen arriving slowly from the bulk 
sodium. On the other hand, if the oxygen concentration in 
the bulk sodium is less than that required for the 
three-phase equilibrium, the fuel can be partially reacted by 
using its own oxygen t o  produce the Na3M04 ,  and then 
much later the oxygen would be slowly drained away from 
the interior of the sample by diffusion through the sodium 
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filling the internal porosity. In this case the reaction 
product would first form in the grains and then be 
decomposed as the low oxygen potential of the  external 
sodium slowly took effect. 

The preceding model applies to an isothermal system in 
which the fuel specimen is immersed in  a pool of sodium. 
In an actual cladding breach, however, the sodium contacts 
the  surface of a fuel in which there is a strong temperature 
gradient. In hypostoichiometric fuel oxygen redistribution 
tends to maintain the oxygen-to-metal ratio a t  the fuel 
surface very close to  2.000 (Chap. 11) and appears to  d o  so 
quite rapidly. Thus, oxygen consumed by the sodium-fuel 
reaction at the periphery can be replenished rapidly by 
whatever mechanisms are responsible for  oxygen redistribu- 
tion in the pin, thereby speeding u p  the sodium-fuel 
reaction by partially removing the oxygen-supply restric- 
tion at the  surface. In addition, the oxygen released by 
burnup (Chap. 12) would be expected to be available to  
react and thus enhance the rate of the reaction of  sodium 
with the fuel. 

In a failed fuel pin, the  sodium first enters through a 
small hole in the cladding, and, as the fuel in the  vicinity of 
the defect swells, the  hole is enlarged. The source of sodium 
is better represented by a point source o n  the surface of the 
fuel rather than as a uniform medium surrounding the 
entire fuel body. In this case ingress of sodium into the fuel 
and its subsequent reaction with the  fuel may be dictated 
by the size of the opening in the cladding. The reaction 
product would grow inward in a manner reminiscent of a 
localized tumor (Fig. 20.43). 

20.9 NOMENCLATURE 

a i  = thermodynamic activity of species i 
Ci = concentration of species i in bulk sodium 
d = pipe diameter 
D = diffusion coefficient 

Deff = effective diffusion coefficient 
Edis = activation energy for  dissolution in sodium 

f = fraction of the fuel that  has reacted to form 
N a 3 M 0 4 ;  fraction of the metal in steel which is 
bound in a carbide; hydrodynamic friction factor 

/- ,Y = Faraday constant 
AGO = standard free-energy change of reaction 

AGii ,=  standard free energy of formation of compound i 
AGT, = oxygen potential of fuel 

AHsoln = enthalpy of solution in sodium 
j = Colburn j-factor 
J = flux 

k, = mass-transfer coefficient 
kR =reaction rate constant 
K, = overall mass-transfer coefficient, Eq. 20.13 
Ki = equilibrium constant; Sievert's law constant for 

species i 
I = distance from leading edge of  flat plate 

L = length of isothermal leg in a loop 
m = corrosion rate 
M = atomic weight 
n = density of active sites on  a metal surface 
N = carbide particles per unit volume of steel; atom 

fraction of solute in solution 

SODIUM FLOW 
I 

0 N a  

SODIUM FLOW 
* 

N a  0 

( b l  

Fig. 20.43 Development of the fuel-sodium reaction 
product in a failed fuel element. (a) Short times. (b)  After 
extensive reaction. [After E. A. Aitken et al., in Proceedings 
of the Conference on Fast Reactor Fuel Element Tech- 
nology, Apr. 13-15, New Orleans, La., p. 459, R.  Farmakes 
(Ed.), American Nuclear Society, Hinsdale, Ill., 1971.1 

NA = Avogadro's number 

r = radial position 
pi = partial pressure of species i 

,% = capture volume around a carbide particle 
R = rate of reaction; gas constant; radius of fuel grain 

Re = Reynolds number 
S' = d w s / d w ,  
Sc = Schmidt number (v /D)  

t = t i m e  
T = temperature, "K 
u = recession velocity of steel surface 
v = sodium velocity 

v f  = velocity of sodium-fuel reaction front 
AVjV = fuel swelling due t o  sodium-fuel reaction 

Vp, = plutonium valence in fuel 
x = stoichiometry parameter in ( L J , P U ) O ~ . ~ ;  down- 

X = chromium-to-metal ratio in the carbide phase 
z = depth of penetration of carbon into steel 

stream position in a sodium loop 

Greek Letters 

y = activity coefficient, Eq. 20.73 
yz = pseudo activity coefficient of carbon in steel, Eq. 

20.112 
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1 
6 = thickness of mass-transfer film 
E = thickness of reaction zone 

Af = potential of electrochemical cell 
r) = variable defined by Eq. 20.129 or  20.168 
u = kinematic viscosity 
p = solid density 
w = mass fraction 

= m a s  fraction at sodium-steel interface 
wR = mass fraction at carbide-austenite interface 
w o  = mass fraction in bulk steel 

Subscripts and Superscripts 

C = carbon 
c = cold 

cond = condensation 
dis = dissolution 
eq = at  equilibrium 

f = fuel 
h = hot 

int  = interface 
Na = sodium 
0 = oxygen 
p = sodium-fuel reaction product ( N a 3 M 0 4 )  

sat = at  saturation 
ss = stainless steel 
* = critical value for decomposition o r  precipitation; 

- = in bulk steel, far from surface 
equilibrium value 
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20.11 PROBLEMS 

20.1 (a) Derive Eqs. 20.12 and 20.14. 
(b) Determine the concentrations C(0) and C(L) at  the 

junctions between the two legs of the loop in Fig. 20.7. 
Assume that 4KdL/rd is e 1. 

(c) If deposition i i i  the cold leg is inefficient (i.e., K,, 
is small) and Cfat e Cgat, show that the metal transport rate 
is independent of the temperature difference between the 
two legs. 
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20.2 The standard free energy of formation of  sodium 
silicate (Naz S i 0 3 )  is 

-511 + 95 j kJ/mole G ) 
Calculate the critical oxygen activity in sodium at 700°C at 
which this double oxide precipitates out  when the sodium 
contacts a type 316 stainless steel containing 0.3 wt.% Si. 
Assume that the silicon forms an ideal solid solution in 
steel. 

2 0 . 3  Suppose the stability of the double oxide 
F e O * ( N a z  O ) ,  i s  greater than expected (because 
AGfONaFerrite is lower than the  values given by Eq. 20.21) 
and that  iron existed as the double oxide at  all oxygen 
concentrations in a sodium loop. Derive the corrosion-rate 
equation comparable t o  Eq. 20.3 in which the concentra- 
tion of dissolved oxygen appears explicitly and the rate 
constant kR represents the reaction of N a 2 0  with the iron 
surface t o  produce sodium ferrite. 

20.4 Use classical homogeneous nucleation theory (see 
problem 19.3) t o  calculate the nucleation rate of iron 
particles from liquid sodium. Assume the interfacial tension 
between liquid sodium and solid iron is 100  dynes/cm. 
Assume that the sodium temperature is instantaneously 
dropped from 700 to  500°C as the sodium enters the cold 
leg from the hot  leg and that the sodium is saturated with 
iron at  the hot-leg temperature. 

20.5 Assume that a 1000-MW(e) fast reactor has 100,000 
fuel pins of the dimensions shown in Table 10.2. Neglect 
radial variation of reactor power and assume that the axial 
power profile is a truncated cosine shape with a peak-to- 
minimum ratio of 1.8. The thermal efficiency of the plant 
is 40%. The sodium-film heat-transfer coefficient is 1 2  W 
cm' OC-' ; the  length of  the axial blanket above and below 
the fueled section is 30 cm; and the oxygen content of the 
sodium is 5 ppm. Use the conversion-rate equation of 
Weeks and Isaacs, but neglect the downstream effect. 

(a) What weight of metal is transferred from the core t o  
the cold side of the sodium loop in 40 years? The load 
factor of the reactor is 75%. 

(b) Estimate the 5 4 M n  activity in the cold trap after 1 
year of  reactor operation. The total fast-neutron flux at  the 
core midplane is 7 x 10" neutrons em-* sec-', and the 
cross section for the " F e ( n , ~ ) ' ~ M n  reaction, averaged 
over the  neutron energy spectrum, is 1 6  mb. The half-life of 
j 4 M n  is 314 days. 

20.6 The Sievert's law constant for hydrogen in sodium 
reported in Ref. 1 2  is 

2.33 In KH [ppm/(atm)x] = 5.29- 
~ ( ~ 1 1 0 ~ )  

Calculate the  standard free energy of formation of NaH 
from this equation and Eq. 20.61, and compare the result 
with Eq. 20.58. 

20.7 Derive the expression for the pressure in the vacuum 
chamber of Fig. 20.22 when the meter is operated in the 
dynamic mode. The speed of  the ion pump is S liters/sec. 
Assume that  the Sievert's law constant for distribution of 
hydrogen between nickel and gas-phase hydrogen, K", , is 
known. The sole resistance to  hydrogen transport from the 
sodium t o  the  pump is the nickel membrane. The diffusion 
coefficient of hydrogen atoms in the nickel is DH N, .  The 
nickel membrane has a thickness 6 and a surface area A. 

20.8 Calculate the theoretical electromotive force of the 
oxygen electrochemical meter for 5 ppm by weight of 
oxygen in sodium at 370°C. The oxygen reference gas is air. 

20.9 The terminal solubility of oxygen in vanadium metal 
at 750°C has been measured as 2.3 wt.%. The equilibrium 
oxygen pressure over a solution of oxygen in vanadium is 
governed by a Sievert's law constant of 2 X 10' in units of 
atom fraction/(atm)% a t  the same temperature. Deviation 
from Sievert's law is neglected. 

(a) What is the distribution coefficient of oxygen 
between sodium and vanadium at 75OoC? 

(b) What is the maximum concentration of oxygen in 
sodium (in parts per million by weight) at which the 
vanadium-wire equilibration method is applicable a t  this 
temperature? 

(c) If L ~ G , " , ~ , ~  is in error by 1 0  kJ/mole, by what 
factor does the result of question b change? 

20.10 By considering diffusion-controlled growth of  
spherical carbide particles in a n  infinite medium, derive the 
appropriate boundary conditions at z = 0 and z = m for use 
in conjunction with the precipitation-kinetics-controlled 
carburization process. The carbon activity of  the sodium 
that contacts the steel a t  t = 0 is ac. The as-fabricated steel 
contains a concentration of total carbon all of 
which is contained in the austenite. Negligible carbide is 
present initially, but during carburization the concentration 
of carbide particles throughout the steel is constant at N 
particles/cm3. 

20.11 (a) Show that Eq. 20.138 is identical t o  Eq. 20.123. 
(b) What conditions must be imposed in order that 

the precipitation-limited method of computing carburization 
kinetics [method (3)]  reduces to the equilibrium method 
of calculation [method (a)]?  

20.12 The accompanying graph shows the thermody- 
namics of stainless steel in graphical form. The carbon 
activity in the metal is fixed (e.g., by  contact with sodium 
of specified carbon activity), and the temperature is 
specified. At a fixed nickel content of 8 wt.%, combination 
of Eqs. 20.112 and 20.113 yields a relation between 
and W: parametric in ac. This family of isoactivity lines is 
shown o n  the drawing for a temperature o f  700°C. 

In a similar manner and at the same temperature, 
Eq. 20.101 has been plotted o n  the drawing. This solubility 
line relates w , , ~ ( ~ )  and uCr in the austenite phase of the 
equilibrated steel. 
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(a) Suppose that stainless steel containing 18 wt.% Cr 
and 8 wt.% Ni is equilibrated with sodium in which the 
carbon activity is 0.01. What is the total carbon content in 
the steel at equilibrium? 

(b) What are the chromium and carbon concentrations 
of the austenite phase in steel that  has been equilibrated 
with sodium having a carbon activity of 0.01? 

(c) Using the chromium and carbon balances derived in 
the text ,  determine the Cr/(Cr + Fe) ratio in the carbide 
phase (i.e., X). 

(d) What are the implications of the result, of question 
C? 

20.13 Sodium flows past a bare cylinder of mixed-oxide 
fuel having an initial oxygen-to-metal ratio of 2 - ~0 . The 
oxygen concentration in the sodium stream is C o .  The 
oxygen potentials of the sodium ( A F 2 ) ~ a  and of the fuel 
(A=, )f  are both lower than the threshold necessary for 
formation of the  Na3M04 phase. The oxygen potential of 
the fresh fuel is larger than that of the sodium; thus oxygen 
is removed from the fuel by the flowing sodium. Equi- 
!ibrium a t  the f u e l s o d i u m  interface is maintained, and, to  
permit the kinetics to  be solved, we linearize Q. 20.150 to  

Co = 52  - 750x (for T = 1000°K) 

The oxygen dissolved from the fuel is transported into the 
flowing sodium by convective diffusion with a mass-tramfer 
coefficient of k,. 

Solve the diffusion equation for the oxygen in the fuel 
with the appropriate conditions at the f u e l s o d i u m  inter- 
face reflecting chemical equilibrium and the transport 
resistance in the sodium film. How long an exposure of the 
fuel to  sodium is required for the center line of the fuel to  
attain 50% of its equilibrium value? 

D: = 4 x IO-' cmz jsec 
R = 0.3 cm 

kd = 0.75 cm/sec 
Pf/PNa = 2  

Hint: Use results in Conduction of Heat in Solids by 
H. Carslaw and J. C. Jaeger, 2nd ed., Secs. 7.6 and 7.7, 
Oxford University Press, Inc., New York, 1959. 

20.14 The maximum amount of mechanical work that can 
be released in the fuel-coolant interaction can be calcu- 
lated thermodynamically. Suppose fuel powder at 2500'K 
contacts a large body of sodium at 1000°K. What fraction 
of the heat content of the fuel (above 1000'K) can be 
converted t o  mechanical work in a reversible process? 



Chapter 21 

Modeling of the Structural Behavior 
of Fuel Elements and Assemblies 

21.1 MATERIALS INPUT FUNCTIONS 

From the microcosm of point defects, dislocations, and 
chemical reactions, we move into the domain of structural 
analysis, for this is the means by which atomistic theory is 
used to predict the macroscopic behavior of a reactor core 
during operation. The preceding chapters were devoted to  
preparing the scientific foundations necessary for rational 
analysis of the irradiation comportment of the principal 
components of the reactor, of which we shall select the fuel 
pin and the fuel assembly for detailed examination. 

Superficially, a reactor fuel element is a simple object; 
its vital parts are cylindrical pellets of a fissile oxide 
encased in a metal tube. The ultimate purpose of the 
fuel-pin analysis may be simply stated: given the geometry 
of the fuel element (i.e., the fuel radius, the cladding 
thickness, and the size of the fuel-cladding gap), the initial 
chemical composition and porosity of the fuel, and the 
power history a t  which the pin is to  operate, t o  calculate 
the length of time that the cladding performs its primary 
function of separating the coolant from the fuel. A fuel 
element is considered t o  have failed when the cladding is 
breached. The principal cause of cladding rupture is 
permanent strain (plastic flow and creep) due t o  internal 
loading by fission-gas pressure or  fuel-dadding mechanical 
interaction. The apparent simplicity of the fuel pin is de- 
ceptive. I ts  mechanical behavior during irradiation depends 
on a great number of individual phenomena, only a few of 
which are adequately understood theoretically. These basic 
processes operate simultaneously within the fuel, and there 
is a large degree of interconnection between each of them. 
Figure 21.1 summarizes the complex relations between the 
physical, chemical, and mechanical processes (shown in 
ovals in Fig. 21.1) and the observable consequences on the 
fuel element (shown in rectangles in Fig. 21.1). Calculations 
based on Fig. 21.1 are so complicated that they can be 
performed only by high-speed computers. These computer 
analyses are called fuel-modeling codes; they attempt t o  
follow the evolution of the important characteristics of the 
fuel and cladding as functions of irradiation time, beginning 
with the first application of power and terminating in 
failure by cladding rupture. 

The circled items in Fig. 21.1 are the materials input 
functions for the code. These functions consist in part 
simply of a list of physical, chemical, or mechanical 
properties or they may represent calculations of the rates of 
particular processes (e.g., fission-gas swelling) by sub- 
routines nearly as large as the main fuel-modeling program. 
The materials input functions can either be based entirely 
on theory or be derived from observations. Often the 
theoretical framework of a basic process is used with 
sufficient adjustable parameters to force the model to  agree 
with observed gross changes in the fuel-pin dimensions 
during irradiation. This procedure is known as calibrating or  
fine tuning the code. 

The computer programs can either be restricted t o  the 
cladding or can consider the entire fuel element. Fuel and 
cladding are coupled via the thermal, mechanical, and 
chemical links listed in the central column of Fig. 21.1. 
Codes that treat the entire pin are called integral fuel- 
modeling codes for liquid-metal fast breeder reactor 
(LMFBR) analysis. The most important are LIFE (U. S. 
National Code)' '2 and COMET3ICRASH (Belgonu- 
  lea ire).^ l4 Earlier fuel modeling codes developed in the 
United Statess-' have been abandoned in favor of a 
concentrated development of the LIFE code. A review by 
Matthewsg deals with the general problem of fuel-element 
modeling. 

The sources of the materials input functions for the 
various calculations performed by the fuel-modeling code 
are described in the following sections. 

21.1.1 Temperature Distribution 
(Sec. 10.4) 

Because of changes in the thermal conductivity, the 
porosity distribution, and the chemical distribution in the 
fuel during irradiation, the temperature distribution also 
changes slowly with time. A temperature distribution is 
determined at  each time step by numerical solution of 
Eq. 10.49, using a thermal-conductivity expression that 
depends on fuel temperature, porosity, and oxygen-to- 
metal ratio and using a heat-source term that reflects the 

566 
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Fig. 21.1 Interrelation of mechanical, metallurgical, and chemical processes in fuel-element irradiation behavior. 

radial nonuniformity introduced by actinide redistribution. 
Equations 10.47 and 10.48 are examples of the type of  
thermal-conductivity expressions used in thermal-analysis 
subroutines of fuel-modeling codes. The heat-source term in 
the conduction equation is given by Eq. 10.56. The 
temperature calculation also depends on the number and 
orientation of cracks in the fuel, on the size of the central 
void, and on  the nature of the fuel-cladding gap. The 
temperature distribution depends sensitively on whether 
the  gap is open or closed and whether it is filled with 
helium, fission gas, o r  liquid fission products. 

21.1.2 Restructuring (Chap. 14) 
The most important aspect of fuel restructuring in fast 

reactor fuel is the migration of the initial porosity of the 
fuel to the center by  the process of vapor transport along 
the  temperature gradient (Sec. 14.2). (Extensive fuel 
restructuring does not  occur in light-water reactors, because 
the temperatures and temperature gradients are too small.) 
Equation 14.25 must be solved to  describe the porosity 
redistribution phenomenon. The pore velocity is given by 
Eq. 14.11. The growth of equiaxed grains (Sec. 14.5) is 
important because grain size affects the  creep strength of 
the  fuel (Sec. 16.6).  Other aspects of fuel restructuring are 
hot  pressing (Sec. 16.11) ,  which provides a means for 

removing porosity in the equiaxed and unrestructured 
zones of the fuel, and fuel cracking. Figure 21.2 shows 
schematically the structural evolution of an oxide fuel 
during irradiation. 

21.1.3 Fuel Chemistry (Chaps. 11  and 12) 
Oxygen redistribution along the temperature gradient is 

described in Sec. 11.6, and actinide redistribution is de- 
scribed in Sec. 11.7.  The chemical and physical states of the 
fission products, their migration under the thermal gradient, 
and the swelling caused by solid fission products are 
reviewed in Chap. 12. Chemical attack of the cladding by  
the fuel (Sec. 12.6) is especially important to  fuel-modeling 
calculations because it contributes t o  cladding wastage (Le., 
thinning) and t o  removal of oxygen from the fuel (by 
immobilization as cladding corrosion product). Burnup 
increases the oxygen available for cladding attack. 
Figure 21.3 shows the chemical evolution of a fuel pin. 

21.1.4 Fission-Gas Behavior (Chaps. 1 3  and 15)  
Accurate fuel modeling requires knowledge of the 

fraction of the stable fission gases which have been 
produced u p  to a particular time and which have been 
released t o  the plenum. The remaining fission gas is 
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contained in the fuel, and it may be desirable to  be 21.2.1 Gap Closure 
able to predict the size distribution of the fission-gas 
bubbles as a function of radial position in the fuel during 
irradiation. Although codes such as BUBL and GRASS 
(Sec. 13.12) were designed t o  do just this, they have not 
yet been incorporated into integral fuel-modeling codes, all 
of which use the crudest of gas-release and swelling models. 

21.1.5 Cladding Behavior (Chaps. 18 to 20) 
The most important effects of radiation on the cladding 

are void swelling (Chap. 19), irradiation creep (Sec. 19.7), 
and reduction in ductility (Chapl8) .  Corrosion of the outer 
surface of the cladding and uniform decarburization by 
sodium in LMFBRs (Chap. 20) affect cladding strength and 
are included in the fuel-modeling codes. Radiation harden- 
ing (Secs. 18.4 to  18.8) can be important in determining 
the extent of  plastic deformation of the cladding in regions 
of abnormally high stress. 

21.1.6 Mechanical Properties 
One of the most important mechanical properties of 

both fuel and cladding in the structural analysis is the 
thermal-expansion coefficient (Sec. 10.2). The creep 
properties of the fuel (thermal and irradiation) are reviewed 
in Chap. 16. Cladding thermal creep is governed by the 
same laws as thermal creep of the fuel, but with different 
numerical constants. The temperature variation of mechani- 
cal properties of the fuel (Secs. 16.2 and 16.3) is important 
because of the -2000°C temperature change across the fuel 
radius during operation. As the temperature increases, 
Young's modulus approaches zero and Poisson's ratio 
approaches l j 2 .  

The output  of a fuel-modeling calculation provides the 
detailed information as a function of irradiation time 
including: 

1. The temperature and stress distribution in the fuel 
and cladding. 

2. The extent of fuel cracking and fuel restructuring. 
3. The fuel-cladding interfacial pressure. 
4. The plenum gas pressure due t o  fission gases. 
5 .  The net strain of the fuel and cladding, including 

the dilatational strain due to  swelling and the radial and 
axial components of the permanent strains due t o  creep or 
plastic deformation. 

6. The  approach t o  fuel-pin failure, assessed, for in- 
stance, by the life-fraction rule (Sec. 18.11) o r  by a creep 
strain limit. 

21.2 MECHANICAL MODELING OF 
FUEL-PIN BEHAVIOR 
(UNCRACKED FUEL) 

In this section we review the stress-strain analysis, 
which, when combined with the materials input functions, 
determines the mechanical behavior of the fuel rod during 
irradiation. The fuel is assumed to  remain free of cracks 
despite the fact that  the thermal gradient induces stresses 
that exceed the fracture stress. The effect of fuel cracking 
on the analysis is considered in Sec. 21.3. 

One of the most important aspects of integral fuel-pin 
modeling is deciding whether or not the gap between the 
fuel and the cladding is closed or  open. If the gap is open, 
only the plenum gas pressure loads the inside of the 
cladding and the outside of the fuel. If the gap is closed, the 
interaction force between the fuel and the cladding is due 
to  contact of  the two solids and is obtained only by 
mechanical analysis of the entire fuel pin. 

The initial state of the pin is specified by the internal 
porosity of the fuel, Po ,  and the thickness of the 
fuel-cladding gap in the as-fabricated element, t"sP 

,-FUEL-CLADDING GAP 

Fig. 21.4 Cross section of the fuel element before irradia- 
tion. ' C  

(Fig. 21.4). The smeared density of the fuel pin is related t o  
the pore volume and the gap volume by 

(21.1) 
2nRt" + nRZF0 Initial smeared density = 1 - pgSp 

n ( ~  + tiap)' 

where R is the radius of the fuel. 
When the fuel rod is first subject to  neutrons and 

generates power, the temperature profile is approximately 
parabolic (Eq. 10.52), and the initial gap width changes 
because of thermal expansion of the fuel and the cladding. 
Although the thermal expansion coefficient of the cladding 
is larger than that of the fuel (see Figs. 10.8 and 10.9), the 
temperature rise of the fuel is considerably greater than 
that of the cladding. The net result is a reduction in the 
thickness of the gap upon startup. 

The tangential strain of a cylindrical body is equal t o  
the increase in radial position (i.e., radial displacement) 
divided by the initial radius (Eq. 21.5). According to the 
theory of thermoelasticity, the displacement of the outer 
surface of a solid cylinder is equal to  (rRT, where? is an 
average linear coefficient of thermal expansion and T is the 
average temperature of the solid, which is equal t o  (To + 
T,)/2 for a parabolic temperature distribution. The tem- 
perature change across the cladding is small compared with 
its average temperature. The initial hot-gap thickness is 
given by 
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t i a p  (hot) - tk (cold) = o( T - - 1 a f ( ~ o  ur, ( T O ,  and u, and are positive if in tension. There are no 
R c c  2 + Ts) (21‘2) shear stresses. 

where, for simplicity of notation, Tc, T o ,  and T, refer to  
the temperature rises of the cladding, fuel center line, 
and fuel surface, respectively, above the temperature at 
which the cold gap is measured (-25°C) and Rfue l  
Rclad = R. Calculation of the initial hot-gap.t”thick- 
ness (or equivalently, of the fuel center line and surface 
temperatures) is a trial-and-error affair because of the 
dependence of the gap conductance on  the gap thickness 
(see problem 10.2). When fuel cracking is included in the 
analysis, the hot-gap thickness is smaller than the value 
obtained from Eq. 21.2 (see Sec. 21.3). The initial cold-gap 
thickness is chosen so that the gap still exists on  the initial 
rise t o  power. As fuel swelling due to fission products 
increases with irradiation time, the gap gradually closes and 
the fuel and cladding interact mechanically. Much later in 
the life of the fuel element, the gap may reopen because of 
cladding swelling (which does not vary linearly with 
fluence). 

21.2.2 Mechanical Analysis 
The fuel-element geometry used in fuel-modeling codes 

is shown in Fig. 21.5. The fuel and cladding are divided into 
a number of axial regions and radial intervals; each 
elementary volume considered in the analysis is shown as 
the ring on the right of Fig. 21.5. The original LIFE 
code’” divided the fuel into three radial zones, corre- 
sponding t o  the columnar grain, equiaxed grain, and 
unrestructured regions shown in Fig. 10.23, and put the 
entire cladding cross section into one radial zone. Recent 
work, however, has shown that the radial mesh must be 
much finer than three fuel zones and one cladding zone t o  
properly account for the very steep radial temperature 
gradient in the fuel pin. 

Other restrictions placed upon the analysis are: 
1. The system is axisymmetric (i.e., there is no tan- 

gential variation of any variable). 
2. Although both the fuel and the cladding may move 

axially (and not necessarily at the same rate), planes 
perpendicular t o  the z-direction in each material remain 
plane during deformation. This is the plane strain 
assumption. Friction is allowed between the fuel and 
cladding. 

3. The time dependence inherent in the analysis (due to  
the swelling and creep phenomena) is handled by treating 
the system as a succession of equilibrium states. 

4. The central void communicates with the plenum; so 
the inner radius of the fuel and the top of the uppermost 
axial zone are loaded by  the plenum gas pressure. 

5. The outer radius of the fuel and the inner radius of 
the cladding are loaded by the plenum pressure if the 
fuel-cladding gap is open and by the fuel-cladding 
interfacial pressure if the gap is closed. 

6. The outer radius of the cladding is subject to the 
coolant pressure. 

As a result of restrictions 1 and 2, only the normal 
stresses along the three principal directions in the cylin- 
drical coordinate svstem are nonzero: these are denoted bv 

The governing relations for the mechanical analysis are 
similar t o  those presented for elastic deformations in 
the Appendix, except that  the  elastic strains given by 
Eq. A.21 must be supplemented by terms representing 
thermal expansion, swelling, and permanent deformations 
due to creep or  plastic flow. 

The equilibrium conditions given by Eqs. A.29 to A.31 
are simplified by eliminating shear stresses and axial and 
tangential derivatives, which leads t o  the single relation 

(21.3) 

Letting er, € 6 ,  and e ,  be the total strains in the three 
principal directions, the strain-displacement relations of 
Eq. A.32 become 

du 
E, = - dr 

U 
€0 = -  r 

(21.4) 

(21.5) 

E ,  = constant with r except for discontinuity at 
the fuel-cladding interface (21.6) 

where u is the radial displacement. Equations 21.4 and 21.5 
satisfy the compatibility conditions (shown for Cartesian 
coordinates in Sec. A-3 of the Appendix) which precludes 
treating cracking of the fuel. 

The total strain in each direction is divided into the 
categories shown in Table 21.1. 

The elastic strains are given by Eqs. A.22 of the Appen- 
dix, with appropriate change in the coordinate system. The 
constitutiue relations used in fuel-modeling analyses 
become 

E , = ~ [ ~ , - V ( U ~  + o , ) ]  +cYT+E’+EE (21.7) E 

(21.8) 

E , = ~ ~ { U ~ - V ( U , + U ~ ) ]  1 +cIT+E~+EC, (21.9) 

Equations 21.7 t o  21.9 apply to  both the fuel and the 
cladding provided the linear thermal-expansion coefficient 
a ,  Young’s modulus E, and Poisson’s ratio v are chosen 
accordingly and appropriate material functions are used for 
the swelling and creep/plastic strains in each part of the fuel 
element. 

In the fuel, eS is given by 

gaseous fp 
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Fig. 21.5 Subdivision of a fuel element into radial and axial zones for mechanical analysis. 

Table 21.1 Components of the  Total Strain 
~~ ~~ 

Component Symbol Isotropic? Permanent? 

Elastic None No No  
Thermal LIT Yes No 
Swelling fS  Yes Yes 
fieep/plastic E;, e ; ,  No Yes 

where (AV/V),,id swelling can be determined from one of 
the theoretical models described in Sec. 19.6 or, more 
likely, by such empirical relations as Eq. 19.12. 

The hydrostatic state of stress 

(21.12) 1 
Uh = - 3 (ur + u(j + uz)  

2 
u, 

Equation 12.4P shows that the swelling due to solid fission 
products is proportional to  burnup (or the rate of this 
swelling component is constant); the coefficient of pro- 
portionality depends only on fission-product yields and the 
partial volumes of the fission products. 

The gaseous-fission-product swelling term is related t o  
the size and concentration of fissioii-gas bubbles by 
Eq. 13.19. A model for (AV/V),a,e,,s fp (either theoreti- 
cal or empirical) must be supplied to the computation. 

The hot-pressing contribution t o  fuel swelling is 
negative inasmuch as porosity is removed by this process. 
Typical hot-pressing kinetic formulas used in fuel-modeling 
analyses are given by Eqs. 16.177 and 16.190. The 
porosity P in these formulas must be interpreted as  the 
cavity volume due to pores which d o  not contain fission gas 
rather than the total porosity. 

In the cladding the swelling strain is due solely to void 
formation 

(21.11) 
void swelling 

affects all the swelling terms in Eqs. 21.10 and 21.11 
except that due t o  solid fission products (which is termed 
“inexorable”). Because the stresses in the fuel and cladding 
vary with time, swelling rate expressions Guel and &ad are 
used instead of integrated swelling strains. The swelling 
rates are integrated along with the creep rates as the 
fuel-modeling code traces the evolution of the fuel pin 
during irradiation. 

The permanent strains labeled E: (i = r, 0 ,  or  z) in 
Eqs. 21.7 to  21.9 are composed of creep and plastic 
deformations 

Creep and plastic deformations occur at constant volume 
(unlike elastic deformation); so the components of f C  are 
related by  the incompressibility condition 

f,“ + €; + E; = 0 (21.14) 

Formulation of the permanent strains based on the von 
Mises assumption that creep and plastic deformations occur 
only when the stress state deviates from pure hydrostatic 
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tension or compression (Sec. 18.3) leads to  the stress- 
strain relations known as the Prandtl-Reuss flow laws or 
the Soderberg equations: 

E; = ($)[fJ-2(uo +a , )  ] (21.15) 

where u* and E* are the stress and strain deviators or  the 
equivalent stress and equivalent strain, respectively, of the 
triaxial stress state 

1 
a* = - 2H [ (0, - 00)’ + (ar - a,)’ + (a, - u,)’ 1% (21.18) 

(21.19) 
2% 

E* = -  [ (E, - E o ) ’  + (E, - E,)’ + (EO - E,)’ 1% 

Equations 21.15 to  21.17 and Eq. 21.19 can also be written 
in terms of the strain rates instead of the accumulated 
strains by placing dots over all the E’S. The creep/plastic 
stress-strain laws are of the same form as the elastic 
stress-strain relations (the first terms on the right-hand 
sides of Eqs. 21.7 to  21.9), but  Young’s modulus and 
Poisson’s ratio in the stress-strain relations are replaced by 
u*/E* and 1 / 2 ,  respectively. The ratio u*/E* is called the 
creep or  plasticity modulus of the material. 

For deformation by creep, u*/E* can be obtained from 
the creep laws determined in uniaxial tests by replacing the 
uniaxial stress and strain by the equivalent stress and the 
equivalent strain. Thus the creep formula corresponding to  
the Nabarro-Herring model (Eq. 16.27) is 

where B is a constant, Ed; is the activation energy for this 
form of creep, and d is the grain diameter. The param- 
eters B and Ed are the same as those obtained in uniaxial 
creep tests. 

For thermal creep controlled by dislocation climb, 
Eq. 16.87 is transformed to 

where B’ and E& are constants determined by  uniaxial creep 
tests. 

Equations 21.20a and 21.20b refer to secondary or  
steady-state creep. Primary creep can be included in the 
analysis by a creep law that explicitly includes the time 

(;*)creep = K(o*)”trn (21.21) 

where K, n, and m are empirical constants. 

Except for diffusional creep (Eq. 21.20), the creep 
moduli are functions of the state of stress (Le., of a*). 

Irradiation creep formulas (Eq. 16.132 for the fuel and 
Eqs. 19.176, 19.225, or 19.239 for the cladding) can be 
expressed in a similar fashion. 

Plastic strain is expressed in analytical form suitable for 
programming by fitting the true stress-strain curves from 
tensile tests (e.g., the dashed curve in Fig. 18.11) by an 
equation of the form 

(E*)plastic = a(u*lb (21.22) 

where the constants a and b may be fixed by two points on 
the true stress-strain curve, e.g., the 0.2% offset yield point 
and the strain a t  the ultimate stress. For metals, the 
constants a and b depend on radiation hardening due t o  the 
fast-neutron flux. Plastic flow in the fuel is not currently 
considered in fuel modeling codes. 

21.2.3 Solution for Radial Stresses and 
Displacements 

The analysis up  to this point is common t o  most 
fuel-modeling codes. If swelling and creep/plasticity were 
not considered, the problem would reduce t o  one of 
ordinary thermoelasticity for which analytical solutions are 
possible (see problems 21.1, 21.2, and 21.6 at  the end of 
the chapter). However, the presence of time-dependent 
permanent strains and the sizeable variation of the mechani- 
cal properties of the fuel with position (mainly because of 
the radial temperature distribution) require numerical 
solution of the relevant equations. Moreover, the creep and 
swelling phenomena introduce time as a fundamental 
variable. The numerical solutions of the fuel-element 
structural behavior must not only deal with the spatial 
variation of the stresses and strains but with their time 
dependence as well. The various methods differ in the 
procedure for  solving the set of equations, Eqs. 21.3 t o  
21.9. The technique described here is approximately that 
used in the LIFE code.’ 

The total strains E ,  and €0 are eliminated by combining 
Eqs. 21.7 to  21.9 with Eqs. 21.4 and 21.5, and the stresses 
are expressed in terms of the radial displacement 

+ - + E, - 3aT - 3 ~ ” )  
E 

- (CYT + + E:) (21.23) 1 
1 

oo =-[!+:(& E + % +  E, - 3 a T -  3es l + v  r 1 - 2 v  dr r 

- ( a T  + f“ + E ; ) ]  (21.24) 

0, = -[e, E +:(g +!+ E, - &T - 3 ~ ’ )  l + v  1 - 2 v  dr r 

Equations 21.23 and 21.24 are substituted into the 
equilibrium condition, Eq. 21.3, and the following differ- 
ential equation for the radial displacement is obtained: 



574 FUNDAMENTAL ASPECTS O F  N U C L E A R  R E A C T O R  FUEL ELEMENTS 

d [ 1 d ( r u ) ] = ( t ~ i , ~ ) ( G  +-) 
dr r dr dr 
- -__. 

+ (:lY) ~ -(aT d", + E')  (21.26) 

The step leading t o  Eq. 21.26 requires that the elastic 
constants E and v be assumed independent of r (and hence 
of temperature). This approximation is valid only when the 
radial interval over which the resulting equation applies is 
small. The elastic constants and all other temperature- and 
porosity-dependent quantities in the creep and swelling 
terms are evaluated at the average conditions in the radial 
zone over which Eq. 21.26 is integrated. 

Equation 21.26 is applied t o  each ring in the fuel 
element (shown on the right-hand side of Fig. 21.5). Each 
ring is characterized by subscripts i and j, representing the 
radial and axial positions in the pin, respectively. In the 
fuel, the first radial zones ( i  = 1) form the boundary of the 
central void and the first axial zones (j = 1) are a t  the 
bot tom of the fuel pin. In the cladding the first radial zone 
starts a t  the inner surface of the cladding. The number of 
axial zones (N) and radial zones (Mf in the fuel and Mc in 
the cladding) are chosen to  balance speed of computing 
with accuracy. Equation 21.26 is integrated from the inner 
boundary of the ith radial zone (rai) to  radial position r 
within the ring. If the mesh is sufficiently fine, Poisson's 
ratio may be assumed t o  be constant within the ring, and 
the radial displacement is 

(21.27) 

where C l i  and Czi  are constants of integration for the ith 
zone which remain to be determined. At this point the 
LIFE code assumes that the thermal, swelling, and 
permanent strains are constant within each ring," which 
reduces Eq. 21.27 t o  

*The assumption of constant strain within each ring 
results in discontinuous changes in the strain from one ring 
to  the next. This unrealistic result becomes less important 
as the number of radial rings into which the fuel element is 
divided becomes larger, but, in the original LIFE code, only 
four radial zones are used (Mf = 3, M, = 1). In this case, the 
step changes in strain between rings produces incorrect final 
results in some cases. Rather than eliminate this dis- 
crepancy by increasing the number of radial zones, the 
strain components may be arbitrarily assigned the r- 
dependence A + (B/r2)  within each ring, the constants A 
and B being determined by matching strains and strain 
gradients a t  ring boundaries. 

+ [(€;I1 - ( 4 ) l I  r In - (21.28) 

where ( x ) ~  denotes the constant values of the strain' 
components in ring i. The strains are also dependent on the 
axial position of the ring (denoted by j), but this 
description is omitted for clarity. 

Since the radial boundary conditions needed t o  
determine the integration constants apply to the radial 
stress component as well as to  the displacement, Eq. 21.28 
is substituted into Eq. 21.23, which leads t o  an equation 
for  ur(r) as a function of Cl i ,  C2i,  the strain components 
(oT)~,  and the zone boundaries rai, and the 
axial strain E,.  

The boundary condition at the inside of the central 
void at  r = ro is 

or(r0) = - ~ p  (21.29) 

where pp is the plenum pressure. To ensure continuity of 
stress and displacement at the radial zone boundaries within 
the fuel, we have 

ur(ri-l.b) = 

u(ri-l,b) = U(ria) 

(1  < i < Mf) (21.30) 

The condition at the fuel-cladding interface depends on 
whether the gap is open or  closed. For an open gap 

For the outer fuel surface and the same condition for the 
inner surface at  the cladding 

or (R) = - ~ p  (21.31b) 

If the gap is closed the conditions are 

in the fuel, and 

in the cladding. The fuel-cladding-interfacial pressure pfc is 
yet t o  be determined. 

The matching conditions within the cladding are 
expressed by 

(1 < i < M,) (21.33) I ur(ri-l,b) = ur(ria) 

u(ri-l,b) = U(ria) 

and at  the outside of the cladding 

(21.341 
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where D, is the coolant pressure at  the axial location where I r  

the radial ihtegration is performed and t, is the cladding 
thickness. 

Since the boundary conditions were used t o  determine 
the integration constants Cli and Czi in each radial zone, 
the displacement distribution u(r) is now a function of :  

1. The strain components (cYT)~,  ( E ~ ) ~ ,  and in 
each ring. 

2. The axial strain E,, which may take on  different 
values in the fuel and in the cladding. 

3. The plenum pressure pp and, if the fuel-cladding gap 
is closed, the interfacial pressure pfc. 

The dependence of u(r) on the axial strains of the fuel and 
cladding and on the interfacial pressure results from 
application of the boundary conditions. The radial 
displacements in the fuel and cladding may be written in 
the form 

for  ro < r < R a n d  1 < i < M f ,  and 

for  R < r < R + t, and 1 < i < M,. At this juncture pfc and 
the fuel and cladding axial strains EZf  and E,, are unknown. 
Axial-force balances are needed for  their computation. 

21.2.4 Axial-Force Balances 
Figure 21.6 shows that the axial forces acting on the 

stack of fuel between axial zone j and the upper surface of 
the fuel consist of the average axial stress, the plenum 
pressure, and the sum of the friction forces acting vertically 
on the outer surface of the fuel. These forces are positive if 
they restrict axial growth of the fuel and are zero if the 
fuel-cladding gap is open. The force balance on  the hollow 
cylinder of fuel between the t o p  of the stack and the 
dashed cross section in Fig. 21.6 is 

n 
-271 .fro .rL(r) r dr  = r ( R Z  - r i )  pp 

The force balance on the cladding between the same axial 
location and the top of the fuel element is 

R+ t, 
-271 . f ~  u,(r) r dr = n(R + t,I2 Pc(top) 

N 
- nR2 pp - F -  Fk (21.37) 

k=j+l 

where pc( top)  is the coolant pressure at  the top of the fuel 
element. 

The symbol F in the above equations is the axial 
friction force acting on the fuel-cladding interface at  axial 
zone j. The subscript j has been omitted from the 
designation of the friction force, but the equations apply at 
each axial zone in the fuel element. The sums on the 
right-hand sides of Eqs. 21.36 and 21.37 are assumed to be 

_ -  
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Fig. 21.6 Axial forces on the fuel and cladding. 

known from previously completed computations on axial 
zones above zone j. 

The axial stress distribution needed in the integrals in 
the force balances are given by inserting Eqs. 21.35 into 
Eq. 21.25. When the radial distribution of u, has been so 
used, Eqs. 21.36 and 21.37 can be solved for the axial 
strains in the fuel and cladding, E , ~  and E,, , in terms - of ~~ 

1. The radially averaged strain components aT, e S ,  E : ,  

and 3 in the fuel and in the cladding.* 
2. The fuel-cladding interfacial pressure pfc .  
3. The friction force F. 

*Radial averages of the strain components, which are 
assumed t o  he constant in each ring, are defined for the fuel 
by 

where ria and rib are the inner and outer radial boundaries 
of ring i and R and ro  are the outer fuel and central void 
radii, respectively. In the cladding the radial average of a 
strain component is defined by 

MI. 

i = l  

where t, is the cladding thickness. 
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The axial force balances thus lead to  equations for the axial 
strains in the fuel and in the cladding (see Ref. 1) which 
may be expressed in functional form by 

where the strain components refer t o  the fuel, and 

(21.38a) 

(21.38 b) 

where the strain components refer to  the cladding. 

21.2.5 Time Stepping 
Suppose the average stresses and the strain components 

due t o  creep/plasticity, swelling, and thermal expansion are 
known at a particular time t for the entire fuel element 
(i.e., for all rings at  all heights). Calculation of the stresses 
and strains at t + 6 t  is accomplished one axial zone at  a 
time, beginning at  the top of the fuel and moving 
downward.* The computation at axial zone j is performed 
as follows. 

The total strains E,, e o ,  and e, in each radial ring at 
t + 6 t  are guessed. These estimates are used t o  generate 
average stress components ur, uo, and F, in each radial ring 
by manipulation of Eqs. 21.7 to  21.9 (see Ref. 1 for 
details). Since the creep and swelling rates are known 
functions of the stress, the component strains in each ring 
a t  t + 6 t  [Le., ( c ~ T ) ~ ,  (E ' )~,  (e,")i, and can be calculated 
from the average stress components just determined. These 
strain components are then used in the radial displacement 
equation (Eqs. 21.35). Similarly, the same strain 
components are radially averaged and used in Eqs. 21.38 t o  
obtain first estimates of the axial strains at t + 6 t. 

The quantities of interest are the changes in e,f and E,, 

during the interval between t and t + 6t .  These differences 
are obtained by subtracting the known axial strains a t  
t i m e t  from those calculated by the method described in 
the preceding paragraph: 

- -  

6eZf(pfc ,F)  = change in axial strain of fuel 
in time 6 t  (21.39) 

6e,,(pfc,F) = change in axial strain of cladding 
in time 6 t  (21.40) 

Similarly the changes in the radial displaceirients of the 
fuel outer surface and the cladding inner surface during 6 t 
can be expressed in the following functional form: 

6URf(Pfc, e Z f )  = change in radial displacement of 
fuel outer surface in time 6 t (21.41) 

6uRc(pfc ,  = change in radial displacement of 
cladding inner surface in time 6 t  (21.42) 

Equations 21.39 t o  21.42 are used to  determine pfc  and F 
at  t + 6t .  First, however, it must be ascertained whether the 

*In the LIFE code the calculation begins a t  the bot tom 
of the fuel column. 

gap opens up  or  remains closed in 6 t. It is assumed that the 
gap is closed at time t. 

1. Assume the gap opens up in time 6t :  Set F = 0. 
replace pfc  by  pp,  and determine the axial strain changes of 
the fuel and the cladding from Eqs. 21.39 and 21.4q; 
wh.aein-the-.two arguments-are-both. zero! Substitution of- 
the axial strains a t  t + 6 t  into Eqs. 21.41 and 21.42 
determines the radial displacements of the fuel outer 
surface and of the cladding inner surface. If 6uRC > 6 u ~ f ,  
the original assumption is correct, and the gap has in fact 
opened in the time interval 6 t .  If the calculated fuel 
displacement is greater than the calculated cladding 
displacement, the gap remains closed and procedure 2 is 
used. 

2. The gap remains closed in time 6t :  If fuel-cladding 
contact is maintained, the radial displacement of the fuel 
outer surface must equal that of the cladding inner surface, 
or 

6URf = 6URC (21.43) 

To complete the problem, we must determine whether 
the fuel and the cladding are so tightly wedged together 
that  they move in unison I (axially) during the interval 6 t  
(the stick condition) or whether the frictional force is large 
enough t o  permit relative axial displacement ( the slip 
condition). 

(a) The stick condition: If the fuel and the cladding 
stick, then the change in fuel axial strain during 6 t  is equal 
t o  the change in the cladding axial strain, or 

6E,f = 6ezc (21.44) 

Since the changes in strain in the fuel and cladding are 
functions of pfc  and F according to Eqs. 21.39 and 21.40, 
Eq. 21.44 is equivalent to  a relation between pfc  and F. If a 
value of pfc  is selected, F is computed by the relation 
between these two variables implicit in Eq. 21.44, and then 
& E I f  and 6Efc are individually computed from Eqs. 21.39 
and 21.40. Since the values of the fuel and cladding axial 
strains a t  the beginning of the interval are known, the axial 
strains a t  t + 6 t  can be computed from the values of the 
SeTf and 6eLc just determined. With E,f and E,, a t  t + 6 t  
known for the selected p f L ,  the displacement changes 6 u R  
and 6 u R c  can be determined from Eqs. 21.41 and 21.42. 
The value of pfc which causes Eq. 21.43 t o  be satisfied is 
the correct one. By this method, prc  and F can both be 
determined if the fuel and cladding stick during the time 
interval 6 t.  

To determin whether the pfc  and F values so cal- 
culated are compatible, we can also compute F from the 
definition of the coefficient of static friction, psf. Sticking 
occurs i f  

(21.45) 

where L is the height of an axial zone. The  coefficient of 
static friction of UOz and stainless steel is taken as  -0.8. If 
the value of F does not satisfy Eq. 21.45, the frictional 
force is so large that the fuel and cladding cannot stick 
together; instead, they slip. 
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(b) The slip condition: If the fuel and the cladding slip 
relative t o  each other in the time interval 6 t ,  F and pfc  are 
taken to  be related by the coefficient of sliding friction. pSl 

Using Eq. 21.46 in Eqs. 21.39 and 21.40, we can compute 
values of and 6elc  (they are no longer equal) for each 
interfacial pressure selected. The value of pfc  and the 
associated values of E L f  and E,,  a t  t + 6 t  are used in 
Eqs. 21.41 and 21.42 t o  give 6 u R f  and 6 u R C .  The p f c  value 
that satisfies Eq. 21.43 is the solution. 

Whichever condition (open, stick, or slip) applies over 
the interval 6 t ,  the quantities p f c ,  F, c L f ,  and E,, are 
determined at  time t + 6 t  for the particular axial zone 
under consideration by method 1, 2a, or 2b. Thus the radial 
displacement distributions given by Eqs. 21.35 are de- 
termined a t  t + 6 t because the strain components contained 
therein have been supplied by the initial guesses and pfc ,  
Elf, and E,, have been determined in terms of these same 
guesses by the technique just outlined. To assess the 
accuracy of the guesses of the total strains which began the 
iteration, we compute the following radially averaged 
total-strain components: 

- E ,  = loR' rg) 277r dr  (2 1.47a) 
n(RZ - r i )  

and 

for the fuel and analogous integrals for the cladding. 
The average total-strain components in the fuel and the 

cladding at  the end of the time step given by Eqs. 21.47 are 
compared with the initial guesses. The computation is re- 
peated using better initial guesses of the total strains until a 
consistent set of stresses and strains at t + 6 t  are obtained. 

After convergence at axial zone j, the code moves t o  the 
next axial region, and the entire radial iteration procedure 
is begun again. When the bottom of the fuel pin is reached, 
the time step is advanced, and the cycle is repeated. 

The computation ceases when the desired irradiation 
history is completed or  when the cumulative damage index 
of the cladding equals unity. A flow chart of the LIFE 
fuel-modeling code (which also includes cracking) is shown 
in Fig. 21.7. 

21.3 FUEL CRACKING 

Immediately upon startup and before swelling or creep 
has occurred to  any appreciable extent, the fuel develops a 
network of cracks oriented either along radial planes pass- 
ing through the fuel-pin axis (sometimes called 6' cracks 
because they are perpendicular t o  the 8 direction) or along 
horizontal planes perpendicular t o  the z-axis (z cracks). 
These cracks appear because the thermoelastic stress com- 
ponents exceed the fracture strength of the fuel in tension 
(Fig. 16.7). The parabolic temperature gradient in the fuel 
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Fig. 21.7 Flow chart of the LIFE fuel-modeling code. 
(After Ref. 2.) 

induces tensile stresses i l l  the 0 -  and z-directions in the 
outer region of the fuel where the fuel is brittle (because 
T<-140OoC). In the inner core of the fuel, the thermal 
stresses are compressive, and, because the strength in com- 
pression is an order of magnitude greater than the tensile 
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strength, no cracking occurs in the interior. Moreover, the 
inside of the fuel is above the ductile-to-brittle transition 
temperature and therefore can sustain appreciable plastic 
deformation before fracture. Additional cracking occurs on 
each power change. 

The thermal stress in the cladding due to  the tempera- 
ture drop through this component does not cause cladding 
cracking because the metal is ductile (initially a t  least). 
However, the thermal stresses can result in plastic flow at 
startup if  the linear power is sufficiently large (see 
problem 21.2 at end of chapter) and continue t o  cause 
permanent deformation by creep through power operation 
of the fuel element. 

The fuel-cracking phenomenon a t  startup may be 
analyzed with the aid of the equations developed in the 
previous section, which in the absence of swelling or  creep 
strains can be treated by thermoelasticity theory. 

Consider an infinitely long cylindrical fuel pin of 
radius R operated at  linear power 2? W/cm. If the thermal 
conductivity of the matrix is assumed independent of tem- 
perature, fission heat generation results in a parabolic tem- 
perature profile (Eq. 10.52). The temperature drop from 
the center line to  the fuel surface is given by 

(2 1.48) 

where k is the average thermal conductivity of the fuel. 
Application of thermoelasticity theory t o  this situation (see 
problem 21.1 at  end of the chapter) shows that the 
tangential or hoop stress in the fuel, ( s o ,  varies with frac- 
tional radius according to  

9 T - T  = T  
47rk 

00 = -  O E 9 '  [I - 3 ( i y ]  (21.49) 
16n(1 - u ) E  

Stresses are positive if  in tension. Equation 21.49 indicates 
compression of the fuel out  t o  a fractional radius of 1/3% 
and tensile hoop stresses thereafter. The maximum stress, 
which occurs at the outer surface, is given by 

The following properties are typical of U 0 2  : 

a = 10-5 0c-1 

E = 1.4 x 10' kN/m2 
v = 0.3 
k = 0.028 W cm-' OC-' 
- 

(21.50) 

From Fig. 16.7 the fracture stress of U 0 2  is -1.5 X 10' 
kN/m2.  Application of Eq. 21.50 shows that the fracture 
stress is attained at  the outer surface of the fuel pin when 
the linear power is -50 W/cm. Since this value is an order 
of magnitude lower than the normal linear power of an 
operating fuel pin (Table 10.2), it is evident that extensive 
cracking of the brittle outer portion of the fuel is un- 
avoidable. The cracks due to  the tangential stress occur on 
planes emanating in radial directions from the center and 
containing the  fuel-pin axis. The cracks shown in Fig. 16.8 
are of this variety. The radial cracks extend into the fuel to  

a distance at  which the tangential stress given by Eq. 21.49 
becomes equal t o  the fracture stress, provided the tempera- 
ture a t  this point is below the brittle-to-ductile transition. 
Because the maximum axial tensile stress is also given by 
Eq. 21.50, cracks on fuel cross sections perpendicular to  
the pin axis can also occur. 

One of the most important functions of fuel cracking is 
t o  move void volume from the fuel-cladding gap to  the 
interior of the fuel in the form of spaces between the 
cracked surfaces. Consider fissures along radial planes in the 
fuel (i.e., 0 cracks). When the fuel cracks, the tangential 
stress at the crack location vanishes, and the two surfaces of 
the crack separate slightly because of the tensile hoop 
stresses in the interior of the wedges of solid which are 
separated by  cracks. Since the solid is nearly incom- 
pressible, crack opening is accompanied by radially outward 
movement of the solid in the wedges. The temperature dis- 
tribution remains parabolic throughout the fuel after crack- 
ing has occurred because heat does not flow in the 0 direc- 
tion when the cylinder is intact, and radial gaps, to  first 
approximation, do not perturb the heat flow lines. The 
thermoelastic stresses in the cracked fuel, however, are no 
longer axially symmetric; (so is zero at the crack surface but 
not in the interior of the cracked pieces. Consequently the 
formulas used in the preceding section are no longer 
applicable because they neglected tangential derivatives of 
the stresses and strains and did not consider shear stresses. 
Nevertheless, an approximate calculation of the tangential 
strain, AR/R,  which results from cracking in a parabolic 
temperature distribution is given below. 

Suppose the radial cracks extend from the periphery of 
the fuel t o  radial position R,. Since the tangential strain of 
the outer surface of a solid cylinder is aT where T is the 
average temperature, the tangential strain of the solid 
portion of the fuel pin between the center and R, is 

% = 5 a(To + T,) 
RC 

where To and T, are the central temperature and the tem- 
perature a t  the root of the crack, respectively (both are 
measured above ambient temperature). The thickness in the 
radial direction of the wedges that result from cracking of 
the outside of the cylinder is L, = R - R,, where R is the 
radius of the fuel. We approximate the strain of these 
blocks of solid in the direction of the temperature gradient 
as the product of the linear coefficient of expansion and 
the average temperature of the wedges, o r  

1 
= -a(T, + T,) 

Lc 2 

where T, is the difference between the surface temperature 
o f  the fuel and ambient temperature. The total radial dis- 
placement, AR = ARC + AL,, is given by the preceding two 
equations: 

1 
2 

AR =-a [R,(T, + T,) + L,(T, + T,)] 
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F o r  a p a r a b o l i c  t e m p e r a t u r e  d i s t r i b u t i o n ,  
T, = To - (To - T,)(Rc/R)2,  or  the above formula can be 
written as 

where qC = R c / R  is the fractional radius at which the cracks 
begin. When no cracking occurs (qC = l ) ,  Eq. 21.51 reduces 
to  the strain formula used in determining the hot-gap thick- 
ness (Eq. 21.2). If the fuel fracture strength is zero, 
Eq. 21.49 shows that the crack roots start at qc = 1/3%. For 

and a = 1 x lo-’ OK1,  the fractional increases of the fuel 
radius due to  thermal stresses in the cracked and uncracked 
portions of the fuel are 

(!!!!) = 5 X [(1.24)(2200) 

To = 2 5 0 0  - 300 = 2200”K, T, = 1000 - 300 = 70OoK, 

cracked 

+ (0.76)(700)] = 0.0163 

and 

= 5 x (2200 + 700) = 0.0145 
uncracked 

This difference in tangential strain arises from the inability 
of the cracked outer annulus t o  contain the expansion of 
the hot fuel in the interior of the pellet. The larger ex- 
pansion of cracked fuel compared t o  uncracked solid re- 
duces the fuel-cladding gap at  startup below the value 
computed from Eq. 21.2 (by about 10%). 

The effect of cracking on the mechanical performance 
of the fuel cannot be exactly taken into account in the 
fuel-modeling codes described in the previous section. To 
d o  so would require (1) knowledge of the precise location 
and size of every crack in the fuel and (2) solution of the 
complete three-dimensional stress-strain problem in each 
of the blocks of intact solid without the aid of the major 
simplification afforded by the assumption of symmetry 
around the central axis which is used in the derivation of 
Sec. 21.2. Consequently the phenomenon is modeled by 
assuming that cracking occurs only on the principal planes 
(specifically only 0 and z cracks are considered). The effect 
of multiple cracking is treated in a manner that retains the 
cylindrical symmetry of the system in a macroscopic sense. 
Rather than treat a solid containing a population of discrete 
fissures, an equivalent continuous solid body with direc- 
tionally dependent elastic constants is used in the stress 
analysis.* The properties of this nonisotropic but 
homogeneous medium are governed by  the type and 
number of cracks in the real solid. 

Suppose cracking occurs along radial planes (0 cracks). 
It is intuitively expected that the fuel would be weakened 
in the 0-direction but would retain essentially the solid- 
body strength in the other  two principal directions. To 
reproduce this effect in the homogenized model of the 
cracked solid, we reduce Young’s modulus in Eq. 21.8 from 
E t o  a lower value denoted by E’. At the same time, we 
decrease Poisson’s ratio for all r0 and z0 contractions from 

v t o  V I .  The constitutive equations in the cracked regions of 
the fuel assume the form 

(21.52) 1 
E 

1 

U, =- (u, - V ’ U ~  - vuz)  + aT + E’ + E: 

Ue =? E (00 -v’u, - v ’ u ~ )  + a T  + E ,  + E ;  (21.53) 

(21.54) 1 
E uZ =- (0, - VU, - V ‘ U ~  ) + CYT + E’ + E: 

Using these constitutive relations in cracked portions of the 
fuel represents an attempt to compensate for the fact that 
the compatibility conditions (Eqs. 21.4 and 21.5) are not 
applicable in the real solid. However, analysis of the 
cracked fuel starting from Eqs. 21.52 t o  21.54 retains the 
axial symmetry and freedom from shear stresses char- 
acteristic of the treatment of the intact solid. The result of  
using the modified constitutive relations along with the 
equilibrium and strain-displacement equations is a dif- 
ferential equation for the radial displacement similar to  
Eq. 21.26 but containing additional terms reflecting the 
difference in the primed and unprimed elastic constants in 
Eqs. 21.52 t o  21.54. 

A set of constitutive relations similar t o  Eqs. 21.52 t o  
21.54 for fuel with 0 cracks can be developed for  
horizontally cracked fuel or  for simultaneous cracking 
perpendicular t o  both the 0 -  and z-directions. 

The new set of constitutive relations and the resulting 
displacement equation is applied t o  the cylindrical rings 
into which the fuel has been divided (Fig. 21.5) whenever 
the stresses u0 or  uz exceed the fracture stress in tension 
(Fig. 16.7). The LIFE code (Fig. 21.7) checks for cracking 
after each time step. Multiple cracking in a ring can occur i f  
the linear power changes or simply from the constant 
power evolution of the stress distributions in the fuel. One 
crack is added to  the ring each time the fracture stress is 
exceeded at  a particular location. On the other hand, cracks 
may be removed by  healing if the stress in the ring remains 
compressive for a sufficient duration of time. The funda- 
mental study of crack healing is in its infancy; quan- 
titatively expressible mechanisms of this process are not yet 
available, although some experiments designed t o  elucidate 
crack healing have been performed.”” In the LIFE 
code’ cracks are considered t o  have healed whenever the 
appropriate stress component in a ring with T > 1400°C is 
compressive and is applied continuously for a t  least 1 hr. 

Application of the  nonisotropic but homogeneous 
model of a cracked region of the fuel requires input of the 
modified elastic constants E‘ and v’. In the LIFE calcu- 
lation the reduction in elastic constants in the directions 
weakened by  cracking is taken as 

N 
. I = ( ; )  v 

(21.55) 

(21.56) 

where N is the number of cracks in the particular direction. 
Although an attempt is made in Ref. 2 to justify these 
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formulas on theoretical grounds, the analysis, and in fact 
the entire treatment of cracking in fuel-modeling codes, is 
o n  a rather tenuous basis; the use of Eqs. 21.52 to  21.54 in 
conjunction with Eqs. 21.55 and 21.56 can only be 
justified by  the success of the fuel-modeling code in 
reproducing computationally the observed structural 
changes in irradiated fuel. 

21.4 FUEL-ELEMENT DEFORMATIONS 
DURING IRRADIATION 

21.4.1 Cladding Strains 
Although the fuel-modeling codes described in the 

preceding three sections of this chapter calculate the stress 
and strain patterns in both the fuel and the cladding in 
great detail, very few of these predictions are amenable to  
comparison with experimental measurements. Assessment 
of code accuracy and code calibration usually relies on 
comparison of the performance predictions with the follow- 
ing characteristics of a fuel element as determined by  
postirradiation examination of fuel rods in a hot cell: 

1. Permanent diametral, o r  tangential, strain of the 
cladding as a function of axial position along the fuel rod. 
This measurement corresponds to the code prediction of 
E' + E ;  (the inelastic or  irreversible strains) of the last radial 
ring in the cladding at  the end of irradiation. 

2. Cladding swelling due t o  void formation, which 
corresponds to  3 ~ '  in the code. Void swelling may be 
measured by the immersion method or  by  transmission 
electron microscopy (see Sec. 19.2), although the latter 
technique is too time-consuming for investigation of a large 
number of samples of irradiated cladding. 

3. Postirradiation microscopic examination of cross 
sections of the irradiated fuel pin provides qualitative 
information on the extent of restructuring of the fuel and 
can indicate whether o r  not the fuel-cladding gap was open 
a t  the time of shutdown. The cracks observed in such 
examinations (e.g., Fig. 10.23), however, are cooling cracks 
and do not represent the cracks present in the fuel during 
irradiation. 

Specially instrumented fuel elements can supply infor- 
mation on diametral strains as well as axial elongation of 
both the fuel and the cladding during operation. The 
d i a m e t r a l  strains measured in-pile include elastic 
deformation and thermal expansion, both of which dis- 
appear when the power is turned off. In-pile structural 
measurements have been performed primarily in thermal 
facilities using light-water reactor fuel rods.' 

The inelastic component E,$ of the strain at the  time of 
shutdown is determined by subtracting the measured 
swelling strain from the total strain. This inelastic-strain 
component is one of the indicators of cladding damage and 
approach to failure. Indeed, operating limits o n  LMFBR 
fuel pins may be given as a maximum allowable permanent 
diametral strain not  including void swelling. The latter is 
not believed to affect the rupture lifetime of the cladding. 

During normal operation the primary contribution to  the 
inelastic strain E: is due t o  creep and very little is due t o  
plastic deformation. However, itself . consists of 

two components, thermal creep and irradiation creep. The 
irradiation creep may or may not be damaging to  
the cladding. Even though thermal-creep strain is 
probably the principal source of cladding damage and 
ultimately leads t o  failure, there is no way of dividing the 
measured cladding creep strain into thermal- and 
irradiation-induced components. This distinction, however, 
is easily made in the fuel-modeling code, although the 
accuracy of the prediction is difficult to  gauge. 

Figure 21.8 shows the LIFE code predictions of swell- 
ing and inelastic strain of a stainless-steel-clad mixed-oxide 
fuel rod that had been irradiated in a fast reactor.14 The 
circle on  the graph represents the measured diametral strain 
in the cladding at  the axial location of peak linear power. 
The seemingly excellent agreement between the code 
prediction of and the single datum is not t o  be construed 
as a measure of the reliability of the theoretical models 
embodied in LIFE. The code had previously been fine 
tuned on  the basis of other cladding strain data because, 
w h e n  f i r s t  applied t o  the fuel element represented by 
Fig. 21.8, the calculated cladding inelastic strain was a factor 
of 2 larger than the measurement. Therefore the code was 
recalibrated by adjusting the input materials constants (in 
this case, the fission-gas swelling rate, which was decreased 
by a factor of 4) t o  force agreement of the computation 
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with the single measurement. As a result of the recalibra- 
tion, the predicted evolutions of strains and pressures with 
time shown in Fig. 21.8 are probably fairly reliable. 

The inelastic strain in the cladding increases slowly 
from startup to -400 hr into irradiation as a result of creep 
induced by thermal stresses produced by the temperature 
drop through the cladding. During this period, the fuel- 
cladding gap is open and the plenum pressure, which adds 
to  the thermal stresses in the cladding, is low because not 
much fission gas has been released yet. At 400 hr the fuel 
has swollen sufficiently t o  contact the cladding, and the 
cladding becomes loaded by  the fuel-cladding interfacial 
pressure rather than by  the plenum pressure due t o  released 
fission gas. The sharp rise in the interfacial pressure 
following fuel-cladding contact causes a correspondingly 
steep increase in cladding inelastic strain. The fuel-cladding 
interfacial pressure reaches a maximum of -12,000 kN/mZ 
a t  -5000 hr and thereafter decreases until the gap reopens 
at  -11,000 hr (although the actual fuel pin was not 
irradiated this long). Fuel-cladding contact is lost because 
cladding swelling [which increases as (@t)" with n > 11 
becomes more rapid than fuel swelling. The swelling curve 
for the cladding shown in Fig. 21.8 is one-third the 
volumetric void swelling and is similar in shape and 
magnitude t o  the swelling curve shown in Fig. 19.4. When 
the gap reopens, the cladding is once again loaded by the 
plenum-gas pressure, which has been increasing in an 
approximately linear fashion with time because of a 
roughly constant rate of fission-gas release from the fuel. 

Figure 21.9 shows the computed effect of the initial 
fuel-cladding gap size, t & ,  on the inelastic cladding 
strain. The smaller the cold gap, the sooner the fuel makes 
contact with the cladding and the larger are the resulting 
cladding strains. In the computations for the curves in this 
plot, the smeared density was held constant; thus an 
increase of the initial gap size must be accompanied by a 
decrease in the porosity of the fabricated fuel pellets 
(Eq. 21.1). 

Figure 21.10 shows the effect of  cladding temperature 
o n  the cladding permanent strain. The cladding-temperature 
variation a t  constant linear power was achieved by adjusting 
the sodium coolant inlet temperature in the code. Cladding 
strain a t  375°C is low because the thermal creep rate, which 
is highly temperature sensitive (see Eq. 21.20b), is small. 
For the  same stress the creep rate a t  500°C should be 
much larger than that a t  375°C; yet the curve for cladding 
strain a t  500°C falls below that for 375°C cladding late 
in life. The explanation of this behavior is that 500°C is 
the peak swelling temperature for stainless steel 
(Fig. 19.3); so the cladding at  this temperature literally 
runs away from the swelling fuel and prevents high 
interfacial pressure from developing. At temperatures 
above or  below 500"C, the cladding does not possess this 
high recession velocity, and the strain due t o  fuel-cladding 
contact is more important than a t  500°C. For cladding 
temperatures greater than 5OO0C, Fig. 21.10 shows that the 
cladding inelastic strains become large. At 600 and 700°C 
the creep strength of stainless steel is low, and the 
interfacial pressure is not relieved by cladding swelling, 
which virtually disappears a t  600°C (Fig. 19.3). Con- 
sequently the combination of high temperature and high 
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stress in Eq. 21.20b generates large thermal-creep strains, 
which are manifest as the sizeable diametral strains 
predicted by the LIFE code. 

Figure 21.10 predicts that the cladding deformation 
rate is drastically reduced at  high burnups. This behavior is 
a direct consequence of the fission-gas swelling model used 
as a materials input function in the code. This model, 
although empirical, predicts saturation of swelling a t  all 
temperatures and more rapid attainment of saturation the 
higher the temperature. Such behavior is entirely consistent 
with such theoretical models of fission-gas swelling and 
release as BUBL and GRASS. In fact, the computation of 
fission-gas bubble distributions in Sec. 13.12 was performed 
for just such a saturated state of the fission gas in the fuel. 
When fuel swelling vanishes, the major reason for cladding 
deformation also disappears; the thermal stresses have been 
largely relieved by creep a t  high burnup, and the only 
remaining deformation process is that driven by the plenum 
pressure. 

Figure 21.11 shows the axial distribution of the total 
cladding strain (i.e., €5 + e s )  and the swelling component 
alone for a set of irradiation parameters different from 
those used t o  prepare Figs. 21.8 t o  21.10. However, it was 
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again necessary to recalibrate LIFE by reducing fission-gas 
swelling t o  produce the agreement between code pre- 
dictions and measurements shown in the graph. The relative 
importance of swelling strain, 2, and creep strain, e $ ,  is 
satisfactorily predicted by the program. The observed axial 
distribution of the total strain is sharper than that predicted 
by the code, but  the trends are similar; inelastic strain is 
greatest a t  the midplane, where the flux and hence the 
linear power are the largest. The high-power center portion 
of the fuel pin swells more than the fuel near the ends of 
the rod; therefore the cladding at  the midplane experiences 
a greater interfacial pressure than it does a t  other axial 
locations. The cladding creeps largely in response t o  the 
interfacial pressure, and hence the diametral strain is largest 
a t  the rod midplane. 

Because the coolant sodium flows upward through the 
core, the swelling strain is not symmetric about the core 
midplane. Cladding swelling due t o  void formation is 
greatest slightly above the midplane and decreases rapidly 
further u p  the core because the cladding temperature 
exceeds the maximum for swelling while the flux is 
decreasing. In the lower half of the core, however, the 
cladding temperature is generally closer to the 500°C 
maximum swelling temperature than it is in the top half of 
the core. Hence the swelling strain does not drop off as 
rapidly when moving from the midplane to the bottom of 
the fuel rod as it does when moving in the opposite 
direction (see problem 21.7 at end of the chapter). 

21.4.2 Axial Ratchetting 

If the linear power of a fuel rod is subject to  continuous 
off/on cycling and if  fuel-cladding contact is made at  a 
power less than the maximum, permanent axial deforma- 
tion of the cladding may occur during each cycle. This 
mode of permanent strain of the cladding, which is 
fundamentally different from the steady deformations 
considered earlier in this chapter, is termed axial 
ratchetting. It has been studied analytically, but the 
phenomenon is difficult t o  observe because of the narrow 
range of  conditions that permit its operation (Refs. 8, 10, 
1 3 , 1 5 ) .  

The process of axial ratchetting is shown schematically 
in Fig. 21.12. At zero power there is a fuel-cladding gap 
(Fig. 21.12a). As the rod power is raised, the fuel, which is 
hotter than the cladding, expands more than the cladding 
both axially and radially and fuel-cladding contact occurs 
before the maximum power in the cycle is achieved 
(Fig. 21.12b). The interaction forces between these two 
members place the cladding in tension both axially and 
tangentially, and the fuel experiences compression. Con- 
tinued expansion of the nearly incompressible fuel further 
increases the tensile stresses in the cladding. When the yield 
point of the cladding is exceeded, immediate plastic flow 
occurs. If the maximum power is maintained long enough, 
the cladding creeps under the influence of the tensile 
stresses. For  cladding deformation in the z-direction to 
occur, there must be significant friction between the fuel 
and the cladding; otherwise the fuel simply slips upward 
without taking the  cladding along with it. 

9 
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Fig. 21.12 Diagram of the axial ratchetting mechanism. 
The marks in the cladding provide reference points from 
which deformations can be measured. The lines between 
each drawing show the original position of the reference 
points. (After Ref. 8.) P*, linear power at  which fuel- 
cladding contact occurs; ,ymax., maximum linear power in 
cycle. 

I 

At the end of the maximum-power stage (Fig. 21.12c), 
permanent axial deformation of the cladding has occurred. 
When the power is reduced, the fuel returns to  nearly its 
original size, but the cladding, having been deformed 
irreversibly, does not (Fig. 21.12d). Only the elastic strain 
of the cladding is recovered when contact with the fuel is 
lost. When the power cycle is repeated, fuel-cladding 
contact is again made, and the cladding receives another 
increment of permanent deformation (Fig. 21.12e). If the 
fuel piece returns t o  precisely the same shape and volume at 
the zero-power part of each cycle and thermally expands by 
exactly the same amount a t  each power increase, cladding 
deformation will cease after a number of cycles sufficient 
to  extend the tube plastically t o  a size which either does 
not provide sufficient friction for the contact or  which no 
longer results in creep or  plastic flow during contact. 
However, two mechanisms are capable of continuing the 
axial ratchetting process indefinitely: 

1. The fuel may consolidate during the power-reduction 
period in such a way that the fuel-cladding gap tends t o  fill 
up with fuel originating from the main body of the fuel 
stack. Fuel movement into the reopened gap may occur by 
gravity (i.e., by cracked pieces falling from the fuel and 
becoming lodged in the gap). 

2. If the fuel is swelling at  a constant rate during power 
cycling (e.g., by solid-fission-product swelling), the fuel 
volume a t  the end of each cycle continually increases. 
Fuel-cladding contact is thus made easier, and the fuel 
may be capable of pumping the cladding and of continuing 
indefinitely t o  deform the cladding during each cycle. 
Figure 21.13 shows the results z f  calculations with the 
cladding behavior code CRASH8 for  a situation in which 
both axial and radial ratchetting set in during uniform 
power cycling of a fuel rod. 

21.4.3 Bambooing 

Another fuel-rod deformation problem that, t o  a first 
approximation, can be treated by linear thermoelasticity 
theory is the calculation of the strain in a finite cylinder 
(i.e., a fuel pellet) due t o  application of a radial tem- 
perature gradient. As a result of the absence of restraint a t  

the top  and bot tom of the pellet, the ends experience 
greater radial strain than the central cross section. The 
hourglass shape assumed by  the pellets produces greater 
fuel-cladding interaction a t  the pellet-pellet interfaces 
than a t  axial positions corresponding to  the middle of the 
pellets. The cladding deforms in response t o  this non- 
uniform interaction with the fuel by developing circum- 
ferential ridges. The phenomenon is known as bambooing 
and is shown schematically in Fig. 21.14. The shapes of the 
pellets can be computed from thermoelasticity theory if the 
interaction of a pellet with its neighbors and with the 
cladding is neglected (i.e., if a single free pellet is 
considered). In this approximation the upper and lower 
faces of the pellet can be characterized by plane stress and 
the cross section through the middle by plane strain. The 
thermoelastic solution is discussed by matt hew^.^ 

Bambooing is possible only before the pellets have 
sintered together and formed a continuous fuel stack. The 
phenomenon is most likely to  occur in fuel elements 
immersed in a coolant a t  sufficiently high pressure t o  
collapse the cladding onto  the fuel, which is the case in 
pressurized-water reactor fuels. 

21.5 VOID SWELLING EFFECTS ON 
OTHER CORE COMPONENTS 

The analysis in the first four sections of this chapter 
was directed at  determining the longevity of a single fuel 
element in an LMFBR. Implicit in this discussion was the 
assumption that  the lifetime of the reactor core was 
dictated by  the time at  which unacceptable numbers of 
cladding ruptures began t o  occur. However, fuel elements 
are bundled together and inserted into wrappers or  ducts, 
which are packed together t o  form the core. Primarily 
because of void swelling, core lifetime may be limited by  
undesirable irradiation-induced deformations of the 
wrapper tube and not by  the failure of fuel-element 
cladding. The consequences of void swelling in core 

6000 6500 7000 7500 8000 
TIME, hr 

Fig. 21.13 Code predictions of axial and radial strains of 
cladding during ratchetting induced by power cycling. 
Fuel-cladding contact first occurs during the 19th cycle. 
(After Ref. 8.) 
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-CLADDING 

FUEL PELLETS 

Pig. 21.14 Bambooing of fuel elements. 

components other than fuel elements on LMFBR core 
performance have been reviewed by Huebotter and co- 
workers, and much of the discussion in this section is 
based on their analyses. 

Figure 2 1.15 shows longitudinal and cross-sectional views 
of an LMFBR fuel  assembly. A cutaway rendering of the 
same component is shown in Fig. 10.4. There are 217 fuel 
elements placed inside the hexagonal-shaped wrapper in the 
triangular pattern shown in the cross-sectional view. Wires 
wrapped around each fuel element (Fig. 10.2) act as spacers 
and provide passageways for sodium flow past each element 
in the bundle. The wrapper is approximately 0.35 cm thick 
except for areas a t  the top  and just above the core where 
the walls are thickened by -0.06 cm t o  form spacer pads. 
These are the zones where neighboring assemblies interact 
mechanically. Excessive void swelling a t  these contact 
points could cause stresses in the duct walls high enough t o  
result in assembly failure, especially if the metal is 
embrittled by helium. The spacer pads are placed above the 
core region t o  escape the high flux that promotes both 
swelling and helium embrittlement of steel and thus avoid 
fracture a t  interassembly contact points. 

A nozzle is attached t o  the bot tom end of the wrapper. 
The nozzle is inserted into the permanent structure in the 
bottom of the reactor vessel and so supports the entire fuel 
assembly in cantilever fashion. Coolant sodium enters the 
assembly through slots in the nozzle and flows upward 
around the fuel bundle inside the wrapper. 

Figure 21.16 shows two neighboring fuel assemblies 
supported by insertion of their nozzles in the upper and 
lower grid plates, which are fabricated from stainless steel. 
These plates are -3 m in diameter and -10 cm thick. The 

1 6 - 1  8 

holes in the upper and lower grid plates are accuratt v -  
aligned so that- the fuel assembly is plumb when seated in 

tubes permit a refueling machine operating under the 
sodium pool in which the entire core is immersed to remove 
fuel assemblies after the allotted fuel burnup has been 
achieved. The fuel assemblies are approximately 4 m in 
length. They are packed together in the honeycomb fashion 
shown in Fig. 21.17 to form an approximately hexagonal- 
shaped core that contains about 400 fuel assemblies and is 
of the order of 3 m across the flats (for a 1000-MW 
reactor). Approximately one-tenth as many guide tubes for  
safety and control rods as there are fuel assemblies are 
interspersed among the fuel assemblies. Two rows of 
blanket assemblies (containing rods filled with 2 3 8  UOz)  
comprise the periphery of the core. 

The principal functions of the hexagonal wrapper 
around each fuel- o r  blanket-element bundle are: 

1. To prevent the sodium coolant from bypassing the 
high-flow-resistance path alongside the fuel-pin bundle and 
flowing u p  the interassembly gap instead. 

2. To provide structural support for the bundle of fuel 
elements or  control rods contained in the wrapper. 

3. To provide mechanical means (by the handling 
heads) for removal of spent fuel and replacement with fresh 
fuel. 

4. To provide a barrier against propagation t o  the rest 
of the  core of an accident that might be caused by rupture 
of one or  more fuel pins in an assembly. 

both plates. The handling heads on top of the wrapper J L  

Other components of the core are: 
1. Grid plates that support the assemblies. 

WRAPPER (DUCT) 

SUPPORT 

ACTIVE CORE 
SUPPORTS SUPPORTS 

,-SPACER PAD 

FUEL 
ELEMENTS 

n 
Fig. 21.15 Typical fuel assembly of an LMFBR. (After 
Refs. 1 6  t o  18.) 
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Fig. 21.16 Mounting of fuel assemblies on the grid plates. 
(After Ref. 17.) 
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Fig. 21.17 Arrangement of assemblies in the reactor core. 
[From B. J. Goulding, lOOO-MW(e) LMFBR Accident 
Analysis and Safety Design Study. Topical Report, Effect 
of Irradiation-Induced Metal Swelling on the Reference 
Design, USAEC Report BAW-1355, Babcock & Wilcox Co., 
November 1970.1 

2. An instrument plate located above the core in the 
sodium pool. This component supports thermocouples and 
flowmeters for monitoring the sodium outlet conditions. 

3. A core-restraint component that is designed t o  exert 
a lateral force on the array of assemblies t o  correct the 
disarray of the core due t o  bowing of the assemblies. 

A prototype core-restraint device, a core clump, is 
shown in Fig. 21.18. This component consists of six 
hydraulically operated yokes or  rams that press inward on 
the six sides of the core which consist of the blanket 
assemblies (Fig. 21.17). The clamp acts a t  the elevation of 
the spacer pads on  the assemblies. The object of the core 
clamp is: 

1. T o  provide a calculable and reproducible structural 
response of the core which, if left unrestrained, would be 
substantially disarrayed by swelling and bowing of the 
wrappers. 

2. To maintain the tops of the assemblies in position so 
that the handling heads can be located and grappled by the 
refueling machine, which operates under opaque sodium. 

3. To provide adequate clearance and maintain suf- 
ficient duct straightness so that assemblies can be removed 
or inserted from the array without undue vertical friction 
forces due t o  rubbing against neighboring assemblies. The 
core clamp is released for refueling operations. 

The hydraulically actuated core clamp shown in 
Fig. 21.18 is used only t o  test the mechanical performance 
of mock-up LMFBR cores; actual fast breeder reactors (in 
the United States a t  least) will use a passive restraint system 
in which core motion is restrained by a fairly rigid 
barrel-shaped structure enclosing it. 

Concern with these aspects of overall core structural 
performance (and indeed, the reason for the decision t o  use 
core restraint) is a direct consequence of swelling of steel by 
voids generated under fast-neutron bombardment. The 
earlier sections of this chapter considered the effect of void 
swelling o n  the performance of individual fuel elements. In 
this instance it was found that metal swelling may be 
beneficial to fuel-element performance because it acts to 
relieve the fuel-cladding interfacial pressure built up  by fuel 
swelling. When the other core components swell, however, 
there is no such redeeming feature; the consequences are 
uniformly undesirable. The problem is limited to the 
assembly wrapper tube because the other components of 
the core (grid plates, instrument plates, and core clamp) are 
in regions of sufficiently low flux that the effect of swelling 
on  them is not significant even over the -30-year lifetime 
of the reactor plant. 

The effects of void swelling on the assembly may be 
divided into the  uniform volume increase of metal (axial 
and radial) and the differential swelling caused by non- 
uniform temperature and flux between the side of an 
assembly closest t o  and the side furthest away from the 
core axis. 

21.5.1 Elongation 

Elongation refers to  the permanent axial extension of 
an assembly due to  void swelling. The axial-swelling strain 
may be computed by integrating one of the void-swelling 
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Fig. 21.18 A prototype core clamp. (From J. W. French, Core Restraint Developments, Quarterly Progress Report 
for Period Ending November 30, 1973, USAEC Report WARD-CR-3045-4, Westinghouse Electric Corp., 1973). 

equations presented in Chap. 1 9  (e.g., Eq. 19.12b) over the 
length of  the assembly, taking into account the axial 
variation of both the fast-neutron flux (which is approxi- 
mately cosine in shape) and the coolant temperature (which 
increases monotonically from inlet to  outlet). The axial 
strain or  elongation is one-third the volume swelling so 
computed. Figure 21.19 shows the results of such a 
calculation for the rings of assemblies a t  different radial 
distances from the core axis. The walls of the duct closest 
to the core center elongate more than the opposite walls 
because of the radial flux and temperature gradients (these 
gradients are also responsible for bowing, which is discussed 
in the next section). The central fuel assembly elongates 
more than 4 cm, which corresponds to  an axial swelling 
strain of about 1%. Elongation of the assemblies by this 
amount complicates the design of the machine for handling 
the assemblies, but this problem does not  appear t o  be 
insurmountable. 

Void swelling also causes the fuel elements proper to  
grow in length. The growth of the cladding is greater than 

that of the duct walls because the cladding midwall 
temperature is 5 0  to 75°C higher than the average sodium 
temperature, which is the same as the temperature of the 
wrapper. A potential mechanical problem arises because the 
wires wrapped in helical fashion around the cladding t o  act 
as spacers (Fig. 10.2) are closer t o  the sodium temperature 
than to  the cladding midwall temperature. This temperature 
difference means that the cladding swells axially more than 
does the wire around it (by -0.2%). Excessive stress on the 
wire wrap near the end of life, which may cause breakage, 
can be avoided by allowing some initial slackness when the 
wire is wound around the cladding during fabrication. 

The neutronics of the reactor are affected by core axial 
growth. The estimated reactivity decrease due to  the 
elongation is $2.* This loss must be compensated for by 
increasing the mass of fissile plutonium in the fresh fuel, 

*A dollar ($) is equal t o  a reactivity of one delayed- 
neutron fraction (- 0.00023 for plutonium). 

n 
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Fig. 21.19 Elongation of wrapper walls due to void swell- 
ing at  the end of the nominal lifetime of each component. 
(After Ref. 18.) 

which represents the first but by no means the worst 
adverse economic consequence of void swelling. 

21-5.2 Dilation 
Dilation refers to  the uniform radial growth of the core 

due to swelling of each of its component assemblies. Radial 
dilation of these components is computed by the method 
described for calculating elongation. Figure 21.20 shows 
the radial dilation of the wrappers in various rings of the 
core after -2 years of operation. Maximum dilation occurs 
just above the core midplane because this location offers 
the combination of flux and temperature most propitious 
to void swelling (see problem 21.7 at end of chapter). At 
this position the diametral expansion of the central 
assembly is -0.6 cm. The consequence of radial dilation of 
the wrappers is the reduction in the clearance between 
assemblies. If swelling were absent, a gap between neigh- 
boring assemblies of -1.3 mm would be sufficient for 
assembly removal and insertion. However, as a result of 
void swelling, the central assembly must be separated from 
its six neighbors by gaps of -7 mm. The required clearance 
is reduced as the periphery of the core is approached. If 
initial clearances, ultimately to  be filled by the swelling 
wrappers, were not provided, the core would push outward 
radially during irradiation and very quickly would cause 
unacceptable misalignment of control rods and their above- 
core extensions and handling heads and the refueling 
machine. The larger than normal gap size between the 
assemblies in the core introduces a significant economic 
penalty because the gap is filled with sodium, not fuel. The 
large clearances reduce the fuel-to-metal ratio of the core, 

thereby increasing the critical mass and decreasing the 
breeding ratio. 

The bundle of fuel rods inside the assembly swell 
radially more than the duct wall, and sufficient clearance 
must be provided during fabrication t o  accommodate 
differential swelling of fuel pins and wrapper. The -1.5% 
clearance needed for this purpose is more than the nominal 
clearance needed to  load the bundle into the assembly. The 
loose fit of the fuel-pin bundle early in irradiation does not 
appear to cause operational problems. 
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Fig. 21.20 Dilatation of wrapper walls due to  void swelling 
a t  end of life. (After Ref. 18.) 

21.6 FUEL-ASSEMBLY BOWING 

Bowing refers to the loss of duct straightness caused by 
differential temperatures and swelling strains on opposite 
faces of an assembly. This consequence of swelling is more 
severe than the effect of uniform expansion just discussed, 
which at least can be computed with reasonable accuracy. 
Bowing, on the other hand, involves a complex combina- 
tion of thermal expansion, void swelling, irradiation creep, 
and mechanical interaction between neighboring assemblies 
which d o  not deform by equal amounts and which exert 
forces on each other at the spacer pads. Several computer 
programs are available for numerical analysis of the bowing 
problem. The codes CRASIB' and AXICRP2 subdivide 
the fuel assembly into regions (similar to the method used 
in fuel-element modeling codes) and calculate the time- 
dependent loads, stresses, and shapes of the ducts due to 
nonuniform thermal expansion coupled with void swelling 
and irradiation creep. The fuel pins inside the wrapper are 
very compliant compared t o  the thick-walled duct and are 
not considered in the calculation. The fuel pins are assumed 
to follow the bowing of the duct. These codes, however, d o  
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not  allow for interassembly mechanical interaction. This 
aspect of bowing is treated in detail in the BOW-V code' 
which, unfortunately, is restricted oniy to  thermal bowing. 
Complete structural analysis of the entire array of assem- 
blies requires mating of CRASIB and BOW-V. We review 
here some of the elementary notions that underlie the 
computational methods used in these codes. 

21.6.1 Elementary Beam Theory 
Figure 21.21 shows a beam with its long dimension in 

the z-direction. The cross section may be any shape that is 
symmetric about the x- and y-axes, but a rectangle of 
dimensions 2h and b has been chosen for the present 
discussion. Bending occurs in the x-z plane because of (1) 
forces applied on  the upper or lower faces of the beam in 

BENDING IN 
x-7 PLANE / 

/ 2 

Fig. 21.21 Bending of a beam. 

the x-direction and (2) volumetric thermal and swelling 
strains that depend o n  x. These strains are assumed t o  be 
symmetric about x = 0 and t o  vary linearly from x = -h to  
x = h. 

The beam bends in the x-z plane as a result of one or a 
combination of these effects. To determine the stress 
distribution and the lateral displacement v(z) of the beam, 
we must satisfy three basic relations: (1) the strain-dis- 
placement equation, (2) the equilibrium equations, and (3)  
the constitutive equation. Solution of these equations 
requires specification of appropriate boundary conditions 
on the beam. 

21.6.2 The Strain-Displacement Relation 
The geometry of the curved beam at  a particular 

z-position is shown in Fig. 21.22. The radius of curvature of 
the central plane (x  = 0) is denoted by p .  This plane is 
called the neutral fiber because it experiences zero strain 
compared t o  the neighboring fibers, and the length of a 

h 

STRAINED/ 
FIBER 

Fig. 21.22 
beam. 

Longitudinal section (x-z plane) of a bent 

segment on this plane remains constant as the beam is bent. 
However, the length of the fiber a t  p + x is ( p  + x)O, which 
is greater than the length before bending by an amount xo.  
Therefore the strain in the z-direction of the fiber a t  
position x is 

xo x 
E ,  =-=- 

PO P 

A theorem of plane geometry states that the reciprocal 
of the radius of curvature (provided that p is large) is equal 
to  the second derivative of the curved segment. Denoting 
the deflection of the beam away from the z-axis in the x-z 
plane by v (see inset of Fig. 21.21), we have 

1 d2v 
p dz2 

- 

Combining the above two relations, we obtain the axial 
strain-displacement equation 

(21.57) d2  v 
E ,  = x 2  

dz 

21.6.3 Equilibrium Conditions 
Figure 21.23 shows the forces and moments acting on a 

slice of beam of thickness Az. The sides of the beam are 

X 

t 
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I 

M ( T J !  I I 

Fig. 21.23 Forces and moments on a section of a beam. 
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subject t o  a n  applied load (normal stress) distribution 
denoted by p(z). The cross section perpendicular to  the 
z-axis experiences a shear force denoted by r and a bending 
moment about the y-axis due t o  the distribution of normal 
stresses shown in Fig. 21.22. The moment acting on the 
differential area bdx is the product of the force abdx and 
the lever arm x, or  dM = xobdx. Integrating over the entire 
cross section yields the moment due t o  the stress distribu- 
tion 

(21.58) h 
M = b 1, XU d x  

In order that the net force in the x-direction on  the element 
in Fig. 21.23 be zero, we must have 

d r  
dz 
~- 

- -P (21.5 9) 

and, for the body to  be in rotational equilibrium, the 
resultant torque must be zero 

(21.60) 

Eliminating r between the above two equations yields 

d Z M , p = O  
dz2 

(21.61) 

which is the desired equilibrium relation for the beam. 

21.6.4 Constitutive Relation 
The strain in the z-direction, e Z ,  is the sum of the elastic 

strain due t o  the internal stress distribution, thermal 
expansion, swelling, and creep. Neglecting creep (we will 
return t o  it later), the axial strain is 

(21.62) U 
E,  - + a T  + eS 

E 
where E is the Young’s modulus, and a is the linear 
coefficient of thermal expansion. The temperature T is 
measured with respect t o  the vertical (y-z) plane bisecting 
the beam, and eS is one-third the volume swelling due t o  
voids in the metal. Replacing the left-hand side of 
Eq. 21.62 by the strain-displacement relation (Eq. 21.57), 
multiplying the resulting equation by xbdx, and integrating 
over the x-dimension yields 

- b I h h x 2  d2  v d x = j $ b l h h x o d x  
dz2 

h 
+ a b  lhh T x  d x  + bJh esx d x  

We assume a linear variation of temperature across the 
beam (the x-axis corresponds to  the negative of the radial 
direction from the core center line) 

(21.63) AT 
2h 

T = - x  

where AT is the temperature difference between the hot 
and cold sides of  the beam. Similarly the swelling strain is 
assumed t o  vary linearly in x 

(2 1.64) 

where Aes is the difference in swelling strain between the 
flats of the assembly closest t o  and furthest from the core 
center line and is a function of the radial flux and the 
temperature distribution in the core. It also varies with 
time, whereas the temperature difference across the flats, 
AT, does not. 

The moment of inertia of the rectangular beam about 
the y-axis is defined by 

(21.65) I = b J-h x2 dx 

The moment of inertia is a geometrical property of the 
beam cross section. Equation 21.65 applies t o  the solid 
rectangular beam, but similar formulas may be obtained for 
other shapes, such as the hollow hexagonal configuration of 
the wrapper of a fuel assembly. Using Eqs. 21.63 t o  21.65 
and the definition of the moment, Eq. 21.58, the beam- 
deflection differential equation becomes 

h 

M a AT Aes 
dz2 E1 2h 2h 
111_.,-+- +- (21.66) 

Determination of the deflection profile or  camber of the 
beam requires specification of the moment M and integra- 
tion of Eq. 21.66 with appropriate boundary conditions. 

The total deflection v consists of contributions from 
the applied load (first term on the right-hand side) and 
from thermal and swelling expansions. Since the total 
deflection can be obtained by adding these three contribu- 
tions, we examine each one separately. 

1. Consider the assembly shown in Fig. 21.16 inserted 
into the grid plates by its nozzle. Let z = 0 be the axial 
location of the upper grid plate, and suppose that a force F 
is applied laterally to  the top  spacer pad, which is a distance 
L from the upper grid plate. Since the applied load is zero 
except a t  x = L, Eq. 21.61 can be integrated to yield 

M = a z + b  

where the constants a and b are determined by conditions 
applied at the free end. The applied force F is represented 
as a shear stress r o n  the end of the member. In addition, 
the moment M must vanish at  the free end. The appropriate 
boundary conditions a t  z = L are 

M = O  
r = F  

Because the  load p is zero along the length of the beam, 
Eq. 21.59 shows that r is constant along the length of the 
beam or  that r = F for  all z.  Equation 21.60 requires that  
dM/dz = F, which specifies one of the integration constants 
as  a = F. The second integration constant follows from the 
condition of zero moment  a t  z = L; the moment in the 
beam is thus 

M = -F(L - Z )  (21.67) 

Since the assembly is cantilevered from the grid plate, we 
can write 

v(0) = (g)o = 0 (21.68) 
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Substituting Eq. 21.67 into 21.66 (neglecting the last two 
terms on the right-hand side), integrating, and using the 
boundary conditions at  z = 0 given by Eq. 21.68, we find 
the deflection 

(21.69) 

2. For a linear temperature distribution along the 
x-direction of the assembly wrapper, the temperature 
distribution through the beam is given by Eq. 21.63. In the 
absence of applied loads and void swelling, the deflection 
due t o  the nonuniform temperature across the assembly is 
obtained by solution of 

d2v OAT 
dzZ 2h 
_-  -- (21.70) 

The temperature difference across the flats, AT, is a 
function of height z and is computed from thermal analysis 
of the fuel assembly. For the special (but unrealistic) case 
of AT independent of z, integration of Eq. 21.70 with the 
boundary conditions of Eq. 21.68 yields 

(21.71) 

3. For the transverse linear swelling profile, the 
deflection is obtained from 

(21.72) 

which requires specification of the axial variation of A@ 
and appropriate boundary conditions for integration. 

In the absence of creep (either thermal o r  irradiation), 
unrestrained deflection of a fuel assembly with both 
temperature and swelling gradients is obtained by solving 
Eqs. 21.70 and 21.72 independently, each subject t o  Eq. 
21.68. The total deflection profile is obtained by  adding 
(superposing) the two component deflections. The result of 
such a calculation is shown in Fig. 21.24. The combined 
thermal and swelling deflections amount t o  6 cm a t  the top 
of the fuel assembly. The thermal component of the 
bowing is recovered when the reactor is shut down for 
refueling, but  the permanent camber due to swelling 
remains. This graph illustrates the potential difficulty of 
locating the handling heads of the assembly under sodium 
and the virtual certainty of mechanical interaction between 
assemblies in adjacent rows. Lateral forces, due either t o  
the natural interaction of nearby assemblies or  t o  the 
compacting action of the core restraint, are generally applied 
a t  the spacer-pad elevations. The deflections induced by  
these mechanical loads must be added t o  those arising from 
unrestrained bowing. The mechanical forces may be applied 
at more than one axial position, and the moment distribu- 
tion is generally more complex than that given by Eq. 
21.67. If the loads are due to  interaction of adjacent 
assemblies a t  a single axial position, the force F in Eq. 
21.67 is not known a priori but must be determined in the 
course of solving the deflection equation for all interacting 
assemblies (see problem 21.8 a t  the end of the chapter). 
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Fig. 21.24 Free bowing of a fuel assembly due t o  nonuni- 
form thermal expansion and void swelling. (After Ref. 18.) 

21.6.5 Effect of Irradiation Creep on Bowing 

The major deficiency of the analysis just presented is 
the exclusion of creep, which acts t o  relieve the stresses 
established by the combined effects of the transverse 
temperature and swelling distributions and the mechanical 
interaction between assemblies. Because of the relatively 
low temperature of the duct walls (<650°C), thermal creep 
is not as important as irradiation creep. Irradiation creep is 
especially effective in the high-flux core region. To illus- 
trate the effect of irradiation creep on bowing, we take the 
simple irradiation-creep expression (the steady-state creep 
component in Eq. 19.176) 

;-" = C@U (21.73) 

Relief of the bending stresses in the duct by irradiation 
creep is a form of stress relaxation. This phenomenon may 
be most clearly explained by considering a bar of solid 
loaded in tension in which creep takes place a t  a rate given 
by Eq. 21.73. Suppose the bar is subject t o  an initial tensile 
stress uo that causes an initial elastic strain equal t o  uo/E. 
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We now assume that the initial strain is held constant. The 
stress is reduced with time by creep of the material in a 
manner such that the total strain o o / E  does not change. 
Thus the stress a t  any time during the test is given by  

3 
L T + , c = o  U 
E E (21.74) 

where eC is the creep strain. Differentiating this equation 
with respect t o  time yields 

(21.75) 

Integration gives the stress-relaxation formula for this 
simple case as 

o = uo exp (-CEW) (21.76) 

The stress a t  constant strain is seen to  decrease exponen- 
tially with time. 

To introduce creep into the beam-deflection problem 
wherein applied forces, nonuniform thermal expansion, and 
nonuniform swelling are also present, we express the 
constitutive equation by 

and the deflection equation, Eq. 21.78, becomes 

= - E1 [F(t) + C @ E I t  F(t') dt'] dz2 
(21.79) CYAT A@ +- 

2h '2h 
Because of creep, F is a function of time. 

T o  illustrate the nature of the solution of Eq. 21.79, we 
take the simple case in which the boundary conditions are 
given by Eq. 21.68 and AT and A P  are independent of z. 
Note that AT is independent of time but that A P  contains 
the time dependence of the void-swelling law used. The 
quantity in the brackets of Eq. 21.79 is independent of z; 
so the differential equation can be integrated analytically. 
The solution that satisfies Eq. 21.68 is 

- [ F(t) + C@E Jk F(t') dt'] (L-:) z2  (21.80) 
2EI 

The nature of the mechanical loading of the assembly must 
be specified before the force F(t) can be determined. We 
suppose that the force F is that required t o  pin the t o p  of 
the assembly in its original position so that 

which may be recognized as the constitutive equation for 
the metal (Eq. 21.9 for uniaxial tension or compression). 
The term o / E  on the right-hand side of Eq. 21.77 arises 
from the applied lateral load on the member. Multiplying 
Eq. 21.77 by bxdx and integrating from x = -h t o  x = h 
yields 

where Eqs. 21.58 and 21.65 have been used. Assuming that 
the applied load creates a bending moment given by Eq. 
21.67 and that the temperature and swelling gradients are 
constant (Eqs. 21.63 and 21.64), we find the above 
equation becomes 

According to  Eq. 21.73, the creep strain is 
t 

eC = C @ l  u dt' 

and the integral in Eq. 21.78 can be written as 
t 

e C x  d x  = ylhh x d x l  o dt' 

= ( b l h h  XU dx) dt '  

The second equality was obtained by interchanging the 
order of integration. Equation 21.58 shows that the quantity 
in parentheses is equal t o  the moment M, which is given by , 
Eq: 21.67. Making the appropriate substitutions yields 

b l  h ~ C x  d x  = - l,' F(t') dt '  
I -h 

v(L) = 0 (21.81) 

Therefore the right-hand side of Eq. 21.80 is set equal t o  
zero at  z = L, and the following integral equation for F( t )  
results: 

3E I 
4hL F(t) + C @ E I t  F(t') dt' = -(CY AT + A P )  (21.82) 

where the second term on the left-hand side represents the 
effects of creep. At t = 0, this term and the void-swelling 
contribution in the second term on the right-hand side both 
vanish, and the required restraining force is 

(21.8 3) 

To solve the integral equation for F(t), we take the 
derivative of Eq. 21.82 with respect t o  time, noting that 
CY AT is constant in time 

d F  3EI - + C@E F(t) = - AtS 
dt 4hL (21.84) 

where Ais is the difference in the swelling rates o n  either 
side of the wrapper tube. Solution of this first-order 
differential equation for F(t) leads t o  

F(t) = F(0) e-CQIEt 

Or, using Eq. 21.83 for F(0) and integrating the last term 
by parts, 

AT e-CQEt + Aes 
4hL 
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The exponential multiplying (Y AT in the first term on the 
right represents creep relaxation of the thermal stresses. 
The entire second term on the right results from creep 
relaxation of the stresses induced by nonuniform swelling 
across the duct. 

T h e  restraining force explicitly determined by 
Eq. 21.85 can be substituted into Eq. 21.80 to determine 
the complete time- and position-dependent deflection of 
the assembly. When the core restraint is removed and the 
power is shut off, the terms F(t) and aAT in the  deflection 
equation vanish, and the unrestrained deflection is 

V*(Z,t) = - A€S z2 - - cO$(L - i) .’[ F(t’) dt’ (21.86) 
4h 2FI 

which includes the permanent set due to  swelling (the first 
term on the right) and creep relaxation of the thermal and 
swelling strains (second term on the right). Note that creep 
reduces the extent of deflection in the unrestrained, cold 
core. 

Figure 21.25 shows the results of deflection calcula- 
tions using the CRASIB code.’ The assembly deflection is 
forced t o  be zero at  two upper axial locations that 
represent the action of core clamps at  each of these 
elevations. Interaction between adjacent assemblies (except 
a t  the spacer pads) is not considered. Figure 21.25(a) (top) 
shows the thermal bowing of the restrained core. At 
shutdown all thermal bowing is removed. Deflection due t o  
swelling is shown in Fig. 21.25(b). A permanent bow 
remains a t  shutdown and unclamping. The sum of the 
deflections in (a) and (b) yields those shown in 
Fig. 21.25(c). The top curve in (c) represents addition of 
the free bowing curve of Fig. 21.24 and the deflections due 
t o  mechanical loading at elevations shown by the arrows. 

THERMAL, 
THERMAL SWELLING THERMAL CREEP 
STRAINS STRAINS AND AND 

ONLY ONLY SWELLING SWELLING 

CLAMPED 
AT 

CORE POWER 
L 

c 
-c c 

INWARD DEFLECTION +f-+ OUTWARD DEFLECTION 

Of particular note is the sharp curvature of the “clamped a t  
power” duct in (c), which produces large bending stresses in 
the duct wall. These high-stress points are effectively 
relaxed by irradiation creep, as shown in Fig. 21.25(d). The 
dramatic effect of creep on bowing is shown in the 
“unclamped, power off” deflections represented in (c) and 
(d). When creep is neglected, the duct is predicted to  bow 
outward, whereas inclusion of irradiation creep in the 
calculation produces a cold unrestrained inward bow. A 
similar reversal of bowing direction in the fueled region of 
the core appears when irradiation creep is included in the 
analysis. At-power bowing in the core is equivalent t o  core 
expansion (outward deflection) or compaction (inward 
deflection) and therefore is important in estimating the 
neutronic reactivity of the reactor. The magnitude of the 
deflections of assemblies is highly sensitive to  the irradia- 
tion creep law used in the bowing analysis. 

21.7 SOLUTIONS TO THE SWELLING 
PROBLEM 

It is clear from the analyses presented in this chapter 
that the effects of void swelling in the fuel assemblies of an 
LMFBR are likely to  be more difficult t o  cope with than 
the design of a sturdy fuel element. Huebotter et al.’ ‘ have 
reviewed a number of methods of alleviating the metal- 
swelling problem. Wherever possible they have estimated 
the increased cost of electricity generated by  LMFBRs 
attributable t o  the proposed modification. These estimates 
should be compared with the present -15 mills/kWh cost 
of nuclear power. 

21.7.1 Mechanical 
Two methods of accommodating swelling which form a 

part of the mechanical design of the core were discussed in 
the preceding section. 

The interassembly gap must be large enough t o  allow 
for duct swelling without gross radial expansion of the core. 
The reduced breeding ratio and specific power that are 
unavoidable consequences of the lower fuel-to-metal ratio 
in the core will probably result in increased electric power 
costs as large as 0.1 mill/kWh. The larger reactor size will 
increase capital costs of LMFBRs, but the incremental cost 
has not been estimated. 

Core restraint is needed to prevent extensive and 
p o s s i b l y  damaging mechanical interaction between 
assemblies. At  least two in-core contacts, located at  the 
spacer-pad elevations shown in Fig. 21.16, will be used. 
Accurate analytical prediction of the bowing of the fuel 
assemblies in a restrained-core design is imperative. If, as in 
the top drawing of Fig. 21.25(c), the deflections in the 
fueled zone are inward, the reactivity addition which this 
movement engenders must be accurately known for safety 
reasons. The prominent effect of irradiation creep o n  the 
magnitude and even the direction of in-core bowing implies 
that this form of creep needs to  be thoroughly understood. 

f- 
21.7.2 Neutronic 

Fig. 21.25 Bowing of fuel assemblies with core clamps 
fixing the wrappers a t  the spacer-pad elevations. (After 
Ref. 18.) 

Inasmuch as swelling increases with fluence, an obvious 
method of reducing the swelling is to  lower the maximum 
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burnup of the fuel. The burnup p and fluence a t  are related 
by Eq. 10.5: 

P = qoaf@t 

where q o  is the initial enrichment of the fuel in plutonium 
and of is the fission cross section. Metal swelling varies as 
(CPt)" where n >l;  so appreciable reduction in void 
formation can be achieved by discharging fuel at reduced 
burnup. However, if the burnup is decreased from the 
target value of 10% to 5%, the fuel-cycle cost is estimated 
t o  increase by about 0.3 mill/kWh. Much of this cost 
increase is incurred by the more frequent fuel replacement 
attendant on lower burnup, which increases the frequency 
of fabricating fuel elements. 

Instead of reducing burnup, the fluence may be 
decreased by increasing the fuel enrichment g o .  The 
obvious disadvantage of this solution is the higher cost for 
fuel rich in plutonium. 

21.7.3 Operational 

Reduction of the sodium coolant temperature lowers 
the wrapper temperatures correspondingly and hence re- 
duces swelling. However, the thermodynamic efficiency of 
the reactor plant is reduced because of the lower sodium 
outlet temperature. Lowering of the sodium outlet tem- 
perature from 600°C t o  500°C increases the cost of 
electricity by  about 0.3 mill/kWh, but this cost is offset by 
higher plant availability when the system is operated at  a 
lower temperature level. 

Periodic rotation of  assemblies by 180" is a method of 
smoothing out  nonuniform swelling that leads to bowing. 
Alternatively, assemblies may be removed from the core 
occasionally and straightened by annealing at temperatures 
high enough t o  eliminate voids from the metal (about 
800°C). The former method reduces plant availability, and 
the latter requires a higher fuel inventory on site, both of 
which carry with them undesirable economic consequences. 

21.7.4 Metallurgical 
Maximum stainless-steel swelling occurs within the 

design temperature range of the sodium coolant in the core. 
Use of a refractory metal with a swelling temperature range 
above that of the sodium in the LMFBR would alleviate the 
swelling problem. Replacement of stainless steel in the 
entire core (or a t  least such components as the wrapper 
tubes in the high flux zones) by molybdenum, for example, 
would permit elimination of abnormally large interassembly 
gaps and obviate the need for core clamps. Even with these 
savings, the energy cost from LMFBRs with all-molyb- 
denum cores would be -0.1 mill/kWh higher than the cost 
of power from conventional designs. Molybdenum is more 
difficult t o  fabricate and has a higher absorption cross 
section for fast neutrons than does stainless steel. 

The most desirable metallurgical solution t o  the swel- 
ling problem appears to be the modification of commercial 
alloys. We have seen that each of the various alloys has 
individual properties that are uniquely suited to fast reactor 
service; Nimonic PE16 is quite resistant to swelling because 

its microstructure contains finely divided precipitate parti- 
cles that act as recombination centers for vacancies and 
interstitials; titanium additions reduce the susceptibility of 
conventional stainless steels to  helium embrittlement; types 
321 and 347 stainless steels d o  not decarburize in sodium 
to the same extent as d o  types 316 and 304. If, by suitable 
metallurgical modification, a modest-cost alloy could be 
developed which would be more resistant to  swelling than 
the present LMFBR core material (20% cold-worked type 
316 stainless steel) yet  retain the characteristic high- 
temperature strength and generally acceptable corrosion 
resistance to  fuel and sodium of this alloy, the economic 
penalty of metal swelling would be substantially reduced. 

The savings that could be realized by reducing swelling 
[i.e., ( ~ v / v ) , , i d , ]  from 15% to 5% is estimated t o  be 
between 1 and 5 billion dollars for all LMFBRs constructed 
up t o  the year 2020. The incentive for seeking solutions t o  
the void swelling problem is great. 

21.8 NOMENCLATURE 

b = beam thickness in the y-direction 
C = constant in irradiation-creep formula 

C1 ,C2 = constants of integration of displacement differen- 
tial equation 

d = grain size 
E = Young's modulus 

F = axial friction force at fuel-cladding interface; force 

h = beam thickness in the x-direction 
1 = moment of inertia of a beam 
k = Boltzmann's constant 
E = average thermal conductivity of fuel 
L = height of axial zone in fuel; length of beam 

M = bending moment of beam 

Ed , E i  = activation energies for creep 

on beam 

M,,Mf = n u m b e r  of radial zones in cladding and fuel, 

N =number  of axial zones; number of cracks in a 

pc = coolant pressure 
pic = fuel-cladding interfacial pressure 
pp = plenum pressure 
9 = linear power 
Po = porosity of as-fabricated fuel 

r = radial position in fuel element 
rai = inner radial boundary of zone i 
rbi = outer radial boundary of zone i 
ro  = radius of central void 
R = fuel radius 

Rc = radius of uncracked portion of fuel 
t = time 

t, = cladding thickness 

respectively 

region 

tgap = gap thickness 
tzap = gap thickness in as-fabricated fuel element 

T = temperature 

temperature 
T, = temperature a t  root of crack in fuel; cladding 

To = fuel center-line temperature 
T, = fuel surface temperature 
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u = radial displacement 
v = deflection of beam 
"I = unrestrained deflection 

AVjV = swelling 
x = direction along beam axis in the plane of bending 
y = direction along beam axis perpendicular to the 

z = distance along the long axis of beam 
plane of bending 

Greek Letters 
cy = linear coefficient of thermal expansion 
ei = strain component in  principal direction i 

E* =equivalent strain 
i. = creep rate 
0 = angle 

psf = coefficient of static friction 
pSl = coefficient of sliding friction 
v = Poisson's ratio 
p = radius of curvature of a bent beam 
ui = stress component in principal direction i 

u* = equivalent stress 
uo = initial stress 
@ = fast neutron flux 

Subscripts and Superscripts 
c = creep/plastic deformation; cladding 
f = fuel 
h = hydrostatic 
i = radial position of zone in fuel pin 
j = axial position of zone in fuel pin 
r = radial 
s = swelling 
z = axial 
B = tangential 
' = values of fuel mechanical properties changed by 

cracking 
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21.10 PROBLEMS 

21.1 
(a) Starting with Eqs. 21.23 to 21.25 and 21.27, derive 

the thermal-stress distribution in a solid fuel element of 
radius R. Neglect swelling, creep, and cracking. Assume the 
fuel stack is unrestrained axially. Express the tangential 
stress, U R ,  by Eq. 21.49. 

(b) Derive the analog of Eq. 21.49 for fully restructured 
fuel with the same linear power. Assume that the  initial 
density of the fuel was 85% and that the density after 
restructuring is 97% throughout the fuel. 

(c) Apply the tangential-stress distributions determined 
in (a) and (b) to a fuel pin with a linear power of 
500 W/cm. Plot the distributions and indicate the radial 
positions where the fracture stress is reached and where the 
brittle-ductile transition occurs. 

21.2 
(a) Using the same methods as in problem 21.1, show 

that the maximum tangential stress in a thin-walled 
cladding is given by 

where AT, is the temperature drop across the cladding. 
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(b) Calculate the linear power .P at  which ( ~ 0 ) ~ ~ ~  is 
equal t o  the yield stress of stainless steel. Use the following 
properties applicable to  type 316 stainless steel a t  1000°K: 

E = 1.4 x 10’ kN/m2 
v = 0.32 
a = 1.2 x 10-5 O K ’  

uy = 2.1 x l o 5  kN/mZ 
k = 0.24 W cm-’ “C’ 
R = 0.32 cm 
t, = 0.038 cm 

( c )  What is the equivalent plenum pressure that would 
give the same maximum tangential stress as calculated in (b) 
if the cladding were isothermal? (See problem 18.6.) 

(d) For a linear power one-half that determined in (b), 
calculate the expected lifetime of the fuel cladding. Use an 
appropriate plot of rupture time from Chap. 18 in the 
calculation. 

(e) If the cladding is simultaneously subject to  linear 
power 9 and a plenum pressure pp ,  what is the optimum 
cladding thickness based on thermoelasticity theory? 

21.3 Consider a long thin-walled cylinder of inside radius 
R and wall thickness t,. The tube is closed at  both ends and 
contains a gas at pressure pp. The system is isothermal. 
Assume that the tube deforms with a creep law 

f-* = B(o*)” 

Using the stress components appropriate t o  the thin- 
walled-tube situation, determine the tangential creep rate. 
Compare the diametral strain due to  creep with that due t o  
elastic deformation only. 

21.4 At room temperature a fuel element has a fuel radius 
of Ro and a fuel-cladding gap of t i a p ,  which is much 
smaller than R o .  The coefficients of thermal expansion and 
compressibility of the fuel material are af and of, respec- 
tively. (Note that the compressibility is the reciprocal of 
the bulk modulus.) The thermal-expansion coefficient of 
the cladding is ac .  Assume a*> a,. The thermal expansion 
coefficients are here defined on a volume (not linear) basis. 
The fuel element is then heated externally so that the 
temperature rise is everywhere uniform (no temperature 
gradients). 

(a) At what temperature T* does the fuel-cladding gap 
close? At the same time that the fuel-cladding gapcloses, 
the top and bot tom of the fuel contact the ends of the 
cladding; thus, a t  T = T* the fuel completely fills the 
cladding. As the temperature is increased above T*, the fuel 
and cladding interact. The cladding may be assumed to be 
perfectly rigid and capable of thermal deformation only. 
The fuel is 100% dense but is completely plastic (Le., E = 0 .  
and v = %).$ 

is generated in the fuel element at T > T*? 
(b) From thermodynamic considerations, what pressure 

21.5 A long solid cylindrical fuel element is heated 
uniformly (no temperature gradients) and contacts a totally 

$Even though E = 0 and v = ’/*, the bulk modulus, 
which is equal to E / 3  (1 - 2v), is not zero. 

rigid cladding a t  a temperature T*. For T > T *  the 
expanding fuel is subjected t o  interfacial pressure pfc from 
the cladding. The cladding is not permitted to expand 
either elastically or thermally; so the displacement of the 
outer radius of the fuel is always zero. Calculate the 
interfacial pressure for T >  T*, assuming that the fuel 
responds thermoelastically and in plane strain. Neglect 
creep. Consider two limiting cases: 

1. Complete axial restraint of the fuel ( E ,  = 0 ) .  Com- 
pare this result with that obtained in problem 21.4(b). 

2. No axial restraint on the fuel. Assume that the fuel is 
free t o  slip axially relative t o  the rigid cladding. 

21.6 A sphere of fuel (denoted by  “1”) of radius R is 
embedded in an infinite medium (denoted by “2”). The 
two materials are in contact with no stresses a t  temperature 
zero. In a neutron flux the fuel generates heat a t  a uniform 
volumetric rate H, and the fuel radius is R. 

(a) What is the temperature distribution in each mate- 
rial? (Assume the fuel-cladding-gap resistance is negligible 
whether the gap is open or closed.) 

(b) Derive the thermoelasticity equation for the radial 
stress distribution and solve the differential equations in 
both regions. Using appropriate boundary conditions, solve 
for the complete radial stress distribution. What is the 
criterion for the gap to be open? If the gap is closed, 
express the solution in terms of the interfacial pressure pf,. 

(c) For the closed-gap case, determine the interfacial 
pressure pfc .  

21.7 
(a) Calculate the average axial temperature distribution 

in the cladding in a subassembly for the following condi- 
tions: 

Sodium inlet temperature, 470°C 
Sodium outlet temperature, 650°C 
Sodium heat-transfer coefficient, 1 2  W/crn-’ OC-’ 

Cladding thermal conductivity, 0.22 W/cm-’ O C 1  

Cladding thickness, 0.038 cm 
Linear power, 550 cos (nz/2L), W/cm 

(b) Calculate the axial fast flux profile assuming that 
the fuel contains 15% plutonium and has an average fission 
cross section of 2 barns. 

( c )  Calculate the void swelling profiles in the cladding 
using the empirical equation given in Chap. 1 9  for 20% 
cold-worked type 316 stainless steel. 

21.8 Consider two adjacent fuel subassembly ducts with a 
clearance of 6 between them. The ducts have temperature 
gradients across them of V TI  and VT, , respectively, where 
VT, > V T z .  They are supported a t  the grid plate in 
cantilever fashion [i.e., v(0) = v’(0) = 01. The length of the 
ducts is L, and their moment of inertia is I. 

(a) What values of the difference (VT1 - VTz)  cause 
the  two ducts to  just make contact a t  the top when the 
temperature gradients are applied? 

(b)If  the condition in (a) is exceeded, what are the 
deflections vi (x) and vz (x)? What is the magnitude of the 
interaction force F between the two assemblies a t  the top? 
Neglect swelling and creep. 
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21.9 A beam cantilevered at  the bot tom is restrained by a 
spring a t  height L. The restoring force exerted by  the spring 
on the beam is proportional t o  the deflection at  z = L. The 
spring constant is k. (See sketch.) 

(a) Determine the deflection v(z,t) when the beam is 
subject to  an axially uniform temperature difference AT 
between opposite sides. Neglect swelling but include irradia- 
tion creep (S = CaQ). 

(b) What is the permanent deflection of the beam when 
the  temperature difference, the neutron flux, and the spring 
loading are removed? 

T 
! 



Appendix-Elas ticity Theory 

A . l  EQUILIBRIUM CONDITIONS 

Figure A . l  shows an interior region of a solid bounded 
by the closed surface S. If the region contained in S is not 
accelerating, Newton’s law of motion requires that the 
components of the forces on the region in each of the 
coordinate directions must be zero. If body forces such as 
gravity are neglected, the only forces acting on the region 
are those exerted on the surface S by the material 
outside S. 

BOUNDING 
SURFACE S 

Fig. A . l  Region in a solid. 

The forces on the surface S can be represented by a 
stress vector CJ, which has components u,, oy , and uz in the 
three directions of a Cartesian coordinate system. The  
magnitude and direction of the  stress vector vary with 
position on the surface S. Figure A.l  shows a small element 
of area dS of the surface S. The outward normal to the 
surface a t  that point is denoted by n. The  stress vector a t  
the location of dS will in general have a component along 
t h e  normal, which represents a normal stress, and com- 
ponents tangent to the surface element, which are shear 
stresses. 

The x-component of the force on  the element of 
surface dS is u, dS. The x-component of the net x force o n  
the entire region enclosed by the surface S is the surface 
integral of u, dS. At equilibrium this integral and its 
counterparts in the  y- and z-directions must be zero, or 

JSu, dS = 0 

ssuy dS = 0 

Js u, dS = 0 

To express u,, uy , and uz in a more convenient manner, 
we consider the surface element dS in Fig. A . l  t o  be the 
oblique face of a very small tetrahedron, as shown in 
Fig. A.2. The three mutually perpendicular planes of the 
tetrahedron are each perpendicular to  one of the coordinate 
axes. The components of u can be expressed in terms of the 
unit normal n and the three stress vectors acting on the 
coordinate faces. The stress vectors on  each coordinate 
plane are resolved into a normal stress component (e.g., 
u,,) and two shear components (e.g., uXy and u X z )  that act 
tangentially to  the coordinate plane. 

The components of the stress vectors on  the coordinate 
planes are written as uij, where i refers t o  the coordinate 
plane in which the stress acts (e.g., u x x ,  uxy ,  and uxz all act 
on  the plane perpendicular t o  the x axis) and j refers to the 
direction in which the stress component acts. 

The  area of each of the coordinate planes in Fig. A.2 is 
a projected area of the oblique face dS. The area over which 
u x x ,  u x y ,  and uxz act is n i dS = n, dS, where i, j, and k 
are the unit vectors in the  x, y,  and z directions, 
respectively. The direction cosines of the surface normal are 
n, = n * i ,  ny = n * j ,  and n, = n * k. 

The tetrahedron of Fig. A.2 is in mechanical equilib- 
rium owing t o  the forces on  its four faces, o r  the net  force 

2 

t 

(A.1) 
Fig. A.2 Diagram for relating surface forces to nine com- 
ponents of stress tensor. 
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in each coordinate direction is zero. According to the sign 
convention,* force components o n  the coordinate faces are 
positive if pointing toward the negative coordinate axis 
under consideration. The x-direction force balance is 

u, dS - u,,n, dS - uyxny dS - uz,nz dS = 0 

If dS is canceled and the last three terms are written as the 
scalar product of n and the vector whose components are 
uxx,  u y x ,  and uzx, the  preceding formula becomes 

u, = n * (uxxi  + o,,j + ozxk) 

Similarly, 

uy = n  (ux,,i + u Y y j  + u,,k) 

uz = n - (uxzi  + uyzj + uzzk) (A.2) 

Equation A.2 relates the components of the stress vector o 
to  the unit normal describing the orientation of the surface 
and the nine components of the stresses acting on  the three 
coordinate planes, usually denoted collectively as the stress 
tensor: 

uxx (Jxy Ox,  

(Jzx (Jzy u z z  

u . . =  I1 ( (JY x (JY Y UY z ) (A.3) 

An important relation between the off-diagonal ele- 
ments of the tensor uij  can be obtained by applying the 
condition that the angular acceleration of any element of 
volume is zero. This restriction leads to the  relations 

( J X Y  = O Y X  

uxz = uzx (A.4) 

Qzy = (Jyz  

Or, of the nine components of the stress tensor of Eq. A.3, 
only six are independent; the tensor is symmetric. 

~~ 

*The signs of the stress component aij are determined 
by the following convention: consider a volume element 
bounded by planes perpendicular t o  the coordinate axes. If 
the outward normal of one of these plane surfaces is in the 
direction of a positive coordinate axis, the uij are positive i f  
the stress acts in the positive j direction. Thus a normal 
stress, such as u,,, is positive if in tension. Pressures that 
act inward in a volume element (compression) are con- 
sidered as negative stresses. Conversely, if the outward 
normal of the plane is in the direction of a negative 
coordinate axis, the  uij are positive when the stress acts in 
the negative j direction. Again, the normal components are 
positive if  they place the volume element in tension. The 
three coordinate planes of Fig. A.2 are surfaces with 
negative normals, and the uij are positive as drawn on the 
figure. In a force balance on  the element of Fig. A.2, 
therefore, the contribution to  the total force in the positive 
x-direction due to  the coordinate plane perpendicular t o  
the x axis is -uXx times the area of the plane. 

Substitution of Eq. A.2 into Eq. A . l  yields equilibrium 
relations in terms of the stress tensor u,~. For the 
x-direction, the result is 

J s  n - (oxxi  + u Y x j  + ozxk)  dS = 0 

Applying the divergence theorem* to the surface 
integral in this equation yields the final form of the 
equilibrium relation: 

Similarly, for the y- and z-directions, the equilibrium 
conditions are 

A.2 DISPLACEMENTS 

A body subjected to  stress will become distorted or 
strained as a result. The state of strain is described by the 
displacement vector, which connects a point (x,y,z) in the 
unstrained body with the location to  which this point has 
moved (x + u,  y + v, z + w )  in the  strained condition. T h e  
lengths u ,  v, and w are the components of the displacement 
vector; in general, they are functions of position in the 
solid. 

The  stress applied t o  the body is not related to the 
absolute values of the displacement components. The fact 
that a body is made to  undergo translation or rotation 
because of an applied force, for example, has nothing t o  d o  
with the material properties of the solid. The property that 
is uniquely determined by the  applied stress is the relative 
displacement of points in the solid. The solid-line rectangle 
in Fig. A.3 represents a plane rectangular element of 
dimensions 6x and 6 y  in an unstressed body (for simplicity, 
only two dimensions are considered). After stress has been 
applied, the rectangle is distorted into the dashed four-sided 
figure. The  arrows connecting the corners of the unstrained 
and strained figures are the displacement vectors for these 
four points. The displacement vector of the point (x,y) in 
the lower left-hand corner has components u and v. Since 
the relative motion of adjacent points is small, the 
displacement components a t  other locations can be ap- 
proximated by Taylor series expansions about the values a t  
the point (x,y). Thus, the displacement components of the 

*For a vector F defined over a region of volume V and 
surface S, the divergence theorem is 

where, for Cartesian coordinates, n 
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, , lower right-hand corner (x  + 6x,y) are u + (au /ax)  fix and 
+ (avjax)  6 ~ .  

The aspect of the displacement field which is directly 
related to  t h e  applied stress and the material properties is 
the  collection of derivatives of the displacement, w a x ,  
a v / a x , .  . . , not the  displacements u and v proper. In three 
dimensions there are nine spatial derivatives of  the 
displacement-vector components which can be expressed as 
the  strain tensor: 

The response of the solid to  an applied force is 
governed by the law that  relates the stress tensor of Eq. A.3 
and the strain tensor of Eq. A.8. However, the stress tensor 
contains only six independent components, whereas the 
strain tensor of Eq. A.8 contains nine independent quan- 
tities. Thus, the  symmetric stress tensor cannot be directly 
related t o  the strain components as given in Eq. A.8. To 
circumvent this difficulty, we can split the strain tensor Sij 
into two parts: 

s.. = E . .  + w.. 
11 11 11 

where fij  is the symmetric deformation tensor: 

and wij is the skew-symmetric rotation tensor: 

au  aw 

(-4.9) 

(A.10) 

( A . l l )  

The physical meaning of the Components of eij and wi, 
in terms of the type of motion experienced by the body 
can be seen from Fig. A.3. 

Consider the bottom edge of the rectangle. Originally 
its length was 6x;  under stress the corner (x,y) moves 
a distance u t o  the right, and the corner (x + 6x,y) moves a 
distance u + (auiax)  6 x  to the right. The strain is a 
fractional change in length, or 

Elongation in the x-direction u + (au/ax)  6 x  - u ~ @ - 
Unit length 6X a x  

This is the E , ,  component of the deformation tensor. Thus, 
the diagonal elements of Eq. A.10 represent the elongations 
or  normal strains in the three coordinate directions. 

S+e6y ------ -- z- - - -- - - 
I 
I 
I 
I 
I 
I 
I -p I 

I 
I 

I 
- - - 1,- - -- -- 

( x  + 6x.  y /  

I 
-4" ----  I 
U 6 X  

c 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I pcv + ;; dx  

K U + % d X  

Fig. A.3 Deformation of a region of a solid (two- 
dimensional ). 

The angles cy and 0 in Fig. A.3 represent the departure 
of the four-sided figure from its original rectangular shape. 
Since the strains are small, these angles are given by 

+ cavjax) 6x  - - a v  
6X ax  

- -  a 2- tan cy = 

and 

The sum cy + p represents the departure of the original angle 
from 90°, which is denoted as shear strain, 

Departure from 90" angle = 01 + p = (E+:) 
This sum is twice the component of the deforma- 

tion tensor. The other off-diagonal elements in Eq. A.10 
represent the shear strains in the solid. 

The angle of rotation of the plane figure in Fig. A.3 is 
the average of the angles cy and p, taking positive rotation in 
the clockwise sense, or 

1 
2 

Rotation as a solid body = - ( p  - a )  
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Thus the tensor wij of Eq. A . l l  represents pure rotation of 
the body. 

Only the deformation tensor eij is determined by the 
stress tensor and material properties. Hooke’s law is an 
example of such a relation for elastic deformations. 

A.3 COMPATIBILITY RELATIONS 

Additional relationships between the deformation com- 
ponents eij reflect the requirement that the medium be  a 
continuum, or that the solid has not  been cracked and that 
there are n o  discontinuities in the displacements. Mathe- 
matically, these compatibility conditions require that 
certain rather obvious relations among the components of 
the deformation tensor exist. For example, if E,, is 
differentiated twice with respect to y,  the result is 
(a3 u)/(ax ay2 ). Similarly, i f  e y y  is differentiated twice 
with respect to x ,  we obtain (a3v)/(ay ax’). Now if  is 
differentiated with respect t o  x and y ,  the result is 
( i /a ) [ (a3u) / (ax  a$) + (aZv)/(ax2 a y ) l ,  which is one-half 
the sum of dzexx/dy2 and a z c y y / a x z .  In all, there are 
six compatibility equations relating the various components 
of eij .  I n  Cartesian coordinates they are 

A.4 STRESS--STRAIN RELATIONS 

In  the absence of plastic deformation, 

(A.12) 

creep, or 
temperature changes, the s t resss t ra in  relation is given by 
the  generalized form of Hooke’s law. For the elastic solid, 
the  six components of the stress tensor are related t o  the 
six components of the deformation tensor by  the linear 
equations: 

(’xy = c6 l E x x  + C 6 2 E y y  + C 6 3 E z z  + C 6 4 € y z  

+ C 6 5 E z x  + C 6 6 E x y  (A.13) 

The cij values are the elastic moduli  of the medium. Not all 
36 of the coefficients in Eq. A.13 are independent. Because 
the tensors aij and eij are symmetric, cij = cji, which 
reduces the number of elastic constan,ts t o  21. This number 
is reduced still further according t o  the symmetry of the 
crystal structure of the solid; the greater the symmetry, the 
fewer the constants. For  crystals of the cubic system, there 
are only three elastic constants. Finally, for materials that 
are macroscopically isotropic (either because the substance 
is noncrystalline or  because the material is in polycrystal- 
line form), only two constants remain. These two elastic 
constants are called Lame coef f ic ients  h and p. They 
determine the s t resss t ra in  relation by 

and 

Here 6 is the volume dilatation, or the fractional change in 
volume: 

6 = E,, + E y y  + E , ,  (A.16) 

The elastic constants are usually expressed in terms of 
Young’s modulus E, the shear modulus G,  and Poisson’s 
ratio v ,  instead of the Lame coefficients. The relations 
between the conventional elastic moduli and the Lame 
coefficients are 

G = p  (A.18) 

(A.19) 

The values E ,  G, and v are not independent but are related 
by 

E 
2(1 + u )  

G = -  (A.20) 

Using Eqs. A.17 t o  A.19 in Eqs. A.14 and A.15 and solving 
for the strains yields 
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1 
E x y  = - 

2G uxr 
1. 

f y z  = 0 Y Z  

(A.21) 

(A.22) 

In addition to  the elongations caused by applied 
stresses, a change in temperature produces normal strains 
(but  not shear strains) given by 

(fu)thermal = CY AT (A.23) 

where cy is the coefficient of linear thermal expansion and 
AT is the temperature rise with respect to  a reference 
temperature. The thermal component given by Eq. A.23 is 
added to  each of the normal strains given by Eq. A.21 to  
produce the total strain. 

Effects other than applied stress or  temperature change 
can contribute to  the strain. In analyses of the performance 
of reactor fuel elements, for example, the elongations of 
Eq. A.21 are supplemented by contributions due t o  creep 
and fission-product swelling. Like the thermal component 
of the strain, these effects are accommodated into the 
stress-strain relations by adding appropriate terms t o  the 
right-hand sides of Eq. A.21. Relations such as Eqs. A.21 
and A.22 t o  which other sources of displacement have been 
appended are known as constitutive relations. 

A.5 ELASTIC STRAIN ENERGY 

(A. 24 ) 
1 
2 

E,, = -FE 

In a three-dimensional elastic medium, the single 
force F is replace'd by the components of the stress tensor. 
and the strain is represented by the deformation t, onsor. 
The strain energy per unit volume is 

+- ~u,,E,,  4 ~ u ~ ~ E ~ ~ )  (A.25) 

The elastic-energy density can also be written i i i  terms o f  
the stresses alone by substituting Eq. A.21 into Eq. A.25: 

1 
2G + U~~U,,)  + 7 ( u i y  + o:, + u t z )  (A.26) 

For the case of a simple hydrostatic stress system 
(u,, = oyy = uzz = u and oxy = ox, = u y z =  0), Ey. A.26 
reduces t o  

where 

E 
3(1 - 2 ~ )  

K =  ____ 

is stored as internal energy, or elastic strain energy, in the 
medium. 

The strain energy can best be illustrated by considering 
the one-dimensional arialog of the solid, namely, the elastic 
string. If sufficient force is applied t o  a string to  extend its 
length from xo to x f ,  the work done in the  process is 

(A.27) 

is the bulk modulus, which is the reciprocal of the 
coefficient of compressibility (see problem 1.5, Chap. 1). 

A.6 CYLINDRICAL COORDINATES The strain of a solid as a result of applied stresses 
means that work has been done on the material. This work 

Here k is the Hooke's law constant of the string. The force 
on  the  string in the final state is 

The work done can also be written as 

1 
2 

W =-F(xF -xO) 

The  elastic energy Eel stored in a unit length of string is 
W/xo. The strain E of the string is (xf - xo)/xo.  Dividing 
the  preceding formula by the initial length yields 

(A.28) 

The behavior of a solid under applied stresses is 
determined by simultaneous application of the equilibrium 
c o n d i t i o n s  (Sec. A . l ) ,  the compatibility conditions 
(Sec. A.3), and a s t resss t ra in  relation (Sec. A.4). Strains 
and displacements are related by the components of the 
deformation tensor (Sec. A.2). 

The analysis up to  this point has been conducted in 
terms of Cartesian coordinates. However, many important 
problems (e.g., the stresses around a dislocation or  in a 
reactor fuel element) are more conveniently treated in 
cylindrical coordinates. For this purpose the four relations 
listed in the preceding paragraph must be transformed from 
rectangularlto cylindrical coordinates. 

Transformation of the stress-strain relation requires 
only the replacement of x, y, and z in Eqs. A.21 and A.22 
by the radial, azimuthal, and axial coordinates r, 0 ,  and z. 

Since the number of relevant strain components is 
considerably reduced when simple shapes are treated, the 
compatibility relations for cylindiical coordinates are best 
determined from the set of strain components peculiar to 
the problem at  hand. The method of generating com- 
patibility relations for cylindrical coordinates is analogous 
t o  that used in Sec. A.3 for rectangular coordinates. 
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Transformation of the equilibrium relations and the 
components of the deformation tensor is straightforward 
but tedious. The results are 

Equilibrium conditions: 

Components of the deformation tensor: 

2 

4 

I t 0  r 

(A.33) 

Stress components and displacements in cylindrical 
coordinates are shown in Fig. A.4. The 0-direction is 
orthogonal to the  radial and axial directions. 

A.7 NOMENCLATURE 

qj = coefficients of generalized Hooke’s law (elastic 
moduli) 

E = Young’s modulus 

F = force 
G = shear modulus 

K = bulk modulus 
n = outward normal to surface 

E,, = elastic strain energy per unit volume 

i,j,k = unit vectors 

r,0 ,z = cylindrical coordinates 

Fig. A.4 Stress components and displacements in the 
cylindrical coordinate system. 

Sij = strain tensor 
T = temperature 

W = work 
u,v,w = components of displacement vector 

x,y,z = Cartesian coordinates 

Greek Letters 
(Y = coefficient of linear thermal expansion 
6 = volume dilation 

cij = symmetric deformation tensor (strain components) 
X,p = Lame constants for an isotropic solid 

v = Poisson’s ratio 
uij = stress tensor (stress components) 
wij = skew-symmetric rotation tensor 

A.8 ADDITIONAL READING 

1. J. Weertman and J. R. Weertman, Elementary Dis- 
location Theory,  Chap. 2, The Macmillan Company, New 
York, 1964. 

2. Z. Zudans, T. C. Yen, and W. H. Steigelmann, Thermal 
Stress Techniques in the Nuclear Industry, Chap. 3, 
American Elsevier Publishing Company, Inc., New York, 
1965. 
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in steel, 419, 422, 564-565 
transport in sodium, 547-548 

Carburization, 519, 544, 548-552 
Cascade 

computer simulation of, 402-403 
displacement, 373 
isolated, 373-374 
overlap, 407 

Cation, 29, 1 4 6  
Center-of-mass coordinates, 375 
Central void 

growth during restructuring, 133 
in irradiated fuel, 131, 274, 286 
temperature boundary condition at, 

3 28, 134  
Cesium 

103 
critical compressibility factor of, 

fission yield, 172-174 
in fuel-cladding gap, 188 
and fuel swelling, 1 9 5  
gaseous, ionization of, 54 
migration in fuel, 184  
See also specific compound 

Cesium chloride structure, 29, 41  
Channeling, 394-395, 402, 406, 416 
Charge of a moving ion, effective, 382 
Charpy V-notch test, 428-429 
Chemical potential 

in chemically reacting systems, 

in diffusion, 77-78 
of interstitials in solids, 484, 494 
in statistical mechanics, 1, 7 
of vacancies in solids, 69, 472, 485, 

of a void, 472, 477 

43-45 

494 

Chemical reaction-rate theory, 206, 

Chemical stress, 233, 501-502 
Chromium 

composition in steel, 419 
corrosion by liquid sodium, 528-530 
effect on carbon activity in steel, 

solubility in liquid sodium, 529 
in stainless steel, chemical attack by 

480-483, 515 

544 

fuel, 186-187, 198 

brittle fracture of, 419 
corrosion by fuel, 186-193 
irradiation effects in, 419 
in LWRs and LMFBRs, 118,  418 
strains during irradiation, 580-582 

Classical statistical mechanics, 101 
Clausius-Clapyron equation, 38 
Cleavage, 340 
Climb of dislocations, 86, 92-94 

Cladding 

effect of irradiation on, 510-511 
force causing, 88-89 
velocity of ,  346-348, 372 

in bcc crystals, 30, 83 
in fcc crystals, 28, 83 

Close-packed planes 

Close-packed structures, 28-29 

COZ 
equilibrium constant of reaction 

CO + %02 = COa,  149-150 
role in oxygen redistribution, 

standard free energy of formation 
161-163 

of. 1 6 3  
Coalescence 

of bubbles, on  dislocation lines, 254 
in matrix, 216-219, 243-249 
of pores on a grain boundary, ,281 

Coherent precipitates, 437-438, 484, 

Cohesive energy, 14,  29, 31 
Colburn j-factor, 523  
Cold work, 445 

Collision 

48 6-4 90 

effect on void swelling, 467, 491 

relative kinetic energy of, 377 
relative speed of, 376 

Collision density, 378, 412 
Columnar grains, 131-132, 265, 267, 

215 
growth rate of, 275-278 

Combinatorial factor (see 
Configurational partition function) 

Combinatorial numbers 
for divacancy formation, 207 
in Greenwood-Speight model, 244 
for interstitial clusters, 481 
for point-defect trapping 011 

dislocations, 210 
for shallow traps in fuel, 312 
for a sphere, 216, 31 0 
for vacancy-intersti t.ial 

recombination, 208 
for voids in metals, 473, 477 
for xenon atotn interactions, 209, 

COMETH!CRASH fuel-modeling L_" 

Compatibility relations, 600 
Compressibility, coefficient of, 13, 

1 1 0 , 1 1 9 ,  385, 601 
Compressibility factor, 102-103 

critical, for various fluids, 1 0 3  
xenon, 202 

Condensation coefficient, 272-273, 
28 5 

Conductivity integral, 129-131 
Configurational entropy, 48, 473  
Configurational partition function, 

47-49 
for divacancies in a crystal, 6 0  
for ionic solids, 6 3  
of liquids, 1 0 1  

223-224 .J 

code, 566, 583 

Congruent melting of U02,  116  
Congruent vaporization, 1 6 0  
Constitutive relations, 571, 579, 

Contact pressure (interfacial 
589-591, 600-601 

pressure), 118, 138,  363., 574, 
581-582, 595 

497-499 
Continuity equation for void growth, 

Conversion ratio, 129, 143, 181 
Core clamp, 585 

c Core of dislocation, 87, 264 
Corresponding states, principle of, 

100-101 
Corrosion of steel 

by fuel, 186-193 
by liquid sodium, 518 

effect of mass-transfer resistance 

effect on mechanical properties 

effect of sodium velocity on, 523  
temperature dependence of ,  522 
velocity of, 524, 531 
Weeks--1saacs model of, 532-533 

on, 522-525 

of steel, 530-532 

Cottrell-Petch theory, 456-458 
Cracks 

and actinide redistribution, 169  
in brittle material (Griffith theory), 

in BUBL code, 259 
formation during power cycling, 326 
in fuel, 131-132, 287, 372, 577-579 
and oxygen redistribution, 160-163 
and pore generation, 266 
wedge-type, 446-449, 461. 

338-341 

CRASIB code, 587, 592 
Cr2 C6 (see Carbides) 
Creep, 97-98, 419 

diffusional, 341 
effect of radiation on, in oxides, 

in fuel elements, 572-573, 582 
irradiation (see Irradiation creep) 
modulus, 573 
in oxide fuels, 353-357 
power law, 353 
primary, 97, 573 
theories of, dislocation climb, 

360-362 

348-351, 573  
grain-boundary sliding, 351-353 
Nabarro-Herring model, 341-343, 

vacancy transport in grain 
573 

boundaries (Coble model), 
344-345, 461 

Creep rupture, 426, 428, 443, 554 
Critical constants, 1 0 2  

of U O l ,  103, 106  
of xenon, 202 

Critical resolved shear stress, 83 
Critical size for bubble detachment 

Critical stress 
from defects, 250, 254 

for cracking, 447-448, 453, 456, 

for glide of dislocation loops, 496 
for unlimited void or bubble growth, 

461 

4 5 3 , 4 9 3  
Cross section 

anisotropic scattering, 397 
Coulomb, 220 
definition, 377 
displacement, 396-399, 404 
elastic scattering in steel, 484 
for energy transfer, 380-382, 416 
for fission by fast and thermal 

neutrons, 114, 129  

n 
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hard sphere, 381 
inelastic scattering, 397-398 
of (n, a )  reactions, 452 

Crowdion, dynamic, 392, 405 
Crystal axis vectors, 24, 26 
Crystal structure, basis of, 25 
CsFeOz, 192  
CsI, 304 
C S ~ M O O ~ ,  163, 184, 1 9 0  
C S ? ; ~ ,  163,  179, 184, 190, 192  
CS?; UO‘1, 184  

Damage functions, 399-400 
DBTT (see Ductile-to-brittle 

transition temperature) 
Debye frequency, 1 9  
Debye temperature, 19,  119, 121, 124  
Decarburization, 519, 548 
Deflection of beam, 590, 596 
Densification, 113, 133, 265, 364, 366 
Density 

of gas in bubble, 203 
of nuclear fuels, 30 
of solids, theoretical, 127 
of U 0 2 ,  1 1 4  

Density of states, 2 
electrons, 3 3  
ideal gas, 11 

Depleted zones, 374, 404, 421, 432, 
483, 501, 505 

annealing of, 435-437 
Deposition, 519, 533-536 
Detailed balancing, principle of, 5 3  

applied t o  vacancy emission from a 

applied t o  vaporization, 272 
applied to  void nucleation, 473  

Diametral strain, 428, 580, 595 
Diamond structure, 25 
Diffusion 

81 

dislocation, 347 

activation energy of, 72, 76-77, 

atomic motions in, 71-72 
of bubbles, 236-237 
to dislocations, 214-215 
Fick’s laws of, 70-71 
grain boundary, 344-345 
mechanisms, interstitial diffusion in 

bcc crystals, 74 
self-diffusion in fcc crystals, 74-75 

molecular, 70 
radiation-enhanced, 206, 230, 263, 

357, 360, 367 
t o  spherical sinks, 211-214 
surface, 79-80, 236 
thermal, 77-79, 237 
with trapping, 304-314 
trapping length, 209-210, 306, 

309-310 
Diffusion coefficient 

apparent, of Xe in fuel, 300, 308, 

of bubbles, 217, 236-237 
of carbon in steel, 548 
definition of, 70 
effect of radiation on, 206, 230, 

315 

263, 357, 360, 367 

empirical, of Xe in fuel, 301, 313 
formula for, Einstein, 74 
grain boundary, 345, 352 
of helium in stzinless steel, 515 
of iron in liquid sodium, 523  
of iron, nickel, and chromium in 

measurement of, 81 
of oxygen in U 0 2 ,  560 
of plutonium in oxide fuels, 166  
surface, 19, 236 
temperature dependence of, 77 
of U4+ in UOz, 241, 355-357 
of UO?; vapor in helium and xenon, 

vacancies and interstitials, 205, 483  

steel, 532 

270-27 1 

4-43-g--5-o.-5Q3?> Dislocation-.line (bowing of, 91, 432,-“\\ I 
c-.L-.’______.__ ~ - 1 - 1  / Disodium acetylide (see Naz C2 ) 

Dispersion relation, 18 
Displaced atoms, number of 

in a fast-neutron flux, 396-399, 

with focusing or channeling, 396 
with inverse power potential, 387 
due t o  ion bombardment, 400-402 
Kinchin-Pease model, 386-387 
Lindhard’s model, 389 
in a thermal neutron flux, 396 

484, 501, 507 

\\Displacement (atomic) 
\ cascade, 373 
\ cross section. 396-399. 404 
I mean free path, 404 

spike, 374, 404-406 
threshold, 383-386, 415 

of xenon in solid U 0 2 ,  205-206, 313 
volume, 240, 343, 355 

573-575 

t Diffusional creep, 341 
Diffusional release of fission 1 isplacement (mechanical), 598 / radial, in fuel elements, 571, 
Diinterstitial, 481 / around a screw dislocation, 06 Dilation, 587 
Dipole, 95, 334, 340 

products from fuel, 299-300 

in single crystals, 83-84 / Displacements per a tom (dpa), 
Dislocation j 401-402, 416 

d 

array, 9 5  
attached to  voids, equilibrium 

configuration, 494-495 
bias towards interstitials, 263-264, 

357 465 485 491 ,v---.:-.-”,. 2 ._.I.?A __.- _-I-. __--”.---- 
,bubble nucleation on, 226 
capture radius, 210, 214, 264, 465 
climb, 86, 88-89, 92-94, 346-348, 

core of, 87, 264 
density of, in solid, 8 9  
diffusion of point defects to, 

dipole, 95 
edge, 84-85 

forces on, 88-89 
glide, 86, 90 

immobile, 93, 348, 512 
interaction with impurities, 90, 456 
line tension, 87-88 

dislocation 

372, 510-512 

214-215, 263-264 

See also.Edge dislocation 

See also Glide of dislocations 

See also Line tension of a 

loop, 86, 92, 99, 421-422’ 
mobile, 348, 512 
multiplication of, 9 0  
network, 252, 431, 467, 469, 484, 

pileup, 94-95, 99, 348, 430, 447, 

pinning, 90-91, 348 
pinning of bubbles by, 249-250, 

‘&crew, 85-86, 87, 88-89 

500 

456, 511 

252-255 

in small-angle grain boundaries, 9 6  
I strain energy of, 86-87 

trapping of point defects, 210, 306 
in U 0 2 ,  333-335 1 velocity, 92, 346-348, 510 

Dislocation channeling, 442-443 

t 

i 
I 

i 
Distance of closest approach, 377, 

Distribution coefficient of oxygen 
381, 392, 410 

between sodium and vanadium, 540, 
564 

fission-gas bubbles in UO2, 233-235, 

helium bubbles in cladding, 479 
vacancy clusters, 472-473, 506 
voids in metals, 465-466, 473, 478, 

Distribution function 

254-258 

497, 515 
Divacancy, 56 

equilibrium concentration, Cl! 61 
formation rate, 206-208 

Divergence theorem, 71, 598 
Dollar of reactivity, 586 
Doping, 6 3  

of UOz ,  effect on diffusion 
coefficient, 80, 205 

Doppler coefficient, 1 0 0  
Dorn theta parameter, 428 
Duct (wrapper), 118, 583, 587, 589 
Ductile fracture in U 0 2 ,  338 
Ductile-to-brittle transition 

temperature, 337, 341, 419, 429, 
457 

Ductility, 426, 454, 553  
Dulong and Petit (law of), 20, 1 2 0  
Dynamic crowdion, 392, 405 

Edge dislocation, 84-85 
climb ofj 346-348 
in fcc and bcc structures, 9 8  
forces on, 88-89 
interaction with faulted loops, 

interactions between, 92-94 
stress field around, 87, 9 8  
in U 0 2 ,  333-334 

439-440, 461  
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Effective charge of a moving ion, 382 
Einstein 

formula for diffusion coefficient, 74 
formula for surface-diffusion 

model of solid, 17,  47, 76 
temperature, 1 7  

Elastic collision, 375 
Elastic energy density, 242, 340, 427, 

Elastic moduli, 600 
Elastic waves in crystal, 17-19, 22 
Electrical neutrality in crystal, 63, 65, 

Electrochemical cell 

sodium, 543  

sodium, 539, 564 

fuel, 150-151 
Electron affinity, 34 
Electron microprobe, 175, 185,  188, 

Electron microscope, 419-420 
Electron radiation damage to solids, 

Electronic disorder, 6 2  
Elongation, 599 

coefficient, 79, 236 

438, 601 

179-180, 356 

for measuring carbon activity in 

for measuring oxygen activity in 

for measuring oxygen potential of 

532 

416, 435 

a t  failure, 428, 443, 450 
of fuel assemblies, 585-587 

46 2 
Embrittlement, 419, 426, 451, 454, 

Empirical diffusion coefficient, 

Endothermic reaction, 46 
Energy 

301-303, 313, 332 

activation, of diffusion, 72, 76-77, 
79, 81, 205, 355, 483, 500 

for applicability of equivalent hard 
sphere model, 381 

of bonds, 38, 384, 415 
cohesive, 14,  31, 1 0 1  
Coulomb, 32, 40 
of dislocation loop, 464, 480, 485, 

dissociation, 38 
Fermi, 33, 382 
of formation 

508 

Frenkel defect, 65, 80 
interstitial, 61, 480, 483 
Schottky defect, 64, 80 
vacancy, 59-60, 472 

of motion, 77, 79, 205, 355, 500 
of neutralization of moving ion, 382 
of reaction, 46 
in statistical mechanics, 4 
of sublimation, 32, 384 
of transition from electronic 

stopping to  atom-atom scattering, 
381 

of void surface, 464 
zero point, 1 6  

Engineering stress and strain, 424 
Enrichment of fuel, 114-115, 181 
Ensemble 

canonical, 1-2 

definition, 1 
grand canonical, 1, 1 7  
microcanonical, 1-3 

partial molar, of oxygen in fuel, 

of reaction, 51  
in statistical mechanics, 6 

of vacancy formation, 231 
of vaporization, 1 0 5  

configurational, 48 
excess, 53, 59, 61, 77 
of mixing, 47-48, 51-52 
of motion, 77, 205, 355 
partial molar, of oxygen in fuel, 

of reaction, 51 
in statistical mechanics, 5 
of vaporization, 1 0 5  

Equation of state 
caloric, 100  
Debye, 21, 110  
fundamental, 100 
Gruneisen, 20, 110 
microscopic basis, 100  
reduced, 102-103 
thermal, 1 0 0  
universal, 102-103 
of U02,  100, 106-112 
xenon, 202 

Equiaxed grains, 131-132 
growth kinetics, 278-282 

Equilibration tabs, 543-544 
Equilibrium 

Enthalpy 

151, 1 7 1  

of u 0 , , 1 2 0  

Entropy 

151, 171  

bubble, 233 
in chemical systems, 44-45 
divacancy concentration, 60-61 
Frenkel defects, 64-65, 355 
in ideal-gas mixture, 45-47 
interstitial concentration, 61, 472 
jog density on dislocations, 347 
between phases, 44, 49 
Schottky defects, 62-64, 355 
in solids, 47 
in statistical mechanics, 23, 45 
vacancy concentration, 57-60, 75, 

436 ,472  
Equilibrium conditions inelasticity 

Equilibrium constant 
theory, 571, 588-589, 597-598, 602 

in ideal-gas chemical reactions, 

in solid with defects, 48 

299, 313, 315 

573 

46-47, 49-51 

Equivalent sphere model of fuel, 199, 

Equivalent stress and strain, 368, 427, 

Eulerian continuity equation, 436, 

Excitation energy for inelastic 

Exothermic reaction, 46 
Extensive property, 5 

4 9 7 , 4 9 9  

scattering, 397 

Face-centered cubic lattice, 24 
interstitial sites in, 57 
self-diffusion in, 74-75 

Fast reactor (see LMFBR) 
Faulted dislocation loop, 421, 439, 

Fez 3 C6 (see Carbides) 
Fe0.(Na2 O), (see Sodium ferrite) 
Fermi energy, 33, 382 
Fermi-Dirac statistics, 12-13 

distribution function, 9 
partition function for, 8 

composition of, 418-419 
DBTT of, 458 
decarburization of, 548 
layer formed on stainless steel by 

464, 469-470 

Ferritic steel 

liquid-sodium corrosion, 532-533 
Fick’s laws of diffusion, 70-71 
FIMA (fissions per initial metal atom), 

114 
Fission 

cross section, 114 
density, 114 
rate per unit volume, 114 
spike, 206 

Fission-enhanced and -induced 
creep, 360 

Fission fragments, 289, 291, 

Fission gases 
358-360, 407, 415 

bubbles in fuel, 200 
density in fuel, 203 
engineering release calculations, 

equation of state, 202 
fuel swelling when solid-like, 198, 

interaction between, 208 
trapping by defects, 209 
yields, 172-175, 202 

chemical states of, 177-180 
elemental yields of, 174,  181  
gaseous, in fuel modeling codes, 

knockout release, 294-299 
recoil release, 293 
release-to-birth rate ratio, 297 

324-328, 332 

203 

Fission products 

567-568 

migration in fuel, 184-186 
physical states, 175-177 
solid, swelling due to, 193-195,.203 

Fission yields, 172-175, 202 
Flow stress, 425 
Fluence, 114, 399, 441, 466, 469 
Fluorite structure, 30, 62, 147, 193, 

Flux 
334 

definition, 378 
of fission fragments in fuel, 408-409 
neutron, axial profile in fuel 

element, 595 

131  
depression in LWR fuel pins, 129, 

spectrum in reactors, 374, 
398-399, 416 

of recoil atoms in fuel, 410-413 

n 



Focusing, 385, 390-392, 403, 415-416 
Force 

on atoms in a crystal, 403  
balance on  bubble surface, 202 
on a bubble, 320 

due to dislocations and grain 

due t o  stress gradients, 241-243 
due t o  a temperature gradient, 

on  dislocations, 88-89, 93, 95, 348, 

on grain boundaries, 278-279 
Force constants of potential functions 

He-U02 and Xe-U02, 271 
parabolic approximation, 384-385, 

Fourier’s law of heat conduction, 78, 

Fowler-Smithells equation, 55  
Fractional release, 300-301 
Fracture 

boundaries, 250 

238, 243, 281 

431 ,439,  461 

394 

1 2 1  

stress, 339-341, 448, 456-457, 461 
in U 0 2 ,  337-338 

Frank dislocation loop, 421, 498, 512 
Frank-Read dislocation source, 90-91, 

Free-electron model of metals, 32 
Free energy (see Gibbs free energy) 
Frenkel defects, 64-65 

94-95, 348-350, 430, 455-456 

in mixed-oxide fuels, 146 
in U02,  68, 80-81, 120, 355 

yield due t o  fast neutrons, 484 
yield in fission, 204-205, 357, 

Frequency spectrum of solid, 1 6  

Frenkel pairs, 69, 404 

408-410 

Debye, 19,  23 
Einstein, 17,  23 

Friction, 555, 575-577, 582 
Friction factor, 523 
Friction hardening, 430-432, 456 
FTR (Fast Test Reactor), 115  
Fuel 

equivalent sphere model of, 199, 

modeling codes for, 560 
surface temperature of, 135, 277, 

299, 313, 315 

326 
Fuel assembly, 115, 117, 584 
Fuel-cladding chemical reaction, 

Fuel-cladding gap 
186.193, 197, 567 

closure during startup, 570-571 
conductance of, 136-139 
in fuel modeling codes, 574, 576, 

580-581 
Fuel element, 566 

limiting conditions on  operation of, 
115  

LMFBR, 115-116, 118 
LWR, 115,  118 
mechanical modeling during 

/ \  irradiation, 5 7 1-5 77 
operation with central melting, 130  
temperature distribution in, 

127-136, 1 4 3  

INDEX 

i thermal performance, 140-141 
wire-wrapped, 116, 586 

Fusion, heat of, 13,  105-106, 1 1 2  

Gamma phase, 422 
Gap (see Fuel-cladding gap) 
Germanium, 60 
Gibbs free energy 

f 
L... 

in chemical equilibrium, 44 
of elemental solids, 52  
of ideal-gas mixture, 49-50 
in ionic solids, 6 3  
of loop formation, 485 
partial molar, of oxygen in fuel, 

in statistical mechanics, 6 
of void formation, 478 
of voids, 473, 477 
of voids connected by dislocations, 

149, 1 5 1  

494 
Gibbs phase rule, 145, 1 4 9  
Gibbs theorem, 52 
Glide of dislocations, 8 6  

during creep, 348, 350 
force causing, 88-89 
shear strain resulting from, 91-92 
of unfaulted loops, 469, 496 

Gold, swelling of, 464 
Grain boundaries, 96-97 

accumulation of gas on, 314-318 
corrosive attack by fuel, 188 
diffusion in, 344-345 
pinning of bubbles by, 250-251, 

as sinks for point defects in metals, 
484, 515 

as sinks for vacancies in UOz, 362 
sliding, 351 
and steel carburization, 552 
tension in, 99, 249-250, 279 
thickness of, 344, 352 
as trapping centers, 306 
triple point, 352, 446 
vacancy diffusion in, 344, 352, 

velocity of, 320-321 
voids on, 363, 449 

256-258 

449-450 

Grain growth, 113,  132, 278-282, 

Grains in polycrystals, 96-97 
285, 320-322, 362 

deformation by applied stress, 351 
in U02,  252 

bonding in, 42 
in HTGR, 144  
specific heat of, 23 
structure, 39 

GRASS code, 248, 251 
Greenwood-Speight swelling model, 

Grid plate, 584, 589 
Griffith energy criterion, 447 
Ground state, 4 

mixture, 46 

Graphite 

243-244 : 

of components in an ideal-gas 

Growth of gas bubbles in solids, 227 
by coalescence, 243, 249 

.’ / . .  

607 
,/“ 

( g‘’,‘, ., 1 ; (-. ,. /‘*--I 

-.,, :. , ! 5 ’ ;. 
effect of stress on, 233 
nonequilibrium, 230-233 
with re-solution, 228-230 

for carbide precipitates in steel, 551 
for depleted zones in a metal, 436 
for dislocation loops, 516 
for grain-boundary voids, 450, 461 
for helium bubbles on  grain 

for voids in metals, 490-492, 497, 

Growth law 
c- 

boundaries, 4 5 2-4 5 3 

516 
Gruber’s method, 244-248 
Gruneisen parameter, 23, 42, 110 
Guide tube, 584 

Handling head, 584 
Hard-sphere scattering, 373 

equivalent hard-sphere radius, 381, 
404, 410 

Hardness, Meyer, 138 
Heat capacity (see Specific heat) 
Heat-transfer coefficient 

fuel-cladding gap, 136-139 
sodium in LMFBR, 1 3 5  

Heat of transport, 78, 239 
for oxygen migration in fuel, 

for plutonium migration in fuel, 166  
for surface diffusion, 80, 237 
for vacancy diffusion, 241 

bubbles, on grain boundaries, 

164-165 

Helium 

452-454 
in irradiated steel, 417, 423, 442 

of U02 in, 271 
diffusion coefficient, in steel, 515 

effect on void formation, 465, 471, 

embrittlement, 451, 455, 462 
production rate in metals by fast 

neutrons, 451-452, 461 
solubility in metals, 54, 477 

476-480, 492-494 

Helmholz free energy, 5 
Henry’s law 

carbon in sodium, 542 
Na2O in sodium, 526, 557 

Heterogeneous nucleation 
of fission-gas bubbles in UOz, 222, 

of voids in metals, 471, 477, 
225-226 

479-480 
Hexagonal close-packed structure, 25 
Homogeneous nucleation 

fission-gas bubbles in fuel, 222-225 
helium bubbles in metal, 515 
interstitial loops, 480-483 
vacancy loops, 505 
voids in metals, 471-480 

Hooke’s law, 86, 336, 339, 4 2 5 , 6 0 0  
Hot pressing, 265, 364, 367-369, 

HTGR (high-temperature gas-cooled 
reactor), 143, 331 

Hydrogen 
diffusion in metals, 77, 81 

A m b r i t t l e m e n t  of zircaloy, 79 
L--. 

3 7 2 , 5 7 2  
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meters in liquid sodium, 537-539 
in oxide fuels, 150,  153, 161, 1 7 1  
solubility, in metals, 55  

in sodium, 538, 564 
Hyperstoichiometric oxide fuels, 11 3, 

Iypostoichiometric oxide fuels, 113, 
146, 153, 157 

146. 153, 155-157 

Ideal gas 
in bubbles, 203 
chemical equilibrium in, 45-47, 

definition, 6 ,  1 0 3  
entropy of, 13 

of molybdenum in fuel and 

in oxide fuels, 146,  155  

Image dislocations, 497, 516 
Impact test, 428-429 
Inclusions (metallic), 176,  180, 185,  

Incoherent precipitates, 438, 484, 515 
Incompressibility condition, 572 
Inconel, 467, 491 
Incubation period for void formation, 

Independent fission yield, 1 7 2  
Indistinguishability of particles, 6, 47 
1 ;]elastic scattering, excitation energy 

Inelastic strain, 580-582 
In-pile creep, 360 
In-pile gas release, 288-289, 301-302, 

Intensive property, 5, 106  
Interfacial pressure, 118, 138, 361, 

Intergranular corrosion of cladding, 

Intergranular fracture, 337 
Intergranular gas bubbles, 260, 315 
Intermediate heat exchanger, 519, 

Interstitial, 56 

49-52 

Ideal solution 

metallic inclusions, 182, 197 

IHX, 519, 553-554 

194, 197, 238, 272, 285 

463, 466, 471, 497, 515 

for, 397 

31 1-313 

574, 581-582, 595 

188 

553-554 

absorption, by dislocations, 486 

composition of steel, 419 
diffusion coefficient, 74, 205 
dislocation loop, 421, 469-470, 

emission from loops, 480 
equilibrium concentration in solid, 

formation energy, 6 1  
impurities, 57, 519 
migration energy, 483 
on oxygen sublattice in UO;!, 147  
sites for in crystal, 56-57 

by voids, 484 

480-483, 508-509 

61, 472 

See also Octahedral and 
Tetrahedral interstitial sites 

split, 57, 67 
Intragranular gas bubbles, 260, 315 

Iodine 
effect on  stainless-steel corrosion, 

fission product, 174,  180, 184  
in fuel-cladding gap, 188 

displacements due to, 400-402 
for implanting atoms in fuel, 288 

bonding in, 34-38 
crystal structure of, 29-30 

190-191 

Ion bombardment 

Ionic solid 

Ionization potential, 34 
Iron 

corrosion by sodium, 525, 528 
diffusion coefficient in sodium, 523 
solubility in sodium, 524, 529 
in stainless steel, chemical attack by 

fuel, 186-187, 190-193 
Irradiation creep 

effect on bowing of fuel assemblies, 

in metals, 499-512 
due to climb-controlled dislocation 

glide, 510-51 2 
due t o  stress-oriented loop nuclea- 

tion, 508-509 
transient, 500-504 
due to vacancy disk collapse, 

590-592, 596 

505-508, 517, 590 
in oxide fuels, 357-360 

Isotope effect on diffusion, 81 

Jellium model, 32 

Jump distance 
Jog, 90, 210, 346-345 

of bubble, 236, 240 
for diffusion, 72 
for surface diffusion, 79, 236 
of temperature in gas, 136,  144  

Jump frequency, 72, 75-77, 81 
of bubble, 236, 239-240 
during displacement-spike annealing, 

for surface diffusion, 79,  236 
in thermal spike, 359-360 

407 

Junction, 431, 443  

Kinchin-Pease theory, 386-387, 4 0 6 ,  

Kinetic theory of gases 
diffusivi ty , 270-27 1 
mean free path, 137 
temperature jump distance, 136  
thermal conductivity, 1 2 1  

416, 435-436 

Kink site on surface, 240 
Knock-on atoms, 205, 290-291, 316, 

Knockout, 287, 290, 293-299 
Knudsen cell, 158-159 
Krypton 

373 

release from U O z ,  296-298, 306 
yields from fission, 202 

See also Fission gases 

Laboratory coordinates, 375 
Lagrangian continuity equation, 436, 

Lam; coefficients, 600 
Laplace transform, 300-301, 308, 

Lattice constant, 25 
of nuclear fuels, 30 
in ( U,Pu)02,  124  

in creep models, 352 
on surface, 273 

499, 517 

316-317 

Ledge 

Legendre polynomials, 342, 344 
Lenticular pores, 265, 323 
Life fraction rule, 331, 454, 462, 570 
LIFE fuel modeling code, 361, 566, 

Lindhard’s energy partitioning theory, 

Line tension of a dislocation, 87-88, 

Linear power 

571, 573, 577, 579-580 

387-389, 416 

98, 249, 347, 438 

definition, 1 2 8  
effect on  fission-gas release, 303-304, 

effect on fuel cracking, 578, 594 
in nuclear reactors, 118 

LMFBR (liquid-metal fast breeder 
reactor), 100, 113, 418, 463, 

324-325 

518-519, 585 
Loops (point defect), 421-422, 439, 

464, 480-483, 485-486, 505, 
508-509 

Loops (sodium), 521, 524-525, 563 
Luders strain, 425 
LWR (light-water reactor), 113, 331, 

418 

Macrostate, 1 
Madelung constant, 26 
Markin-Rand-Roberts model, 1 6 1  
Mass action, law of 

carbon reaction with FeO, 543 
carbon in sodium, 542 
chromium oxidation in stainless 

divacancy formation, 6 1  
Frenkel defects, 64 
in ideal gases, 46 
molybdenum in fuel, 182  
oxygen 

steel, 186  

in sodium, 540 
in vanadium, 540 

Schottky defects, 64 
in semiconductors, 54 
i n  solids with defects, 48 

Mass spectrometer, 158-159 
Mass transfer in liquid sodium, 

Materials input functions to  fuel 

Matrix corrosion of cladding by fuel, 

Maxwell-Boltzmann distribution, 9 

522-525 

modeling codes, 566 

188 

mean velocity of, in one dimension, 
76 

n 
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Maxwell relation, 106  
Mean free path 

collision, 378 
displacement, 404 
in gas, 136  
of helium and xenon, 137  
neutrons, 129  
phonons, 121  

Meters for monitoring sodiurn purity, 

Microstate, 1 
Microstructure 

520, 536-537 

of fuel in BURL code, 253 
o f  irradiated steel, 419-423 
sinks for point defects, 484 
of steel exposed t o  liquid sodium, 

traps for fission-gas atoms in, 306 
of uranium carbide, 97 

brine cubes in salt, 285-286 
bubbles, biased, 237-238 

533 

Migration in solids 

random, 236-237 
in a stress gradient, 241-243 
surface-diffusion mechanism, 

volume-diffusion mechanism, 
236-238 

239-241 
pores, migration velocity, 270-271, 

276, 284 
redistribution in fuel pin, 273-275 
in UC, 270 

vacancies and interstitials, 204 
xenon, 205 

of Burgers vector, 83 

point defects in solids, 210, 215-216, 

sodium corrosion of steel, 522 

melting point of, 117-118 
oxygen potential of, 148-155 
phase diagram, 147  

components of, 4 3  
ideal gas, partition function of, 

Miller indices, 26 

Mixed kinetic control of reaction 

474 

Mixed-oxide fuel, 113 

Mixture 

45-46 
Mobility, 238 

of grain boundary, 279 
of pore, 280 

fission yield of, 174  
in fuel, 177, 180-182, 186, 195, 197  
void growth in, 516 

Moment, 589 
Moment of inertia, 589 
Momentum conservation in elastic 

Monoclinic structure, 27 

Molybdenum 

collision, 375 

 MOO^, 163, 177, 185  
disproportionation, 1 9 8  
standard free energy of formation, 

standard free energy of vaporization, 
1 8 2  

198 
Mutual diffusion. 74  

MWDiMTU (megawatt days per metric 
ton of uranium), 114  

Nabarro-Herring creep, 34 2 -343 
effect of radiation on,  358 

Na2 C 2 ,  standard free energy of 
formation, 541 

NazCO3, 542 
NaH, 537 

standard free energy of Formation, 
538, 564 

N a 2 0 ,  520, 534 

526, 564 
standard free energy of formation, 

NaOH, 539 
Naz Si03 

standard free energy of formation, 
564 

Na3 U04,  520, 555 
density of, 559 
kinetics of formation in fuel, 

standard free energy of formation, 

NDT (see Nil ductility temperature) 
Nearest-neighbor atoms, 14 ,  60  
Nearest-neighbor sites, 72, 75, 79 
Necking, 338, 424 
Nernst-Einstein equation, 238, 264, 

280 
Neutron 

diffusion, 71, 129  
energy spectrum in reaclors, 114, 

fission spectrum of, 416 
fluence, 114, 115  

559-562 

558 

398 

flux, 114, 115, 367, 374, 398-399, 
416 

See also Flux, neutron 

composition in steel, 419 
corrosion by liquid sodium, 528  
effect on  carbon activity in austenite, 

Ni-NiO equilibrium, 1 5 0  
reaction wi,th thermal neutrons, 451  
solubility in liquid sodium, 529 
in stainless steel, chemical attack by 

Nickel 

544 

fuel, 186-187 
Nil ductility temperature, 337, 419, 

Normal coordinates, 15 
Normal stress, 597 

429, 458 

effect on dislocations, 88-89 
effect on vacancy concentration, 

342, 346 
Nucleation 

in BUBL code, 252 
capillarity model, 473  
classical theory of, 471, 475, 480, 

current, 474, 479, 481, 483, 

density, 222, 224-225 
effect helium on, 476-480 
of gas bubbles in solids, 222-226, 

515 

498-499 

263 

heterogeneous, 222, 225-226, 471, 

homogeneous, 222-225, 471-483, 

of interstitial loops in metals, 

of iron precipitates i n  liquid sodium, 

time, 222, 224-226 
Turnbull model, 234-235 
of voids in metals, 470-480, 51.5 

477, 479-480 

505, 515 

480-483, 508-509, 515 

564 

Occupation numbers, 6 
Octahedral interstitial site, 57, 61, 67. 

Offset yield strength, 426 
Orowan stress, 438 
Orthorhombic structure, 27 
Oxygen 

81, 384 

balance in irradiated fuel, 182-183 
dissolved in metal as interstitial, 68 
interstitials in UOz ,  80-81, 560 
meters, in liquid sodium, 539-540 
self-diffusion in UOz , 80-81, 560 
solubility in liquid sodium, 526-527 

Oxygen-to-metal ratio, 11 3 
during burnup, 181-183 
effect on  creep in UO,, 354-355 
effect on fuel-cladding corrosion, 

effect  on  melting point of urania, 

effect  on thermal conductivity, 

effect  on thermal expansion coeffi- 
cient of UOZ, 119  

in oxide fuels, 145-146 

definition of, 148-149 
effect of burnup on, 181 
measurement of, in oxide fuel, 

of mixed-oxide fuels, 152-155, 179  
in the Na-Na3 U04-UOz system, 

of urania, 151-152 

190 

118 

122-1 23 

Oxygen potential 

149-151 

556-558 

Oxygen redistribution, 160-166 

Pairwise additivity, 36, 101  
Partition function 

canonical, 16,  1 9  
of crystal, 16 ,  1 9  
definition, 4 
electronic, 10 
grand canonical, 7 
ideal gas, 10 ,  101  
single particle, 9,  46, 76-77 
translational, 11 
vibrational, 16 

Pauli exclusion principle, 6 ,  34-35, 379  

Phase diagrams 
niixed-oxide fuel, 147  
plutonia, 146  
urania, 146, 149, 1 7 1  

Phase velocity, 1 7  

PE-16,{4’9T-593-,, )/ c 1 ii\ ...-- 
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Phonons, 20 
density, 20 ,121  
and thermal conductivity, 1 2 1  

Pileup of dislocations, 94-95, 99, 348, 
430, 447, 456, 511 

Pinning of bubbles by dislocations and 
grain boundaries, 249-250, 252 

Pipe diffusion, 348 
PKA (see Primary knock-on atom) 
Planar barriers (see Barriers) 
Plane strain, 571, 583 
Plastic flow 

in fuel-element performance, 

and hot pressing, 368-369 
572-573 

of UOZ, 336-338 
Plastic instability, 425, 442, 460 
Plenum, 116, 325, 332, 571, 574, 

581, 595 
Plutonia phase diagram, 1 4 6  
Plutonium 

166 

1 6 9  

diffusion coefficient in mixed oxide, 

distribution ahead of a moving pore, 

fission yields from, 1 7 3  
ionic radius, 1 2 3  
in LMFBR fuel, 113,  115 
redistribution (see Actinide 

valence states in mixed-oxide fuel, 

Plutonium dioxide, gaseous, specific 

Point-defect balances, 231, 436, 
483-490, 496, 501-502, 515 

Point defects 

redistribution) 

146  

heat of, 112 

biased sinks for, 264, 484, 497, 
51 1 

diffusion, t o  dislocations, 214-215 
to  spherical sinks, 211-214 

interaction with dislocations, 

production rates, 483-484 
recombination (see Recombination 

sinks for, in metals, 484 
Poisson's ratio, 470-471, 473, 600 

effect of cracking on, 579-580 

209-210, 484-486 

of vacancies and interstitials) 

of uo2, 335 
Poly gonal iza t ion, 96 
Pores 

in fuel, 265 
intersecting a plane, 144  
opening during power cycles, 326 
velocity in temperature gradient, 

See also Porosity 

and actinide redistribution, 1 6 9  
definition, 1 2 5  
effect on elastic constants of UOZ , 

effect on  fracture strength of UOz , 

effect on  thermal conductivity of 

270-271 

Porosity 

335 

341 

U 0 2 ,  124-126 

INDEX 

of interconnected bubbles, 319 
and oxygen redistribution, 160-161 
redistribution in fuel pin, 273-275 
relation t o  density, 127 
removal, 363, 366, 368-369 

Postirradiation annealing, 213-214, 
233, 243,,287-288, 300-301, 
307-311 

Postulate of equal a priori probability, 
il 

Potential function 
Born-Mayer, 35, 374, 379, 384, 

Coulomb, 35, 374, 379 
inverse power, 35, 380, 387, 410 
Lennard-tJones, 271 
Morse, 38 
parabolic approximation, 384-385, 

394 
point center of repulsion, 35, 380, 

387, 410 
screened Coulomb, 35, 380, 415 
universal, 1 0 1  

391-392 

Prandtl number, 1 3 6  
Prandtl-Reuss flow laws, 573 
Precipitates, coherent, 437-438, 484, 

Pressure 
486-490 

inside bubble, 265 
cohesive, 1 1 0  
deficit or excess in gas bubble, 

203, 233 
in fuel element, 289, 325-326 
and partition function, 6, 1 0 1  
reduced, 102,  104  
saturation, 102  
standard state, 50  
at  OOK, 9, 1 1 0  

Pressure vessel, 458, 518 
Primary knock-on atom (PKA), 205, 

Probability distribution 
373, 386, 404, 4 3 6 , 4 8 3  

canonical, 4 
grand canonical, 8 
Maxwellian, 1 2  
in random walk, 74 

PuO, 1 5 5  

Quasi-stationary approximation, 
128,  212, 364, 4 8 3 , 4 9 8  

Radiation anneal hardening, 455 
Radiation damage, 373 

due t o  electrons and gamma rays, 

due t o  fast neutrons, 374, 

in multielement solids, 374, 407 
due to thermal neutrons, 396, 416 

of austenitic stainless steel, 441 
by depleted zones, 432-435, 460 
of ferritic steel, 457-458 

by precipitates and voids, 437-439 
saturation of, 435-437 

374, 416-417 

396-399 

Radiation hardening, 429, 573 

by loops, 439-441 

C 
Radioactivity, induced 

in sodium, 518 
in stainless steel, 519 
transport in sodium, 533-535, 564 

Rand-Markin model, 152-154, 557 
Random walk, 70, 72-73, 205, 218, 

240 
Range 

of fission fragments and knock-ons 

total and projected, 378-379 
in UOz,  219, 291, 316, 409 

Raoult's law, 155, 194 
Rare earths 

fission yields of, 174 
in UO2, 179-180, 194, 205-206 

for bubble coalescence, 218 
of point defects, 206 
in sodium corrosion of steel, 522 

comparison of fast and thermal, 115, 

neutron energy spectrum in, 374, 

See also LMFBR, LWR, and HTGR 

Reaction rates 

Reactors 

141  

398-399, 416 

Recoil, 287, 289, 291, 293, 330 
Recoil atoms (see Knock-on atoms) 
Recombination of vacancies and inter- 

by coherent precipitates, 486-490 
effect on Nabarro-Herring creep, 

effect on void growth in metals, 491 
in irradiation creep, 502 
rate constant for, 2C8, 484 
spontaneous, volume for, 406 

stitials 

358 

Rectilinear diameters, law of, 103-104 
Redistribution in fuel 

of oxygen, 160-166 
of plutonium, 166-169 

Reduced mass, 377 
Reference state, 4 
Relative kinetic energy of a collision, 

Relative speed of a collision, 376 
Relativistic kinematics, 416 
Relaxation of atoms 

377 

around defects in germanium, 60 
around interstitial, 6 1  
around vacancies 

in metals, 60, 123,  515 
in U 0 2 ,  1 2 3  

Release-to-birth rate ratio, 297, 302 
Replacement collision, 392-393, 403 
Reservoir, 3 
Re-solution 

of fission-gas bubbles, 219-222, 

of gas atoms from traps, 307, 

from grain-boundary bubbles, 314 
of helium atoms from bubbles, 417, 

of interstitials from loops, 515 
of vacancies from pores, 365, 372 

263-264, 410-413, 417 

309-310 

515 
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Restructuring of fuel, 131-132 
effect o n  temperature distribution, 

in fuel modeling codes, 567 
133-135, 1 4 4  

Reynolds number, 523  
Richardson’s equation, 54 
Rupture time, 331, 428, 443, 450, 554 
Rutherford scattering, 293, 381, 409, 

415-416 
See also Cross section, Coulomb 

Saddle point, 75-77, 384, 415 
Saha-Langmuir equation, 54 
Saha’s equation, 54 
Saturation of void growth, 494-497 
Scattering angle, 375-376 
Schmidt number, 523 
Schottky defect, 62-64 

in U 0 2 ,  80-81, 355 
Screening radius, 380,  389, 410 
Screw dislocation, 85-86 

forces on, 88-89 
stress, strain, and elastic energy 

around, 86-87 
Selective leaching, 519, 531-532 
Self-diffusion, 74-75 

of U4+ in U02,  80, 241 
Self-welding, 555 
Sesquioxide, 179,  193,  205 
Sessile dislocation (Frank dislocation 

loop), 421, 498, 512 
Shear modulus, 84, 503, 600 

Shear strain, 599 
of UOZ, 335-336 

in creep, 9 8  
due t o  dislocation glide, 9 1  

Shear stress, 597 
critical resolved, 83-84 
t o  decompose a dislocation array, 9 6  
around a dislocation pileup, 9 5  
effect on dislocations, 88-89 
t o  operate a Frank-Read source, 9 1  

Shockley dislocation, 421 
Sievert’s law 

hydrogen in sodium, 538, 564 
oxygen in sodium and in vanadium) 

540-541 
Sigma phase, 437, 533, 555 
Simple cubic (sc) lattice, 24 
Sintering, 113,  124,  171,  271, 

Skin-friction coefficient,. 524 
Slip in crystals, 82-84 

direction, 83, 96 
plane, 82-83, 85, 96 
systems in U02,  333-334 

Slowing-down density of recoils, 411  
Smeared density, 570, 581 
Soderberg equations, 573 
Sodium 

362-364, 366 

boiling point, 518 
coolant, 100,  518 

heat-transfer coefficient, 1 3 5  
temperature rise in LMFBR, 118,  

1 3 5  

3 

corrosion of steel by, 518, 520 
diffusion coefficient of iron in, 

solubility 
523 

of carbon in, 541 
of hydrogen in, 538, 564 
of iron in, 524 
of oxygen in, 527 

Sodium-24, 518 
Sodium-bonded fuel element, 330 
Sodium chloride structure, 29, 62  
Sodium chromite, 528, 534 
Sodium ferrite, 526, 528, 564 
Sodium-fuel interaction, 520, 

Solubility 
555-562, 565 

of carbon in austenite, 544, 

of carbon in sodium, 541-542 
dynamic, 219 
of gases in metals, helium, 54, 477 

of hydrogen in sodium, 538 
of iron, nickel, and chromium in 

sodium (see listing under these 
metals) 

564-565 

hydrogen, 54 

of oxygen in sodium, 526, 527 
Soret effect, 167 
Sound, speed in crystal, 19,  23 
Source hardening, 456, 530 
Space lattice, 25 
Spacer pad, 584, 589 
Specific heat 

Debye model, 20, 23 
Einstein model, 17,  23 
of U 0 2 ,  gaseous, 106-109 

solid, 66, 119-121 
Specific power of fuel, 116  
Spike 

displacement, 374, 404-406 
fission, 206 
thermal, 219 

Split interstitial, 57, 61, 67 
Stacking fault, 83, 421, 439, 464 
Stainless steel ( see  Steel) 
Standard-state for chemical reaction in 

Standard-state free energy of reaction 
gas, 50, 1 4 9  

compilations, 51  
CO + ‘ /202  = C 0 2 ,  149-150 
of C 0 2  formation, 1 6 3  
of fission-product oxides, 177,  1 7 9  
of gaseous heavy-metal oxides, 157,  

of H2 0 formation, 1 7 1  
in ideal-gas reactions, 50-51 
of iodides of iron, nickel, and 

of Moo2 vaporization and dispro- 

of Na2C2 formation, 541 
of NaH formation, 538 
of Na2 0 formation, 526 
of Na2 S i 0 3  formation, 564 
of Na3 U 0 4  formation, 558 
of NiO formation, 1 5 0  

1 6 0  

chromium, 1 9 3  

portionation, 1 9 8  

in nonstoichiometric mixed oxides, 

of oxides of components of stainless 

of sodium chromite, 529 
of sodium ferrite formation, 526 
of U02 formation, 1 5 2  
of vaporization, of Pu02,  157, 160  

156-1 57 

steel, 186  

of U02,  155, 160  
Steel 

composition, 419 
corrosion by sodium (liquid), 518 
diffusion coefficients of iron, nickel, 

displacement cross section of, 399 
effective diffusion coefficient of’ 

irradiation embrittlement of, 

radiation hardening of, 441 -442 
reaction with oxide fuel, 1 8 6  
scattering cross section for fast 

s t resss t ra in  curves of, 425-426 
surface tension of, 464 
thermal conductivity of, 1 3 5  
thermal expansion of, 1 1 9  
void swelling of, 466-469 
yield stress of, 595 

401, 409, 416 

strain), 368, 427, 573 

588, 599, 602 

242, 340, 427, 438, 601 

425, 4 3 0 , 4 5 6 , 4 6 0  

and chromium in, 532 

carbon in, 548 

454-455, 462 

neutrons, 484 

Stopping power, 375, 378, 382-383, 

Strain deviator (equivalent stress and 

Strain-displacement relations, 57 1, 

Strain energy (elastic energy density), 

Strain hardening (work hardening), 90, 

Strain tensor, 599 
Stress 

a t  bubble surface, 202-203 
chemical, 233, 501-502 
deviator (equivalent stress and 

strain), 368, 427, 573 
effect on  interstitial loop nucleation, 

effect on swelling, 259 
effect on  vacancy concentration, 

233, 342 ,353 ,  492 
effect on  void growth, 492-494 
hydrostatic, 242, 572 
normal, 597 

508-509 

effect on dislocations, 98-89 
effect on vacancy concentration, 

342, 346 
tensor, 598 
unpinning or unlocking, 430 

Stress concentration factor, 339, 447 
Stress gradient, bubble migration in, 

Stress relaxation, 590-591 
Stress rupture, 97, 419 
St resss t ra in  diagrams, 425-426, 430, 

241-243 

573 
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Stress-strain relations (constitutive 
relations), 571, 579, 589-591, 
600-601 

Sublattice, 29, 146,  408 
Substiiutional impurity, 54, 57, 6 3  

i:i st.ecl, 419 
Supersaturation 

of dissolved impurities in sodium, 

of' point defects in solids, 232, 470, 
534 

472, 476 ,483 ,  502, 515 
Gur5ice diffusion, 79-80 

arid bubble mobility, 236 
and coalescence, 243 
01' U02, 236-237, 273 

Surface tension, 98 
in Grittie-fracture theory, 339-340, 

of grain boundary, 249 
o f  soiid, 202, 242 
of steei, 464 

il4 7 

of U 0 . 2  , 203 
Swsliin g 

d u e  to fission gases, 204,  259, 263, 

due i o  sodium-fuel reaction, 559 
due t o  solid fission products, 

due t o  voids in metals, 466-469, 

318, 372, 571 

1.93-195, 571 

498-499, 572, 580-582, 585, 589, 
595 

System, thermodynamic, 1-2 

Tellurium, 188,  194 
Temperature 

columnar grain, 132-133, 277 
definition, 3 
equiaxed grain, 132-133, 282, 324 
reduced, 1 0 2  

in cladding, 595 
in fuel, effect of porosity on, 274 

Temperature distribution 

effect of restructuring on, 
133-135, 1 4 4  

in fuel modeling codes, 566-567 
parabolic, 128,  303  

Temperature gradient 
in fuel, 1 1 3  

effect on bubble mobility, 

in lenticular pores, 268-269 
237-238 

across fuel assembly duct, 589, 595 
Tensile test, 424 
Tetragonal structure, 27 
Tetrahedral interstitial site, 57, 61, 67  
Tetrakaidecahedron, 363, 461 
Thermal-accommodation coefficient, 

'I'hermal conductivity 
136,  1 4 4  

elementary theory, 121-122 
of mixed-oxide fuel, effect of burn- 

up  on, 124  
effect of O/M on, 122-123 
effect of plutonium content on,  

effect of porosity on, 124-126 
radiation contribution to ,  122,  126  

123-124 

of rare gases, 137 
of steel, 135  

Thermal creep (see Creep) 
Thermal diffusion, 77-79 

of Ce02 in U 0 2  , 184 
of oxygen in fuel, 1 6 5  
of plutonium in oxide fuel, 166-168 

coefficient of, 13,  110  
o f  fuel and cladding during 

startup, 570-571, 595 
aiid fuel cracking, 578-579, 594 
linear, 118 
of stainless steel, 119  
st,rain due to, 601 

'kermal  expansion 

of u 0 , , 1 1 9  
Thermal reactor (see LWR) 
'Flierma1 spike, 137 ,  358-360 
Thermal stress 

in fuel, 577, 594 
in a wiid rod, 578, 594 
in a t,hin-walled tube, 594-595 

239 
'I'hermodynamics, irreversible, 77-78, 

Thinning, 145,  18'7, 518 
Third law of thermodynamics, 5 
Th02-Y2 O 3  bridge, 539 
Thomas-Fermi model, 383, 389 
Titanium in steel, 554, 593 
Toughness, 428 
Tracer diffusion, 74-75 
Trails of moving pores, 265 
Transgranular fracture, 337, 340 
Transition state, 75 
Transition stress in creep, 353 
Trapping 

effect on diffusion, 304-314 
equilibrium, 229, 307-308, 315 
of  fission gases by defects, 209-210 

Triclinic structure, 26 
Trigonal structure, 25 
Triple point (of grain boundary), 

353, 461 

Ultimate tensile strength, 338, 419, 
425 

Unfaulted dislocation loop (Frank 
dislocation loop), 421, 498, 512 

Uniform elongation, 425 
Unit cell 

of cavities on  a grain boundary, 

conventional, 24 
around a dislocation line, 372 
around a gas bubble, 211, 318 
of  a porous body, 125,  368 
primitive, 24 

319, 321 

UO, 1 5 5  
U02 ( see  Uranium dioxide) 
UO3, 155,  160,  168  
U409,  145, 148  
Urania 

compounds of, 1 4 5  
oxygen potential of, 151-152 
phase diagram, 118, 146,  149  

crystal structure, 30 
Uranium 

fission yields from, 173  
ionic radius in UO, , 1 2 3  
as reactor fuel, 1 1 4  
self-diffusion in UO,, 80, 211 
valence states in mixed oxides, 146  

bubble pinning in, 251 
crystal structure of, 29-30 
microstructure of, 97 
nucleation of gas bubbles in, 225 
pore migration in, 270 
as reactor fuel, 114  

bubble pinning in, 251 
critical constants, 103, 106  
crystal energy, 41  
crystal structure, 30 
Debye temperature, 11 9 
density, liquid, 104-105 

elastic constants, 335-336 
equation of state, 100, 106-112 
fracture and flow characteristics, 

heat of fusion, 105-106 
heat of transport for surface 

melting, congruent, 116  
melting point, 116-117 
point defects in, 6 8  
self-diffusion in, 80-81, 241 
slip systems in, 333-335 
specific heat of, gaseous, 107-108 

standard free energy of formation, 

surface diffusivity of, 236 
surface tension of, 203 
thermal conductivity of, 122-1 27 
thermal-expansion coefficient of, 

thermodynamics in two-phase 

vapor pressure of, 105,  160, 270 
yields of Frenkel pairs due t o  fission 

Uranium carbide 

Uranium dioxide 

solid, 114 

337-339 

diffusion, 238 

solid, 66, 119-121 

151-152 

104,  106,  118 

region, 109,  1 1 2  

in, 408-410 

Vacancy, 56 

484-485 
absorption by voids and dislocations, 

anion and cation, 62  
diffusion coefficient, 74-75, 205 
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Vacancy-fission-gas clusters, 6 6  
Valence of heavy metals in mixed- 

Vanadium wire method, 540-541, 564 

effect of stress on, 492-494 
on grain boundaries, 449-451 
growth and shrinkage, 460, 491 
incubation period for formation, 

oxide fuel, 146,  153,  183 3 
Van der Waals constant, 221 
Van der Waals equation of state, 202 
Van der Waals forces, 39  , 
Vapor pressure (saturation pressure), 
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effect of total pressure on, 1 1 2  
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of UO?, 105, 160,  270 

Vapor transport 
in actinide redistribution, 168-169 
mechanism of pore migration, 
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Vaporization 

congruent, 160  
mechanism of gas release, 330 

of oxide fuels, 155-157, 160  

anharmonic, 22 
in diffusion, 76, 81, 355 
around interstitial, 61, 67 
partition function of, 1 5  
relation to  potential energy, 72 
around vacancy, 59  

absorption of point defects, 484 
conditions for formation, 465 
continuity equations, 497-499 
critical nucleus of, 475 
distribution function, 465-466 

of   MOO^, 1 9 8  

Vibration of atoms in solid, 1 4 ,  79 

Voids in metals, 203, 422 

463, 466, 471, 497, 51 5 
nucleation of, 470-480 
saturation of growth of, 494-497 
surface energy of, 464 
swelling due to ,  466-469, 498-499, 

temperature dependence of, 491-492 

reduced, 1 0 2  
of solid fission products, 193-194 

572, 580-582, 585, 589, 595 

Volume 

Volume diffusion coefficient, 240, 355 
Volume diffusion mechanism of 

bubble migration, 239-241 

Wastage, 145,  518 
Water 

critical compressibility factor, 103 
/%apor, in fuel, 150, 153,  161,  171 1 Wave vector, 1 7  

Wavelength 1 de Broglie, 12 
1 thermal, 1 2  

i Wigner release, 6 9  
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\ Xenon \ critical constants, 202 

Weeks-Isaacs model, 532-533 

Work hardening, 90, 425, 430, 456, 
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diffusivity in oxide fuels, 205 
diffusivity of UO? in, 271 
equation of state, 202 
See also Fission gases 

Yield drop, 425, 455 
Yield strength, 425 
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of cladding, 419 
of perfect crystals, 82-84, 90 
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Young's modulus, 503, 570-571. 573 
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fast neutrons, 205, 436 

600 
effect of cracking on, 579-580 
of U 0 2 ,  335-336 

Zeldovich factor, 475 
Zero-point energy, 1 6  
Zircaloy cladding for LWR, 116  
Zirconates, 176,  182,  193, 194 
Zirconium 

fission yield, 174,  1 9 6  
swelling of, 464 
in UOz, 175, 180  
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